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Defect Dimension Homotopy Mass

Domain walls 2

Strings 1

Monopoles point-like

π0(ℳ)

π1(ℳ)

π2(ℳ)

σL2

μL

v2/α
SU(2) → U(1)

(’t Hooft Polyakov Monopole)

Fig. from Vilenkin & Shellard 1994

 vacuum manifold: ℳ

G → H, ℳ = G/H

Plus hybrid defects (walls bounded by strings, strings 
ending on monopoles etc.)



Topological defects
Field theory: classical solutions to the EoM 

ℤ2 → ∅

σDW ∼ v3
s

Domain wall tension:
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Topological defects
Extended objects: Dirac action (world volume) 

2

Figure 1. The wall surface M2 parametrized by two para-
meters, �1 and �2.

that two tangential vectors will be orthogonal
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@�2xµ ⌘ x

µ
,1xµ,2 = 0 . (1)

Moreover, we can require that the velocity of the wall
@⌧x

µ ⌘ ẋ
µ can be only normal to the tangent surface

TM2 (cf. Fig. 1).

To derive the wall equation of motion we start from
the worldvolume (Dirac) action, which has the form
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and L is the Lagrangian density.

To obtain equations of motion for a domain wall from
Eq. (2), it is useful to use the following equality

dL =
1

2

p
��

ab
d�ab , (3)

from which one can obtain
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where g is the determinant of the metric gµ⌫ . The energy of the wall in that case is
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Let us now define the metric gµ⌫ as the FLRW metric with conformal time a(⌧)d⌧ = dt

ds
2 = a
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�
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2 � dl
2
�
, (7)

where a(⌧) is the scale factor and dl
2 = dx

2 + dy
2 + dz

2. Then the equation of motion (Eq. 4) can be rewritten as
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Let us redefine the coordinates �1 and �2 to s1 and s2

in such way that | @x
i

@s↵
|2 = 1 (↵ = 1, 2). This means that

derivatives will be changed in the following way
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(no summation over ↵). In these new coordinates, it
is possible to introduce an orthonormal basis (refer to

Fig. 1): ⇠
i
↵ = @xi

@s↵
, and ni = ẋi

|ẋi| . Consequently, the

zeroth component of Eq. (8) (� = 0) can be written as
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The spatial part (� = i) of Eq. (8) contracted with the
vector ni has the form
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ȧ

a
ẋ
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where k
i
↵ = @⇠i↵

@s↵
.

The scalar products k
i
↵ni project the curvatures cor-

responding to �1 and �2 along the normal vector ni. It
should be noted that ki↵ = a

R↵
u
i
↵, where u

i
↵ are unit vec-

tors and R↵ are the radii of curvature for �1 and �2,
respectively.
Now it is possible to obtain averaged equations, using

Fig. from Martins, Rybak, Avgoustidis, 
Shellard [1602.01322], PRD 2016

𝒮 = − σDW ∫ −γ d3σ

Induced metric
Tension

Point particle: 𝒮 = − m∫ 1 − ·x2 dt
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Cosmological defects

• Monopole (and domain wall) problem in GUTs: inflation!


• Baryogenesis


• Contribution to dark matter relic abundance 


• Strong source of gravitational waves 


• Impact on cosmological phase transitions

Guth, PRD 1981; Linde, PLB 1982
Albrecth, Steinhardt, PRL 1982

Cline, Espinosa, Moore, Riotto, PRD 1999
Daido, Kitajima, Takahashi [1504.07917] JCAP

Rubakov, JETP Lett. 1982

Hiramatsu et al. [1012.5502] PRD 
Gorghetto, Hardy, Villadoro 


[1806.04677] JHEP; [2007.04990] SciPost 

Saikawa [1703.02576] 
Blanco-Pillado, Olum [1703.02576] PRD
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Nucleation sites

Figure: Bubble chamber
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“If monopole (or vortex) solutions exist for a metastable or 
false vacuum, a finite density of monopoles (or vortices) can 
act as impurity sites that trigger inhomogeneous nucleation 
and decay of the false vacuum.”

“Now one has to ask the following question: Is the early 
universe really sufficiently pure in order for supercooling 
to take place? The aim of this paper is to show that in 
most cases the early universe is very pure. […] In this paper 
we consider ordinary particles as impurities.”

“In particle physics it is often assumed that phase 
transitions are nucleated by thermal fluctuations. In 
practice, […] except in very pure, homogeneous samples, 
phase transitions are often nucleated by various forms of 
impurities and inhomogeneities of nonthermal origin.”

“What if the transition was nucleated by impurities? In 
this case the mean spacing between bubbles has 
nothing to do with free energies of nucleation and is 
simply the spacing between the relevant impurities. ”



• Compact objects and gravitational effects  

• Primordial density fluctuations

• Topological defects (strings and monopoles)

Fig. from Jinno, 
Konstandin, Rubira, van de 
Vis, [2108.11947], JCAP

Fig. from Lee et al., 
[1310.3005], PRDFig. from Oshita, 

Yamada, Yamaguchi 
[1808.01382], PLB

• Domain walls

This talk:
• Higgs + Singlet (xSM)

• Thermal history

• New method for bounce

Hiscock, PRD, 1987;
Burda, Gregory, Moss 
[1501.04937], PRL

Yajnik, PRD, 1986

Agrawal and Nee, 
[2202.11102], SciPost

…

(Coleman-de Luccia, PRD, 1980)

SB, Mariotti [2203.16450] PRL

The nature of impurities

Strumia [2209.05504]
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https://arxiv.org/abs/2209.05504


SM + scalar singlet with ℤ2 : S → − S

See e.g. Espinosa, Gripaios, 
Konstandin, Riva [1110.2876] JCAP

Electroweak phase transition (xSM)

𝑉 = −
1
2

(𝜇2 − 𝑐h𝑇2)h2 +
1
4

𝜆 h4

−
1
2

(𝑚2 − 𝑐𝑠𝑇2)𝑆2 +
1
4

𝜂 𝑆4

+
1
2

𝜅 h2𝑆2
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SM + scalar singlet with ℤ2 : S → − S

See e.g. Espinosa, Gripaios, 
Konstandin, Riva [1110.2876] JCAP

TnTDW

TDW Tc Tn
t

  (0,0) → (0, ± vs)   (0, ± vs) → (v,0)

Two step transition

Electroweak phase transition (xSM)
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1st step: domain wall formation
Kibble mechanism:


• Fluctuations have finite correlation length 



• Uncorrelated patches will select different 
points of vacuum manifold 

ξ(T) < dH

ℳ

Zeldovich et al. 1975, 
Kibble 1976

TDW Tc Tn
t

  (0,0) → (0, ± vs)   (0, ± vs) → (v,0)

Fig. From MIT edu

ξ(TG)

dH

ξ(TG)
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2nd step: tunneling to the EW vacuum

TDW Tc Tn
t

  (0,0) → (0, ± vs)   (0, ± vs) → (v,0)
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2nd step: tunneling to the EW vacuum

TDW Tc Tn
t

  (0,0) → (0, ± vs)   (0, ± vs) → (v,0)

 At  bubbles nucleate on the walls T seed
n

• Nucleation probability no longer the same 
everywhere, enhanced around the impurities
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1. Solving coupled system of PDEs

• “Exact” 

• Physical picture?  

• Which initial conditions for 
the algorithm? 

Seeded tunneling

Only O(2) symmetry

What is the action 
corresponding to the 
critical bubble?
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1. Solving coupled system of PDEs 2. Thin wall approximation 

• “Exact” 

• Physical picture?  

• Which initial conditions for 
the algorithm? 

• Limited validity 

• Intuitive picture 

• Simple calculation 

Seeded tunneling

Only O(2) symmetry

What is the action 
corresponding to the 
critical bubble?
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1. Solving coupled system of PDEs 2. Thin wall approximation 3. Kaluza-Klein decomposition 

• “Exact” 

• Physical picture?  

• Which initial conditions for 
the algorithm? 

• Limited validity 

• Intuitive picture 

• Simple calculation 

• Quantitative results 

• Still intuitive 

• Initial conditions for num. 
algorithms and cross-checks

Seeded tunneling

Only O(2) symmetry

What is the action 
corresponding to the 
critical bubble?
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Comparison of 1, 2, 3
Agrawal, SB, Mariotti, Nee, in prep.

SB, Mariotti [2203.16450], PRL

� � � � �
��
�

�

�
Γ ∼ e−S/T
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Parameter space of the xSM SB, Mariotti [2203.16450], PRL

*In terms of nucleation 
temperature

Agrawal, SB, Mariotti, Nee, in prep.

Seeded faster 
than hom. Only seeded
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SB, Jinno, Konstandin, Rubira, 
Stomberg [2302.06952]

Domain wall network 
mimicked by Ising model

d

Gravity waves from sound waves

R

• Bubble size  controlled by the 
nucleation rate on the wall 


• : Bubbles grow out of the walls 
and will collide with typical size 

R
R ∼ β−1

DW

R ≪ d
d
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SB, Jinno, Konstandin, Rubira, 
Stomberg [2302.06952]

Figure 4: Final spectra of the gravitational waves with (left) and without (right)
the domain wall network. The strength of the phase transition is ↵ = 0.05, and the
velocities of the bubble walls are (from top to bottom) vw = 0.4, 0.55 and 0.8.

11

Domain wall network 
mimicked by Ising model

d

Spectrum shifted to IR 
with enhanced amplitude 

Seeded: 

+


possible differences in 
spectral shape?

β → 1/ξH*

Homogeneous

Seeded

Gravity waves from sound waves

R
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Gravitational wave amplitude (xSM)

�

Agrawal, SB, Mariotti, Nee, in prep.

Break of the strong 
 correlation for
(R*, α)

ξ ≲ 102 − 103
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Prospects for the EWPT 
Agrawal, SB, Mariotti, Nee, in prep.
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Summary
• Formation of defects during multi-step phase transitions can dramatically affect the 

dynamics of bubble nucleation by providing new channels for vacuum decay.


• We have presented a minimal working example for a seeded electroweak phase 
transition in the xSM due to the presence of  domain walls. As a result, the parameter 
space leading to successful nucleation is enlarged.


• Implications of seeded phase transitions in terms of gravitational waves (and possibly 
other relics) still largely unexplored.


• Different extensions of the SM may involve other types of defects such as strings or 
monopoles, with possibly different phenomenology.

ℤ2
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Thank you!



Backup



1. Equations of motion

False vacuum is non-trivial as it depends on z

Agrawal, SB, Mariotti, Nee, in prep.

+vs

−vs

r

z

∂2ϕ
∂r2

+
1
r

∂ϕ
∂r

+
∂2ϕ
∂z2

=
∂V
∂ϕ

, ϕ = h, S

h(∞, z) = h(ρ, ± ∞) = 0

S(∞, z) = SDW (z), S(r, ± ∞) = ± vs,
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1. Equations of motion

∂2ϕ
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+
1
r

∂ϕ
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+
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2. Thin wall approximation

+vs

−vs

r

z

E(R) = −
4π
3

ϵ R3 + 4π (σB −
1
4

σDW) R2

Gain by eating up 
domain wall surface

Similar to nucleating a hole 
in string-wall networks

SB, Mariotti [2203.16450], PRL
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝑆 = 𝑆DW(𝑧) + ∑
𝑘

𝑠𝑘(𝑥𝜇)𝜎𝑘(𝑧)

h = ∑
𝑘

h𝑘(𝑥𝜇)𝜙𝑘(𝑧)

𝑥𝜇 = 𝑡, 𝑥, 𝑦

z

𝒔𝒌,  𝒉𝒌

• Expand the fields around the domain wall 
background:
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝑆 = 𝑆DW(𝑧) + ∑
𝑘

𝑠𝑘(𝑥𝜇)𝜎𝑘(𝑧)

h = ∑
𝑘

h𝑘(𝑥𝜇)𝜙𝑘(𝑧)

𝑥𝜇 = 𝑡, 𝑥, 𝑦

𝒔𝒌,  𝒉𝒌

• Expand the fields around the domain wall 
background:

• Eigenspectrum of excitations:
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝒔𝒌,  𝒉𝒌

• Integrate along  to obtain 3d action and 
integrate out continuum excitations:

z • Eigenspectrum of excitations:

S3d = ∫ d3x
1
2

(∂μh0)2 +
1
2

(∂μs0)2 − Veff
3d (h0, s0)

Seeded tunneling as homogeneous 
problem in lower dimension!
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝒔𝒌,  𝒉𝒌
h0

𝑠0

𝑉 eff
3d (h0, 𝑠0)

• Origin = domain wall (before nucleation)


• 3d modes taking vev deform the 
original domain wall profile


• Domain wall metastability controlled by 
the (temperature dep.) mass of  and s0 h0

ω2
0(T) =

1
2

p m2(T) − μ2(T)

m2
0(T) =

3
2

m2(T) > 0

(0,0) → (⟨h0⟩, ⟨s0⟩)
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝒔𝒌,  𝒉𝒌

• Case I:  above ω2
0 < 0 Tc

New stable 
profile…

h

S

Analogue to string 
superconductivity 

+𝑣𝑠

−𝑣𝑠

Witten 1985, NPB

h0
𝑠0

… can be obtained minimizing  Veff
3d
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝒔𝒌,  𝒉𝒌

Witten 1985, NPB

h0
𝑠0

h

S

𝑧

• Case I:  above ω2
0 < 0 Tc

…dissociates at T ≈ Tc

New stable 
profile…

h

S

Analogue to string 
superconductivity 

+𝑣𝑠

−𝑣𝑠
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝒔𝒌,  𝒉𝒌

• Case II: 


For  the origin cannot be 
absolutely stable.


A new minimum must appear with 
non-zero Higgs vev.


Transition involves a tunneling 
process (origin is local minimum).

ω2
0 > 0

T < Tc

h0
𝑠0
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3. Kaluza-Klein decomposition SB, Mariotti [2203.16450], PRL

𝒔𝒌,  𝒉𝒌

• Case II: 


For  the origin cannot be 
absolutely stable.


A new minimum must appear with 
non-zero Higgs vev.


Transition involves a tunneling 
process (origin is local minimum).

ω2
0 > 0

T < Tc

h0
𝑠0

Tunneling trajectory obtained with 
CosmoTransitions:
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S3(T)
T

T

Nucleation condition

Tn

∼ 140

∼ β α⋆ ≃
ΔV(T⋆)
ρrad(T⋆)

• Energy released in the plasma:

β
H⋆

= T
d

dT
(S3/T)

T⋆

∼ 100

• Duration of the transition:

Figure 4: Kinetic energy v2 in di↵erent simulation snapshots: t = 2.7/� (top left), 5.4/�

(top right), 10.8/� (bottom left) and 20.1/� (bottom right). We use box size L = 40vw/�,

weak transitions and vw = 0.8.

while grid spacing and various sources of viscosity will lead to exponential damping in the

UV. A detailed discussion of this e↵ect will be provided below. Accordingly, di↵erent box

sizes will facilitate the best measurements for the various physical observables. Also notice

that the power spectrum is generally reduced by finite size e↵ects in the IR and UV. The loss

of power in the UV corresponds to a reduction in the average kinetic energy which we study

in App. D. Extrapolating to very large grid size, we estimate that this leads to a reduction

of the momentum-integrated GW signal by about 20%.

– 14 –

Fig. from Jinno, 
Konstandin, Rubira, 
Stomberg 2209.04369

Energy budget of the 
phase transition
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Figure 3: Example output of the PTPlot tool. The plot shows an example of the GW power

spectrum from a first-order PT, along with the LISA sensitivity curve (h2⌦Sens(f) taken from the

LISA Science Requirements Document [65]). The parameters of the example model are vw = 0.9,

↵ = 0.1, �/H⇤ = 50, T⇤ = 200 GeV, g⇤ = 100.

years as the mission duration and a duty cycle of 75%, yielding T ' 9.46 ⇥ 107 s which is the

minimal data-taking time guaranteed by the LISA mission requirements [65].

To give a responsive web interface, the SNR values are precomputed as a function of U f and

HnR⇤ at fixed T⇤ and g⇤; note that the SNR contours are necessarily two-dimensional slices

through a higher-dimensional parameter space and this slicing was chosen for consistency with

previous work [8]. In our case, U f and HnR⇤ are calculated from �/H⇤, vw and ↵ using (6),

(11), (22) and the e�ciency factor from the literature [13].

Note that an SNR plot in the U f-HnR⇤ plane was first presented in [20]; it is a natural

choice of parameters, motivated by the results of simulations. Furthermore, contours of the

fluid turnover time HnR⇤/U f are straight lines on this plot; this combination quantifies the

expected importance of turbulence. Regions where the acoustic period will last for a Hubble

time are shaded on these SNR plots. Note that for producing the SNR curves the duration

of the source is taken to be the Hubble time or the fluid turnover time, whichever is shorter,

as the most conservative estimate possible [17, 20].

On the other hand, for an SNR plot in the �/H⇤-↵ plane, which is more practical for

model builders, the input parameters can be plotted directly, but the contours are deformed

by the inverse mapping from U f and HnR⇤ to ↵ and �/H⇤.

Figs. 2 and 3 show three example plots produced by the PTPlot tool. The two plots in

Fig. 2 display the SNR in the Ūf vs R⇤H⇤ and ↵ vs �/H⇤ parameter spaces. Figure 3 shows

the expected GW power spectrum for some example model and the LISA sensitivity curve.

All sensitivity plots presented in Sec. 6 were made with PTPlot.

20

α⋆ = 0.1

β/H⋆ = 50

Tn = 200 GeV

h2 Ωsw |peak ∼ 10−6 ( H⋆

β ) (κv α⋆)2

f |peak ∼ 10−5 Hz ( β
H⋆ ) ( T⋆

100 GeV ),

• Spectrum from sound waves:

Other contributions: bubble collisions 
and turbulence

Gravity wave spectrum Fig. from Jinno, 
Konstandin, Rubira, 
Stomberg 2209.04369

Figure 4: Kinetic energy v2 in di↵erent simulation snapshots: t = 2.7/� (top left), 5.4/�

(top right), 10.8/� (bottom left) and 20.1/� (bottom right). We use box size L = 40vw/�,

weak transitions and vw = 0.8.

while grid spacing and various sources of viscosity will lead to exponential damping in the

UV. A detailed discussion of this e↵ect will be provided below. Accordingly, di↵erent box

sizes will facilitate the best measurements for the various physical observables. Also notice

that the power spectrum is generally reduced by finite size e↵ects in the IR and UV. The loss

of power in the UV corresponds to a reduction in the average kinetic energy which we study

in App. D. Extrapolating to very large grid size, we estimate that this leads to a reduction

of the momentum-integrated GW signal by about 20%.

– 14 –

Fig. from LISA cosmology 
working group
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