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Motivation and Take-Home Messages

« Current quantum hardware experiences significant levels of noise
— How can we mitigate the effects of noise on quantum computations?
— Can we exploit the presence of noise when simulating open (ie noisy) quantum systems?

« Quasiprobability methods are systematic approach of removing noise induced bias
— Probabilistic Error Cancellation (PEC) [1] trades bias reduction for increased variance
— Incurs exponentially large classical sampling overhead « noise strength, circuit depth
— Probabilistic Error Reduction (PER) [2] alleviates sampling overhead by reducing noise
only partially — combined with extrapolation can yield results comparable to PEC
* Inherent device noise can act as resource in simulations of open quantum systems

— Device noise can reduce the sampling overhead if somewhat close to what you want to
simulate [3]

— Only some type of noise acts as a resource (e.g. hon-unital noise)

[1] Temme et al. (2017); Endo et al. (2017); [2] Mari et el. (2021); McDonough, PPO et al. (2022); [3] Aftergood, PPO et al. (to be
submitted); Guimaraes et al. (2023)
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Quasiprobabilistic approach to quantum error mitigation

Probabilistic Error Cancellation (PEC) [1]

» Removes noise induced bias on expectation value (O) = Tr[OU(po)]
Learn noise channels A; using noise tomography

Noisy superoperator of
quantum circuit U (p) = UpUT

Z/N{:Z;[ZO...OZ/?l

— Can be done efficiently for Pauli noise channels [2]: A(p) = Y co PupP)

— Use Gate Set Tomography for general noise models
Apply channel inverse A~ (on average) using classical postprocessing
Cancels physical noise and recovers the ideal noiseless result (O)ideal = Tr[OU(po)]

From van den Berg et al. (2023).
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[1] Temme et al. (2017); Endo et
al. (2018); Cai et al. (2023); [2]
van den Berg et al. (2023);
Flammia, Wallmann (2019)
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Ideal circuit evaluation of expectation value

* Applicable to algorithms in which the figure of merit is an expectation value averaged over
many shots of a unitary circuit

Ideal circuit
Input state is One or more expectation
prepared values are obtained
po > > UL 5 (O)idea = Tr[OU(po)]

A unitary circuit is run

U(po) = U o...oU)(po)

[1] Temme et al. (2017); Endo et al. (2018); [2] van den Berg et al. (2023); Cai et al. (2023).
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Noisy expectation value from noisy quantum circuit
* Noise introduces bias into the estimator of this expectation value.

Noisy circuit

State preparation error Measurement error also adds to
affects input state noise in final expectation value

5> (0) = TrlOU(po)

~

o>

Circuit is non-unitary [f = Z/{l O...0 Z/{l with Z:{z — Az o Z/{z'

, From van den Berg et al. (2023).
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Ideal expectation value as linear combination of noisy circuits

 After characterizing the noisy operations {G,}, the ideal circuit is decomposed into
U(p) = XgNyGy(p) with real coefficients 1.

* Linearity of the expectation value allows writing the ideal value as (0);40q1 = 20 Na{0)«

1 Inverse channel is not physical.
U = Al ol = E nl,kgkﬁ Thus implemented on average by classical
k postprocessing.
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Ideal (noiseless)
circuit layer Noisy circuits Real, possibly negative coefficients
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Exponential sampling overhead due to negativity

* Number of terms grows exponentially with circuit depth [

Tr[OUo... ol )( Z My Mk TT[O(Grg, © .. 0 Gk ) (o)
kla
* The linear combination is converted to a quasiprobability distribution (QPD) and sampled

O 0. oth) (o) = 3 sgn(nl,m~--sgn<m,kl>‘”iy’f1‘~~-'”f;fl'Tr[cv(Gz,klo...on)(po)]

Increased range = increased variance AO? x v o .
Obtain via Monte Carlo sampling

___ with probablllty i)

. Sampling overhead due
Lki f— Then, scale expectatlon value by to negatlve volume of

Sample :
— —  yisgn(ng,) with v = > s,
ki
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Example: Pauli noise

1
« Transform hardware noise to Pauli noise by Pauli twirling Ap = Pl Z P, AP,
— Works only for layers composed of Clifford gates | | a |
— Assumes dominant noise source are CNOT gates

Y (PSCAP.)(p) =Y PECM,P.pPI MICH(PE) = (ApC)(p)
a a,v J CPa ‘

Conjugate Pauli operators Dressing noise by

i _ pC random Paulis
ChC Fa diagonalizes A in

the Pauli basis

Randomly sampled Pauli gates

Noise associated with layer  Clifford layer

[1] van den Berg et al. (2023); Flammia, Wallmann (2019)
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Sparse Pauli-Lindblad noise model

« Sparse Pauli noise model parameters 4;, of a given layer can be efficiently learned
[1 ,2] L|ndb|ad|an L Z )\k Pk;pPk; — p) [1] van den Berg et al. (2023); Flammia, Wallmann (2019)

Pauli noise channel A(p) = eﬁ(p) = | [lw(-) + (1 = wi) Pu(-) Pi](p)
k

Noise coefficients wy = %(1 + e M) 1 — 2\,

From van den Berg et al. (2023)

Noise-model legend
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Sparse Pauli-Lindblad noise model

« Sparse Pauli noise model parameters 4, of a given layer i can be efficiently

learned [1,2
[1.2] Lindbladian £(p Z)\k P,pP, — p)

Pauli noise channel A(p) = e“(p) = | [lwr(-) + (1 — wx) Pe(-) Pi](p)

2
v = €22 Ak >

Inverse map A" (p) = e “(p) = i | [Twr(-) — (1 — wi) Pe(-) Pi] (p)
k

[1] van den Berg et al. (2023); Flammia, Wallmann (2019)
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PEC at work: Trotterized time evolution

Algorithm 1 Description of PER routine

Input: Circuit with layers | € {1,..,l;,¢}, each with noise
model parameters {wl(f ) s wl(i) }

Output: A sample of the PER expectation value (before
readout error mitigation)

I Leta=1
2. for le {1,...,lin} do
3: Compose layer [ into circuit

for k€ {1,...,n} do

Sample I with probability wl(,f) and P otherwise

4
d

6 Multiply o by ~*

gl if P, was sampled then
8

9

Multiply o by —1

end if
10: Compose sampled operator into circuit
11: end for
12: end for

13: Run the circuit and get the expectation value
14: if £ < 1 then

15: Scale result by «

16: end if

McDonough, PPO et al, IEEE (2022).

— R,

Fig. 7: The realization of a single Trotter step as a quantum
circuit. Here we have defined R, = RX(—2hdt) and R, =
RZ(2J6t)
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Inverse map A~'(p) = e “(p) = H[wk(') — (1 — wg) Py (") Pr] (p)
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Probabilistic Error Reduction (PER)

« PEC sampling overhead increases exponentially
with noise strength x depth

 Remove noise only partially to reduce overhead
k

Here, w(®) = (1 + e~2/1=¢1*%) and the sampling overhead

AN {GXP[Q(l —el ] <1

1 £>1 12

Combine with virtual zero-noise extrapolation
(VZNE) to recover the ideal result

Example: error mitigation on single X gate on
Rigetti hardware. Obtained noise model using
Gate Set Tomography (GST): yo = 1.73

Mari et al. (2021); McDonough, PPO et al, IEEE (2022).
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PER + vZNE reduces sampling overhead

a) 10-
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Scaling up noise using this method has been

used in recent IBM “quantum utility” work: Kim
et al. Nature (2023).
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Open source software for automated QEM

ll circuits || expectation
_ vaF]Tues & benmcdonough20 / AutomatedPERToolIs  Public

E Canonical Noise Scaling / ~ o O _— © e - » .
2 B v: <> Code Issues Pull requests Actions Projects Security ~ Insights
! Pauli Noise Scaling )
p L L
tomogr‘aphy =7 PER Cir'cuité % execute H analyze ] © v0.2.0-alpha ~ ¥ 2branches ©1tag Go to file
000 Readout mitigation * @ benmcdonough20 Update to tutorials 5ccf720 on Oct 14, 2022 @9 commits
g miti PER Analysis +
@ ml- q Inference 0 pauli_lindblad_per Update to tutorials last year
o 5 P 5 M tests_and_fi Update to tutorial last
Fig. 1: Tllustration of automated error mitigation protocol start- ceis-and-oures peeie o e e
; g . . . s ial_notebook Upd ial I
ing from user defined circuits and returning noise-mitigated ¥ torialnotebooks peste o tutorils ety
[ README.md Update README.md last year

expectation values. It includes a noise tomography step in-
volving PNT or GST, whose results are used to generate
sampled PER circuits via canonical or Pauli noise scaling.

« Open source software package that implements Pauli noise tomography and PER
+ VZNE quantum error mitigation

— https://github.com/benmcdonough20/AutomatedPERTools

« Similar method has been implemented by IBM in Qiskit, but source code is not
openly accessible
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QPD noise scaling for open system dynamics simulations

» Can arbitrarily scale different Pauli noise parameters A,
» Go from a given (device) Pauli noise model {1, } to another one {¢;}:

Ay = A3Z, 5 M

“Partial” inverse A;i)qb =y [ [wkI — Sgn()\;C — gbk)(l — wk)Pk]
ke

1
with coefficients Wi = 5(1 + 6_2|>\k_¢k|>

Sampling overhead v = eXp( Z 2|)\k; — ¢k’)
k| Ak> ok

Scaling up Pauli noise does not
cost overhead!
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Example: noisy transverse-field Ising model dynamics

« Simulate dynamics of transverse-field Ising model (TFIM) with Pauli noise
(@) Device and target noise models

L—1 L
) ) 0.00175 [——
Haml|t0nlan H — JZ E Z’LZ’L+1 + hfiL‘ § X’L 0.00150 B fier
1=1 1=1 0.00125

0.00100

Values

Dissipative dynamics described by Lindblad equation of motion

0.00075

0.00050

A~

p(t) = _Z[H) ,O(t)] =+ E[p(t)] Desired Pauli noise described 0.00025
by model parameters {¢;}

XLyl zl X Y 1Z XX XY XZ YX YY YZ ZX ZY ZZ
K

Assume hardware experiences Pauli noise described
by parameters {4, } (after Pauli twirling)

-1 P
A — Dk _._Al [
A3 A ) &
W BE— %)

Difference of Pauli expectation

values after 10 Trotter steps
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After QPD sampling, the
difference is much reduced



Simulating dynamics with general 1-qubit noise models

* Most general single qubit noise model described by Kraus operators [1]

_ gifee 2 ks
IQ_U<OSJV

D
_m:U( : 2V150V*
v 1— 55 0

« Cannot express nonunital noise by unitary gates only [2]

* Include RESET gate ) RESPT, |0) into noisy gate set {G} = {Bx}

— We use the IBM native gateset {I, X, VX, R.(¢), RESET}.
« Construct noise channel from IBM basis gates using QPD approach A = Z"i B;

[1] Verstraete (2000; [2] Temme et al. (2017); Endo et al. (2018)
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Construct general 1-qubit channel using QPD approach

« We compare the sampling overhead for constructing general 1-qubit channel using
noiseless and noisy basis sets

« Exact solution for noiseless basis set: A = Zm B;

nr = "o

1
nx :7)0+§ (1—3%—3031 —sﬁ/(s%—l)(.ﬁ-l))
Nz = Mo — SoS1
nr = so(so + s1) — 2mo
1
Xz =" — 5 (1—3%—3051—3%—\/(33_1)(312_1))

nxr = S1(so+ s1) — 210,

S R N e
Pauli noise: no overhead
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Comparing noiseless and depolarizing noisy gate sets

1.0,

¥ Noiseless, s1 =0
$. ]
T || mmm=- Depolarizing, s1 =0

Noiseless, s = 0.4
i e Depolarizing, sy = 0.4
1 Noiseless, s; = 0.8

| s Depolarizing, s1 = 0.8

« Gate set experiencing depolarizing noise (symmetric Pauli noise) has always larger
overhead

— Depolarizing channel A, = (1 — 3p)Br + pBx + pBy + pBz
— We use noise strength p = 1073 here
« Pauli noise does not act as a resource

* Increasing Pauli noise is “free”, removing it costs nonzero overhead
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Nonunital device noise is a resource

\

2

0.025
0.020
0.015
0.010
0.005
0.000

\I

| =1

-1.0 -0.5

0.0 0.5 1.0

S0

« Gate set with amplitude + phase damping, taken from FakeArmonkV2 backend
- Slightly boost noise strength to be comparable to p = 103 depolarizing channel
« Nonunital noise reduces overhead compared to noiseless case

— = Noise acts as a resource

— May seem small quantitatively for a single application of channel, but it exponentially

increases with gate depth
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Summary

Quasiprobability methods can scale effective noise affecting expectation values

— Systematic scaling of noise that requires noise tomography
— Sampling overhead increases exponentially with noise strength and circuit depth
— Probabilistic Error Reduction combined with zero-noise extrapolation reduces overhead

QPD scaling of noise can be used for open system dynamics simulations
— Nonunital noise acts as a resource by reducing overhead compared to noiseless gate set

(Careos ) = z & o0

Canonical Noise Scaling / 0 =

' Pauli Noise Scaling ' ; 0.0- ~e.

< i = s __;___ *
tomography =2 PER circuits 2 execute analyze Sl

—2.51
000 Readout mitigation +
H\I‘l’ mitiq PER Analysis + 2 1 ()
Inference TLAt

References:
*  McDonough et al., 2022 IEEE/ACM Third International Workshop on

Quantum Computing Software (QCS), Dallas, TX, USA, 2022, pp. 83-93.
See also: arXiv:2210.08611 (2022). .
Thanks for your attention!

*  Aftergood et al. (in preparation).
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Trotter dynamics of 127 qubit transverse-field Ising model

B e e e /| gromomomgeomemmomggmos= * Trotter circuit contains
S B (g 8™ : : three layers
,—T T—~“ o _m . . .
=  Pauli twirling transforms
e the noise to Pauli noise
R,(6,)

« Efficient noise tomography
using a sparse Pauli noise

- » model ansatz

essewsreses. | &« Can precisely tune the

a e ]G] Ry (-0 noise for ZNE since noise
- e = [ =] R, (2h60), Is well characterized

(probabilistic noise

I fea
1 IS amplification)
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Trotter dynamics of 127 qubit transverse-field Ising model

a b c 12 l
1.2 7 ° °
® [
1.0 -eeeeeeees T
1.0 . s
n."' .'{ c O
= "Q O 0.8 1
o o Y, kS (0]
0.8 S 084 .. %" =
“> e 2r N 2 ©
R ] 5 06 o
= e 8 s E 0o
0.6 1 — 7ZNE (exp) 0.6 1 g
— ZNE (linear) 5 041
—G=10 z
0.4 G=12 1 0.4 1
—G=16 ‘ 0.2 - ldeal
. . . . . — T . O Unmitigated
0 500 1,000 1,500 2,000 © ARy <9 ‘5@6 %@b ® Mitigated
Random circuit instances Noise gain (G) O <O 0 T T T T T
& A\ 4 8 12 16 20
O
Trotter steps
Fig.2|Zero-noise extrapolation with probabilisticerror amplification. linear extrapolation (linear, light blue) when differences between the converged
Mitigated expectation values fromTrotter circuits at the Clifford condition estimates of (Zyo¢) .0 are well resolved. b, Magnetization (large markers) is
6,=0.a, Convergence of unmitigated (G =1), noise-amplified (G > 1) and noise- computed asthe mean of theindividual estimates of (Z,) for all qubits (small
mitigated (ZNE) estimates of (Z,,,) after four Trotter steps. Inall panels, error markers).c, Ascircuitdepthisincreased, unmitigated estimates of M,decay
barsindicate 68% confidence intervals obtained by means of percentile monotonically fromtheideal value of 1. ZNE greatly improves the estimates
bootstrap. Exponential extrapolation (exp, dark blue) tends to outperform even after 20 Trotter steps (see Supplementary Information Il for ZNE details).
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Classically verifiable regime

O Unmitigated = ® Mitigated — MPS (y = 1,024; 127 qubits) — isoTNS (y = 12; 127 qubits) = Exact

- ‘ Magpnetization M, ‘ b ‘ (X13,20,31Y0,30Z8,12,17,28,32) = (X37,41,52,56,57,58,62,70 75238,40,42,63,72,80,90,01)
1.0 10 + 1.0 I L
08" 0.8 08¢t
0.6} Unmitigated © % 0.6 0.6}

‘ 1.0

1 0.8
04+ i © 0.4 04rF

: 0.6

_Mitigated __Exact
02} 0.2 02}
0 0 0 [
0 /8 /4 3n/8 /2 0 /8 /4 3n/8 /2 0 /8 n/4 3n/8 /2
R, angle 6, Ry angle 6, Ry angle 6,
Fig.3|Classically verifiable expectation values from127-qubit, depth-15 Upperinsetsinall panelsillustrate causal light cones, indicatinginblue the

Clifford and non-Clifford circuits. Expectation value estimates for 6, sweeps final qubits measured (top) and the nominal set of initial qubits that can

26 Peter P. Orth | Quasiprobabilistic approaches for QEM and open system dynamics simulations, Erice Workshop - ,\,»S a M S A ;t:\::gﬁ\cir;iuscvrsur&%u&%?;



Classically “challenging” regime

a . <X37,41,52,56,57,58,62,79Y38,40,42,63,72,80,90.91275> b <262)
10}
0.8
LS o Unmitigated o Unmitigated
' 68 qubits /- 8 o
0.6 ! e Mitigated e Mitigated
i —— MPS (y = 3,072; — MPS (y = 1,024;
LCDR) LCDR)
i e — isoTNS ( = 12;
R 127 qubits)
0.2}
0 3 % v
0 /8 /4 3n/8 /2 0 /8 /4 3n/8 /2
Ry angle 6, Ry angle 6,
Flg- 4| Estimating expectation values beyond exact verification. Plot (X37,41,52,56,57,58,62,79Y38, 40, 42,63, 72, 80,90, 91.275) (Ze2)
(d) (e)
. . i Classical simulations
Even if this work is not yet beyond . .
: « IS oty y using sparse Pauli
classical capabilities, it is clear :
. : dynamics method
that Trotter dynamics is a leading ) :
. (Begusic, Chan, arXiv
candidate for quantum advantage
0.0 ry + 1.1 % 0.0 L (2023)_

0 n/8 s 3n/8 n2 o n/g8 n/a 3n/8
Rx angle 6, Rx angle 6,

n2
. S SUPERCONDUCTING QUANTUM
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