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(if | were Lorenzo)




Bl Measurement and estimation

DO WE MLEASUYE phgsiaaL quantities?

place for the dolphin
(if | were Lorenzo)



Bl Measurement and estimation

Ov perhaps we are mostly estimating them?
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Bl Measurement and estimation

B directwenswrentents

u ndirect measurements

d—) influence on a different quantity

S)\ W ' X X=(£U1,£E‘2,...)

B choice of the measurement p(fE ‘ )\)

B chotce of the estimator XA /X T f (X)
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Bl Measurement and estimation

B 2alobal estimation theory
(Whew you have no a priort tnformation)
Look for a measurement which is optimal in average
(over the possible values of the parameter)

W local estimation theory
(Whew Yyou have some a priovt information)
look for a measurement which s optimal for a
specific value of the parameter (—> ultimate bounds)

place for the dolphin
(if | were Lorenzo)



Bl Measurement and estimation

B directwenswrentents

u ndirect measurements

d—) influence on a different quantity

S)\ W ' X X=(£U1,£E‘2,...)

B choice of the measurement p(fE ‘ )\)

B chotce of the estimator XA /X T f (X)

place for the dolphin
(if | were Lorenzo)



I local estimation theory: Cramer - Rao bouwnd

B variance of unbiased estimators

AN

Vary[A| > ME(N

B M -> number of measurements

B F -> Fisher Information

F()) = /dxp<x|A>

1

Oy log p(z| )
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Jl optimal estimation scheme (classieal)
place for the dolphin
(if | were Lorenzo)

S, \ = ' X  x=(r1,x0,...)

o X — A= f(x)
Vary[A| > ME(N)

L OptimaL measurement -> maximum Flsher
(no recipes on how to finad it)

B Optimal estimator -> saturation of CR Lnequality
(e.0. Ba gesiaw or MaxLLk asy mptoticaLLa)



B cuantum estimation
o wWhat about time and tempemturc LA qua ntum mechantes?

® The "resources" involved in gquantum-enhanced technology
are entanglement, wow—LooaLL’cg, ewtropy, interferometric
phase-shift, ete.. n general they are not observable quantities
v strict sense (do not correspond to a self-adjoint operator)

o No correspondence priwchLe

e No uwcertaiwtg relations

here a whale
(if | were Lorenzo)



B cuantum estimation
e wWhat about time and temperature I gquantum mechanies?

® The "resources" involved in gquantum-enahneed technology
are entanglement, wow—LooaLL’cg, ewtropy, interferometric
phase-shift, ete.. n general they are not observable quantities
v strict sense (do not correspond to a self-adjoint operator)

ruUuantum
estimation
th eory

here a whale
(if | were Lorenzo)



Bl R_uantum estimation

0, AN ' ULz} e

= (Z1,%2,...)

B optimal measurements

B ultimeate bounds to preclston

here a whale
(if | were Lorenzo)



B Let's go quantum (Local) (1)

Q W ' {H-’B}mEX

(371, L2y« . )

W probability density p(aj‘)\) — Tr [Q)\ Ha:]

2 D))
selfadjoint, zero mean  Tr|py Ly| =0
Re (Tr [oAI1,Ly])°
Tr[QAH:c]

B synwm. log. derivative (stp)  Laox +oala _ doa

Bl Fisher iInformation F()A) = /d:z;

here a whale
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B Let's go quantum (local) (2)

Ir [Q)\H:cL)\]

\/Tr[QAHa:]

:/dﬂ? Ir vorvils VI, Lx\/0x

Helstrom 1976
Braunstein § caves 1994

F(A) < /daz

time to switch to
Miyazaki pics
(if | were Lorenzo)

< /dfl? Tr ([T, Lxox L]

= Tr[LyoxLy] = Tr[oxL5]

o Flsher vs uantum Flsher Lyox +oxLx _ 9ox
2 o\

F()\) < H()\) — TI‘[Q)‘LK] — Ti‘[a)\g)\L)‘]

o
’ I'd ’ 1
ulttmeate bound on preciston Var(\) >
F () 2 3 rE )




B Optimal estimation scheme (quantum, Local)

Q W ' {HSU}xEX

= (%1, %2,...)

B The optimal measurement (i.e. Fisher = quantum Fisher)
Ls projective and equal to the spectral measure of the SLD.

Lyox+oxLx _ Oox

2 ;)

B Optimal estimator -> saturation of CR nequality
(classical postprocessing, e.g9. Bayesian or MaxLix)

X — )\ — f(X) here a dynosaur

(if | were Lorenzo)



B ceneral formulas (basis indepedent)

Lyox +oxLx _ OJox

Q)\’\/‘—). 2 )

Lyapunov 6quatiow

o Sywmuwmetric logarithmic derivative

Ly = 2/ dt exp{—oat} Orox exp{—ont}
0

o Quantum Fisher iInformation

H(\) = 2/ dt Tr [Or0x exp{—oxt} Orox exp{—oxrt}]
0

here a dynosaur
(if | were Lorenzo)



B ceweral formulas

o Family of quantum states 0

> D
O\ — Z Qn‘wn> <7wbn|

o Sywmumetric logarithmic derivative

L=Y 8"Q”|wp ol +2 3 LB () o) (i

p n;ém

PY Ruantum FLsher leormatiow

8 n = UYm 2
) =Y AQP 2y fg) (mlOspn)®
p ngm Cm T Em e

—

here a dynosaur
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B ceweral formulas

® FaVMiLH of gquantum states Q)\ W .
O\ — Z inwn> <¢n|

o Sywmumetric logarithmic derivative

8 n - Udm
L= = 2lp)(pl +2 3 B P (UmlOapn) [9m) (¥

P Op n#£m

PY Ruantum FLsher lwformatiow

1 - F )

e—0 62 oo

here a dynosaur
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B estimabilitg of a parameter

o sigwnal-to-nolse ratio (single measurement)
)\2
~ Var()\)

R <@\ = )\2H()\)

here a dynosaur
(if | were Lorenzo)



N Applications (madamina Ll catalogo e’ questo) here Mozart Kugel

(everybody
o Quantum Interferometry loves chocolate,

Estimation of Gaussian states and operations -orenzo told me)
Ccoupling constants (e.g. nonlinear tnteractions)

wave function of finite-dimensional systems

Estimation of entanglement (and discord)

Estimation tn quantum critical systems

Assessing quantum probes for complex systems
Assessing quantum resources L metrology
Assessiing local vs global measurements
Assessing eritieality as a resource tn metrology

Probing quantum phase transitions
Probing Hamliltonian terms
New physics at gravity/@M interface



B Estimation of entanglement (@INRIM)
9g) = cos o|HH) + sin ¢p|V'V)
Dy = cos®* p|HH)(H H| + sin® ¢|VV)(VV|

Argon laser

0c = P|Vy)(Vg| + (1 —p)Dy

optimaL estimation ba vLsibLLLtg MLEASUYEMLENES

Fisher tnformation Ls monotone with

entanglement <€>
1.0

Estimation of "low" entanglement Ls 05|

iwherewtl,g ineffictent

eek ending
PRL 104, 100501 (2010) PHYSICAL REVIEW LETTERS 12 MARCH 2010

Experimental Estimation of Entanglement at the Quantum Limit
u
Giorgio Brida,' Ivo Pietro Degiovanni,’ Angela Florio,"* Marco Genovese,’ Paolo Giorda,” Alice Meda,’ h e re a d OI p h | n
Matteo G. A. Paris,”” and Alexander Shurupov®'’

(if | were Lorenzo)



B Estimation of quantum discord (@Charles Fabry)
o(Ny, N,) = S,(s)v(N,) ® v(N,)S,(s)!

%
.Q,k
-
v o o>

OPA

DH,

H'omodg ne detectlon + Lnwversion
or Bagesiaw awaLgs'Ls

1
p(NS’ Ntlx) - j_V-P(xle» Nt)pO(Ns)pO(Nt)

D
0.10}

0.08}
0.06}
0.04}

0.02}

PRL 109, 180402 (2012) PHYSICAL REVIEW LETTERS

week ending
2 NOVEMBER 2012

Homodyne Estimation of Gaussian Quantum Discord

Rémi Blandino,"* Marco G. Genoni,>' Jean Etesse,' Marco Barbieri,' Matteo G. A. Paris,”**

Philippe Grangier,' and Rosa Tualle-Brouri™"

Kw(dB)

10f

8t

noLse ratlo to RF!
Q. _-5<_
\G/ ~ e

nolse ratLo to homoda ne FI

IO.l08. -0.110-
here a dolphin
(if | were Lorenzo)
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Is this theory not even wrong?

here nothing
(so people ask why)



B uantum probes for universal gravity corrections

The existence of a mintmum length and generalized wncertainty principle
(quP), influence all guantum Hamiltonians

Das et al PRL 101, 221301 (2008)

Ax;Ap; =1 + B((Ap)* +(p)*) +2B(Ap; + (p)?)]
[x;, p;] = in(6;; + BS;;p* +2Bp:p;)

X; = Xi) pi = poi(1 + Bpe)

here a dolphin
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B uantum probes for universal gravity corrections

The existence of a minimum length and generalized uncertainty principle
(GUP), influence all guantum Hamiltonians

Das et al PRL 101, 221301 (2008)

H=H,+ H, + O(8%)

2
p e B
_20 V(7) H, = —p{
m m

H,

B = Bo/(Mpic)* = €5,/2h*

here a dolphin
(if | were Lorenzo)



B uantum probes for universal gravity corrections

log F,

the largest values of QFI are obtained with a | | -
quantum probe subject to a harmonic potential and o -
initially prepared in a superposition of perturbed =I5
energy eigenstates

log (Energy)

—30

Harmonic Oscillator

—200F

A Free Particle

Infinite Square Well
—250F

QFI is super-additive with the dimension of the system («d3 for a square well), which therefore

represents a metrological resource. The gain in precision is not due to the appearance of

entanglement of the state but rather to the increasing number of superposed states generated
by the perturbation.

PHYSICAL REVIEW D 102, 056012 (2020)

Quantum probes for universal gravity corrections

Alessandro Candeloro®,"” Cristian Degli Esposti Boschi > and Matteo G. A. Paris®'""

'Ouantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli,
Universita degli Studi di Milano, 20133 Milano, Italy
2CNR—IMM, Sezione di Bologna, Via Gobetti 101, [—40129 Bologna, Italy

3INFN-Sezione di Milano, 1-20133 Milano, Italy here a dOIphin

(if | were Lorenzo)



B More thaw a tool, new physics from QET

PHYSICAL REVIEW LETTERS 124, 120504 (2020) FPHYSICAL REVIEW D 94, 024014 (2016)

Probing deformed quantum commutators

Matteo A.C. Rossi’
o . . . o Quantum Technology Lab, Dipartimento di Fisica, Universita degli Studi di Milano, 20133 Milano, Italy
Critical Quantum Metrology with a Finite-Component Quantum Phase Transition
Tommaso Giani'
Louis Garbe,' Matteo Bina®,” Arne Keller,"” Matteo G. A. Paris®,” and Simone Felicetti®*" Dipartimento di Fisica, Universita degli Studi di Milano, 20133 Milano, Italy
YWhniversité de Paris, Laboratoire Matériaux et Phénomeénes Quantiques UMR 7162, CNRS, 75013, Paris, France .t
2Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli, Universita degli Studi di Milano, I1-20133 Milano, Italy Matteo G. A. Paris
Quantum Technology Lab, Dipartimento di Fisica, Universita degli Studi di Milano,

. *Université Paris-Saclay, 91405 Orsay, France 20133 Mil Tty and INEN. Sezione di Mil 120133 Mil Tl
L. ‘. . ; ilano, Italy an , Sezione di Milano, I- ilano, Italy
Departamento de Fisica Tedrica de la Materia Condensada and Condensed Matter Physics Center (IFIMAC), (Received 21 June 2016; published 6 July 2016)

Universidad Autonoma de Madrid, E-28049 Madrid, Spain

Gravitational time dilation as a resource in quantum sensing , , ,
International Journal of Theoretical Physics (2019) 58:2914-2935

Carlo Cepollaro'?3, Flaminia Giacomini*, and Matteo G. A. Paris®® https://doi.org/10.1007/510773-019-04174-9

1 Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli, Universita degli Studi di Milano, 1-20133 Milano, Italy
2Vienna Center for Quantum Science and Technology (VCQ), Faculty of Physics, University of Vienna, Boltzmanngasse 5, A-1090 Vienna,

Austria

3 . . . . . _ . .

Z:Stltl:Jte of Quantum Optics and Quantum Information (IQOQI), Austrian Academy of Sciences, Boltzmanngasse 3, A-1090 Vienna, Quantum SenSIng Of cu rvature
ustria

4Perimeter Institute for Theoretical Physics, 31 Caroline St. N, Waterloo, Ontario, N2L 2Y5, Canada

5Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli, Universita degli Studi di Milano, 1-20133 Milano, Italy

8INFN, Sezione di Milano, 1-20133 Milano, Italy Quantum 7, 946 (2023) ’

Daniele Bonalda' - Luigi Seveso' - Matteo G. A. Paris’

— —

PHYSICAL REVIEW E 104, 014136 (2021)

Role of topology in determining the precision of a finite thermometer

Alessandro Candeloro®,!"* Luca Razzoli ®,% " Paolo Bordone ©,%3-* and Matteo G. A. Paris ®1:4-§
'Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli, Universita degli Studi di Milano, 1-20133 Milan, Italy
Dipartimento di Scienze Fisiche, Informatiche e Matematiche, Universita di Modena e Reggio Emilia, I-41125 Modena, Italy
3Centro S3, CNR-Istituto di Nanoscienze, I-41125 Modena, Italy

*INFN, Sezione di Milano, 1-20133 Milan, Italy h e re a d OI p h i n
(if | were Lorenzo)




More than one parameter
Quantum probes for complex systems
Beyond the Cramer-Rao bound

here a dolphin
(if | were Lorenzo)



B suwmma rg/ conclustons

Ruantum esttmation theory Ls a relevant tool to design and assess
gquantum enhanced measurements (estimation schemes)

The single parameter RCR provides the ultimate quantum Limit to
precision. More preeisely, Lt bounds precision of schemes exploiting
quantumwmness of probes.

RET provides tools to assess the lntrinsic estimability of a
parameter and to determine whether a given theory Ls worth

vaestig atlon

uantum-based weasurements may be further tmproved by exploiting detector
dependence on the parameter of interest and thus the quantumness of detectors, L.e.
quantum-enhanced measurements may be more precise thaw previously thought.

Current research is about joint estimation of wore than one parameter, e.9. signal ano
noise to realize self calibrating estimation schemes.
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