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Focus  of the talk : What the Lattice has done so far, 
                             What the Lattice can do more — IF useful!

The axion Lagrangian: 

QCD EM Other SM 

For the axion to solve the Strong CP problem of QCD, QCD coupling should dominate the potential 

This talk: L = LQCD + ✓ ↵s
8⇡Gµ⌫G̃µ⌫

<latexit sha1_base64="qooHIpJJ1Q6A7XCV33I7YeIluzc="></latexit>



Axion mass  : several lattice studies 

Axion potential:  exploratory studies  

Axion Thermal rates (k)  : advocated by  
                                       Notari, Rompineve, Villadoro 2211.03799 
                                       Lattice technology available,  
                                       but: demanding studies  

Physical quantities 



Strong CP problem and the QCD axion



Focus on the term ✓
<latexit sha1_base64="0k6ohy8zA8H37Qtpq/vdnDIK7a0=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqWHI4600i+V3ao7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRlRThjaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wdfII+G</latexit>

— CP violating 

= q(x)
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Topological charge density



GCPF and ✓
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related with axion potential —->  



How ‘large’ is ?✓
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Topological susceptibility around and above the critical temperature

Constraints on  axion density:  



After freezout  constant

Wantz, Shellard 2010

Tc Peccei Quinn ' 107 -108 GeV
<latexit sha1_base64="JeLFN09yMJ6GddE7XgFg+0w/+R0="></latexit>

Tc Electroweak ' 160 GeV (SM)
<latexit sha1_base64="CYLjhF5+06TdEWpXyBCAyGNEhRk="></latexit>

> 



After freezout  constant

Wantz, Shellard 2010

Tc Peccei Quinn ' 107 -108 GeV
<latexit sha1_base64="JeLFN09yMJ6GddE7XgFg+0w/+R0="></latexit>

Tc Electroweak ' 160 GeV (SM)
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> 

From models: 
T at freezout  
about five times Tc



T/Tc
1

ChPT

DIGA

Lattice QCD

What do we know about

“Axion mass  
very small 

Compton length 
Very large 

Universe very small..” 



Systematics from twisted mass Wilson fermions 

TWEXT - Kotov MpL Trunin (2021 + in progress) 

2+1+1 flavours

Fine lattice 

Finer lattice

Fermionic method



QCD - summary 

TWEXT
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From exponent d to axion mass in three steps

1.

2.

3.



Example: if axions constitute 80% DM, 
our results give a lower bound for the 

axion mass of ' 30µeV

 Burger,Trunin, Ilgenfritz,Mueller-Preussker,MpL 2019
Kotov, Trunin, MpL, TWEXT, 2023, preliminary

Limits on the (post-inflactionary) axion mass

⌦a = ⇢a,0

⇢c
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Lattice topology contribution

Limits on the post-inflationary axion mass



Beyond topological susceptibility  
  

Higher moments — towards axion potential 





Beyond topological susceptibility  
  

Higher moments — towards axion potential 



Bonati et al. (2016)Ilgenfritz, MpL, Mueller-Preussker,  Trunin  (2018) 

Bonati, d’Elia, Vicari  1301.7640

Quartic interaction term in the potential 



b2, TWEXT, in progress — preliminary 



Axion momentum dependent thermal width ?  

                                 

The challenge of real time



Thermal rates : Fourier transform of two point functions

Creation and destruction of axions

Real time quantities 



Computational Strategy:

1) Rotation to 
imaginary time + 
discretisation  



1) Rotation to imaginary 
time + discretisation  

2) Monte Carlo Simulation  

Computational Strategy:

Performing the integration





Spectral functionEuclidean time correlators



Topological charge correlators: very noisy!

TWEXT, Kotov, MpL, Trunin 1903.05633



Axion mass  : incremental improvements - requirements on the accuracy?  

Axion potential:  exploratory studies — useful? In which temperature range?  

Axion Thermal rates (k)  : advocated by Notari, Rompineve, Villadoro 2211.03799 
                                        Lattice technology available, demanding studies 

                                       Resurrecting hot axions & physics around Tc???  
                                     

Summary, questions:  



Axion mass  : incremental improvements - requirements on the accuracy?  

Axion potential:  exploratory studies — useful? In which temperature range?  

Axion Thermal rates (k)  : advocated by Notari, Rompineve, Villadoro 2211.03799 
                                        Lattice technology available, demanding studies 

                                       Resurrecting hot axions & physics around Tc???  
                                     

Summary, questions:  

+ Topics for general discussion: computational issues, codes, AI in physics, open access…



Thanks !


