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LIGO-India, Cosmic Explorer, Einstein Telescope,
LISA, TianQuin, Taiji, Pulsar timing arrays
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Analytical GW models
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Analytical GW models

For any given astrophysical source, data analysis in GW astronomy
requires the general prior knowledge of the respective GW signals

h(t,0)=F _h (1,0)+ F, h(t,0)

h,,h, = physical polarizations of the GW| |0 = set of parameters of the source
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Analytical GW models

For any given astrophysical source, data analysis in GW astronomy
requires the general prior knowledge of the respective GW signals

h(t,0)=F _h (1,0)+ F, h(t,0)

h,,h, = physical polarizations of the GW| |0 = set of parameters of the source

Primary GW sources: coalescing compact binaries of black holes (BH)

One needs:

CCB evolution
Inspiral Merger-ringdown

Post-Newtonian (PN) BH perturbation

expansion: weak field theory: vibrational
and small internal modes of the remnant
velocity BH (QNMs)
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Analytical GW models

For any given astrophysical source, data analysis in GW astronomy
requires the general prior knowledge of the respective GW signals

h(t,0)=F _h (1,0)+ F, h(t,0)

h,,h, = physical polarizations of the GW| |0 = set of parameters of the source

Primary GW sources: coalescing compact binaries of black holes (BH)
One needs:

CCB evolution Methods to compute the respective
Inspiral Merger-ringdown GWs at infinity
==
' ” > Inspiral Merger-ringdown
A
Post-Newtonian (PN) BH perturbation h(t, 0)
expansion: weak field theory: vibrational
and small internal modes of the remnant
velocity BH (QNMSs) | | .
[
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Analytical GW models for CCBs

Time

Inspiral
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Analytical GW models for CCBs

Time

Inspiral

[Blanchet-Damour 1989; Will-Wiseman 1996]

=> hinspiral( t,0) Post-Newtonian results from
’ the GW generation formalism
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Analytical GW models for CCBs

Time

Inspiral

[Blanchet-Damour 1989; Will-Wiseman 1996]

=> hinspiral( t,0) Post-Newtonian results from
’ the GW generation formalism

[Regge-Wheeler 1957; Zerilli 1972]

=> hringdown(t (9) Superposition of the QNMs
’ of the remnant BH

Ringdown
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Analytical GW models for CCBs

Time

Inspiral

[Blanchet-Damour 1989; Will-Wiseman 1996]

=> hinspiral( t,0) Post-Newtonian results from
’ the GW generation formalism

(I'he PN approximation breaks down A
before the end of the inspiral phase!

hmsPiral 9) s not reliable up to merger

Cutler et al. 1993, Thorne et al. 1998
\ ! Y

[Regge-Wheeler 1957; Zerilli 1972]

=> hringdown(t 0) Superposition of the QNMs
’ of the remnant BH

Rirgdown
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Effective one-body (EOB) approach
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Effective one-body (EOB) approach

EOB basic idea: [Buonanno-Damour '99]
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Effective one-body (EOB) approach

EOB basic idea: [Buonanno-Damour '99]

H
Hreal = MC2\/1 + 2I/<—eff —1
pc?
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Effective one-body (EOB) approach

EOB basic idea: [Buonanno-Damour '99]

Hamiltonian map

H
H_.,= Mc \/1 + 2y< efzf Continuous r-deformation of
He the Schw./Kerr metric

D(r,
A(r,

(%4 L\ (oM GM |
Tl -3 — —>A5chw(’”)=1—2T f

2 = 27,2
case at 3PN dsgy = A(r,v) c=di” +

[Example: non-spinning

))dr + r2(d0? + sin? 9d¢2))

3 32 c2r ) -0 c2r

2 3
GM GM
2 C27‘ v—0
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Effective one-body (EOB) approach

EOB basic idea: [Buonanno-Damour '99]

Hamiltonian map

H ) )
H,, = Mcz\/ 1+ 2y< efzf —1 Continuous v-deformation of
C .
# the Schw./Kerr metric

Example: non-spinning y v Dy 5 5 . _
[ case at 3PN Hdseff=“‘(”’”)c Aty 4+ rdon st 0dgT) Effective dynamics

| SRRy |
;; A<"’”>=1—27+2v<—> +v(7—3—2ﬂ2> (—) — Agepa() = 1= 2——
Particle in motion
around a BH
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EOB waveform models

Time

v

Inspiral

N inspiral
s B ) => PO

hringdown( f 9)

Ringdown

[Blanchet-Damour 1986; Will-Wiseman 1996]

Post-Newtonian results from
the GW generation formalism

[Regge-Wheeler 1957; Zerilli 1972]

Superposition of the QNMs
of the remnant BH
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EOB waveform models

Time Gravitational waveform
Inspiral S o _o8¢8
[Blanchet-Damour 1986; Will-Wiseman 1996] Y AR

=> hinspiral( t,0) Post-Newtonian results from
’ the GW generation formalism

g (. ) :
EOB heop(t, 0) = 0t — 1,)h B(1, 0)
approach +0(t,, — D7, ) ;
- J y

[Regge-Wheeler 1957; Zerilli 1972]

=> hringdown(t (9) Superposition of the QNMs
’ of the remnant BH

| W—

inspiral-plunge
— — — merger-ringdown
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EOB waveform models

Time Gravitational waveform
Inspiral S o _o8¢8
[Blanchet-Damour 1986; Will-Wiseman 1996] Y AR

=> hinspiral( t,0) Post-Newtonian results from
’ the GW generation formalism

g N (, ) -
EOB heop(t, 0) = 0t — 1,)h B(1, 0)
approach +0(t,, — ARSI ) -
) g N\ ?
ﬁ TEOBResumS SEOBNR ’

[Regge-Wheeler 1957; Zerilli 1972]

=> hringdown(t (9) Superposition of the QNMs
’ of the remnant BH

Ringdown

| W—

v

inspiral-plunge
— — — merger-ringdown
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EOB waveform models

Gravitational waveform

S S :
Y = O = N W
I I T l T T I T

J

Inspiral
[Blanchet-Damour 1986; Will-Wiseman 1996]
== inspi Post-Newtonian results from
o => inspiral
== h (t’ 9) the GW generation formalism
é N\ - % )
| e
approach +0(t,, — Hh (2, 0)
\_ J \
_ | TEOBResums}|.._.. SEOBNR
t + non-circular corrections |

LLrilli 1972]

Superposition of the QNMs
of the remnant BH

hringdown( f 9)

Ringdown

| W—

inspiral-plunge
— — — merger-ringdown
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Non-circular EOB inspiral
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Non-circular EOB inspiral

Isolated binaries circularize rapidly... O — Q (e ~ 10™°at f,,, = 10Hz)
on

=> Quasi-circular (qc) approximati
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Non-circular EOB inspiral

Isolated binaries circularize rapidly... O — Q (e ~ 10™°at f,,, = 10Hz)
on

=> Quasi-circular (qc) approximati

... but dynamical encounters in dense stellar environments and the Lidov-Kozai
mechanism in hierarchical three-body systems can lead to non-circular binaries

==> Non-circular (nc) corrections in the waveform models
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Non-circular EOB inspiral

Isolated binaries circularize rapidly... O Q (e ~ 10™°at f,,, = 10Hz)

=>> Quasi-circular (gc) approximation

.. but dynamical encounters in dense stellar environments and the Lidov-Kozai
mechanism in hierarchical three-body systems can lead to non-circular binaries

==> Non-circular (nc) corrections in the waveform models
We worked on improving the non-circular branch of TEOBResumsS:

— ihy = 12 Z )2 Y (O, @) Newtonian factors PN quasi-circular factor
£=2 m=—¢ [Chiaramello-Nagar 2020]

TEOBResumS-DALI before
our work
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Non-circular EOB inspiral

Isolated binaries circularize rapidly... O Q (e ~ 10™°at f,,, = 10Hz)

=>> Quasi-circular (gc) approximation

.. but dynamical encounters in dense stellar environments and the Lidov-Kozai
mechanism in hierarchical three-body systems can lead to non-circular binaries
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Non-circular EOB inspiral

Isolated binaries circularize rapidly... O Q (e ~ 10™°at f,,, = 10Hz)

=>> Quasi-circular (gc) approximation

. but dynamical encounters in dense stellar environments and the Lidov-Kozai
mechanism in hierarchical three-body systems can lead to non-circular binaries

==> Non-circular (nc) corrections in the waveform models

We worked on improving the non-circular branch of TEOBResumsS:

max

— ihy = 12 Z )oY (O, D) Newtonian factors PN quasi-circular factor
£=2 m=—¢ [Chiaramello-Nagar 2020]

[TEOBResumS-DALI before]

our work

Obtained by:
« Translating in EOB variables generic-planar-orbit PN

results for the spherical modes £,

Non-circular extension of the PN sector
with an extra PN non-circular factor for

each spherical mode « Factoring out Newtonian and circular contributions

2PN non-circular extension
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Current results

With a first version of our non-circular factors iz‘;fn we succeeded in improving how
TEOBResumS-DALI deals with non-circularized binaries:
« Increased analytical/numerical agreement of the waveform phase

 More accurate fluxes of energy and angular momentum at infinity

max max

167:2 Z henl™ =~ 167:2 Z (o,

£=2 m=—¢ £=2 m=—¢
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Current results

With a first version of our non-circular factors iz‘;fn we succeeded in improving how
TEOBResumS-DALI deals with non-circularized binaries:
« Increased analytical/numerical agreement of the waveform phase

 More accurate fluxes of energy and angular momentum at infinity

max max

167:2 Z henl™ T =~ 167:2 Z (o,

£=2 m=—¢ £=2 m=—¢

Then, we developed an updated version of h“fn, with explicit time derivatives, that

further improves the fluxes at infinity and also enhances the analytical/numerical
agreement of the waveform amplitude
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Current results

With a first version of our non-circular factors iz‘;fn we succeeded in improving how
TEOBResumS-DALI deals with non-circularized binaries:

« Increased analytical/numerical agreement of the waveform phase

 More accurate fluxes of energy and angular momentum at infinity

max max

167:2 Z henl™ T =~ 167:2 Z (o,

£=2 m=—¢ £=2 m=—¢

Then, we developed an updated version of hf}fn with explicit time derivatives, that

further improves the fluxes at infinity and also enhances the analytical/numerical
agreement of the waveform amplitude

Future projects in this direction

* 2.5PN noncircular factors (with the inclusion of oscillatory memory effects) in
preparation, almost ready

* Additional noncircular waveform information for spinning binaries
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Thanks for your
attention!

- . ' - lllustration by Aleks Sennwal
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Bad convergence of the PN series
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Bad convergence of the PN series
e [Cutler et al. ’93]: Slow convergence of the PN series

* [Thorne-Brady-Creighton '98]: PN results can’t be used in the strong
field regime, in the last ~10 orbits of the inspiral they are unreliable

e [Damour-lyer-Sathyaprakash ’98]: particle around a Schwarzschild BH

The PN series is badly convergent
and erratic...

1.1 -

GW ,
energy |.
flux

> 1.05 [~

N

-

.
(=

095
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Bad convergence of the PN series
e [Cutler et al. ’93]: Slow convergence of the PN series

* [Thorne-Brady-Creighton '98]: PN results can’t be used in the strong
field regime, in the last ~10 orbits of the inspiral they are unreliable

e [Damour-lyer-Sathyaprakash ’98]: particle around a Schwarzschild BH

The PN series is badly convergent ...but after proper resummations there is a
and erratic... substantial improvement!
L L L B A \8(‘b)' L \ '“
Fixact
aw | o | I
energy |. energy || ]
flux flux ;
e Resummation < 105 | :
= with Padé G
approximants : :
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Real and effective dynamics
Dictionary between the two dynamics (no spin for simplicity):
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Real and effective dynamics
Dictionary between the two dynamics (no spin for simplicity):

[Buonanno-Damour ’99]

Established in terms of
Delaunay Hamiltonians:
energy levels of the bound
states expressed in terms
of action variables, which
are quantized according to — — —
the semi-classical rules of - -
Bohr-Sommerfeld

S
+
-
[

¢p,dp=7¢h

n,€ N = Nyea) = Neff

dr =7 C o

real —
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Real and effective dynamics
Dictionary between the two dynamics (no spin for simplicity):

Established in terms of
Delaunay Hamiltonians:
energy levels of the bound
states expressed in terms
of action variables, which
are quantized according to
the semi-classical rules of
Bohr-Sommerfeld

Jzziﬂf)p(pd(p=fh
IFEL(;prdr

27
N=I1+J=nh

n, 4

Ereal(N real® J, real) = Ereal(n’ f)

obtained from the knowledge of
the two-body ADM Hamiltonian

[Buonanno-Damour ’99]

n,f N = Nyea) = Negr

=t ="l

real —
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Real and effective dynamics
Dictionary between the two dynamics (no spin for simplicity):

[Buonanno-Damour ’99]

Established in terms of
Delaunay Hamiltonians:

energy levels of the bound & off !
states expressed in terms eSS s S
of action variables, which
are quantized according to — —
the semi-classical rules of — —
Bohr-Sommerfeld
o —n+1,/ 41041 —n+1,4 1041
J = z—ﬂf)pq)d(p =Ch
1 ( n,f n,€ N = Neal = Hefr
I = 2—() D, dr £ = freal = feff
7 ]
N=I]+J=nh Ereal(Nreal’ Jreal) — Ereal(n’ f) geff(Neff’ Jeff) — geff(n’ l’ﬂ) 0=nl2
' obtained from the knowledge of obtained from: quartic mass-shell deformations
the two-body ADM Hamiltonian gk pup, + u’c? + Q(p'u, {Zi}) =0 - Solve for S, with
P, = 0S5/ 0x* b= fli—sd
Sett = = Eeirt + Jop @ + S(Eopp, Joge, 1) [ 10T Eep

€
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Real and effective dynamics
Dictionary between the two dynamics (no spin for simplicity):

[Buonanno-Damour ’99]

Established in terms of
Delaunay Hamiltonians:

energy levels of the bound & off !
states expressed in terms eSS s S
of action variables, which
are quantized according to — —
the semi-classical rules of - —
Bohr-Sommerfeld
o —n+1,4 41041 —n+1,/ 1041
J = z—ﬂf)pq)d(p =Ch
1 ( n,f n,€ N = Npeql = Hegf
I = 2—71_() D, dr £ = freal = feff
N = Ir +J=nh Ereal(Nreal’ Jreal) — Ereal(n’ l’ﬂ) geff(Neff’ ‘]eff) — geff(n’ l’ﬂ) 0=nl2
obtained from the knowledge of obtained from: quartic mass-shell deformations
the two-body ADM Hamiltonian ¢ p,p, +u*c*+ Q(p,. {z;}) =0 |- Slve for S, wit
P, = 08,/ Ox* b ] e
Seff - = geff I+ ‘]eff @ + Sr(%eff’ Jeff? 7') + Invert for %eff

Energy map between
NR — 2

&g = Eop — pc” and

ER = E. — Mc?

real —
Florence Theory Group Day - 22/02/2023 Andrea Placidi

eal




INFN BE

Real and effective dynamics
Dictionary between the two dynamics (no spin for simplicity):

Established in terms of [Buonanno-Damour *99]

Delaunay Hamiltonians:

A
energy levels of the bound & off
states expressed in terms e
of action variables, which
are quantized according to - _
the semi-classical rules of - —
Bohr-Sommerfeld /
o (L — S ntlLl 104
J=—0Op, dop =N
27 Pyaq@
1 ( n.t n,€ N = Npea) = Nefr
I = 2—() D, dr £ = freal = feff
T
N = Ir +J=nh Ereal(Nreal’ Jreal) — Ereal(n’ l’ﬂ) geff(Neff’ ‘]eff) — geff(n’ l’ﬂ) 0 =x/2
obtained from the knowledge of obtained from: quartic mass-shell deformations
the two-body ADM Hamiltonian g p, p, + u’c? + Q(pﬂ, {z}) =0 + Solve for S, with
2 ('max S,
Dy = 0S5/ 0" A
Seff = — geff I+ Jeffqﬂ + Sr(%eff’ Jeff’ i") * Invert for %eff
Energy map between 2 3 '
NRQ_V p W2 %yf? Egﬁ Egﬁ Erlilﬁ Egﬁ System of equa:uons for the
&g = Eop — pc” and . = 1+« + + + — parameters d;, b;, z;, and a;
NR _ 2 pc*  pc? pc? pc? pc? -
ENS=F —— Mc (underconstrained system)

real — “real
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Importance of non-circularity

However...

 Dynamical encounters in dense stellar environments (globular clusters, galactic
nuclei) and the Lidov-Kozai mechanism in compact triples may lead to CBC with

measurable eccentricity
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Importance of non-circularity

However...

 Dynamical encounters in dense stellar environments (globular clusters, galactic
nuclei) and the Lidov-Kozai mechanism in compact triples may lead to CBC with

measurable eccentricity — info on binary formation channels [Lower et al. 2018]
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|
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Importance of non-circularity

However...

 Dynamical encounters in dense stellar environments (globular clusters, galactic
nuclei) and the Lidov-Kozai mechanism in compact triples may lead to CBC with

measurable eccentricity — info on binary formation channels [Lower et al. 2018]

0.30 —
GLOBULAR CLUSTERS 1 :
GALACTIC NUCLEI Lo 'l [aLIGO
0.251 ¥ FELD TRIPLES b | +AdV]
1
i :[ET) !
[Gamba et al. 2021]: Expected 0% L
1 . L

distribution

GW190521 analysis in a of eccentic. .4 . A
dynamical capture scenario r

0.05

0.00 1 : — : :
-8 —6 —4 —2 0
log;o(e) at 10Hz
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Importance of non-circularity

However...

 Dynamical encounters in dense stellar environments (globular clusters, galactic
nuclei) and the Lidov-Kozai mechanism in compact triples may lead to CBC with

measurable eccentricity — info on binary formation channels [Lower et al. 2018]

0.30  —
GLOBULAR CLUSTERS 1 '
GALACTIC NUCLEI Lo 'l [aLIGO
0.251 ¥ FELD TRIPLES b 1| +AdV
T
i :[ET) !
[Gamba et al. 2021]: Expected 0% L
I . L

distribution

GW190521 analysis in a of eccentic. .4 . A
dynamical capture scenario r

0.05

0.00 = w R .
-8 —6 —4 —2 0
log;o(e) at 10Hz

 Neglecting eccentricity can cause systematic errors in parameter inference
[Favata 2014, Favata et al 2022] and induce bias in GR tests [Bhat et al 2022]
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Importance of non-circularity

However...

 Dynamical encounters in dense stellar environments (globular clusters, galactic
nuclei) and the Lidov-Kozai mechanism in compact triples may lead to CBC with

measurable eccentricity — info on binary formation channels [Lower et al. 2018]

0.30 —
GLOBULAR CLUSTERS 1 :
GALACTIC NUCLEI Lo 'l [aLIGO
0.251 ¥ FELD TRIPLES b | +AdV]
1
i :[ET) !
[Gamba et al. 2021]: Expected 0% L
1 . L

distribution

GW190521 analysis in a of eccentic. .4 . A
dynamical capture scenario r

0.05

0.00 = w R .
-8 —6 —4 —2 0
log;o(e) at 10Hz

 Neglecting eccentricity can cause systematic errors in parameter inference
[Favata 2014, Favata et al 2022] and induce bias in GR tests [Bhat et al 2022]

The orbital eccentricity has a significant role in CBC waveform models!
EOB models need corresponding non-circular corrections
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More details on the PN qc waveform factor
Native quasi-circular version of TEOBResumsS:

fmaX f
h+ — lhx = DEI Z Z hfm —2Yfm(®’ D)
=2 m=—"¢
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More details on the PN qc waveform factor
Native quasi-circular version of TEOBResumsS:

Cmax
h, —ihy =D Y Y (Ag,) 20O, @)

£=2 m=—¢ ——
Ny 1 C [Na
_ gar et al. 2020]
—h, =h “hT | . .
‘m m m [Riemenschneider et al. 2021]
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More details on the PN qc waveform factor
Native quasi-circular version of TEOBResumsS:

Cmax
h, —ihy =D Y Y (Ag,) 20O, @)

N.. Tac
R — C [Nagar et al. 2020]
h, =h, “h®"| . |
‘m m m [Riemenschneider et al. 2021]

N, .
hf * — Newtonian factor ‘Leading contribution of /., in its PN expansion
m
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More details on the PN qc waveform factor

Native quasi-circular version of TEOBResumsS:
4

max f

h, —ihy =D Y Y (Ag,) 20O, @)

N.. Tac
R — C [Nagar et al. 2020]
h, =h, “h®"| . |
‘m m m [Riemenschneider et al. 2021]

N, .
hf * — Newtonian factor ‘Leading contribution of /1, in its PN expansion‘
m

h;fn — Quasi-circular PN factor |Residual PN information in factorized form |

74q¢ _ Q (6, 7 NQC Damour-lyer-Nagar 2009
hgm — Seffom X e ffm X hbﬂm [ y J ]
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More details on the PN qc waveform factor

Native quasi-circular version of TEOBResumsS:
l’ﬂmax f

h, —ihy =D Y Y (Ag,) 20O, @)

£=2 m=—¢ ——
Ny 1 C [Na
_ gar et al. 2020]
—h, =h “hT | . .
‘m m m [Riemenschneider et al. 2021]

N, .
h,* — Newtonian factor ‘Leading contribution of /1, in its PN expansion‘
‘m mn

h;fn — Quasi-circular PN factor |Residual PN information in factorized form |

74q¢ _ Q (6, 7 NQC Damour-lyer-Nagar 2009
hgm — Seffom X e ffm X hbﬂm [ y J ]

/

Effective source

A v . :
. Hgy 75| Resummed tail logarithms
eff = 2. odd _ 7 PR k =mg
Py/T°¢ C+m| |p o F(Z’ﬂ +1 2lk) o7k o2iklog2kry)[I =22M/\/Z
‘m — 0 —
1_‘({_'_ 1) ]éEGHrealmqb
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More details on the PN qc waveform factor

Native quasi-circular version of TEOBResumsS:
l’ﬂmax f

h, —ihy =D Y Y (Ag,) 20O, @)

£=2 m=—¢ ——
Ny 1 C [Na
_ gar et al. 2020]
—h, =h “hT | . .
‘m m m [Riemenschneider et al. 2021]

N, .
h,* — Newtonian factor ‘Leading contribution of /1, in its PN expansion‘
‘m mn

h;fn — Quasi-circular PN factor |Residual PN information in factorized form |

74q¢ _ Q (6, 7 NQC Damour-lyer-Nagar 2009
hgm — Seffom X e ffm X hbﬂm [ y J ]

— | |

Effective source Residual phase
A \/
A H g o hm Resummed talil logarithms Residual amplitude
eff = 2+ odd it . k = mg — 2
pylre¢ 2% I, - [(¢+1-2ik) Ry S VOEZZ?DM/\/Z Jem ) (me)_f
F<f + 1) léEGHrealmqb pfm — (ffm)
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More details on the PN qc waveform factor

Native quasi-circular version of TEOBResumsS:
l’ﬂmax f

h, —ihy =D Y Y (Ag,) 20O, @)

£=2 m=—¢ ——
Ny 1 C [Na
_ gar et al. 2020]
—h, =h “hT | . .
‘m m m [Riemenschneider et al. 2021]

N, .
h,* — Newtonian factor ‘Leading contribution of /1, in its PN expansion‘
‘m mn

h;fn — Quasi-circular PN factor |Residual PN information in factorized form |

74q¢ _ Q (6, 7 NQC Damour-lyer-Nagar 2009
hgm — Seffom X e ffm X hbﬂm [ y J ]

/ Next-to-Quasi-Circular factor

Effective source Residual phase
A \/
A H g o hm Resummed talil logarithms Residual amplitude
eff = 2+ odd it . k = mg — 2
pylre¢ 2% I, - [(¢+1-2ik) Ry S VOEZZ?DM/\/Z Jem ) (me)_f
F<f + 1) léEGHrealmqb pfm — (ffm)
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Non-circular Newtonian factor

First non-circular extension:
Z’ﬂmax f
h, —ihy =D Y Y (Ag,) 20O, @)

£=2 m=—¢ —
N A
., — @ p4C
[}}fﬁ”‘,ﬁ@_}fjm:]
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Non-circular Newtonian factor

First non- circular extension:

max

h, —ih,=Dp' ) Z i) 2Y,fm(@ D)
=2 m=—¢ Quasi-circular approximation

h _ h qc hqc relaxed in thefNewtonlan sector:

fm fm fm d_ (,,fe—im(p> even

e JT — N = dt? £+m

‘m d?

|[Ch|aramello Nagar 2020]—— = (r ey 993

N qc h nc = Zm

hf — h Ny h hq hY = o pel—he =N

ﬁ’{l _‘m__‘m_¢m =
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Non-circular Newtonian factor

First non-circular extension:

max

4 4
h, —ihy =D Y Y (Ag,) 20O, @)

=2 m=—¢ — Quasi-circular approximation
N 2 relaxed in the Newtonian sector:
- h — h e th ¢
‘m ‘m m a (+eimo) even
‘m = d? o
|[Chiaramel|o—Nagar 2020]|— v (r*pemime) 099
N N N _ 7,Nq A/ 72 Nnc — m
h — h qc hNnc hqc hfm — hfr?@ hfm hfm 7 Ny
m — Ny
M __¢m ¢m Cm
: B Note:
Example - Newtonian factors of /1,,: the time derivatives of the
> EOB variables (besides the
N. T . 5 AN v i o 27 7] orbital frequency Q = @)
h22q = = 8\/;(“0) e h22 =1- il 2 )2 + l( "y + 202 resum non-circular
% ¢ ¢ P contribution at every PN
order
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Non-circular Newtonian factor

First non- circular extension:

max

h, —ih,=Dp' ) Z@ 2Y,fm(@ D)
Quasi-circular approximation

=2 m=-=°¢
h _ h qc hqc relaxed in the Newtonian sector:
A d’
m m m L (remime) even
dl‘f £+ m

T h?]m = df

|[Ch|aramello Nagar 2020] I— g

hN h qc h h nc — m

( £+1§0€ 1mg0) l(;dfm

fm L”mf

e R

: Note:
Example - Newtonian factors of /1,,: the time derivatives of the
EOB variables (besides the

N. _ T .5 5 -~ 3 i S 27 7 orbital frequency Q = ¢)
h22q ——8\/;(”@)3 v h _1_2 .2_2 : 2+l< : +2.2 resum non-circular
re (r 90) re ¢ contribution at every PN
order

‘Non-circular PN information is still missing! ‘
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More on our nc factors
Noncwcular extensmn of the PN sector:

h, —ih, =D} Z ZM )2 Y p(©, D)
=2 m=-°¢ —————————————— —-‘:-‘ s— ——
— qc gcC nc
@m P e o€ e

‘m ¢m m

—————— ———————— ———————————— e S

hnC — Noncircular PN factor (2PN accurate for now)
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More on our nc factors
Noncircular extension of the PN sector:

max

h, —ih, =D} ZZMZYM(@)@)

Lﬂ 2m—— e —-:-‘ s— ———

hf — h qch h(]C hIlC

m ‘m ¢m m
h. — Noncircular PN factor (2PN accurate for now)

Calculation procedure:

é Starting generic-orbit waveform mode ) |Obtained by translating in EOB variables
1 1 the generic-orbit spherical modes #,,,
hy,, = hN : h;ZNmSt + —3h;anNtaﬂ + TthNm“ + O (C ) provided in [Mishra-Arun-lyer 2015],
. ¢ ¢ ¢ / |[Boetzel et al. 2019], [Khalil et al. 2021]
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More on our nc factors
Noncircular extension of the PN sector:

max

h, —ih, =D} ZZMZYM(@)@)

hf — h qch h(]C hIlC

m ‘m ¢m m
h. — Noncircular PN factor (2PN accurate for now)

Calculation procedure:

[ Starting generic-orbit waveform mode ) |Obtained by translating in EOB variables
1 on 1 | spy PN the generic-orbit spherical modes #,,,
By =) +—h, st — g2 il 4 — 2 s O (C ) provided in [Mishra-Arun-lyer 2015],
2 fm 3 m 4 m _
¢ ¢ ¢ / |[Boetzel et al. 2019], [Khalil et al. 2021]
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More on our nc factors
Noncircular extension of the PN sector:

max

h, —ih, =D} ZZMZYM(@)@)

hf — h qch hqc hIlC

m ‘m ¢m m
h. — Noncircular PN factor (2PN accurate for now)

Calculation procedure:

[ Starting generic-orbit waveform mode ) |Obtained by translating in EOB variables
1 on 1 | spy PN the generic-orbit spherical modes #,,,

By =) +— shy,, "t —h, e —h, T+ O (C ) provided in [Mishra-Arun-lyer 2015],

j ¢

4 ‘m
c3 om ct J  |[Boetzel et al. 2019], [Khalil et al. 2021]
7 Circular limit:
b= ‘m Circular limit fac p, — 0 as well as all the time derivatives
‘m hi’ym ‘m of the EOB variables, except for ¢
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More on our nc factors
Noncircular extension of the PN sector:

max

h, —ih, =D} ZZMZYM(@)@)

—_ qc gcC nc
hfm hfm hz/”m h

—————— ———————————— e S

l%‘}fn — Noncircular PN factor (2PN accurate for now)

Calculation procedure:

[ Starting generic-orbit waveform mode ) |Obtained by translating in EOB variables

| I 1 | spN 1 pn the generic-orbit spherical modes #,,,
By =) +—h, st — g2 il 4 — 2 s O (C ) provided in [Mishra-Arun-lyer 2015],

4 4 ‘m
j ¢z ¢’ o ct J  |[Boetzel et al. 2019], [Khalil et al. 2021]

7 Circular limit;
_ m : - qc p. — 0 as well as all the time derivatives
/?lfm_—f Circular limit h =0 ”. I'the time derivati
hé}’m ‘m of the EOB variables, except for ¢

pne =T Mg T5pn — PN Taylor expansion
cm 2PN h‘;c truncated at the 2PN order
m J
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More on our nc factors
Noncircular extension of the PN sector:

max

h, —ih, =D} ZZMZYM(@)@)

— C gcC nc
hbﬂm hfrjz hfm hz/”m h

—————— ———————————— e S

l%‘}fn — Noncircular PN factor (2PN accurate for now)

Internal structure:

A h 1. 1 1
@I}fn = T2PN Al’ﬂ m :| — 1 + > h;PNmst ,nc + hl S PNtall nc _|_ hZPNlnsta
C

C3 ‘m C4 ‘m
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More on our nc factors
Noncircular extension of the PN sector:

max

h, —ih, =D} ZZMZYM(@)@)

— C gcC nc
hbﬂm hfrjz hfm hz/”m h

—————— ———————————— e S

l%‘}fn — Noncircular PN factor (2PN accurate for now)

Internal structure:

A ,}\l 1 A 1 1
nc — Zm — 1Pl\Imst nc 7 1.5 PNtall nc 2’Pl\Ilnst nc
5, = Top | 202 | = 1ok g o P 00
\ ‘m
Additional factorization

v

hnC hnclnst hnctaﬂ ilncinst — 1 + i],;lIPNinst,nc 4+ — 1 h2PN1nst nc hnctall — 1 4 — 1 hl SPNtail,nc
‘m ‘m c2 £m c4 ‘m £m c3 ‘m
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More on our nc factors
Noncircular extension of the PN sector:

max

h, —ih, =D} ZZMZYM(@@

£=2 m=-¢

e —-::—_‘ - R

—_ qc gcC nc
hfm hfm hz/”m h

—————— ———————————— e S

h. — Noncircular PN factor (2PN accurate for now)
Internal structure:

( A
A h 1 AN 1 1
nc — ‘m IP1\Imst nc 7 1.5 PNtall nc 2’Pl\Ilnst nc
iy = T | 00 | = 1y o+ —hy e+
\ ‘m

Additional factorization

(ilnc hnclnst hnctaﬂ ilncinst — 1 + i],;lIPNinst,nc 4+ — 1 h2PN1nst nc hnctall — 1 4 — 1 hl SPNtail,nc
\ ‘m ‘m fm ‘m c2 ‘m c4 ‘m ‘m c3 ‘m
We developed two versions of our extra factor:

A Diff in th tati f
* [Placidi et al. 2022, Albanesi et al. 04/2022] — K} [1] rierenee n the compd aArllcc).n °
. m the instantaneous factor /2,
- [Albanesi et al. 06/2022] — '€ [2] Lm
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The two version of our factors

Spherical modes in In terms of their symmetric trace In terms of the STF
radiative multipoles free (STF) counterparts (. , multipoles of the source
6 =151
U 4 [+ 1D +2) d’
2 rml = hom = — 2 > Uy, = a; U~ —» U =—I +0(c™)
\/5 it £ 20(€ + 1) ¢

Nonlinearities
1% 8 L6 +2 d’ v
‘}dd - h,, =1 fm - V, =- ( ) aémVL — V, =
+ m V2 43 £\ 2 -DE+ 1)
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The two version of our factors

Spherical modes in In terms of their symmetric trace In terms of the STF
radiative multipoles free (STF) counterparts (. , multipoles of the source
6 =151
U 4 [+ 1D +2) d’
2 rml = hom = — 2 > Uy, = a; U~ —» U =—I +0(c™)
Y LH2 £ 20(€ + 1) ¢

Nonlinearities
1% 8 £l +2 d’ '
‘}dfm - h,, =1 Lm - V, =- ( ) aémVL — V, =
\/ch“ '\ 2 -1+ 1)
Two versions of our noncircular PN factors:

. l%%[l]ﬁAll the time derivatives of the EOB variables are removed using the 2PN-expanded
equations of motion

. e [2]—In the instantaneous part we keep them explicit—>lA1nCinst Is a PN generalization of J¥ne
‘m £m ‘m
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The two version of our factors

Spherical modes in In terms of their symmetric trace In terms of the STF
radiative multipoles free (STF) counterparts (. , multipoles of the source
6 =151
U 4 [+ 1D +2) d’
2 rml = hom = — 2 > Uy, = a; U~ —» U =—I +0(c™)
\/2 2 £ 20(€ + 1) dt’

Nonlinearities
Vv 8 £ +2 d’ '
(}dd — hfm =1 di —> me - = ( ) aémVL —> VL — _JL + 0(6_3)
+m N 21\ 2(¢ - 1)+ 1)

Two versions of our noncircular PN factors:

o lﬁt%[l]—mll the time derivatives of the EOB variables are removed using the 2PN-expanded
equations of motion

. 21};1[2]—>In the instantaneous part we keep them expli(:i’[—>ljz;(;i;st iIs a PN generalization of il];];;
Example - Instantaneous noncircular PN factor for the mode #,,:

inst _ prinst _ prinst _ 7 =5 2PN egs. inst factorization o 7,0Cing ~f J,01C
h22 U22 Ul] Il] + O(C ) —> of motion —> h22 (r’ (ﬂaprapq)) > h22 st of h22[1]

L hégst(r, ’;,, i’:, , ¢, éb,pr, pr, p’r, p¢’p¢’ﬁ¢) factorization > h;;inst of hg;[z]
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Models:

Y,

v [

Waveform results [1]: test-mass limit

Simple testing ground: GW of a test-mass plunging on a black hole (v — 0)

a=>0 6():0.3 p():7
0.2 h 1 | | | H
— qe qc a ﬂ
° N — hlfpm hfm hfm hz/”m n
AN g 0
—_ qc qc nc I 4
e 2PN — iy, =n) < il % fie 1] 9 J
e A _:-__
= hy, [+ + DEE - 1) |4 = BH spin N 0.21 U H | an U
ey = initial eccentricity L 1 . |
Do = initial semilatus rectum
0.02
E V' | analytical-numerical diff.
0.015 I )\ o
~ [ ) ) \
— \S(hf m) 0.01} N N
¢, = arctan ——— ol F AN /AN
‘m m(h ) [ / / \ \\. / /)
£m 0.005 | AR /[l
t / // - \ / -4 \
[ /7N \ /S 7\ \ ]
ol <2 I\ <"\
Afm — |hfm| [ //,/1 AR /j/fll ‘\\\ 1
- N . . \
-0.005 :_ A@:Ez ) \\ / // [I \\ \\\ // IL
- - -0 N A \ e/
-0.01 .\ AA}.Z/A-U \\., /\//I \ \_\/ - (//lf
?\ o _AA:;E)\ /A22 \N /\\\V / N \\u’/
-0.015 -— : : '
800 1000 1200 1400 1600
t
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Models:

« N
« 2PN

Wi = o [N+ D+ D —T) 4 =

qc qc
— hfm _ hfm hfm hz/”m

r—-:

— Vg = I B0 RS e (1)

N v;-.;-_

S

BH spin
initial eccentricity
Do = initial semilatus rectum

€y =

S(hy,,)

= arct
¢.,, = arctan Rh )

A, =

m

|hfm|

0.3
N 02f

~
A 0-1
™
o 0

ell -0.1

A —

& o2f

-0.3

0.08 [~
0.06 |
0.04 |

0.02 |

-0.02

-0.04 |
-0.06 -

-0.08 4+

0F

v [

Waveform results [1]: test-mass limit

Simple testing ground: GW of a test-mass plunging on a black hole (v — 0)

a=10 eg = 0.7 po="T7.7
| analytical-numerical diff.
A
I N l\ n
I l".l 1y "\l
N (I i ;I ‘l‘\
/ i \ I
| ‘ \ \ / ‘!‘\\ \
~ :l v\ ,l—.,\, Jh
{i 1
L /’ 7\ \f' I‘ ' 7/ - )“/,(", ’| \ “ v
ZTonil NNl 4 | \ s n
g / / =K =y i l S XL U7
J ; N \ -~ I | - 4
AQ%‘.Z , 7 \ I ‘ : 4
AA))/A)) ‘\ /
» ---AA;',\/A,, ’
600 800 1000 1200 1400 1600 1800
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Waveform results [1]: test-mass limit

Simple testing ground: GW of a test-mass plunging on a black hole (v — 0)

Models:
« N

qc qc
— hfm _ hfm hfm hfm

r—-:

e 2PN — iy, =n) < il % fie 1]

N v_‘_‘.;-_-

S

¥y, = g [+ D+ DEEZ—1) |4 = BHspin

ey = initial eccentricity
Do = initial semilatus rectum

S(hy,,)

= arct
¢.,, = arctan Rh )

Afm = |hfm|

For each initial eccentricity, the extra

izf}fn[l] factor improves the phase but

has a marginal effect on the amplitude

V-4

T
03

A
> 0.1

a\
o 0

EEH -0.1

S

& 02}

-0.3

0.08 [
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-0.02

-0.06 |
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a=20

|

€y = 0.7

Po = 7.7

o

0F
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analytical-numerical diff
A
I ’\
Iy \ / |l
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I\ / ﬁt\ﬂ
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- A \,"’ | \ . // )\ ‘“ ' \ // /\4
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Waveform results [2]: test-mass limit

Simple testing ground: GW of a test-mass plunging on a black hole (v — 0)
a=0 e=05 py=735

. Models:
) Zi _ 1.Nge 2N, 7.qc
} 0 ¢ N — hfm _ hf;fz hz,”m hfm

| o « 2PN[1] — |how=hys R iide hoe 1]

0

E—

1 oo02f -~ I\ 7ac 7n
« 2PN[2] — |how =l i 5, 125121

i 006

i -008

1 01

. T T 0.02
L I i
o1 | i 1 o0
S 0.02f “ ]
q: : ‘ 1 0
\ 1
I~ 0f | 4 -0.01
N - 4
<t g N ] -0.02
q -0.02 ¢ 2PNJ1] q 003 !U
|—— 2PN[2] 1
-0.04 I L In 1 it L -0.04
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Waveform results [2]: test-mass limit

Simple testing ground: GW of a test-mass plunging on a black hole (v — 0)
a=0 e=05 py=735

, Models:
Y 0.2F 7 02
> 0.1 : 0.1 - NC ANnc ch
=, | = —
| L 2PN[1 By = oo W B e 1)
-0.3 > | 1 — ‘m ‘m fm T fm Cm
0.03E | 7 : ] 0p=—r" — —
0.02;- : : i : ‘ E " -0.02 \ s h . thC i’\anC ilqc ilnc [2]
§ o.o1€ ! ! : -] -00s ° 2PN_2_ — em = Vem tm fm T Em
WAV E e ———
=" OSSN S (VA BN, Y => /"° [1] and /" [2] give similar phase
0.04 r ;\ .. i\ :. T T ] 0.02 fm fm
& 002k N - ! : { ] oo . Anc g
i if | | ] 0 N4
<™ / \ / \ AT corrections but /1, [2] also yields a
T omll - Senmy \/ \ /\ \// N o m small but S|gn|f|gant iImprovement at the
oph—2N2 | V! ¥ V)] * 3 level of the amplitude

!

Florence Theory Group Day - 22/02/2023 Andrea Placidi




Waveform results [2]: test-mass limit

Simple testing ground: GW of a test-mass plunging on a black hole (v — 0)
a,—O 60—05 p0—735 Models:

N 02p , , 1 02
: : 01 c gqc
ﬁ | 0 - N — | em= hfl;ql hfm hfm
: : 4 -0.1 ——
: 1 -0.2

« 2PN[1] — |how=hys R iide hoe 1]

TN 2PN o [ e
on \WW => izf}fn[l] and iz‘}fn[Z] give similar phase

. //'“\ : /\\ | /\ = 002 ~ corrections but @2;1[2] also yields a
< / Nt \/f \¢ small but significant improvement at the
< I —e \ / Vi \/\ onh I level of the amplitude

400 600 800 1000 1200 1400 1600 1800 1850 1900 1950

Qualltatlve dlfference in the amplltude correctlons [1] and [2]:
i _ I | = As opposed to hnC - [11, hnC " [2] brings
[ N y : \/ / Y \ / amplitude correctlons that do not vanish

[
e
[N

=
S
=Y

| 5 Alzlé /Newt |

e []] at the apastra and periastra (vertical

200 00 1000 1200 1400 o0 hie [2] lines in the plot) of the orbital motion
4
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Flux results for the geodesic motion [1]-[2]

Analytical/numerical relative differences averaged over a geodesic orbit with p=9

Models: Orbit averaged fluxes:
rft: — Jpm) = —J [——md(h m fm)] di
« 2PNJ[1] — = h hN hqc hnC T, 0 8 T, — radial period

4____._4

TI"
— L[
e 2PN[2] = | =n) e 12 e, [211 (Em) = T L [ - | By | ]dt

r
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€ €
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Waveform results [1]-[2]: comparable masses

Comparisons with the waveforms of the Simulating eXtreme Spacetime (SXS) catalog

1

101

Fros/~Nr

10
20 40 60 80

Each curve corresponds to the unfaithfulness
| | between a given SXS waveform and the ]
. |corresponding analytical prediction with our model |

100 120

M /Mo
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[Placidi et al. 2021]: EOB/NR unfaithfulness analysis for the model with ﬁ;;[l]

SXS eccentric
waveforms

F(M

hi, h timates th
) =1—-F =1—max < - 2> r:i:rsn;TcahebSetweeen
to,%0 | |h1 | | | |h2| | two given waveforms

Al

T v/ (h, h)

(hisha) = AR [xn ap) a(F)RE(F)/Sa(F) df

min

=>

max

ROB/NR < 0.77%

(modulo an outlier simulation for which is ~1%)

[Albanesi et al. 06/2022]: still no unfaithfulness analysis for the 212;1[2] model but we

checked that the additional improvement over izr;fn[l] seen In the test-mass limit carries
over to the comparable mass case, where the amplitude corrections at the radial turning

points are even more relevant
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EOB approach for more general dynamics
Aligned/antialigned spins:

r. = centrifugal radius

. H— H g \r_)r + spin-orbit terms

C

+2M]r, re
, D(r) = D(r)—
+ 2M/r r2

orb . spin
 Pem = Pom Py

Tidal deformations (Neutron stars):

CA(r) = A(r) + A2 N(r, k)

1
. A(r) = A(r,) 1

Precession
. Euler rotating aligned-spin (non-precessing) waveforms from a

precessing frame to an inertial frame
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Eccentricity ¢ and semilatus rectum p

There is no gauge invariant definition, we define them in analogy with
Newtonian mechanics as:

P P P
r — L, = Ty = ., Tq =
(%) 1 —ecosyp Pl +4e o1 —e
r, —7T 2r.T
—> e — a p) p: a’ p
ra—l—frp ra+rp

where the numerical values of periastron and apastron (rp, r,) follows
from Hamilton’s equations of motion in terms of the EOB Hamiltonian

Notice: this definition is valid as long as bound orbits are considered
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