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Context: Open quantum system

ℎ, 𝜌

ℓ

Total dynamic is hard: huge number of environment degrees of freedom

↓

Focus: dynamic of the system and consider the effective action of the
environment on it
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Context: Open quantum system

Lindblad equation
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approximations
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Lindblad equation

Integrable Open quantum systems
Meaning:

ℓ ℓ

ℎ ℎ ℎℎ

ℓ ℓ

Spin ½ chain

ሶ𝜌 = i 𝜌, ෍

𝑖=1

𝐿

ℎ𝑖,𝑖+1 − 𝑈 ෍
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𝐿

ℓ𝑖,𝑖+1𝜌ℓ𝑖,𝑖+1
†

−
1
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ℓ𝑖,𝑖+1

†
ℓ𝑖,𝑖+1, 𝜌 →  ሶ𝜌 ≡ ℒ 𝜌 Integrable open 

quantum system

ℒ ≡ ℚ2

[Medvedyeva, Essler, Prosen, Ziolkowska]
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Focus: Integrable Open quantum systems

Environment usually breaks integrability!

Question:
Are there cases where the “evolution remains integrable”?

Best option:
Models with a tunable coupling constant between the system and the
environment

Hope:
Use integrability techniques (e.g. Bethe ansatz) to “solve” Open quantum
systems
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Find new integrable models: Boost approach

[de Leeuw, CP, Pribytok, Retore, Ryan]

Q2 ≡ L
Boost︷︸︸︷→ {Q3(Q2)}

[Q2,Q3]=0︷︸︸︷→ R -matrix

Question:

For which h and ℓ we have an

Integrable open quantum system?

Steps:
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New integrable model

hj ,j+1 =
1

2

(
XjYj+1 − YjXj+1

)
ℓj ,j+1,j+2 = Zj+1 + κ (Xj + Xj+2)Xj+1 − κ2XjZj+1Xj+2

Integrable deformation of the Hubbard model
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complexify u

Similarity + Jordan-Wigner 
transformation

ℓ𝑗,𝑗+1 = 𝑍𝑗+1

Hubbard model

Our new model

𝐻3 = ℎ ⊗ 1 + 1 ⊗ ℎ + 𝑢 ℓ ⊗ ℓ

ℒ = −𝑖 ℎ ⊗ 1 + 𝑖 1 ⊗ ℎ∗ + 𝑢 ℓ ⊗ ℓ∗ −
1

2
ℓ†ℓ ⊗ 1 −

1

2
1 ⊗ ℓ𝑇ℓ∗

ℎ = 𝑖 𝜎𝑖
+𝜎𝑖+1

− − 𝜎𝑖
−𝜎𝑖+1

+  ,  ℓ = 𝑍𝑗+1 + 𝜅 𝑋𝑗 + 𝑋𝑗+2 𝑋𝑗+1 − 𝜅2𝑋𝑗𝑍𝑗+1𝑋𝑗+2 

𝜅 = tanh 𝜃/2

𝐻𝐻𝑢𝑏 = ෍

𝑗

(𝑐𝑗
↑)†𝑐𝑗+1

↑ + (𝑐𝑗+1
↑ )†𝑐𝑗

↑ + (𝑐𝑗
↓)†𝑐𝑗+1

↓ + (𝑐𝑗+1
↓ )†𝑐𝑗

↓ + 𝑈𝑛𝑗
↑𝑛𝑗

↓

ℎ ⊗ 1 1 ⊗ ℎ ℓ ⊗ ℓ

𝜅 = 0 Hubbard model

𝜅 ≠ 0 Integrable deformation of Hubbard
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Is the range 3 model integrable?

It is a bond-site transformation of an integrable model 

We find the R-matrix!

YES! 

Some of the entries:

Main differences with the Hubbard model

• Interaction spans 3 sites
• Particle number not conserved

• Un-usual funcional dependence
• All the previous deformations of Hubbard:

▪ Nearest-Neighbour
▪ (At least) two local 𝑈(1) charges

Is the range 3 model new?

First range 3 deformation of the 
Hubbard model
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Physical properties of this model

ℎ
ℓ

Environment in thermal equilibrium

Small system thermalizes:
details of the initial state are washed away

Typically

𝜌1

𝜌2

𝜌𝑘

.

.

.

𝜌𝑁𝐸𝑆𝑆

Models with non unique NESS are exceptional: extra info about the initial state

What are the possible ways to have multiple NESS?

ሶ𝜌𝑁𝐸𝑆𝑆 = ℒ 𝜌𝑁𝐸𝑆𝑆 = 0

Presence of extra symmetry

We find: L+1 NESS
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Symmetry and conservation law
Hermitian quantum mechanics

[H,Q] = 0 ↔ Q̇ = 0

Lindblad (not Hermitian) system

[h,Q] = [ℓ,Q] = 0 strong symmetry → Q̇ = 0

[Albert, Jiang ’14]

Hubbard model
NESS : L+ 1

Q0 =
∑
j

Zj total magnetization: strong symmetry

ρ0 = eαQ0

Deformation of the Hubbard model

NESS : L+ 1
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Reason of multiple NESS

Qκ = T (κ)†Q0T (κ) κ deformation parameter

T (κ) = TrA(ML(κ) . . .M1(κ))

[T (κ),T (κ′)] = 0 T (κ)†T (κ) = 1 + κL
∏
j

Zj

Hidden Strong Symmetry

[Qκ, h] = [Qκ, ℓ] = 0 , [Qκ,L] = 0 , Q̇κ = 0

NESS: ρκ = T (κ)†eαQ0T (κ)

What is the role of the conserved charge Qκ?
What is the role of the other conserved charges?
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Evolution of the system

initial state : ρβ(t = 0) =
eβQ0

(2 coshβ)L

Ansatz final state: Gibbs ensamble ρG ∼ e−λQκ

𝑈 = 0.5 𝜅 = 0.5

𝑈 = 1 𝜅 = 0.5

𝑈 = 0.5 𝜅 = 0.2

𝑈 = 1 𝜅 = 0.2

lim
𝑡,𝐿→∞

< 𝑍1 > 

= 1 − 𝜅2 2tanh 𝛽 

Gibbs ensamble:
Confirmed!

lim
𝑡→∞

< 𝑍1 > 

=
𝜅2 − 1 2

1 − 𝜅2𝐿 2
tanh 𝛽

(1 − 2 𝜅𝐿tanh𝐿−2𝛽 + 𝜅2𝐿) 
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Evolution of the system

initial state : ρβ(t = 0) =
eβQ0

(2 coshβ)L

Ansatz final state: Gibbs ensamble ρG ∼ e−λQκ

??? Role of the other charges
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Connections between different integrable models
Action of T on the h and ℓ:

T (κ)hT (κ)† → h

T (κ)ℓi ,i+1,i+2T (κ)† = Zi+1 + η(XiXi+1 + YiYi+1) + η2Zi+1

model B2 [Murakami, 98]
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Conclusions and future work

o Integrabile model of range 3

o L+1 NESS

What we saw:

Future work:

o Can we classify integrable open quantum systems in the 
case of open boundary conditions?

ℓ

ℎ

ℓ𝐿 ℓ𝑅

o Existence of a bigger family of integrable Lindbladians 
containing all of them

o Solution of the range 3 model: Liouville gap

Deformation of the Hubbard model

Hidden strong symmetry

o Role of the conserved charge Gibbs Ensamble
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Conclusions and future work

o Integrabile model of range 3

o L+1 NESS

What we saw:

Future work:

o Can we classify integrable open quantum systems in the 
case of open boundary conditions?

ℓ

ℎ

ℓ𝐿 ℓ𝑅

o Existence of a bigger family of integrable Lindbladians 
containing all of them

o Solution of the range 3 model: Liouville gap

Deformation of the Hubbard model

Hidden strong symmetry

o Role of the conserved charge Gibbs Ensamble

Thank you!
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Back up slide:

Boost automorphism mechanism
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Back up slide:

ሶ𝜌 = 𝑖 𝜌, ℎ + 𝑢 ℓ𝜌ℓ†  −
1

2
ℓ†ℓ, 𝜌

𝜌 ∼ | ⟩⟨ | matrix 𝜌 ∼  | ⟩⟩ vector

ℋ
ℋ

Super-operator 
formalism

ℋ∗

Spin-
ladder

ℋ ⊗ ℋ∗Evolution in the super-space:

ሶ𝜌 = ℒ 𝜌

ℒ = 𝑖 1 ⊗ ℎ𝑇 − 𝑖 ℎ ⊗ 1 + 𝑢 ℓ ⊗ ℓ∗ −
1

2
ℓ†ℓ ⊗ 1 −

1

2
1 ⊗ ℓ𝑇ℓ∗

Integrability:

ℒ = ℚ   one of the conserved charges of an integrable model!

Meaning of integrability
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Back up slide: Symmetry Vs Conserved charges

Example 1

[Albert, Jiang ’14]

h = 0 , ℓ = σ− J = n ,

[J ,L] = 0 , J̇ = L(J) ̸= 0
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