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N = 64

The arc/c circle Theorem

N = 500

ArcPc Circle Theorem 
[Jockush - Shor - Propp, 1995] 

“In the scaling limit the arc/c 
curve is a circle”

<latexit sha1_base64="/Dh9kemZvWEG/nRUdi1XNKFewjM=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBEEoSTia1l040oq2Ae0sUymk3boZBJnJmpJ+h9uXCji1n9x5984bbPQ1gMXDufcy733eBFnStv2tzU3v7C4tJxbya+urW9sFra2ayqMJaFVEvJQNjysKGeCVjXTnDYiSXHgcVr3+pcjv/5ApWKhuNWDiLoB7grmM4K1ke7Sp/QwHaSoxek9um4XinbJHgPNEicjRchQaRe+Wp2QxAEVmnCsVNOxI+0mWGpGOB3mW7GiESZ93KVNQwUOqHKT8dVDtG+UDvJDaUpoNFZ/TyQ4UGoQeKYzwLqnpr2R+J/XjLV/7iZMRLGmgkwW+TFHOkSjCFCHSUo0HxiCiWTmVkR6WGKiTVB5E4Iz/fIsqR2VnNPSyc1xsXyRxZGDXdiDA3DgDMpwBRWoAgEJz/AKb9aj9WK9Wx+T1jkrm9mBP7A+fwAiIpJI</latexit>
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fluctuaPons ∝ N      [Johansson, 2000] 

fluctuaPons along the diagonal are 
governed by Tracy-Widom distribuPon  
[Johansson, 2002]
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Other /ling models

Kenyon, Okounkov and Sheffield formulated a general theory for all dimer models on biparPte 
graphs with generic boundary condiPons and domains. However, it appears that all these 

models may be viewed as discrete free fermionic models.   

[Kenyon - Okounkov - Sheffield, 2006]



Assign a Boltzmann weight eᵟ only to

and you get an exactly solvable model: 

the six-vertex model, with Δ = 1 - eᵟ(<1)

[Kuperberg, 1996]

Adding the interac/ons



The six-vertex model  [Lieb, 1967] [Sutherland, 1967]

a a b b c c



T-W scaling is observed 
with excellent accuracy  

[Prauhofer - Spohn, 2023]

T-W scaling is destroyed

[Collura - De Luca - ViP, 2018] 

AnalyPc predicPon:

Recent numerics:

Δ ≠ 0: Interface fluctua/ons

[Korepin - Lyberg - ViP, 2023]



The four-vertex model

The number of verPces of each type does not 
depend on the configuraPon:  

#a = (L − N)(M − N)  
#b = N(M − L + N)  
#c = 2N(L − N) 

So we can set a = b = c = 1 without loss  
of generality. 

[I. Burenev, F. Colomo, AM, A. Pronko, arXiv: 2307.03076]



The arc/c curves of the four-vertex model

The arcPc curve is made of six 
consecuPve arcs, joined end by end at 
six contact points . 

<latexit sha1_base64="CxVUoXocjmAs+VywS4cJIb6DoHs=">AAAB7XicbVDLSsNAFL2prxpfVZduBovgqiTia1l047KCfUAbymQ6acdOZsLMRCih/+DGhSJu/R93/o3TNAttPXDhcM693HtPmHCmjed9O6WV1bX1jfKmu7W9s7tX2T9oaZkqQptEcqk6IdaUM0GbhhlOO4miOA45bYfj25nffqJKMykezCShQYyHgkWMYGOllotQo8/6lapX83KgZeIXpAoFGv3KV28gSRpTYQjHWnd9LzFBhpVhhNOp20s1TTAZ4yHtWipwTHWQ5ddO0YlVBiiSypYwKFd/T2Q41noSh7YzxmakF72Z+J/XTU10HWRMJKmhgswXRSlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNiDXhuAvvrxMWmc1/7J2cX9erd8UcZThCI7hFHy4gjrcQQOaQOARnuEV3hzpvDjvzse8teQUM4fwB87nDwbnjiI=</latexit>

Pi

<latexit sha1_base64="cbzQeR6T1n5PqhgfkZQ++OL8zJs="></latexit>

L = [L`], M = [M`], N = [N `], ` ! 1.

The scaling limit is achieved with:

<latexit sha1_base64="zUYT0dQ98FofHjlDhIiyhUM5/6I="></latexit>(
y1 = MN (L�2x)+(M+N )Lx

L2 + 2
p

MN (L�N )(M�L)(L�x)x

L2

y2 = (L�M�N � x) + 2y1

<latexit sha1_base64="MZI5t3FgJDge1R+zTlCMVCWHOF8=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPihqegBz1GMIskQ6jp9CRNumeG7h4hDPkKLx4U8ernePNv7CwHTXxQ8Hiviqp6QSK4Nq777eSWlldW1/LrhY3Nre2d4u5eXcepoqxGYxGrZoCaCR6xmuFGsGaiGMpAsEYwuBn7jSemNI+jBzNMmC+xF/GQUzRWemzfopTY8a46xZJbdicgi8SbkRLMUO0Uv9rdmKaSRYYK1LrluYnxM1SGU8FGhXaqWYJ0gD3WsjRCybSfTQ4ekSOrdEkYK1uRIRP190SGUuuhDGynRNPX895Y/M9rpSa89DMeJalhEZ0uClNBTEzG35MuV4waMbQEqeL2VkL7qJAam1HBhuDNv7xI6idl77x8dn9aqlzP4sjDARzCMXhwARW4gyrUgIKEZ3iFN0c5L8678zFtzTmzmX34A+fzBwHtj+c=</latexit>

�1 :
<latexit sha1_base64="KlrHzWr+6XA13Is0xFqm03rv6aM=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd3gC09BD3qMYB6SLKF3MkmGzOwuM7NCWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSy4Nq777Swtr6yurec28ptb2zu7hb39uo4SRVmNRiJSzQA1EzxkNcONYM1YMZSBYI1geDPxG09MaR6FD2YUM19iP+Q9TtFY6bF9i1Jip3zVKRTdkjsFWSReRoqQodopfLW7EU0kCw0VqHXLc2Pjp6gMp4KN8+1EsxjpEPusZWmIkmk/nR48JsdW6ZJepGyFhkzV3xMpSq1HMrCdEs1Az3sT8T+vlZjepZ/yME4MC+lsUS8RxERk8j3pcsWoESNLkCpubyV0gAqpsRnlbQje/MuLpF4ueeels/vTYuU6iyMHh3AEJ+DBBVTgDqpQAwoSnuEV3hzlvDjvzsesdcnJZg7gD5zPHwNyj+g=</latexit>

�2 :



Par/cle-hole and reflec/on symmetries

Swapping the state (thick  thin) of each 
verPcal edge, and reflecPng with respect a 
verPcal axis, we obtain a four-vertex model 
with L-N lines.

<latexit sha1_base64="5B/09Pwi9/Iu6avuQH/FMWUAsHk=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKu+DoGvXiMYB6QLGF2MpsMmZ1ZZnqVuORLvHhQxKuf4s2/cZLsQRMLGoqqbrq7wkRwA5737RRWVtfWN4qbpa3tnd2yu7ffNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLRzdRvPTBtuJL3ME5YEJOB5BGnBKzUc8tdwSLQfDAEorV67LkVr+rNgJeJn5MKylHvuV/dvqJpzCRQQYzp+F4CQUY0cCrYpNRNDUsIHZEB61gqScxMkM0On+Bjq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif10khugoyLpMUmKTzRVEqMCg8TQH3uWYUxNgSQjW3t2I6JJpQsFmVbAj+4svLpHla9S+q53dnldp1HkcRHaIjdIJ8dIlq6BbVUQNRlKJn9IrenCfnxXl3PuatBSefOUB/4Hz+AG2Wk5s=</latexit>$

<latexit sha1_base64="8P7rGPwKZzhI5zBmlYS3EzMjPvE=">AAACVnichZHbS8MwFMbTzrk5b1UffSkOYQMdrXcQYeiLD1MmuAtso6RZtoWlF5JUVkr/SX3RP8UXMd2G1E3wQODH951DTr7YPiVcGMaHomZWsqu5/FphfWNza1vb2W1yL2AIN5BHPda2IceUuLghiKC47TMMHZvilj2+S/zWC2aceO6zCH3cc+DQJQOCoJCSpTmhdVrqOlCMEKRRLT764YcUP8bXk/JNaJn/t9bi4/RYWp+ULa1oVIxp6ctgzqEI5lW3tNdu30OBg12BKOS8Yxq+6EWQCYIojgvdgGMfojEc4o5EFzqY96JpLLF+KJW+PvCYPK7Qp2p6IoIO56Fjy85kS77oJeJfXicQg6teRFw/ENhFs4sGAdWFpycZ633CMBI0lAARI3JXHY0gg0jInyjIEMzFJy9D86RiXlTOn86K1dt5HHmwDw5ACZjgElTBPaiDBkDgDXwqqpJR3pUvNavmZq2qMp/ZA79K1b4BAou1NQ==</latexit>

y3(L,M,N ;x) = y1(L,M,L�N ;L� x)

<latexit sha1_base64="w2/FLQMCH5Yz2bgC5dcq+UGKFP8=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEgKoEtYWxgoWxSPQhNVHkuE5r1XEi2wFFoZ/CwgBCrHwJG3+Dm2aAliPdq6Nz7pWvjx8zKpVlfRultfWNza3ydmVnd2//wKwe9mSUCEy6OGKRGPhIEkY56SqqGBnEgqDQZ6TvT2/mfv+BCEkjfq/SmLghGnMaUIyUljyzmnqNcwemXjPvLQd6Zs2qWzngKrELUgMFOp755YwinISEK8yQlEPbipWbIaEoZmRWcRJJYoSnaEyGmnIUEulm+ekzeKqVEQwioYsrmKu/NzIUSpmGvp4MkZrIZW8u/ucNExVcuRnlcaIIx4uHgoRBFcF5DnBEBcGKpZogLKi+FeIJEggrnVZFh2Avf3mV9C7qdqvevGvU2tdFHGVwDE7AGbDBJWiDW9ABXYDBI3gGr+DNeDJejHfjYzFaMoqdI/AHxucPpQGSUg==</latexit>y4, y5, y6 from <latexit sha1_base64="M2Pe8N3fP7xD6RRA2EYje21FrJM=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJLU57LoxmUF+4AmhMl00g6dPJiZKKH2U9y4UMStX+LOv3GaZqGtB+7lcM69zJ3jJ5xJZVnfxtLyyuraemmjvLm1vbNrVvbaMk4FoS0S81h0fSwpZxFtKaY47SaC4tDntOOPbqZ+54EKyeLoXmUJdUM8iFjACFZa8sxK5tknDsq8et5PHeSZVatm5UCLxC5IFQo0PfPL6cckDWmkCMdS9mwrUe4YC8UIp5Oyk0qaYDLCA9rTNMIhle44P32CjrTSR0EsdEUK5ervjTEOpcxCX0+GWA3lvDcV//N6qQqu3DGLklTRiMweClKOVIymOaA+E5QonmmCiWD6VkSGWGCidFplHYI9/+VF0q7X7Iva+d1ZtXFdxFGCAziEY7DhEhpwC01oAYFHeIZXeDOejBfj3fiYjS4Zxc4+/IHx+QOXFZJJ</latexit>y1, y2, y3 through:
<latexit sha1_base64="FXO2lUr/pX6s3lD/HwCA0MqQuQc=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwYUsial0W3bhQqGAf0IQymU7aoZMHMxNtCPkUN/6KGxeK6E6/xkmbhbYeuHA4517uvccJGRXSML60wsLi0vJKcbW0tr6xuaVv77REEHFMmjhgAe84SBBGfdKUVDLSCTlBnsNI2xldZn77nnBBA/9OxiGxPTTwqUsxkkrq6bWxxelgKBHnwQO0PCSHGLHkOq2MjywY/2vepJW4p5eNqjEBnCdmTsogR6Onf1r9AEce8SVmSIiuaYTSThCXFDOSlqxIkBDhERqQrqI+8oiwk8mDKTxQSh+6AVflSzhRf08kyBMi9hzVmR0pZr1M/M/rRtI9txPqh5EkPp4uciMGZQCztGCfcoIlixVBmFN1K8RDxBGWKtOSCsGcfXmetI6r5ln19PakXL/I4yiCPbAPDoEJaqAOrkADNAEGj+AZvII37Ul70d61j2lrQctndsEfaN8/NoOkPg==</latexit>

x ! L� x, y ! M� y

Another symmetry is the simultaneous 
reflecPon under the verPcal and horizontal 
axes.

P-H

R

P-H

R



Methods: bijec/on to non-intersec/ng laUce paths

If we shit the i-th horizontal edges (i=1,…,L-N) of 
each path by i-1 lauce spacing southward, then we 

have a non-intersecPng lauce paths model

<latexit sha1_base64="YFAl5K/AE4671mCMHbQJt61iswA=">AAAB8XicbVDJSgNBEK1xjXGLevTSGAQhGGbEDUEIehFciGAWTIbQ0+lJmvT0DN09QhjyF148KOLVv/Hm39hJ5qCJDwoe71VRVc+LOFPatr+tmdm5+YXFzFJ2eWV1bT23sVlVYSwJrZCQh7LuYUU5E7Simea0HkmKA4/Tmte7HPq1JyoVC8WD7kfUDXBHMJ8RrI30eH12frt/U7grOK1c3i7aI6Bp4qQkDynKrdxXsx2SOKBCE46Vajh2pN0ES80Ip4NsM1Y0wqSHO7RhqMABVW4yuniAdo3SRn4oTQmNRurviQQHSvUDz3QGWHfVpDcU//MasfZP3YSJKNZUkPEiP+ZIh2j4PmozSYnmfUMwkczcikgXS0y0CSlrQnAmX54m1YOic1w8uj/Mly7SODKwDTuwBw6cQAmuoAwVICDgGV7hzVLWi/VufYxbZ6x0Zgv+wPr8ASBpj0U=</latexit>

K := M � L+N + 1



The emp/ness forma/on probability (EFP)

The EFP is the probability to have 
at least q verPces of type a 

starPng from the point (p,M)

Ater the bijecPon, it is the 
probability that no paths pass 
through the point , 

with 

<latexit sha1_base64="QEpETJPlARsGjcDPqmcoc9mBuG4=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoMQUcOMuB2DXgQvEcwCyRB6enpik57F7holjPkULx4U8eqXePNv7CRz0MQHBY/3qqiq58aCK7CsbyM3N7+wuJRfLqysrq1vmMXNhooSSVmdRiKSLZcoJnjI6sBBsFYsGQlcwZpu/3LkNx+YVDwKb2EQMycgvZD7nBLQUtcsluOD68MOcOGx9H64b+91zZJVscbAs8TOSAllqHXNr44X0SRgIVBBlGrbVgxOSiRwKtiw0EkUiwntkx5raxqSgCknHZ8+xLta8bAfSV0h4LH6eyIlgVKDwNWdAYE7Ne2NxP+8dgL+uZPyME6AhXSyyE8EhgiPcsAel4yCGGhCqOT6VkzviCQUdFoFHYI9/fIsaRxV7NPKyc1xqXqRxZFH22gHlZGNzlAVXaEaqiOKHtEzekVvxpPxYrwbH5PWnJHNbKE/MD5/AKH0kvc=</latexit>

(p,K � q̃ + 1)
<latexit sha1_base64="ULZD2yYLay9U8G3SuTJJOiQwwMI=">AAAB+nicbVDJSgNBEK2JW4zbRI9eGoMgBMOMuF2EoBcPIhHMAskQenp6kiY9S7p7lDDmU7x4UMSrX+LNv7GzHDTxQcHjvSqq6rkxZ1JZ1reRWVhcWl7JrubW1jc2t8z8dk1GiSC0SiIeiYaLJeUspFXFFKeNWFAcuJzW3d7VyK8/UCFZFN6rQUydAHdC5jOClZbaZr6lGPdo2h9exMX+4U3xtm0WrJI1Bpon9pQUYIpK2/xqeRFJAhoqwrGUTduKlZNioRjhdJhrJZLGmPRwhzY1DXFApZOOTx+ifa14yI+ErlChsfp7IsWBlIPA1Z0BVl05643E/7xmovxzJ2VhnCgakskiP+FIRWiUA/KYoETxgSaYCKZvRaSLBSZKp5XTIdizL8+T2lHJPi2d3B0XypfTOLKwC3twADacQRmuoQJVIPAIz/AKb8aT8WK8Gx+T1owxndmBPzA+fwBkZJNx</latexit>

q̃ = p+ q � L+N

Hahn measure

<latexit sha1_base64="nPwK2izUBv3pzj3dQUQ6kYI039U="></latexit>

H(d,↵,�, s, n) :=
1

H0(↵,�, s, n)
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◆✓
� + n� xi
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EFP in a log-gas representa/on

Let  with  denote the posiPon of  parPcles on 
the interval  and consider the probability measure on  :

<latexit sha1_base64="8gaRfM+M1S9BwegXCFGKAW7Miqk=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBRSmJ+NoIRTcuK9hWaEKYTCft0MkkzEykJWTjxl9x40IRt/6DO//GSZuFth4YOJxzD3Pv8WNGpbKsb6O0sLi0vFJeraytb2xumds7bRklApMWjlgk7n0kCaOctBRVjNzHgqDQZ6TjD69zv/NAhKQRv1PjmLgh6nMaUIyUljxz3wmRGvhBOsounXTk2TWnFylZG3nSyTyzatWtCeA8sQtSBQWanvml0zgJCVeYISm7thUrN0VCUcxIVnESSWKEh6hPuppyFBLpppMrMniolR4MIqEfV3Ci/k6kKJRyHPp6Mt9Zznq5+J/XTVRw4aaUx4kiHE8/ChIGVQTzSmCPCoIVG2uCsKB6V4gHSCCsdHEVXYI9e/I8aR/X7bP66e1JtXFV1FEGe+AAHAEbnIMGuAFN0AIYPIJn8ArejCfjxXg3PqajJaPI7II/MD5/ALXDmLg=</latexit>

x = {x1, . . . , xs}
<latexit sha1_base64="5mP0ygPeoryVyUKd4z/Pli5dluE=">AAACB3icbVC7TsMwFL0pr1JeBUYkZFEhMVUJ4jUwVLAwFok+pDaKHNdprTpOsB3UKurGwq+wMIAQK7/Axt/gph2g5UiWj86599r3+DFnStv2t5VbWFxaXsmvFtbWNza3its7dRUlktAaiXgkmz5WlDNBa5ppTpuxpDj0OW34/eux33igUrFI3OlhTN0QdwULGMHaSF5x325zeo8GnoMuUbsTaWXugadQJpuCkl22M6B54kxJCaaoesUvM4QkIRWacKxUy7Fj7aZYakY4HRXaiaIxJn3cpS1DBQ6pctNsjxE6NEoHBZE0R2iUqb87UhwqNQx9Uxli3VOz3lj8z2slOrhwUybiRFNBJg8FCUc6QuNQUIdJSjQfGoKJZOaviPSwxESb6AomBGd25XlSPy47Z+XT25NS5WoaRx724ACOwIFzqMANVKEGBB7hGV7hzXqyXqx362NSmrOmPbvwB9bnD/Ugl3s=</latexit>

0  x1 < · · · < xs  n <latexit sha1_base64="NNhp4HiCDIt6HWe1guuCXXVMPqg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVda9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB4eWNAQ==</latexit>s
<latexit sha1_base64="YTxaPrBdy4i3F4wuCu7h9cm4XP4=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCBymJ+HUsevFYwbSFNJTNdtMu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXGcb1RaWV1b3yhvVra2d3b3qvsHLZ1kijKPJiJRnZBoJrhknuFGsE6qGIlDwdrh6G7qt5+Y0jyRj2acsiAmA8kjTomxkuc7ZzLoVWtO3ZkBLxO3IDUo0OxVv7r9hGYxk4YKorXvOqkJcqIMp4JNKt1Ms5TQERkw31JJYqaDfHbsBJ9YpY+jRNmSBs/U3xM5ibUex6HtjIkZ6kVvKv7n+ZmJboKcyzQzTNL5oigT2CR4+jnuc8WoEWNLCFXc3orpkChCjc2nYkNwF19eJq3zuntVv3y4qDVuizjKcATHcAouXEMD7qEJHlDg8Ayv8IYkekHv6GPeWkLFzCH8Afr8ARMsjjg=</latexit>

[0, n]
<latexit sha1_base64="bcfTiz9MukPGccak5as1kXrDWLk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNgVX8egF48RzAM2a5iddJIhs7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXmAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVKNgkusG24EthKFNAoFNsPh7cRvPqHSPJYPZpRgENG+5D3OqLFS03dPZfCoO6WyW3GnIIvEy0kZctQ6pa92N2ZphNIwQbX2PTcxQUaV4UzguNhONSaUDWkffUsljVAH2fTcMTm2Spf0YmVLGjJVf09kNNJ6FIW2M6JmoOe9ifif56emdx1kXCapQclmi3qpICYmk99JlytkRowsoUxxeythA6ooMzahog3Bm395kTTOKt5l5eL+vFy9yeMowCEcwQl4cAVVuIMa1IHBEJ7hFd6cxHlx3p2PWeuSk88cwB84nz+dO48d</latexit>

[0, n]s

The EFP is the probability that, in a discrete log-
gas of s parPcles, associated to the Hahn measure,  

no par/cle has coordinate larger than d.



The arc of the arc/c curve

The scaling limit is achieved with:
<latexit sha1_base64="/cBfgbchdtnPuHd6SCcjd8lf/tg="></latexit>

d = [d0`], ↵ = [↵0`], � = [�0`], s = [s0`], n = [n0`], ` ! 1

Following standard methods from random matrix models, we rescale  . 
<latexit sha1_base64="VOwPQw2XZQ5irGhR0tEXvcmJ4GU=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRLxtRGKblxWsA9IQphMJ+20M5MwMymW0D9x40IRt/6JO//GaZuFth64cDjnXu69J0oZVdpxvq3Syura+kZ5s7K1vbO7Z+8ftFSSSUyaOGGJ7ERIEUYFaWqqGemkkiAeMdKOhndTvz0iUtFEPOpxSgKOeoLGFCNtpNC2n8LBjefzLBxAnzAWhHbVqTkzwGXiFqQKCjRC+8vvJjjjRGjMkFKe66Q6yJHUFDMyqfiZIinCQ9QjnqECcaKCfHb5BJ4YpQvjRJoSGs7U3xM54kqNeWQ6OdJ9tehNxf88L9PxdZBTkWaaCDxfFGcM6gROY4BdKgnWbGwIwpKaWyHuI4mwNmFVTAju4svLpHVWcy9rFw/n1fptEUcZHIFjcApccAXq4B40QBNgMALP4BW8Wbn1Yr1bH/PWklXMHII/sD5/AAw1k0s=</latexit>

xj = [µj`]

In the scaling limit, the EFP is known to tend to one in a frozen region, and zero otherwise.  
To find the arcPc arc, it is sufficient the support [L,R] of the density.

We have the arc/c curve when:
<latexit sha1_base64="1cVAXj7AlOBqA8U28bl/JDPoMLc=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQQcpEfG2EohuXVewDmhAmk0k7dDIJMxOhhC7d+CtuXCji1k9w5984abPQ6oHLHM65lzv3+AmjUkH4ZZTm5hcWl8rLlZXVtfUNc3OrLeNUYNLCMYtF10eSMMpJS1HFSDcRBEU+Ix1/eJX7nXsiJI35nRolxI1Qn9OQYqS05Jm7tzUHsWSAPHjo+ETlr9TFPXhwEXjQM6uwDiew/hK7IFVQoOmZn04Q4zQiXGGGpOzZMFFuhoSimJFxxUklSRAeoj7pacpRRKSbTQ4ZW/taCawwFrq4sibqz4kMRVKOIl93RkgN5KyXi/95vVSF525GeZIqwvF0UZgyS8VWnooVUEGwYiNNEBZU/9XCAyQQVjq7ig7Bnj35L2kf1e3T+snNcbVxWcRRBjtgD9SADc5AA1yDJmgBDB7AE3gBr8aj8Wy8Ge/T1pJRzGyDXzA+vgF6i5e5</latexit>

R(↵0,�0, s0, n0) = d0

(seung )
<latexit sha1_base64="ZMJMbfIm/N+iPzJWCsBv5zrGemw=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1oS8bUpFN24ESrYBzQhTKaTduhkEmcmYgjFjb/ixoUibv0Kd/6N0zYLrR64cDjnXu69x48ZlcqyvozCzOzc/EJxsbS0vLK6Zq5vNGWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlDy5GfuuOCEkjfqPSmLgh6nEaUIyUljxz674ae9a+A9OqEyLVx4hlV8ODW8/yzLJVscaAf4mdkzLIUffMT6cb4SQkXGGGpOzYVqzcDAlFMSPDkpNIEiM8QD3S0ZSjkEg3G78whLta6cIgErq4gmP150SGQinT0NedozPltDcS//M6iQrO3IzyOFGE48miIGFQRXCUB+xSQbBiqSYIC6pvhbiPBMJKp1bSIdjTL/8lzcOKfVI5vj4q187zOIpgG+yAPWCDU1ADl6AOGgCDB/AEXsCr8Wg8G2/G+6S1YOQzm+AXjI9vxZeWaQ==</latexit>

x = p0, y = M� q0

<latexit sha1_base64="zUYT0dQ98FofHjlDhIiyhUM5/6I="></latexit>(
y1 = MN (L�2x)+(M+N )Lx

L2 + 2
p

MN (L�N )(M�L)(L�x)x

L2

y2 = (L�M�N � x) + 2y1



Fluctua/ons of the arc/c curve

Taking the posiPon  of the last thick edge at some column  
and comparing it with the rightmost point  of the interval:

<latexit sha1_base64="5AAere4XsFjLVDnh/zY405Opu8o=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtfJY3f</latexit>

⇠ <latexit sha1_base64="EKyDMDivAzzhvNxUw26QI8xg23o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD3VmM/g==</latexit>p
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

where  acts on  with the Airy kernel. 
This quanPty is exactly  (T-W in the GUE).

<latexit sha1_base64="QUYdUCFShnUeZ80XGRb6hDe1J2M=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSJUkJKIr2XVjcsK9gFtCJPppB06mYSZGzHGfokbF4q49VPc+TdO2yy09cCFwzn3cu89fsyZAtv+NhYWl5ZXVgtrxfWNza2Sub3TVFEiCW2QiEey7WNFORO0AQw4bceS4tDntOUPr8d+655KxSJxB2lM3RD3BQsYwaAlzyxdPnlZ5eGoy0QA6eHIM8t21Z7AmidOTsooR90zv7q9iCQhFUA4Vqrj2DG4GZbACKejYjdRNMZkiPu0o6nAIVVuNjl8ZB1opWcFkdQlwJqovycyHCqVhr7uDDEM1Kw3Fv/zOgkEF27GRJwAFWS6KEi4BZE1TsHqMUkJ8FQTTCTTt1pkgCUmoLMq6hCc2ZfnSfO46pxVT29PyrWrPI4C2kP7qIIcdI5q6AbVUQMRlKBn9IrejEfjxXg3PqatC0Y+s4v+wPj8AUPLkto=</latexit>

A|(x,1)

<latexit sha1_base64="1piWp5KkPjt1uIo6HF1z2Cxa7XU=">AAAB9HicbVDLSsNAFJ34rPVVdelmsAgKUpLia1l048JFBfuANJbJdNIOnUzizE2xhH6HGxeKuPVj3Pk3TtsstPXAhcM593LvPX4suAbb/rYWFpeWV1Zza/n1jc2t7cLObl1HiaKsRiMRqaZPNBNcshpwEKwZK0ZCX7CG378e+40BU5pH8h6GMfNC0pU84JSAkbzbh7L7dNLiMoDhcbtQtEv2BHieOBkpogzVduGr1YloEjIJVBCtXceOwUuJAk4FG+VbiWYxoX3SZa6hkoRMe+nk6BE+NEoHB5EyJQFP1N8TKQm1Hoa+6QwJ9PSsNxb/89wEgksv5TJOgEk6XRQkAkOExwngDleMghgaQqji5lZMe0QRCianvAnBmX15ntTLJee8dHZ3WqxcZXHk0D46QEfIQReogm5QFdUQRY/oGb2iN2tgvVjv1se0dcHKZvbQH1ifP+qikZA=</latexit>

L2[x,1)
<latexit sha1_base64="QxHvZg/nli5XAQ3ZoKkoZWpdZGk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGX8egIB4jmAckS5idzCZjZmeWmVkxLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+Q8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMYXk/85iNVmklxb0Yx9SPcFyxkBBsrNW66ldLTSbdQdMvuFGiReBkpQoZat/DV6UmSRFQYwrHWbc+NjZ9iZRjhdJzvJJrGmAxxn7YtFTii2k+n147RsVV6KJTKljBoqv6eSHGk9SgKbGeEzUDPexPxP6+dmPDST5mIE0MFmS0KE46MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQHkbgjf/8iJpVMreefns7rRYvcriyMEhHEEJPLiAKtxCDepA4AGe4RXeHOm8OO/Ox6x1yclmDuAPnM8fZwaOYA==</latexit>

F2(x)



Conclusions and Outlooks

• Main Results 
• CalculaPon of the arcPc curve for the four-vertex model 
• ObservaPon that the fluctuaPons are governed by T-W 

• Further invesPgaPons 
• GeneralizaPon to the five-vertex model 



Thank you for your Pme! 
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Mapping the AD(N) to the N × N  six-vertex model with DWBC


