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Interacting Boson Model (IBM) and its extensions

IBFFM-2
One body transition density for 116 Cd - 16In and !!6In- 116 Sn
for single charge exchange reactions for NUMEN

Future plan ( Hugo Garcia-Tecocoatzi, R. Magana, R. Biker, E.
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Interacting Boson Model

The IBM describes collective excitations in even- even
nuclei in terms of a system of correlated pairs of nucleons
with angular momentum L=0 and L=2 which are treated

as bosons (s and d bosons) (Arima and Iachello, 1974)

The number of bosons N 1s half the number of
valence nucleons

Introduce boson creation and annilation operators

which satisfy the commutation relations

Elena Santopinto, INFN
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bi, 1=Ilm (=02 —-1<m<l)

[bi, bq — 57;j, [b;r, b;r] — [bz‘, bj] =0

G,j — bTb Gij are the Lie algebra U (6) algebra
i ij

I:Gij’ sz} = Gijéjk - le5il

ijkI=1,...6

A. Arima y F. lachello Phys. Rev. Lett. 35 1069 (1975)



IBFM

* Consider an extension of the IBM which
includes, 1in addition to the collective degrees of
freedom (bosons), single- particle degrees of
freedom of an extra unpaired proton or neutron
(fermion with angular momentum j=jy, j,, ...)

* For the extra nucleon, introduce fermion creation
and annihilation operators satisfy
anticommutation relations

Elena Santopinto, INFN
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IBFFM-2 Model

Hamiltonian

H = HP 4+ HE 4 vBF
+H, 4+ V,”" + Vees

(**Ne,”*Ne) | |

N~ HEB even-even 118g
35'Ingg : 55°Snes @ 7' HE 4+ vBF  odd-proton 1171
55'Sne7 © 55°Sneg @ v} HEY +vBEF  odd-neutron  117sn
29161',] o 118snge @ v In 1 Vres odd-odd 1161n

Elena Santopinto, INFN 7



Interacting Boson Fermion Fermion Model- 2

IBFFM-2

BFM-2 ’. (odd-odd)

|

\
Residual‘\
\
\
\

IBM-2 =~ ~0
IBFM-2

excitations of nuclei are described by bosons and two fermions.

o A detailed knowledge of the even even core and odd mass neighbours is
required.



odd-odd nuclei

@ Residual Interaction
Needed

HB — EO I Ewﬁdw = el/ﬁd,, G E RQ% : Q?/( S & )‘/Mm/ =& V7T7T =+ Vuu

> And the extra fermion is given by the
standard IBFM Hamiltonian

Hp = Eo+ ) €0, + ) 6,0,
jﬂ' jl}
Ver = ZAjw(ﬁd,ﬁj,,) + ZAju(ﬁdﬁju)
i i

+F7ruQ1>/< : dw & +Fu7rQ¥ : (ju 5} FVVQA?/C : (jz/ g5 FWFQ% ' (j7
+Au7rF7ru £ Am/er 0



VI’GS

‘/res — H(S + HO'O’(S + Ho'a + HT, S Brant and V. Paar,
7. Phys., 329, 151 (1988).

Hs = 4nVs50(ry — 7,)0(rx — Ro)d(r, — Ro),
Ho o5 = 41Vy650 (P — 7)) (Gr - Gy)
Xd(rz — Ro)o(r, — Ro),
Hyy = —V3V,56, - 5.,
3(5w ’ qu)((_fu : Fm/)ﬁu
r2

Hp =Vrp

_6:7?'0—:1/

TABLE IV. Parameters of proton-neutron residual interaction
in MeV.

Parameter Value

Vs -0.40
Voos 0.00
Voo 0.00
Vir 0.80

R. Magana, E. Santopinto, R. Bijker, PRC106, 044307 (2022)
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R. Magana, E. Santopinto, R. Bijker PRC106, 044307 (2022)



Single-Charge Exchange and OBTD

— PJTp:@p +Z§7] [STXd]Q)XaT](JP)
p
— Q= 0;,(s} x &, +§:9‘7 ol x i 100)
Tp

N.Yoshida, F. lachello, Prog. Theor. Exp. Phys. 2013, 043D01

Jp

sa,  (wem), [Pl x @] watscaygs)
OBTD; = —2—= —
s, - S _ (w(1%sn)gs|[@], x Py] “ )‘w(1161n)J>

V22 +1 - /2,\—_|_

R. Magana, E. Santopinto, R. Bijker PRC106, 044307 (2022)
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TABLE VI. Spectrocopic amplitudes (SA) and one-body tran-
sition densities (OBTD) for transitions from the 0] ground
state of '°Sn and ''°Cd to the positive parities J; states of

116111.
IIGIn IIGSn(O-ll—) llGCd(O?-)
g s SA OBTD  SA OBTD

17 1gzj2 1ggj2 0.0650 0.0375 —0.0788 —0.0455
57 2ds;2 1ges2 —0.0300 —0.0090 0.0055 0.0016
1g7/2 1ges2 —0.0270 —0.0081 0.0187 0.0056
3s12 1ges2 —0.0677 —0.0204 0.2289 0.0690
2d3; 1gg/2 —0.0338 —0.0102 0.1576 0.0475
1hi12 2p1/2  0.0134  0.0040 —0.1451 —0.0438
1h11/2 2pase —0.0045 —0.0014 0.0666 0.0201
lhi1y2 1fs/2  0.0042 0.0013 —0.0554 —0.0167
4f  2ds;5 1gep 0.0083 0.0028 —0.0226 —0.0075
1g7/2 1ge/2 0.0195 0.0065 0.0015 0.0005
3s1/2 1ges2 0.0271 0.0090 —0.1058 —0.0353
2d3;s 1ggs> 0.0323 0.0108 —0.2125 —0.0708
1hi1/2 2paj2  0.0006 0.0002 —0.0050 —0.0017
1hi1y2 1fs/2  0.0032 0.0011 —0.0523 —0.0174
27 2ds;2 1gg/2 —0.0036 —0.0016 0.0055 0.0025
1g7/2 1lggs2 0.0453 0.0203 —0.0667 —0.0298
4f  2ds;2 1go2 0.0014 0.0005 0.0064 0.0021
1g7/2 1ges2 —0.0066 —0.0022 —0.0053 —0.0018
3s1/2 1ges2 0.0205 0.0068 —0.0884 —0.0295
2d3;s 1ggs2 0.0138 0.0046 —0.0651 —0.0217
1hi1/2 2p3s2 —0.0001 —0.0000 0.0035 0.0012
1hi1y2 1fs/2  0.0007 0.0002 —0.0003 —0.0001
37 2ds;, 1gg/, —0.0196 —0.0074 0.0262 0.0099
1g7/2 1ge/2 —0.0359 —0.0136 0.0301 0.0114
2d3; 1go/2 —0.0437 —0.0165 0.2567 0.0970
lhi1y2 1fss2  0.0110 0.0042 —0.1473 —0.0557

R. Magana, E. Santopinto, R. Bijker PRC106, 044307 (2022)




Future Work:

Contruction of the complete IBFFM-2 odd-odd code
considering also the negative parity states
(Hugo Garcia-Tecocoatzi, R. Magana, R. Biker, E. Santopinto)

Our Goal for NUMEN:
Calculation of the form factors
to be inserted into the Lenske-Colonna reaction code
(Hugo Garcia-Tecocoatzi, R. Magana, R. Biker, E. Santopinto)

Other possible applications :
OvpBp decay without closure approximation



The matrix elements of the residual interaction were calculated in the quasi
particle basis, which is linked to the particle basis by :

(j:)j;r;ﬂvresuvjﬂ;J)qp = (uj’ Wjr Wj,Uj, + Vjrvjr vj, vjrr)
Sl vl (Ves] Lfs

— (Ujr vy uj,vj, +vpujviu;,)
[ ./ J/

« S+l I }
;( ) k]U JT[' ‘]

X (j jms I \VRes| juirs ), (11)

where v; = 1 — u; denotes the occupation probability.



TABLE I. IBM-2 parameters in MeV taken from Ref. [22]. x, and x, are dimensionless.

Nucleus N, N, €4 K X X & =& & cf,o) cf,z) cff‘) vy vy
t1egs: 8 0 1.32 —0.50 55 007 —0.06 0.04
1855 7 0 1.31 —0.50 —0.23 —0.08 —0.11 0.09
@ 7 1 0.85 —0.27 —0.58 0.00 —0.18 0.24 05 —0.06




H=H?+Hf + V3 L HF + V5 V.. (1)

H?% is the IBM-2 Hamiltonian. HY and HI are the proton and
neutron single-particle terms

HE = e, @
Jp

where €; is the quasiparticle energy of the extra nucleon and 7
is the number operator. The quasiparticle energies €; are ob-

tained within the BCS approximation with a gap A = 12/+/A
MeV, where A is the mass number of the even-even core
nucleus. In the BCS approximation, the quasi-particle ener-
gies are related to the single-particle level £, the occupation
probabilities v;, and the Fermi level A as follows:

Gj :\/(EJ—A,)2+A2,

| E:—A
2 J
= (1 - : 3
UJ 2( Ej ) ()

BN el
uj_l vj.

VBE and VBE describe the core-particle coupling of the odd
proton and odd neutron in the IBFM-2 model [19-21] as the
sum of a quadrupole term (I",), an exchange term (A ), and a
monopole term (A,):

V;?F = F;oQ,(o%) : ‘1;(02) + ApFpp +Apig, - 11 (4)



where p’ # p and p, p’ = v, . The first term in Eq. (4) is a
quadrupole-quadrupole interaction with

2 2
( b= Z(“quj v, ;. )Qj, j, (a xaj )( :
Jos iy

Qfoz) = (sj, x d, +d; X fvp)m + Xp(d; X cip)(z). (5)

The second term is the exchange interaction

10
Z ﬂlp.’pﬁ.lp-’l’
Py’ v N,2j,+1)

X Q;z,)- :[(dp x szz)(j") x (aj.; X Ep)(j;)](Z) : HHe.
(6)

The coefficients B; j are related to the single-particle matrix
elements of the quac{rupole operator Q; ;» by

Bi,ir, = (uj vy + v uj)Qj jv,
0, = UplY @I, (7)

The last term is the monopole-monopole interaction with

ng, = E pma
i, = Rii= al a;
DT Jo. T Jpsm " Jpsme
Je Jpsm

(8)



The residual interaction between the odd-proton and odd-
neutron is defined as [13,14]

Vies = Hs + Hyos + Hyo + Hr, 9)
with
Hy = 47 Vs8(Fx — 7,)8(rx — Ro)(ry — Ro),
Hyo5 = 4nVo056(Fr — 7,)(0r - Gy)
X 8(rz — Ro)3(ry — Ro),
Hoo = —v/3Vio 8y - 8,

3—’71'—)7'[1) —)v'-’nv b4V = >
HT=VT[ O T O Tr) —on-au], (10)
r

where 7, =7, — 7, and Ry = 1.2A'3fm. The matrix el-
ements of the residual interaction are calculated in the
quasiparticle basis, which is related to the particle basis by
[14]

ARV oo,
(Jodms I WVeesljv s T gp = (Wjuj ujuj, +vjvjipvjvj,)

el i g Vel B )

—(Ujvjuj v, ViU v U )
5 8
x S @F + D) Jm
;( ){Jv Je 7
el Jand VasslioFy @1

7 = 1 — u; denotes the occupation probability.

where v =



In the IBM and its extensions the boson and fermion de-
grees of freedom are counted with respect to the nearest closed
shell. The initial even-even nucleus ;3°Cdeg has N, = 1 pro-
ton bosons and N,, = 7 neutron bosons, and the final nucleus
2°Snge has N; = 0 and N, = 8. The intermediate odd-odd
nucleus }°Ing; is described in the IBM as a proton hole and a
neutron hole coupled to the core nucleus 5(')88n68 with N, =0
and N, = 7. The charge-exchange reaction from ''°Cd to ''°In
involves a change in the number of proton bosons, and from
16T to ''®Sn a change in the number of neutron bosons. The
parameters in the boson-fermion Hamiltonians are determined
in a study of the corresponding odd-even nucleus: V2 from
the odd-neutron nucleus ''’Sn and V5F from the odd -proton
nucleus it
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FIG. 1. The energy levels obtained in the calculation in compari-
son with the available experimental data for even-even nucleus ''°Cd
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FIG. 2. The spectrum of ''°Sn in comparison with the experi-
mental data [24].

[24].

TABLE I. IBM-2 parameters in MeV taken from Ref. [22]. x, and ¥, are dimensionless.
Nucleus N, N, €4 K X X £ =6 £ e c® @ vy vy
Hogy 8 0 1.32 —0.50 =092 —0.07 —0.06 0.04
18gp T 0 1.31 —0.50 —0.23 —0.08 —0.11 0.09
tee 7 1 0.85 —0.27 -6 58 0.00 — 018 0.24 —0.15 —0.06

[22] J. Barea, J. Kotila, and F. Iachello, Phys. Rev. C 87, 057301
(2013).

[24] J. Blachot, Nucl. Data Sheets 111, 717 (2010).



TABLE II. Single-particle energies E; (MeV), quasiparticle en-

ergies €; (MeV), and occupation probabilities v

2
2

Ej Gj sz
2vds ), 0.20 217 0.93
1vg7 0.60 1.84 0.90
3vsi 2.10 1.11 0.48
1vhy 3.00 1.45 0.18
2vdz 2.60 1.23 0.28
27 P12 1.05 2.69 0.96
27 p3 0.20 3.48 0.97
17 f5,7 0.45 3725 0.97
1789/ 1.50 2.29 0.94




‘The second step i1s to construct the two odd-even associated
nuclei, i.e., the core nucleus plus an extra neutron and the
core nucleus plus an extra proton. It allows us to get a reliable
set of parameters that we use to construct the odd-odd wave
function. In this case, the odd-even nuclei are described in
the context of the IBFM-2 [19,20,26], where the degrees of
freedom of the extra nucleon are taken into account. In the
IBFM-2, the Hamiltonian is given by

H=H?+H] +VF, (12)

where H® is the boson Hamiltonian that describes the core
nucleus, and the label p refers to the = (extra proton) or v
(extra neutron) is added in the even-even core to form the odd-
even nucleus.

The quasiparticle energies and occupation probabilities
were obtained solving the BCS equations with the single-
particle energies calculated and reported in Table II. The value
of A is constrained to the conservation of the number of
particles as follows:

2N, = ) v} 2j,+1). (13)
o

The odd-odd '"In nucleus uses the quasiparticle energies
obtained from the single-particle energies for the odd-neutron
nucleus ''”Sn and the odd-proton nucleus ''7In. Both odd-



even nuclei have the same even-even core nucleus ''®Sn. The
core-particle coupling parameters reported in Table III were
obtained by fitting the experimental data for ''”Sn and '""In.
For the odd-odd nucleus ''°In, the tensor and surface delta
interaction (SDI) play an essential role. In this work, the
parameters are obtained by minimization of the mean square

TABLE III. Parameters in boson-fermion interaction in MeV.

P I N A,

b4 02 0.0 —-0.8
v 0.0 0.0 0.0




V. TRANSITION OPERATOR

The one-body transition density operator from even-even
to odd-odd in the IBFFM formalism can be obtained con-
sidering the mapping from the fermionic space into the
boson-fermion-fermion space. The operator for one-nucleon
transfer in which the number of bosons is conserved is given
by [21]

P> Pl =g,al + g,llst xd,1? xal, 19, (15)
Jp

E

where s' is the creation operator and s = § the annihilation
operator of the s boson, and d 1is related to the d-boson anni-

hilation operator by d,, = (—1)"d_,.
In case the number of bosons is changed by one unit,

¢t — Qf =06,(} xa;,)9% + > 6;,5[d] xa;]9,
Jp
(16)
The coefficients & i3 Sjp i, and ij, ij j, are defined 1n
Refs. [21,26].



1

8 = uigr (14)
10 2
sy ey , 15
é_]] UJ'BJJ (N(2]+1)> KK; ( )
T VUNK]
10 N2 g
R« T , 17
ji ”1511<2J~+1> KK;.’ (17)

where uj and v; are Bardeen—Cooper—Schrieffer (BCS) unoccupation and occupation amplitudes,
and the quantities K, K';, K ;f ,

12

b

K= (1 2 (”_f> (even; OF | (s + Ditaleven; O7) 2. ﬁf’f) N (19)

uj NQ2j+1) K2

R . 2 T . 2 A HE
T ((even, Oflnsleven, OT) ) (u_j) (even; Oflndleven, OT) Zj/ ,Bj,j> | 20)

J N v 2j+1 K2

are calculated from the expectation values of the s-boson and d-boson numbers, 7y, 74, and

Bjrj = wjvj+vjuj)Qj, 21)
Qi = LY@l . (22)

If the odd fermion is a hole, then u; and v; are interchanged, and the sign of B;; is reversed in
Eqgs. (14) to (20).



The transitions between even-even nuclei and odd-odd nu-
clei can be computed by considering the tensorial product of
the transfer operator of a proton and a neutron coupled to
the angular momenta A, which is the value of the spin of the
final state of the odd-odd nucleus. For the transition between
116Cd and '"°In, the one-body transition in the IBM and its
extensions is given by

~ (r)
T, =[P} x 0] (17)

and for the transition between ''°In and ''°Sn by
AN _ [t 5 1)
T =105 ¥, ] (18)

We proceed to compute the matrix elements of the operators
of Egs. (17) and 18.



A. Spectroscopic amplitudes in IBFFM

The model space of transition is given by the model space
of the odd-odd nucleus. The model is given by five active
neutron orbitals, 2ds,», 1872, 3512, 1h11,2, and 2d3/2, and by
four active proton orbitals, 2p; 2, 2p3/2, 1 f5/2, and 189 5.



TABLE VI. Spectroscopic amplitudes (SAs) and one-body tran-
sition densities (OBTDs) for transitions from the 0 ground state of
116Sn and ''6Cd to the J? states of '°In.

1161n 116Sn(0-1+—) 116Cd(0;)-)
JP B SA OBTD SA OBTD

1

I lgn  lgop  0.0650  0.0375 —0.0788 —0.0455
5f 2ds,  1gop  —0.0300 —0.0090  0.0055  0.0016
lg7n  lgop —0.0270 —0.0081  0.0187  0.0056
3510 1gp —0.0677 —0.0204 02289  0.0690
23,  1gep, —0.0338 —0.0102  0.1576  0.0475
lhy, 2p1p 00134 0.0040 —0.1451 —0.0438
lhyp 2psp  —0.0045 —0.0014  0.0666  0.0201
lhuy  1fsp 00042 00013 —0.0554 —0.0167
4  2dsp  1gop  0.0083  0.0028 —0.0226 —0.0075
lgrn  1gop 00195  0.0065  0.0015  0.0005
3510 1gop  0.0271  0.0090 —0.1058 —0.0353
2, 1gop 00323 00108 —02125 —0.0708
hyp 2psp 00006 0.0002 —0.0050 —0.0017
lhun  Ifsp 00032 00011 —0.0523 —0.0174
2F  2dsp,  1gop, —0.0036 —0.0016  0.0055  0.0025
lg7n  lgop  0.0453  0.0203 —0.0667 —0.0298
4  2dsp  1gop  0.0014  0.0005  0.0064  0.0021
lg7n  1gop —0.0066 —0.0022 —0.0053 —0.0018
3510 1gop  0.0205  0.0068 —0.0884 —0.0295
2, 1gop 00138 0.0046 —0.0651 —0.0217
hyp  2psp —0.0001 —0.0000  0.0035  0.0012
lhyp  Ifsp 00007 00002 —0.0003 —0.0001
3f 2dsp,  1gop —0.0196 —0.0074  0.0262  0.0099
lg7n  1gop —0.0359 —0.0136  0.0301 00114
2y,  1gep —0.0437 —0.0165 02567  0.0970
lhuy  Ifsp 00110 00042 —0.1473  —0.0557

The nuclear states of the '®In system are in our model
restricted to be Jp =01, 1T, 2+, 3%, 4% 5% 6T, 7+, and
8+, within the first 14 excited states. The calculated excitation

o x7T YT



Negative Parity spectrum of the 116In

Energy (KeV)
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OvBB decay

 Tomoda — Rep Prog Phys 54, 53 (1991)

* Simkovic, Pantis, Vergados & Faessler -
Phys. Rev. C 60, 055502 (1999)

* Barea & lachello — Phys Rev C 79,
044301 (2009)

Elena Santopinto, INFN
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Some results

AA+VV AP PP MM sum(fm=1) M) MO A0 ppov
IBM-2  0.251 —0.0304 0.00696 0.00925  0.237  -0.2246 2.481 0.152 2.77
IBFFM-2  0.219 -0.0186 0.00322 0.00413  0.208  -0.0594 2.320 0.081 2.44
2
oo o= (1) i
25F IBM-2: closure
A (Barea & Iachello)
[ IBM-2
1o T IBFFM-2 closure: sum
1.0F over intermediate IBFFM
05 states but still with the
o.o; | | closure energy used in
Total Total IBM-2, i.e. 12.5MeV
Magana, Santopinto, Bijker, PRC (2022), accepted, in press
ga = 1.269. 34

gv = Elena Santopinto, INFN
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A.Metz, J.Jolie, G. Graw, R. Hertenberger, J. Groger, C. Gunther, N.
Warr, and Y. Eisermann, Phys. Rev. Lett, 83, 15642 (1999).
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0dd-Odd Nucleus

196
S| Theory _, 19AU7 Experiment
(5I2102) ¢
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Metz et al, PRL 83, 1542 (1999)

Elena Santopinto, INFN
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Two-Nucleon Transter

Reaction  E0CHG (@) FEOAU

Spectroscopic factors

Relative strength

Elena Santopinto, INFN 37



Calculated

Experimental
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Double Charge Exchange Experiment

L
N\

\
N\

U M E N INFN Laboratori Nazionali del Sud — Catania

r4q | .,

. Canditates isotopes: “8Ca, 8°Se, Mo, 124Sn, 128Te, 139Te, 136Xe, 18Nd, "°Nd,
154Sm’ 160Gd’198pt .
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Spectroscopic Amplitudes
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FIG. 7. (a) Spectroscopic Amplitudes for the transition *Cd
— 116In denoted as SA1 and (b) transitions ''Sn — '6In
denoted as SA2. The squared of the spectroscopic amplitudes
are denoted as SA1%2and SA2? respectively.
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