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Standard Quantum Limit: 
Phase Estimation

Simple ad hoc description

Field uncertainty: ½

Distance from origin: |α| 
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Multiple ways to arrive at SQL (coherent states)

• Fisher information for independent measurements

• Central limit theorem

• Phase space quadratures 
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Absolute angular rotation rate measurements with sensitivity better than prad/sec would be
beneficial for fundamental science investigations. On this regard, large frame Earth based ring laser
gyroscopes are top instrumentation as far as bandwidth, long term operation and sensitivity are
concerned. Their classical sensitivity limit is given by the shot–noise of the two beams counter
propagating inside the cavity usually considered as two independent propagating modes. Thus, it is
given by the sum of the shot–noise associated to each beam. Here we prove that the GINGERINO
active ring laser prototype upper limiting noise allows an unprecedented sensitivity close to 10�15

rad/sec. This is more than a factor 10 better than the theoretical prediction so far accounted for
ring lasers shot–noise.

Introduction – Light based interferometers have
reached an extremely high level of sensitivity, reliability,
and robustness. In most common interferometers, two
separate beams, possibly coming from the same source,
are injected in two separate paths and recombined to in-
terfere so that di↵erences in path-lengths even smaller
than 10�14 times the wavelength can be resolved [1].

While such measurement scheme is possible thanks to
the wave-nature of light, that shows-up as the interfer-
ence of coherent beams, the corpuscular nature of light
sets the intrinsic limit to the sensitivity attainable by in-
terference. This limit is known as (photon) shot–noise
and it is frequency independent. It intrinsically comes
from the stochastic fluctuations in the photon number
that, for coherent beams, are Poissonian distributed and
so are the obtained photo-electrons [2].

Interferometer topology can be quite di↵erent. For ex-
ample, it is possible to have paths defined by four mirrors
located at the vertices of a square, thus defining a ring
cavity where the two light beams circulates in clockwise
and counter– clockwise directions. In this case, the two
paths are equals, frequency jitters are negligible, and the
interference of the two counter propagating beams carries
information on the non reciprocal e↵ects connected to the
direction of circulation. If the frame supporting the four
mirrors rotates, the two counter propagating beams com-
plete the path at di↵erent times. In such a configuration,
the interference measures the time derivative of the dif-
ference in phase acquired by the two beams, rather than
the path spatial di↵erence. This feature is the well known
Sagnac e↵ect, named after the French physicist George

Sagnac [3, 4].

Sagnac interferometers, in particular the active ver-
sions also known as Ring Laser Gyroscopes (RLGs),
are commonly used to measure inertial angular rotation.
When connected to the Earth crust, they can be used to
measure continuously the absolute angular rotation rate
of the Earth. Thanks to their large bandwidth and high
dynamic range, they can detect strong earthquakes and
seismological signals in the frequency window ⇠ 0.01÷30
Hz, as well as tiny geodetic signals in the very low fre-
quency domain (< 10�3 Hz), showing an adequate sen-
sitivity to probe General Relativity (GR) e↵ects such as
the Lense-Thirring and de Sitter [5].

Moreover, other non reciprocal e↵ects related to propa-
gation of the two light beams and connected to the space
time structure or symmetries, can be investigated by
RLGs, leading to results relevant in fundamental physics
[6–8] when sensitivity of 5 · 10�14rad/s or better are
reached, corresponding to 1 part in 109 of the Earth ro-
tation rate for Earth based apparata. At the same time,
Sagnac interferometers are good candidates for investi-
gating the interplay between GR and quantum systems
and e↵ects [9–13].

As any interferometer, sensitivity of Sagnac ones is lim-
ited by the photon shot–noise. Since the first model,
elaborated in 1982 by Cresser et al. [14], following the
concepts described in Ref. [15], it has been widely ac-
cepted that in Sagnac interferometers the two counter-
propagating beams are independent. The correspond-
ing shot–noise can be evaluated accordingly (see, e.g.,
[16, 17]): for example, in GINGERINO [18], a prototype
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FIG. 2. ASD of the data, expressed as angular rotation
rate, of G Wettzell, GINGERINO, and GP2. The high fre-
quency part of the spectrum shows a very characteristic tail
constantly rising with frequency. G, owing to its monolithic
structure, is very quiet and 1 hour has been used for the ASD,
while for GINGERINO 15 minutes of time have been selected.
GP2 is 1.6 m in side, and it is located in a rather noisy envi-
ronment, that explains the occurrence of a larger noise. Data
from G are acquired at 2 kSa/s, the cut-o↵ occurring around
0.5 kHz is due to the analysis procedure.

Hz, where the curves exhibit their minimum, amplitude is
smaller than the one expected assuming ⌦n = 18 prad/s
in 1 s of measurement time, which would correspond to
0.4 nrad/s after the reconstruction.

⌦Tn was evaluated using 20 days of GINGERINO
data starting from October 29, 2022. The whole set
of data have been acquired at 5 kSa/s. The high fre-
quency part of the spectrum has been investigated us-
ing small portions of data, corresponding typically to 3
hours, and avoiding any filtering around the beat note
(280.4 Hz). The low frequency part, from DC up to 5
Hz, has been analysed following the standard procedure
of GINGERINO which evaluates the di↵erent terms: !m,
!s0, !⇠, and !ns, the latter relating to null shift [42].

In the following we report the results using !s0, which
is the best approximation of the Sagnac frequency, since
it takes into account the back-scatter noise, avoiding the
use of linear regression usually employed to subtract ef-
fects of electronic origin (!⇠), and null shift due to the
laser dynamics (!ns). However, it has been checked that
very similar results are obtained using the beat notes it-
self, !m, or estimating the true Sagnac signal !s by linear
regression [33].

The ASD of reconstructed signals ⌦d and ⌦n12 are
shown in Fig. 3: noise floors at high frequency are in
good agreement with each other.

Fig. 4 compares ⌦d and ⌦Tn, with the latter exhibiting
above 0.1 Hz the characteristic phase noise behavior, and
being almost flat at lower frequency, with a level around

FIG. 3. ASD of ⌦n12/2 (red) compared with ⌦d (blue) spec-
trum at high frequency. The noise floor agreement is good.
Some peaks due to electronics or environmental origin have
been removed.

FIG. 4. ASD of ⌦Tn (red) compared with ⌦d (blue) spectrum
at low frequency. In this spectrum two hours of data around
the big Mw 5.9 event have been removed (see [42]); when
included, the low frequency bump increases.

2 prad/s Hz�1/2, a factor 10 below the expected shot–
noise, and 200 times below the one obtained by taking
into account the analysis procedure.
Fig. 5 reports the corresponding Overlapped and Mod-

ified Allan Deviations (obtained by STABLE32), demon-
strating levels of 4 and 2.63 frad/s in approximately 2.4
days of integration time, respectively, corresponding to
1.23 and 1.87 in 1010 the Earth rotation rate, a level suf-
ficient for detecting fundamental physics e↵ects with an
array of RLGs [7, 8].
Summary - It is proved that, below 0.1 Hz, the large

RLG prototype GINGERINO shows a limiting noise floor
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Frequency Estimation  
Liquid Crystal Light Valve

Gain Curve

∆ 𝑓 =
1

𝜒 𝑁

Shot noise limit



Frequency vs Phase

∆ 𝑓 =
1

𝜒 𝑁
Δ𝜃 =

1

2 𝑁

ℱ{𝑔(𝑡 − 𝜏)} = 𝐺𝑒−𝑖𝜔𝜏

Shift theorem in Fourier transforms:

Relating phase gradients and frequency offsets



Active vs Passive Gyroscopes



Sagnac Effect

Δ𝜃 =
8𝜋𝐴Ω

𝜆𝑐 

CLOSED System!

Light folds back onto itself



Verifying the Ashworth-Davies 

Doppler Shift

Reconciling and Validating the Ashworth-Davies Doppler Shifts of a Translating
Mirror

Ziv Roi-Cohen,1 Merav Kahn,1 Nadav Katz,1 Stefania Residori,2 Umberto Bortolozzo,2 and John C. Howell1, 3

1Racah Institute of Physics, The Hebrew University of Jerusalem, Jerusalem, Israel, 91904
2HOASYS SAS, 120 route des Macarons, 06560 Valbonne, France

3Institute for Quantum Studies, Chapman University, 1 University Drive, Orange, CA 92866, USA

We simplify the Ashworth-Davies special relativistic theory of a uniformly translating mirror with
an arbitrary angle of incidence and direction of propagation in the non-relativistic limit. We show
that it is in good agreement with a more intuitive derivation that only considers the constancy of the
speed of light. We experimentally confirm the theory predictions with phase-insensitive frequency
measurements using a liquid crystal light valve.

INTRODUCTION

Einstein’s derivation of the Doppler shift of light from a
uniformly translating mirror considered only the Doppler
shift resulting from light reflected at an oblique angle
[1]. While the angle of incidence of the beam relative to
the surface normal was arbitrary, the direction of mir-
ror propagation was in the same direction as the surface
normal.

A derivation of the Doppler shift that considers both
arbitrary mirror propagation direction and arbitrary in-
cidence angle was derived by Ashworth and Davies [2].
Follow-on experiments demonstrated the intended pre-
diction from the theory namely that there is no Doppler
e↵ect for transversely moving mirrors [3, 4]. However, no
one has experimentally verified the results for the general
case, even for nonrelativistic mirror velocities.

Understanding the general case of a Doppler shift from
a moving mirror is important for our previous work on
a Doppler-based gyroscope (see [5]). When considering
a rotating interferometer, each mirror in the interferom-
eter can move in a nontrivial direction, depending on
its position relative to the axis of rotation. To calculate
the di↵erence in frequency shift between the two optical
paths in the interferometer, we need to understand what
is the frequency shift that results from the reflection of
each individual mirror.

Here, we show that the Ashworth-Davies result in the
nonrelativistic domain can be written in an intuitive form
that reconciles with a simple modification of a Doppler
shift model by Ghurchinovski [6]. We verify the pre-
dictions of this derivation experimentally using a hyper-
sensitive di↵erential frequency measurement in a liquid
crystal light valve [7].

THEORY

We consider the Doppler shift scenario as originally
proposed by Ashworth and Davies as shown in Fig. 1. A
mirror is translating at constant velocity along the x-axis.
An incoming light beam with an angle of incidence � is

specularly reflected from the surface. Using a convention
by Ashworth and Davies, ↵ is the angle between the sur-
face normal and the propagation direction of the mirror
and � is the angle between the velocity vector and the
angle of incidence. In an e↵ort to prove that transverse
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FIG. 1. Light reflecting from a mirror moving with velocity
v along the x-axis. We use the convention of Ashworth and
Davies [2] in which ↵ is the angle between the velocity vector
and the surface normal and � is the angle between the angle
of incidence (from the opposite side of the mirror) and the
velocity vector. We also define � as the angle of incidence.

Doppler shifts do not exist in reflection from a mirror,
Ashworth and Davies derived a generalized special rela-
tivistic Doppler shift formula

ff = fi [tan↵ + v
c sin�]2 + [1 − v

c cos�]2
1 − v2

c2 + tan2 ↵ , (1)

where ff and fi are the frequency of the light after and
before the reflection from the mirror, respectively and v
is the speed of the mirror. In the limit v � c, we simplify
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that it is in good agreement with a more intuitive derivation that only considers the constancy of the
speed of light. We experimentally confirm the theory predictions with phase-insensitive frequency
measurements using a liquid crystal light valve.

INTRODUCTION
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[1]. While the angle of incidence of the beam relative to
the surface normal was arbitrary, the direction of mir-
ror propagation was in the same direction as the surface
normal.
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arbitrary mirror propagation direction and arbitrary in-
cidence angle was derived by Ashworth and Davies [2].
Follow-on experiments demonstrated the intended pre-
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one has experimentally verified the results for the general
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paths in the interferometer, we need to understand what
is the frequency shift that results from the reflection of
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Here, we show that the Ashworth-Davies result in the
nonrelativistic domain can be written in an intuitive form
that reconciles with a simple modification of a Doppler
shift model by Ghurchinovski [6]. We verify the pre-
dictions of this derivation experimentally using a hyper-
sensitive di↵erential frequency measurement in a liquid
crystal light valve [7].
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We consider the Doppler shift scenario as originally
proposed by Ashworth and Davies as shown in Fig. 1. A
mirror is translating at constant velocity along the x-axis.
An incoming light beam with an angle of incidence � is

specularly reflected from the surface. Using a convention
by Ashworth and Davies, ↵ is the angle between the sur-
face normal and the propagation direction of the mirror
and � is the angle between the velocity vector and the
angle of incidence. In an e↵ort to prove that transverse

FIG. 1. Light reflecting from a mirror moving with velocity
v along the x-axis. We use the convention of Ashworth and
Davies [2] in which ↵ is the angle between the velocity vector
and the surface normal and � is the angle between the angle
of incidence (from the opposite side of the mirror) and the
velocity vector. We also define � as the angle of incidence.

Doppler shifts do not exist in reflection from a mirror,
Ashworth and Davies derived a generalized special rela-
tivistic Doppler shift formula

ff = fi [tan↵ + v
c sin�]2 + [1 − v
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1 − v2

c2 + tan2 ↵ , (1)

where ff and fi are the frequency of the light after and
before the reflection from the mirror, respectively and v
is the speed of the mirror. In the limit v � c, we simplify
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the equation, namely

�f = 2v

�

(tan↵ sin� − cos�)
1 + tan2 ↵ , (2)

where �f = ff − fi and � is the wavelength of the light.

Our aim is to rewrite this result only in terms of the
mirror’s surface normal rather than with respect to the
velocity vector. We first use the trigonometric identity
1 + tan2 ↵ = sec2 ↵ = 1� cos2 ↵, which allows us to write

�f = 2v

�
(sin↵ cos↵ sin� − cos2 ↵ cos�). (3)

We now make a change of variables. Instead of using �
(the angular di↵erence between the angle of incidence and
the velocity vector), we directly use the angle of incidence
� given by � = � + ↵. This implies

�f = 2v

�
�sin↵ cos↵ sin(� − ↵) − cos2 ↵ cos(� − ↵)� . (4)

Using the angle sum relations cos(� − ↵) = cos� cos↵ +
sin� sin↵ and sin(� −↵) = sin� cos↵ − cos� sin↵ as well
as sin2 ↵ + cos2 ↵ = 1, we arrive at the relation

�f = −2v
�

cos� cos↵. (5)

This formula is more intuitive than the original
Ashworth-Davies result and easier to use experimentally
in describing a physical system as all angles are defined
with respect to the mirror’s surface normal. The formula
contains the familiar Einstein formula [1], in the low ve-
locity limit, for ↵ = 0 (the scenario where the mirror
surface normal also lies on the x-axis).

The result is also in good agreement with a simple
addition to the intuitive derivation by Gjurchinovski [6].
Gjurchinovski considered sequential wavefronts reflecting
with temporal separation �t from a mirror moving at ve-
locity v parallel to the surface’s normal. The first wave-
front reflected from the mirror at the first time and after
the time interval�t the mirror reflected the second wave-
front. During the time interval �t the mirror propagated
a distance v�t. The distance between those two surfaces
(the mirror surface at two di↵erent times) was v�t if the
mirror propagated in the direction of the surface normal.
Using only the constancy of the speed of light in a vac-
uum with this assumption, and without using a Lorentz
transform, he reproduces Einstein’s equation [1]:

ff = fi 1 − 2 v
c cos� + v2

c2

1 − v2

c2

, (6)

However, we note that if the velocity of the mirror were
not in the direction of the surface normal, but at an angle
↵, the mirror would have only moved v�t cos↵ between
sequential wavefronts, as seen in Fig 2. If we only care

FIG. 2. Consider a mirror moving at nonrelativistic speed v
in an angle ↵ relative to its surface normal, during a time
interval �t. The mirror velocity in the direction of its normal
is v cos↵, so the distance between the mirror before and after
the time interval will be v cos↵�t. Repeating Gjurchinovski
derivation in [6] but replacing v�t with v cos↵�t will yield
Eqn. 5

about the velocity in order to calculate the distance be-
tween the mirror before and after a time interval �t and
consider only nonrelativistic velocities (and thus ignoring
length contraction), we can easily replace v with v cos↵
and ignore second order of v

c in Eqn. 6, thus reproducing
Eqn. 5

EXPERIMENTAL SETUP

The experimental setup is shown in Figure 3. Colli-
mated light from a laser at 532 nm is split on a 50/50
beamsplitter. One of the mirrors is mounted to an ad-
justable moving platform that is controlled by a piezoac-
tuator (PZT) so that the beam that’s reflected from the
mirror experiences a Doppler shift relative to the other
beam. A Mach-Zehnder type setup is used to create a
slight angle between the two beams on the order of 0.01
radians, and both beams are then incident on a Liquid
Crystal Light Valve (LCLV). A small angle between the
beams is needed in order to create two-wave mixing in
the Raman-Nath regime of the LCLV. The two primary
di↵racted output orders of the LCLV are focused on a
balanced detector. The di↵erence in the intensities of the
two beams hitting the balance detector is proportional to
the di↵erence in frequency between the two beams, �f
[7].
To test the Doppler shift dependence on the direc-

v ≪ c
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FIG. 3. The experimental setup. A displaced Mach-Zehnder
interferometer, where one of the mirrors is mounted to an ad-
justable moving platform, controlled by a piezo-electric crys-
tal (PZT). A slight angle between the beams is fabricated
in order to create a wave mixing where the beams meet at
the Liquid Crystal Light Valve (LCLV). The two primary
di↵racted output orders of the LCLV are focused on a bal-
anced detector.

tion of propagation of the mirror, the PZT direction was
changed while the angle of incidence was fixed. With
each iteration of the experiment, the moving platform
was tuned to a di↵erent angle, and the mirror sitting
on it was tuned to be with a fixed angle relative to the
incoming beam at � = 45○. This caused the movement
of the platform to be in a di↵erent direction relative to
the mirror’s surface normal (which corresponds to ↵ as
defined above). The PZT was driven by an arbitrary
waveform generator producing triangle waves at 20 mHz
and a peak-to-peak voltage of 15V. The PZT response
was measured to be approximately 60 nm/V. The exper-
iment was repeated 36 times, with alpha ranging from−180○ to −180○. The absolute value of the mirror’s ve-
locity was constant through all the iterations and equal
to V = 36 nm / s

RESULTS

The experimental results are shown in Fig. 4. The blue
data points are the measured amplitude of the Doppler
shift from the moving mirror. The X-axis is the angle
between the direction of the mirror’s propagation to the
mirror’s normal (↵). The orange curve is a fitted cosine
function. Hence the experimental results are in excellent
agreement with the main result of this paper (Eqn. 5).
We have thus shown that there is not only a cosine term
that arises from the angle of incidence (measured rela-
tive to the surface normal) but also from the direction of
mirror propagation relative to the surface normal.

FIG. 4. Experimental results. The Doppler signal amplitude
vs velocity angle ↵ relative to the surface normal is shown in
the blue points along with the error bars. We used a fixed
angle of incidence of � = 45○. The orange curve is the cosine
curve from Eq. 5, when plugging the parameters of our ex-
periment (� = 532 nm, V = 36 nm/s).

DISCUSSION AND CONCLUSION

We have shown that there is a simple nonrelativistic
Doppler correction to the frequency of light that accounts
for both the angle of incidence and the angle of mirror
propagation relative to the surface normal. We showed
that the more cumbersome Ashworth-Davies result sim-
plifies to this result in this limit. We further showed
using precision di↵erential frequency measurements that
the cosine behavior is observed.
We gratefully acknowledge support from the Hebrew

University.
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FIG. 2: A displaced Mach-Zender, sitting on a rotating platform, rotating counter-clockwise at angular speed ⌦.
The length and the width of the interferometer are L. The center of rotation is in the middle of the interferometer,
so each reflective element is at the distance of

√
2L from the center of rotation. The last beam splitter is displaced

at a small angle of ✏�2 from a standard Mach-Zender. The momentary velocity vector of each reflective element is
marked by blue arrows.

�f2 = −
√
2⌦L

�
cos(45○) cos(0) = −⌦L

�
(11)

The beam continues to mirror C, which propagates transposed to it’s surface, and like mirror B it does not causes
a Doppler shift. The beam than continues to pass through beam splitter D without any reflection, which again does
not contributes to a shift. Thus, the (approximated) measured frequency di↵erence at the LCLV at the end will be
the di↵erence between the shifts of the two paths:

�f =�f1 −�f2 ≈ ⌦L✏

2�
(12)

**********REMOVE ****** In this scenario ↵ = 0 for the first 50/50 beamsplitter and ↵ = 90○ for the two corner
mirrors (we use polarizing beamsplitters (PBS) e↵ectively as mirrors). The final beamsplitter has an angle ↵ = ✏�2,
where ✏ � �. The incidence angle is the same for all surfaces, namely � = 45○ for all surfaces, except the last
beamsplitter which is � = 45○ + ✏�2. In this scenario ↵ = 0○ for the first beamsplitter ↵ = ✏�2 for the final beamsplitter.
This results in a total shift of �f1 =

Keeping only terms first order in ✏, the relative Doppler shifts between the two paths is given by

�f ≈
√
2L⌦(cos(�) − cos(� + ✏�2))

�
(13)

yielding the di↵erential frequency approximation

�f ≈ L⌦✏

2�
. (14)

Generalized Theory



Theory vs Experiment for large radius rotations



Takeaways

Beat SQL for phase estimation by orders 
of magnitude. Theoretically up to 5 orders 
of magnitude, experimentally by 2.

Strong evidence Doppler shifts do exist 
within Sagnac effect.

Sensitivity linear in length, not area.

Sensitivity linear dependent on position of 
interferometer relative to axis of rotation.


