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Abstract
We introduce a new elliptic quantum toroidal algebra Uq,t,p(gl1,tor ). Various rep-
resentations in the quantum toroidal algebra Uq,t (gl1,tor ) are extended to the elliptic
case including the level (0,0) representation realized by using the elliptic Ruijsenaars
difference operator. Various intertwining operators of Uq,t,p(gl1,tor )-modules w.r.t.
the Drinfeld comultiplication are also constructed. We show thatUq,t,p(gl1,tor ) gives
a realization of the affine quiverW -algebraWq,t (�(̂A0)) proposed byKimura–Pestun.
This realization turns out to be useful to derive the Nekrasov instanton partition func-
tions, i.e., the χy- and elliptic genus, of the 5d and 6d lifts of the 4d N = 2∗ U (M)

theories and provide a new Alday–Gaiotto–Tachikawa correspondence.

Keywords Elliptic quantum group · Toroidal algebra · Affine quiver varieties

Mathematics Subject Classification 20C35

1 Introduction

The aim of this paper is to introduce a new elliptic quantum toroidal algebra
Uq,t,p(gl1,tor ) associated with the toroidal algebra of type gl1 and show its connection
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to the affine quiverW -algebraWq,t (�(̂A0)) and the affine quiver gauge theories in 5d
and 6d.

We formulate Uq,t,p(gl1,tor ) by generators and relations in the same scheme as
the elliptic quantum group Uq,p (̂g) associated with the affine Lie algebra ĝ [16, 40,
47, 51, 55]. The latter is the Drinfeld realization of the face-type elliptic quantum
group [39] in terms of the Drinfeld generators, which are a deformation of the loop
generators of the affine Lie algebras [13]. One of the important properties of the elliptic
algebra Uq,p (̂g) is that it gives a realization of the deformation of the W algebras of
the Goddard–Kent–Olive (GKO) coset-type ĝr−h∨−1 ⊕ ĝ1 ⊃ ĝr−h∨ [30, 31]. Note
that the GKO coset-typeW algebras are isomorphic to those obtained by the quantum
Hamiltonian reduction for simply laced ĝ but not for non-simply laced ones. See for
example [12]. For simplicity, let us consider the deformed W algebra in the simply
laced case and use the same notationWq,t (g) as the one for the Hamiltonian reduction
type [27]. Then, the level-1 representation ofUq,p (̂g) realizesWq,t (g) [16, 40, 45, 47,
50] in the following way.1

a) the parameters (p, p∗) of Uq,p (̂g) are identified with (q, t) of Wq,t (g), where
p∗ = pq−2. Here, q appearing in the both sides are different.

b) the ellipticDrinfeld currents E j (z), Fj (z) ofUq,p (̂g) realize the screening currents
S+
j (z), S−

j (z) of Wq,t (g).
c) the basic generating functions �i (z) of Wq,t (g) are realized by certain composi-

tions of the intertwiners of the Uq,p (̂g)-modules w.r.t. the Drinfeld comultiplica-
tion.

Furthermore, forWq,t (slN ) a deformation of the primary fields constructed for exam-
ple in [8] is realized as certain fusions of intertwiners of the Uq,p(̂slN )-modules.

The elliptic quantum toroidal algebra Uq,t,p(gl1,tor ) is an elliptic quantum group
associated with the toroidal algebra gl1. It is an elliptic analogue of the quantum
toroidal algebraUq,t (gl1,tor ) introduced byMiki as a deformation of theW1+∞ algebra
[62]. Various representations of Uq,t (gl1,tor ) have been studied by many papers such
as [5, 9, 17, 18, 20–23, 62]. It is also remarkable that Uq,t (gl1,tor ) is isomorphic to
the elliptic Hall algebra introduced by Schiffmann and Vasserot [17, 18, 78–81]. See
also [22, 23, 67] for the shuffle algebra formulation.

Representations ofUq,t (gl1,tor ) have many interesting applications to the 5d lifts of
the 4dN = 2 SUSY gauge theories, which are the gauge theories associated with the
linear quivers, such as a calculation of the Nekrasov instanton partition functions and
a study of the 5d analogue of the Alday–Gaiotto–Tachikawa (AGT) correspondence
[3]. See for example [5, 6, 10, 11, 63, 86]. The essential properties ofUq,t (gl1,tor ) for
applications to show AGT correspondence are summarized into the three points:

1) the deformed W -algebra Wq,t (slN ) is realized on the N -fold tensor product of
Uq,t (gl1,tor ) [6, 9, 23, 62].

2) the intertwiners ofUq,t (gl1,tor )-modulesw.r.t theDrinfeld comultiplication realize
the refined topological vertex [4, 36] as the vertex operators on the bosonic Fock
space [5].

1 The same was confirmed for the non-simply laced case, say for Uq,p(B
(1)
l ) [16, 50], which realizes the

deformation of Fateev–Lukyanov’s WBl algebra [59].
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3) a certain block of composition of the intertwiners ofUq,t (gl1,tor )-modules realizes
the intertwiner (screened vertex operator) of the elliptic quantum groupUq,p(̂slN )

[28, 29, 86].

Hence, by 2) taking a composition of the intertwiners of Uq,t (gl1,tor )-modules
according to the web diagram [4, 5, 36], the expectation value of it gives an instanton
partition function of the 5d lift of the 4d N = 2 theory and basically by 3) the same
quantity is identified with an expectation value of the intertwiners of Uq,p(̂slN ), i.e.,
a deformation of the conformal block. This is the 5d analogue of the AGT correspon-
dence. It is also remarkable that thus obtained deformed conformal blocks coincides
with the vertex functions introduced by Okounkov [1, 56, 74]. See for example (6.4)
in [52] and take its trigonometric limit qκ → 0. There are some different approaches
based on the elliptic Hall algebra [81] and the shuffle algebra [68]. For the affine
Yangian case see [61]. See also [65].

Instead of taking an expectation value, one can take a trace of the composed inter-
twininig operators of Uq,t (gl1,tor ) [26, 77, 87]. Then, it gives an instanton partition
function of the 6d lift of the theory [26, 37, 72] and the same arguments as 1)–3) yield
that it is equivalent to the trace of the intertwiners of Uq,p(̂slN ), i.e., the trace of the
vertex operator of Wq,t (slN ) [29]. Note that the integral expressions for the latter are
given as a part of the integral solution to the elliptic q-KZ equation [52, 55], which
has exactly the same structure as discussed as quantum q-Langlands correspondence
in [1]. This is the 6d analogue of the AGT correspondence. In this way, the instanton
calculus and the AGT correspondence in 5d and 6d lifts of the 4dN = 2 SUSY gauge
theories associated with the linear quivers can be treated by using the quantum toroidal
algebra Uq,t (gl1,tor ).

In this paper, we show that the elliptic quantum toroidal algebra Uq,t,p(gl1,tor )
provides a relevant quantum group structure to treat the 5d and 6d lifts of the 4d
N = 2∗ SUSY gauge theories, which are the N = 2 SUSY gauge theories coupled
with the adjoint matter [69, 70]. These are gauge theories associated with the Jordan
quiver. We also formulate the AGT correspondence between these 5d and 6d lifts
and the affine quiver W algebra Wq,t (�(̂A0)). For this purpose, we construct some
useful representations of Uq,t,p(gl1,tor ) and give a realization of Wq,t (�(̂A0)) [41]
in the same way as the above b) and c) for Uq,p (̂g). Namely the level (1, N ) elliptic
currents x±(z) of Uq,t,p(gl1,tor ) give the screening currents S±(z) of Wq,t (�(̂A0)),
and a certain composition of the “intertwiners” of Uq,t,p(gl1,tor ).

2 gives a realization
of the generating function T (u). There one of the key properties of Uq,t,p(gl1,tor ) is
that the level (1, N ) representation possesses the four parameters q, t, p, p∗ satisfying
p/p∗ = t/q. They play the role of the SU (4) � deformation parameters introduced
by Nekrasov [70], i.e., two of three independent parameters are the 5d analogue the
� deformation parameters ε1, ε2 [69] and the remaining one is a deformation of the
adjoint mass parameter in the 4d N = 2∗ SUSY gauge theories.

Realizing the generating function T (u) of Wq,t (�(̂A0)), it becomes trivial that the
vacuum expectation value of T (u) gives the Nekrasov instanton partition function of
the 5d lift of the 4dN = 2∗ U (1) theory, i.e., the generating function of the χy genus

2 A composition of the type I intertwiner�(u) of theUq,t,p(gl1,tor )-module and its shifted inverse�∗(u).
See Sect. 5
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of the Hilbert scheme Hilbn(C2) of n points on C
2 [41, 42], where we take y = p.

However, this fact and our realization of T (u) as a composition of the “intertwiners”
lead us to identify T (u)with a basic refined topological vertex operator corresponding
to the diagram Fig. 1 studied in [32, 34, 36]. Then, such realization makes calculation
of compositions of T (u) easy and allows us to apply them to various instanton calculus
in the 5d and 6d lifts of the 4dN = 2∗ theories. This includesN = 2∗ U (M) theories,
whose instanton partition function is the generating function of the χy genus of the
moduli space of the rank M instantons with charge n. Their 6d lifts give the generating
functions of the elliptic genus of the same moduli space. Hence, we establish a new
AGT correspondence between the 5d and 6d lifts of the 4d N = 2∗ SUSY gauge
theories and the affine quiver W algebra Wq,t (�(̂A0)).

This paper is organized as follows. In Sect. 2, after reviewing basic facts in the quan-
tum toroidal algebraUq,t (gl1,tor ), we give a definition of the elliptic quantum toroidal
algebra Uq,t,p(gl1,tor ). The Z -algebra structure, an elliptic analogue of Miki’s auto-
morphism andHopf algebroid structure are also given. In Sect. 3, we construct the level
(1, N ), (0, 1) and (0, 0) representations. In particular, the level (0, 0) representation
is given by using the elliptic Ruijsenaars difference operator on C[[x1, . . . , xN ]]. In
Sect. 4, we construct the type I and the type II dual vertex operator as intertwining oper-
ators of the Uq,t,p(gl1,tor )-modules constructed in Sect. 3. We also give a definition
of their shifted inverse operators. In Sect. 5, we give a realization of the affine quiver
W algebra Wq,t (�(̂A0)) by using the level (1, N ) representation of Uq,t,p(gl1,tor ).
In Sect. 6, several calculations of the instanton partition functions of the 5d and 6d
lifts of the 4d N = 2∗ SUSY gauge theories are given. The results indicate a new
AGT correspondence between those gauge theories and Wq,t (�(̂A0)). In Sect. 7, we
summarize calculations of basic correlation functions of our intertwining operators,
which should provide the N = 2∗ analogues of the instanton partition functions of
the 5d and 6d lifts of the 4d N = 2 pure SU (N ) theory and SU (N ) theory coupled
with 2N fundamental matters obtained, for example, in [4, 5]. Appendix A is a list of
formulas, which is used to discuss the Z -algebra structure in Sect. 1. Appendix B is a
direct check of the statement on the level (0, 1) representation. In Appendices C and
D, proofs of Theorem 4.2 and 4.7 are given. In Appendix F, some useful formulas of
the Nekrasov function are collected.

Partial results in Sects. 2, 3, 4, 5 have been presented by H.K. at several workshops
[54].

2 Elliptic quantum toroidal algebraUq,t,p(gl1,tor)

After reviewing the quantum toroidal algebra Uq,t (gl1,tor ), we introduce the elliptic
quantum toroidal algebra Uq,t,p(gl1,tor ). The Z -algebra structure, an elliptic analogue
of Miki’s automorphism and Hopf algebroid structure are also given.

2.1 The quantum toroidal algebra Uq,t(gl1,tor)

This section is a review of Miki’s results [62] in our notation.
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2.1.1 Definition

Definition 2.1 Let q, t be nonzero complex numbers such that q, t, q/t are not roots
of unity, and set

κm = (1 − qm)(1 − t−m)(1 − (t/q)m),

G±(z) = (1 − q±1z)(1 − t∓1z)(1 − (q/t)∓1z).

The quantum toroidal algebra Uq,t = Uq,t (gl1,tor ) is a C-algebra generated by

am, X±
n , γ ±1/2, (ψ±

0 )±1 (m ∈ Z\{0}, n ∈ Z).

By using the generating functions

X±(z) =
∑

n∈Z
X±
n z

−n,

φ(z) = ψ+
0 exp

{

∑

m>0

amγm/2z−m

}

,

ψ(z) = ψ−
0 exp

{

−
∑

m>0

a−mγm/2zm
}

,

the defining relations are

γ ±1/2 : central, (2.1)

[am, an] = −δm+n,0
κm

m
(γm − γ −m)γ −|m|, (2.2)

[am, X+(w)] = −κm

m
γ −|m|−m/2wmX+(w), (2.3)

[am, X−(w)] = κm

m
γ −m/2wmX−(w), (2.4)

[X+(z), X−(w)] = (1 − q)(1 − 1/t)

(1 − q/t)

(

δ(γ −1z/w)φ(w) − δ(γ z/w)ψ(γ −1w)
)

,

(2.5)

z3G±(w/z)X±(z)X±(w) = −w3G±(z/w)X±(w)X±(z), (2.6)

Symz1,z2,z3 z2z
−1
3 [X±(z1), [X±(z2), X

±(z3)]] = 0, (2.7)

where δ(z) =∑n∈Z zn .

Remark By rescaling the generators X±
m as

X
′+(z) = (1 − t/q)X+(z), X

′−(z) = (1 − q/t)X−(z),
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the relation (2.5) can be rewritten as

[X ′+(z), X
′−(w)] = κ1

(

δ(γ −1z/w)φ(w) − δ(γ z/w)ψ(γ −1w)
)

so that the whole relations of Uq,t are symmetric under any permutations among
q1 = q, q2 = t−1, q3 = t/q. Note also that (2.2)–(2.4) are equivalent to

φ(z)φ(w) = φ(w)φ(z), ψ(z)ψ(w) = ψ(w)ψ(z), (2.8)

G+(γ −1w/z)

G+(γw/z)
φ(z)ψ(w) = G+(γ z/w)

G+(γ −1z/w)
ψ(w)φ(z), (2.9)

z3G+(γ −1w/z)φ(z)X+(w) = −γ −3w3G+(γ z/w)−1X+(w)φ(z), (2.10)

z3G+(w/z)ψ(z)X+(w) = −w3G+(z/w)X+(w)ψ(z), (2.11)

z−3G+(w/z)−1φ(z)X−(w) = −w−3G+(z/w)−1X−(w)φ(z), (2.12)

z−3G+(γ −1w/z)−1ψ(z)X−(w) = −γ 3w−3G+(γ z/w)−1X−(w)ψ(z). (2.13)

2.1.2 Automorphism ofUq,t

Let us set ω = (1 − q)(1 − t−1) and define Y±
l ∈ Uq,t (l ∈ Z) by

Y+
l =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(ψ+
0 )l(ad X+

0 )l−1X+
−1/(−ω)l−1 (l > 0)

− γ 1/2

1 − t/q
a−1 (l = 0)

−(q/t)|l|γ (ad X−
0 )|l|−1X−

−1/(−ω)|l|−1 (l < 0)

Y−
l =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−(t/q)γ −1(ad X+
0 )l−1X+

1 /ωl−1 (l > 0)
γ 1/2

1 − q/t
a1 (l = 0)

(q/t)|l|−1(ψ+
0 )l(ad X−

0 )|l|−1X−
1 /ω|l|−1 (l < 0)

,

where (ad x)y = [x, y] for x, y ∈ Uq,t . In addition, for k ∈ Z\{0} we set

hk =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

[X+
−1,

k−2
︷ ︸︸ ︷

X+
0 , . . . , X+

0 , X+
1 ] (k ≥ 2)

X+
0 (k = 1)

−(q/t)X−
0 (k = −1)

−(q/t)|k|[X−
1 , X−

0 , . . . , X−
0

︸ ︷︷ ︸

|k|−2

, X−
−1] (k ≤ −2)

,

where for x1, x2, . . . , xn ∈ Uq,t

[xn, . . . , x1] = [xn, [xn−1, . . . , [x2, x1] · · · ]].
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In terms of hk , we define bk ∈ Uq,t (k ∈ Z\{0}) by the relations

exp

(

∑

k>0

bk(ψ
+
0 )k/2z−k

)

= 1 + κ1
∑

k≥1

hk
ωk

z−k,

exp

(

−
∑

k>0

b−k(ψ
+
0 )k/2zk

)

= 1 + κ1
∑

k≥1

h−k

ωk
zk,

where we set ω = (1 − q)(1 − t−1). Then, we have

Theorem 2.2 (Miki) The map

� : a1 → (1 − t/q)γ −1/2X+
0 , a−1 → −(1 − q/t)γ −1/2X−

0 ,

X+
0 → − γ 1/2

1 − t/q
a−1, X

−
0 → γ 1/2

1 − q/t
a1,

γ → ψ+
0 , ψ+

0 → γ −1

gives an automorphism of Uq,t satisfying �4 = 1. Moreover, � maps

ak → bk, X±
l → Y±

l , bk → a−k, Y±
l → X∓

−l

For readers’ convenience, we listed below the correspondence between our nota-
tions and those used in [62]. The symbols with M denote the ones in [62].

γM = q1/2, qM = (t/q)1/2, C±1
M = γ ±1, C±1

M = ψ±
0 ,

(qM − q−1
M )(γ k

M − γ −k
M )aMk = γ |k|/2ak , (qM − q−1

M )(γ k
M − γ −k

M )bMk = (ψ+
0 )|k|/2bk ,

hM
k =

(

t1/2

1 − q

)|k|
hk ,

XM+
l = t1/2

1 − q
X+
l , XM−

l = − t1/2q/t

1 − q
X−
l , Y M+

l = t1/2

1 − q
Y+
l , Y M−

l = − t1/2q/t

1 − q
Y−
l .

2.2 The elliptic quantum toroidal algebra Uq,t,p(gl1,tor)

Let p be an indeterminate and set

(z; p)n = (1 − z)(1 − zp) · · · (1 − zpn−1), (z; p)0 = 1,

for n ∈ N, z ∈ C. We define Uq,t,p(gl1,tor ) by generators and relations as follows.

Definition 2.3 The elliptic quantum toroidal algebra Uq,t,p = Uq,t,p(gl1,tor ) is a
C[[p]]-algebra generated by αm, x±

n , (m ∈ Z\{0}, n ∈ Z) and invertible elements
ψ±
0 , γ 1/2. The defining relations can be conveniently expressed in terms of the gen-

erating functions, which we call the elliptic currents,
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x±(z) =
∑

n∈Z
x±
n z−n,

ψ+(z) = ψ+
0 exp

(

−
∑

m>0

pm

1 − pm
α−m(γ −1/2z)m

)

exp

(

∑

m>0

1

1 − pm
αm(γ −1/2z)−m

)

,

ψ−(z) = ψ−
0 exp

(

−
∑

m>0

1

1 − pm
α−m(γ 1/2z)m

)

exp

(

∑

m>0

pm

1 − pm
αm(γ 1/2z)−m

)

.

The defining relations are

ψ±
0 , γ 1/2 : central, (2.14)

[αm, αn] = −κm

m
(γm − γ −m)γ −m 1 − pm

1 − p∗m δm+n,0, (2.15)

[αm, x+(z)] = −κm

m

1 − pm

1 − p∗m γ −3m/2zmx+(z) (m �= 0). (2.16)

[αm, x−(z)] = κm

m
γ −m/2zmx−(z) (m �= 0), (2.17)

[x+(z), x−(w)] = (1 − q)(1 − 1/t)

(1 − q/t)

(

δ(γ −1z/w)ψ+(w) − δ(γ z/w)ψ−(γ −1w)
)

,

(2.18)

z3G+(w/z)g(w/z; p∗)x+(z)x+(w) = −w3G+(z/w)g(z/w; p∗)x+(w)x+(z),
(2.19)

z3G−(w/z)g(w/z; p)−1x−(z)x−(w) = −w3G−(z/w)g(z/w; p)−1x−(w)x−(z),
(2.20)

g(w/z; p∗)g(u/w; p∗)g(u/z; p∗)
(

w

u
+ w

z
− z

w
− u

w

)

x+(z)x+(w)x+(u)

+ permutations in z, w, u = 0, (2.21)

g(w/z; p)−1g(u/w; p)−1g(u/z; p)−1
(

w

u
+ w

z
− z

w
− u

w

)

x−(z)x−(w)x−(u)

+ permutations in z, w, u = 0, (2.22)

where we set p∗ = pγ −2 and

g(z; s) = exp

(

∑

m>0

κm

m

sm

1 − sm
zm
)

∈ C[[z]] (2.23)

for s = p, p∗.

We treat these relations as formal Laurent series in z, w and u. All the coefficients in
z, w, u are well defined in the p-adic topology [24, 25, 51].
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It is sometimes convenient to set

α′
m = 1 − p∗m

1 − pm
γmαm (m ∈ Z�=0)

which satisfy

[α′
m, α′

n] = −κm

m
(γm − γ −m)γm 1 − p∗m

1 − pm
δm+n,0. (2.24)

Remark In the same way as Uq,t , by rescaling the generators x±
m as

x
′+(z) = (1 − t/q)x+(z), x

′−(z) = (1 − q/t)x−(z),

the relation (2.18) can be rewritten as

[x ′+(z), x
′−(w)] = κ1

(

δ(γ −1z/w)ψ+(w) − δ(γ z/w)ψ−(γ −1w)
)

so that the whole relations of Uq,t,p are symmetric under any permutations among
q1 = q, q2 = t−1, q3 = t/q.

Remark On Uq,t,p-modules, where the central element γ 1/2 takes a complex value,
we regard p, p∗ = pγ −2 as a generic complex number with |p| < 1, |p∗| < 1, and
have

g(z; p) = (pqz; p)∞
(pq−1z; p)∞

(pt−1z; p)∞
(ptz; p)∞

(p(t/q)z; p)∞
(p(t/q)−1z; p)∞ .

Here, we set

(z; p)∞ =
∞
∏

n=0

(1 − zpn) |z| < 1.

From this, one can rewrite (2.15)–(2.17), (2.19) and (2.20) in the sense of analytic
continuation as follows:

ψ±(z)ψ±(w) = gθ (w/z;p∗)
gθ (w/z;p) ψ±(w)ψ±(z),

ψ+(z)ψ−(w) = gθ (γ −1w/z;p∗)
gθ (γw/z;p) ψ−(w)ψ+(z),

ψ+(z)x+(w) = gθ (γ
−1w/z; p∗)x+(w)ψ+(z),

ψ−(z)x+(w) = gθ (w/z; p∗)x+(w)ψ−(z),

ψ+(z)x−(w) = gθ (z/w; p)x−(w)ψ+(z),

ψ−(z)x−(w) = gθ (γ z/w; p)x−(w)ψ−(z),

x+(z)x+(w) = gθ (w/z; p∗)x+(w)x+(z),

x−(z)x−(w) = gθ (z/w; p)x−(w)x−(z),
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where

gθ (z; p) = θp(q−1z)θp((q/t)z)θp(t z)

θp(qz)θp((q/t)−1z)θp(t−1z)
, (2.25)

θp(z) = (z; p)∞(p/z; p)∞, (2.26)

gθ (z; p∗) = gθ (z; p)
∣

∣

p →p∗ . (2.27)

Note that

gθ (z
−1; p) = gθ (z; p)−1, gθ (pz; p) = gθ (z; p).

2.3 The Z algebra structure

Wenext show that the Z algebra structure ofUq,t,p remains the same as the one ofUq,t ,
i.e., it is not elliptically deformed. This is a common feature in the elliptic algebras
Uq,p (̂g) [16].

In this subsection, we assume γ �= 1. Set

E±(α, z) = exp

{

±
∑

n>0

1

γ n − γ −n
α±n(γ

−1/2z)∓n

}

, (2.28)

E±(α′, z) = exp

{

∓
∑

n>0

1

γ n − γ −n
α′±n(γ

−1/2z)∓n

}

, (2.29)

and define Z±(z) by

Z+(z) = E−(α, z)x+(z)E+(α, z), (2.30)

Z−(z) = E−(α′, z)x−(z)E+(α′, z). (2.31)

Then, from (A.1)–(A.4) in Appendix A, we have

[αm,Z±(z)] = 0, (m ∈ Z�=0).

Furthermore, the relations in Definition 2.3 and Lemma A.1 lead to the following
theorem.
Theorem 2.4

z3G−(w/z)g(w/z; γ 2)−1Z±(z)Z±(w) = −w3G−(z/w)g(z/w; γ 2)−1Z±(w)Z±(z),

(2.32)

g(γw/z)g(γw/z; γ 2)Z+(z)Z−(w) − g(γ z/w)g(γ z/w; γ 2)Z−(w)Z+(z)

= (1 − q)(1 − 1/t)

1 − q/t

{

δ(γ −1z/w)ψ+
0 − δ(γ z/w)ψ−

0

}

, (2.33)

g(w/z)−1g(u/w)−1g(u/z)−1g(w/z; γ 2)−1 g(u/w; γ 2)−1 g(u/z; γ 2)−1
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×
(

w

u
+ w

z
− z

w
− u

w

)

Z+(z)Z+(w)Z+(u) + permutations in z, w, u = 0, (2.34)

g(w/z; γ 2)−1 g(u/w; γ 2)−1 g(u/z; γ 2)−1
(

w

u
+ w

z
− z

w
− u

w

)

Z−(z)Z−(w)Z−(u)

+ permutations in z, w, u = 0. (2.35)

Here, g(z; γ 2) is given in (2.23) with s = γ 2 and we also set

g(z) = exp

(

∑

m>0

κm

m
zm
)

∈ C[[z]]. (2.36)

We call the algebra generated by the coefficients of Z±(z) = ∑

∈n∈ZZ±
n z−n in z

satisfying the relations in Theorem 2.4 the Z algebra associated with Uq,t,p.

Remark.Noting that the whole relations in this theorem are independent of the elliptic
nome p, one finds that these relations coincides with those in Proposition 4.2 in [62]
under the identification

KM = γ, K−1
M = ψ0,

T±(z)M = ±Z±(z)/((1 − q±1)(1 − t∓1))

and the correspondence listed below Theorem 2.2.
Hence, the elliptic quantum toroidal algebra Uq,t,p possesses the same deformed

Virasoro and W3 algebra structures through the same Z algebra structure as Uq,t

discussed in Theorem 4.1 and Remark 4.7 of [62].

2.4 Algebra homomorphism from Uq,t,p(gl1,tor) to Uq,t(gl1,tor)

In [40], an homomorphism from the elliptic quantum algebraUq,p (̂g) to the quantum
affine algebra Uq (̂g) with ĝ being an untwisted affine Lie algebra was given. This
allows us to extend any representations of Uq (̂g) with generic q to those of Uq,p (̂g)
with generic p, q. Such homomorphism can be generalized to the cases with ĝ being
any twisted affine Lie algebras, for example see [46], as well as any toroidal Lie
algebras gtor [23, 54]. They include the cases with ĝ being (affine or toroidal) Lie
super algebras. See for example [44].

Proposition 2.5 Let us define u±(z, p) by

u+(γ −1/2z, p) = exp

(

−
∑

m>0

p∗m

1 − p∗m a−mz
m

)

,

u−(γ 1/2z, p) = exp

(

∑

m>0

pm

1 − pm
amz

−m

)

,
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where p∗ = pγ −2 as above. Then, the following gives a homomorphism from Uq,t,p

to Uq,t ⊗ C[[p]].

x+(z) → u+(z, p)X+(z), (2.37)

x−(z) → X−(z)u−(z, p), (2.38)

ψ+(z) → u+(γ z, p)φ(z)u−(z, p), (2.39)

ψ−(z) → u+(z, p)ψ(z)u−(γ z, p). (2.40)

In particular,(2.39) (or (2.40)) is equivalent to

αm → am, α−m → 1 − pm

1 − p∗m a−m (m > 0).

The statement is proved by using the following lemma.

Lemma 2.6

[an, u+(z, p)] = κn

n

γ n − γ −n

1 − p∗n (p∗γ −1/2z)nu+(z, p) (n > 0), (2.41)

[a−n, u
−(z, p)] = κn

n

γ n − γ −n

1 − pn
(p−1γ 1/2z)−nu−(z, p) (n > 0), (2.42)

u+(z, p)X+(w) = g(z/w; p∗)X+(w)u+(z, p), (2.43)

u+(z, p)X−(w) = g(γ z/w; p∗)−1X−(w)u+(z, p), (2.44)

u−(z, p)X+(w) = g(γ −1w/z; p)−1X+(w)u−(z, p), (2.45)

u−(z, p)X−(w) = g(w/z; p)X−(w)u−(z, p), (2.46)

φ(z)u+(w, p) = g(γw/z; p∗)g(γ −1w/z; p∗)−1u+(w, p)φ(z), (2.47)

u−(z, p)ψ(w) = g(γw/z; p)g(γ −1w/z; p)−1ψ(w)u−(z, p), (2.48)

φ(z)u−(w, p) = u−(w, p)φ(z), (2.49)

u+(z, p)ψ(w) = ψ(w)u+(z, p), (2.50)

u+(z, p)u−(w, p) = g(p∗γ z/w; p∗)g(pγ −1z/w; p)−1u−(w, p)u+(z, p). (2.51)

Here, g(z; s), s = p, p∗ is given in (2.23).

It is obvious that the homomorphism in Proposition 2.5 is invertible. Hence, one
has the following isomorphism.

Theorem 2.7 For generic q, t, p,

Uq,t,p ∼= Uq,t ⊗ C[[p]]

as a topological algebra.
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2.5 Elliptic analogue of Miki’s automorphism

By using a set of new generators bm,Y±
l of Uq,t (gl1,tor ) defined in Sect. 2.1.2, let us

consider their generating functions.

Y±(z) =
∑

l∈Z
Y±
l z−l ,

φb(z) = γ −1 exp

{

∑

m>0

bm(ψ+
0 )m/2z−m

}

,

ψb(z) = γ exp

{

−
∑

m>0

b−m(ψ+
0 )m/2zm

}

.

Applying the homomorphism in Sect. 2.4, one obtains a new elliptic quantum toroidal
algebra Ub

q,t,p(gl1,tor ) generated by βm, y±
l , ψ+

0 , γ −1, defined by

y±(z) =
∑

l∈Z
y±
l z−l ,

ψ+
b ((ψ+

0 )1/2z) = γ −1 exp

(

−
∑

m>0

pm

1 − pm
β−mz

m

)

exp

(

∑

m>0

1

1 − pm
βmz

−m

)

,

where

y+(z) := u+
b (z, p)Y+(z), (2.52)

y−(z) := Y−(z)u−
b (z, p), (2.53)

ψ+
b (z) := u+

b (ψ+
0 z, p)φb(z)u

−
b (z, p), (2.54)

ψ−
b (z) := u+

b (z, p)ψb(z)u
−
b (ψ+

0 z, p) (2.55)

with

u+
b ((ψ+

0 )−1/2z, p) := exp

(

−
∑

m>0

p∗m
b

1 − p∗m
b

b−mz
m

)

,

u−
b ((ψ+

0 )1/2z, p) := exp

(

∑

m>0

pm

1 − pm
bmz

−m

)

,

and p∗
b = p(ψ+

0 )−2.
Then, we obtain the following isomorphism.

Corollary 2.8

Uq,t,p(gl1,tor )
∼= Ub

q,t,p(gl1,tor ),
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by
αm → βm, x±

l → y±
l , γ → ψ+

0 , ψ+
0 → γ −1.

Proof The statement follows from Theorems 2.2 and 2.7. ��

2.6 Hopf algebroid structure

In this section, we introduce a Hopf algebroid structure into Uq,t,p. This structure was
introduced by Etingof and Varchenko [14, 15] and developed in [43, 49].

For F(z, p) ∈ C[[z, z−1]][[p]], let ˜⊗ denote the usual tensor product with the
following extra condition

F(z, p∗)a˜⊗b = a˜⊗F(z, p)b (2.56)

Here, F(z, p∗) denotes the same F with replacing p by p∗ = pγ −2.
Define two moment maps μl , μr : C[[z, z−1]][[p]] → Uq,t,p[[z, z−1]] by

μl(F(z, p)) = F(z, p), μr (F(z, p)) = F(z, p∗).

Let γ(1) = γ˜⊗1, γ(2) = 1˜⊗γ and p∗
(i) = pγ −2

(i) (i = 1, 2). Let us define two algebra
homomorphisms � : Uq,t,p → Uq,t,p˜⊗Uq,t,p and ε : Uq,t,p → C by

�(γ ±1/2) = γ ±1/2
˜⊗γ ±1/2, (2.57)

�(ψ±(z)) = ψ±(γ
∓1/2
(2) z)˜⊗ψ±(γ

±1/2
(1) z), (2.58)

�(x+(z)) = 1˜⊗x+(γ
−1/2
(1) z) + x+(γ

1/2
(2) z)˜⊗ψ−(γ

−1/2
(1) z), (2.59)

�(x−(z)) = x−(γ
−1/2
(2) z)˜⊗1 + ψ+(γ

−1/2
(2) z)˜⊗x−(γ

1/2
(1) z), (2.60)

�(μl(F(z, p))) = μl(F(z, p))˜⊗1, �(μr (F(z, p))) = 1˜⊗μr (F(z, p)),

(2.61)

ε(γ 1/2) = ε(ψ+
0 ) = 1, ε(ψ±(z)) = 1, ε(x±(z)) = 0, (2.62)

ε(μl(F(z, p))) = ε(μr (F(z, p))) = F(z, p). (2.63)

Note that � is the so-called Drinfeld comultiplication. Then, we have

Proposition 2.9 The maps ε and � satisfy

(�˜⊗id) ◦ � = (id˜⊗�) ◦ �, (2.64)

(ε˜⊗id) ◦ � = id = (id˜⊗ε) ◦ �. (2.65)

We also define an algebra anti-homomorphism S : Uq,t,p → Uq,t,p by

S(γ 1/2) = γ −1/2,

S(ψ±(z)) = ψ±(z)−1,

S(x+(z)) = −x+(z)ψ−(z)−1,
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S(x−(z)) = −ψ+(z)x−(z),

S(μl(F(z, p))) = μr (F(z, p)), S(μr (F(z, p))) = μl(F(z, p)).

Then, one can check the following.

Proposition 2.10

m ◦ (id˜⊗S) ◦ �(a) = μl(ε(a)1) ∀a ∈ Uq,t,p,

m ◦ (S˜⊗id) ◦ �(a) = μr (ε(a)1).

These Propositions indicate that (Uq,t,p,�, ε, μl , μr , S) is a Hopf algebroid [14, 15,
43, 48, 49].

Remark For representations on which γ 1/2 = 1 hence p = p∗, the following gives
an opposite Drinfeld comultiplication.

�op(ψ±(z)) = ψ±(z)˜⊗ψ±(z), (2.66)

�op(x+(z)) = x+(z)˜⊗1 + ψ−(z)˜⊗x+(z), (2.67)

�op(x−(z)) = 1˜⊗x−(z) + x−(z)˜⊗ψ+(z). (2.68)

3 Representations of Uq,t,p(gl1,tor)

Let V be a Uq,t,p module. For (k, l) ∈ C
2, we say that V has level (k, l), if the central

elements γ 1/2 and ψ+
0 act as

γ 1/2v = (t/q)k/4v, ψ+
0 v = (t/q)−l/2v ∀v ∈ V.

In the rest of this paper, we regard p, p∗ = pγ −2 as a generic complex number
with |p| < 1, |p∗| < 1.

More generally, for p1, . . . pr ∈ C with |pi | < 1 (1 ≤ i ≤ r , r = 1, 2, . . .), we
set

(z; p1, . . . , pr )∞ =
∞
∏

n1,...,nr=0

(1 − zpn11 · · · pnrr ).

We use the following multiple elliptic Gamma functions defined by [66, 73]

�r (z; p1, . . . , pr ) = (z; p1, . . . , pr )(−1)r−1

∞ (p1 · · · pr/z; p1, . . . , pr )∞.

Note
�1(z; p1) = θp1(z),

�2(z; p1, p2) ≡ �(z; p1, p2) = (p1 p2/z; p1, p2)∞
(z; p1, p2)∞
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are Jacobi’s odd theta function and the elliptic Gamma function [76], respectively. We
have

Proposition 3.1

�r (p j z; p1, . . . , pr ) = �r−1(z; p1, . . . , p̌ j , . . . , pr )�r (x; p1, . . . , pr )

for r ≥ 2, where p̌ j means the excluding of p j .

3.1 Level (1,N) representation of Uq,t,p(gl1,tor)

For u ∈ C
∗, let F (1,N )

u = C[α−m (m > 0)]1(N )
u be a Fock space on which the

Heisenberg algebra {αm (m ∈ Z�=0)} and the central elements γ 1/2, ψ+
0 act as

γ 1/2 · 1(N )
u = (t/q)1/41(N )

u , ψ+
0 · 1(N )

u = (t/q)−N/21(N )
u , α−m · 1(N )

u = 0,

α−m · ξ = α−mξ,

αm · ξ = −κm

m
(1 − (q/t)m)

1 − pm

1 − p∗m
∂

∂α−m
ξ

for m > 0, ξ ∈ F (1,N )
u . Note that p∗ = pq/t on F (1,N )

u .

Theorem 3.2 The following assignment gives a level (1, N ) representation of Uq,t,p

on F (1,N )
u .

x+(z) = uz−N (t/q)3N/4 exp

{

−
∑

n>0

(t/q)n/4

1 − (t/q)n
α−nz

n

}

exp

{

∑

n>0

(t/q)3n/4

1 − (t/q)n
αnz

−n

}

,

(3.1)

x−(z) = u−1zN (t/q)−3N/4 exp

{

∑

n>0

(t/q)n/4

1 − (t/q)n
α′−nz

n

}

exp

{

−
∑

n>0

(t/q)3n/4

1 − (t/q)n
α′
nz

−n

}

,

(3.2)

ψ+(z) = (t/q)−N/2 exp

{

−
∑

n>0

pn(t/q)−n/4

1 − pn
α−nz

n

}

exp

{

∑

n>0

(t/q)n/4

1 − pn
αnz

−n

}

, (3.3)

ψ−(z) = (t/q)N/2 exp

{

−
∑

n>0

(t/q)n/4

1 − pn
α−nz

n

}

exp

{

∑

n>0

pn(t/q)−n/4

1 − pn
αnz

−n

}

. (3.4)

Proof Let us set x±(z) = u±z∓N (t/q)±3N/4 x̃±(z), ψ±(z) = (t/q)∓N/2
˜ψ±(z). The

statement follows from the operator product expansion (OPE) formulas listed below.

˜ψ+(z)x+((t/q)1/2w) = f (w/z; p∗) : ˜ψ+(z)x+((t/q)1/2w) : |w/z| < 1,

x+((t/q)1/2w)˜ψ+(z) = f (p∗z/w; p∗) : ˜ψ+(z)x+((t/q)1/2w) : |z/w| < 1,
˜ψ−(z)x+((t/q)1/2w) = f (p∗(t/q)1/2w/z; p∗) : ˜ψ−(z)x+((t/q)1/2w) : |w/z| < 1,

x+((t/q)1/2w)˜ψ−(z) = f ((t/q)−1/2z/w; p∗) : ˜ψ−(z)x+((t/q)1/2w) : |z/w| < 1,
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˜ψ−(z)x−(w) = f (p(t/q)−1/2w/z; p)−1 : ˜ψ−(z)x−(w) : |w/z| < 1,

x−(w)˜ψ−(z) = f ((t/q)1/2z/w; p)−1 : ˜ψ−(z)x−((t/q)1/2w) : |z/w| < 1,

x+(z)x−(w) = (w/z)N
(1 − qγw/z)(1 − γw/t z)

(1 − γw/z)(1 − qγw/t z)
: x̃+(z)̃x−(w) : |w/z| < 1,

x−(w)x+(z) = (w/z)N
(1 − γ −1z/qw)(1 − tγ −1z/w)

(1 − γ −1z/w)(1 − tγ −1z/qw)
: x̃+(z)̃x−(w) : |z/w| < 1,

and the formulas

: x̃+(γ z)̃x−(w) := ˜ψ+(z), (3.5)

: x̃+(γ −1z)̃x−(w) := ˜ψ−(γ −1z). (3.6)

Here, f (z; s) is given by

f (z; s) = (q−1z; s)∞(t z; s)∞(qt−1z; s)∞
(qz; s)∞(t−1z; s)∞(tq−1z; s)∞

for s = p, p∗. ��
A similar representation is given in Lemma A.16 in [23].

3.2 Vector representation and the q-Fock space representation

We next consider the elliptic analogue of a representation given in [17, 18, 22], i.e.,
the q-Fock space representation of Uq,t,p.

For u ∈ C
∗, let V (u) be a vector space spanned by [u] j ( j ∈ Z).

Proposition 3.3 By the following action, V (u) is a level-(0, 0) Uq,t,p-module. We call
V (u) the vector representation.

x+(z)[u] j = a+(p)δ(q ju/z)[u] j+1,

x−(z)[u] j = a−(p)δ(q j−1u/z)[u] j−1,

ψ±(z)[u] j = θp(q j t−1u/z)θp(q j−1tu/z)

θp(q ju/z)θp(q j−1u/z)

∣

∣

∣

∣

±
[u] j ,

ψ±
0 [u] j = [u] j ,

where we set

a+(p) = (1 − t)
(pt/q; p)∞(p/t; p)∞
(p; p)∞(p/q; p)∞ , (3.7)

a−(p) = (1 − t−1)
(pq/t; p)∞(pt; p)∞
(p; p)∞(pq; p)∞ . (3.8)

Proof Use a formula in Lemma 3.11. ��
Let Fu be a vector space spanned by |λ〉u (λ ∈ P+), where
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P+ = {λ = (λ1, λ2, . . .) | λi ≥ λi+1, λi ∈ Z, λl = 0 for sufficiently large l }.
(3.9)

We denote by �(λ) the length of λ ∈ P+, i.e., λ�(λ) > 0 and λ�(λ)+1 = 0. We also set
|λ| =∑i≥1 λi and denote by λ′ the conjugate of λ.

Theorem 3.4 The following action gives a level (0,1) representation of Uq,t,p on Fu.

We denote this by F (0,1)
u .

γ 1/2|λ〉u = |λ〉u, (3.10)

x+(z)|λ〉u = a+(p)
�(λ)+1
∑

i=1

A+
λ,i (p)δ(ui/z)|λ + 1i 〉u, (3.11)

x−(z)|λ〉u = (q/t)1/2a−(p)
�(λ)
∑

i=1

A−
λ,i (p)δ(q

−1ui/z)|λ − 1i 〉u, (3.12)

ψ+(z)|λ〉u = (q/t)1/2B+
λ (u/z; p)|λ〉u, (3.13)

ψ−(z)|λ〉u = (q/t)−1/2B−
λ (z/u; p)|λ〉u, (3.14)

where we set

A+
λ,i (p) =

i−1
∏

j=1

θp(tui/u j )θp(qt−1ui/u j )

θp(qui/u j )θp(ui/u j )
, (3.15)

A−
λ,i (p) =

�(λ)
∏

j=i+1

θp(qt−1u j/ui )

θp(u j/ui )

�(λ)+1
∏

j=i+1

θp(tu j/ui )

θp(qu j/ui )
, (3.16)

B+
λ (u/z; p) =

�(λ)
∏

i=1

θp(ui/t z)

θp(ui/qz)

�(λ)+1
∏

i=1

θp(tui/qz)

θp(ui/z)
, (3.17)

B−
λ (z/u; p) =

�(λ)
∏

i=1

θp(t z/ui )

θp(qz/ui )

�(λ)+1
∏

i=1

θp(qz/tui )

θp(z/ui )
. (3.18)

A direct proof showing these actions satisfy the defining relation of Uq,t,p is given in
Appendix B. In Appendix C, we also give an inductive derivation of Theorem 3.4.

Remark 1 In the trigonometric case obtained by taking p → 0, the level (0,1) rep-
resentation in Theorem 3.4 is identified with the geometric representation of Uq,t on
⊕

N KT (HilbN (C2)), the direct sum of the T = C
× × C

× equivariant K -theory of
the Hilbert scheme of N points on C

2 [17, 18, 22]. There the basis {|λ〉u} in Fu is
identified with the fixed point basis {[λ]} in KT (HilbN (C2)). We conjecture [54] that
the same is true in the elliptic case. Namely, if one could properly formulate a geo-
metric action of Uq,t,p on the direct sum of the equivariant elliptic cohomology of
the Hilbert scheme

⊕

N ET (HilbN (C2)), it should be identified with the level (0,1)
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representation in Theorem 3.4 by identifying |λ〉u with the fixed point class [λ] in
⊕

N ET (HilbN (C2)), where the latter bases can be realized in terms of the elliptic
stable envelopes [2] on ET (HilbN (C2)) constructed in [84] by

[λ] =
∑

μ∈P+
Stab−1

C (μ)|λStabC(μ)

in the similar way as the case of the equivariant elliptic cohomology of the partial flag
variety [53]. See also [82, 83].

Remark 2 Again from the trigonometric limit of (C.4), one finds the eigenvalue of
α1(= a1) on |λ〉(N )

u is given by

−(1 − t/q)(1 − t)t−N
N
∑

j=1

qλ j t N− j .

Under the automorphism in Theorem 2.2, a1 is identified with (1 − t/q)X+
0 . Hence,

we obtain the eigenvalue of X+
0 as −(1 − t)t−N ∑N

j=1 q
λ j t N− j . Then, under the

identification of qN |λ||λ〉(N )
u with the specialization of the Macdonald symmetric

polynomial Pλ(tρqλ), where the variables x = (x1, . . . , xN ) are specialized by
tρqλ = (t N−1qλ1 , t N−2qλ2 , . . . , qλN ). This is consistent with the identification that
the trigonometric limit of (C.2) is the Pieri formula [60]:

e1(x)Pλ(x) =
N
∑

i=1

ψλ+1i /λPλ+1i (x)

where e1(x) =∑N
j=1 x j and

ψλ+1i /λ =
i−1
∏

j=1

(1 − tui/u j )(1 − qui/tu j )

(1 − ui/u j )(1 − qui/u j )
.

See also [17, 18] for such identification and its extension to the case N → ∞ in [22].
Hence, it is natural to expect that the action of the elliptic generator x+

0 = ∮0 dz
2π i z x

+(z)

on |λ〉(N )
u in (C.2) gives an elliptic analogue of the Pieri formula [54] and the eigenvalue

of x+
0 should be given in terms of an elliptic analogue of e1(tρqλ), which is unknown

yet, times t−Na+(p).

These two remarks suggest that x+
0 behaves as the elliptic Ruijsenaars difference

operator on W (N )(u) and the bases vector |λ〉(N )
u as an elliptic analogue of the Mac-

donald symmetric polynomials with the eigenvalue given by an elliptic analogue of
e1(tρqλ), which should satisfy the elliptic analogue of the Pieri formula (C.2). See
also [58, 64], where the fixed point classes in the equivariant homology groups of
Hilbert schemes of points on C

2 are identified with the Jack symmetric functions. In
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Sect. 3.3, we give more explicit relation of x+
0 to the elliptic Ruijsenaars difference

operator.

3.2.1 Some elliptic formulas

Let us consider the combinatorial factors cλ, c′
λ appearing in the inner product of the

Macdonald symmetric functions as

〈Pλ, Pλ〉q,t = c′
λ

cλ

, (3.19)

cλ =
∏

�∈λ

(1 − qa(�)t�(�)+1) =
∏

1≤i≤ j≤�(λ)

(qλi−λ j t j−i+1; q)∞
(qλi−λ j+1 t j−i+1; q)∞

,

c′
λ =

∏

�∈λ

(1 − qa(�)+1t�(�)) =
∏

1≤i≤ j≤�(λ)

(qλi−λ j+1t j−i ; q)∞
(qλi−λ j+1+1t j−i ; q)∞

. (3.20)

Here, a(�) ≡ aλ(�) = λi − j, �(�) ≡ �λ(�) = λ′
j − i for � = (i, j) ∈ λ. The

second expressions for cλ, c′
λ follow from the formula due to Macdonald [60]

(1 − q)
∑

(i, j)∈λ

qλi− j tλ
′
j−i+1 = t

∑

1≤i≤�(λ)

qλi−λ j t j−i −
∑

1≤i<�(λ)+1

qλi−λ j t j−i .

(3.21)

We introduce elliptic analogues of cλ, c′
λ as follows.

cλ(p) =
∏

�∈λ

θp(q
a(�)t�(�)+1) =

∏

1≤i≤ j≤�(λ)

�(qλi−λ j+1 t j−i+1; q, p)

�(qλi−λ j t j−i+1; q, p)
, (3.22)

c′
λ(p) =

∏

�∈λ

θp(q
a(�)+1t�(�)) =

∏

1≤i≤ j≤�(λ)

�(qλi−λ j+1+1t j−i ; q, p)

�(qλi−λ j+1t j−i ; q, p)
. (3.23)

One can verify the following.

Proposition 3.5

cλ+1k (p)

cλ(p)
=

k−1
∏

i=1

θp(tq−1ui/uk)

θp(q−1ui/uk)

∏�(λ)+1
i=k+1 θp(uk/ui )

∏�(λ)
i=k+1 θp(tuk/ui )

, (3.24)

c′
λ+1k

(p)

c′
λ(p)

=
k−1
∏

i=1

θp(ui/uk)

θp(t−1ui/uk)

∏�(λ)+1
i=k+1 θp(qt−1uk/ui )
∏�(λ)

i=k+1 θp(quk/ui )
. (3.25)

The following formulas are useful in Sect. 4.
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Proposition 3.6 Let us consider

A+′
λ,i (p) =

�(λ)
∏

j=i+1

θp(tui/u j )

θp(qui/u j )

�(λ)+1
∏

j=i+1

θp(qui/tu j )

θp(ui/u j )
, (3.26)

A−′
λ,i (p) =

i−1
∏

j=1

θp(tu j/ui )θp(qu j/tui )

θp(qu j/ui )θp(u j/ui )
. (3.27)

We have

A+′
λ,i (p) = cλ(p)c′

λ+1i
(p)

c′
λ(p)cλ+1i (p)

A+
λ,i (p) (3.28)

A−′
λ,i (p) = cλ(p)c′

λ−1i
(p)

c′
λ(p)cλ−1i (p)

A−
λ,i (p). (3.29)

By a direct calculation, one can also verify the following formulas.

Proposition 3.7

A+′
λ,i (p) = (q/t)A−

λ+1i ,i
(p), (3.30)

A−′
λ,i (p) = (t/q)A+

λ−1i ,i
(p). (3.31)

Hence, we have

Proposition 3.8

cλ(p)

cλ+1i (p)

c′
λ+1i

(p)

c′
λ(p)

A+
λ,i (p) = (q/t)A−

λ+1i ,i
(p), (3.32)

cλ(p)

cλ−1i (p)

c′
λ−1i

(p)

c′
λ(p)

A−
λ,i (p) = (t/q)A+

λ−1i ,i
(p). (3.33)

We also need to introduce Nλ(p) and N ′
λ(p) by

Nλ(p)

Nλ+1i (p)
=

i−1
∏

j=1

(pu j/tui ; p)∞(ptu j/qui ; p)∞
(pu j/qui ; p)∞(pu j/ui ; p)∞

×
�(λ)
∏

j=i+1

(pqui/u j ; p)∞
(ptui/u j ; p)∞

�(λ)+1
∏

j=i+1

(pui/u j ; p)∞
(pqui/tu j ; p)∞ , (3.34)

N ′
λ(p)

N ′
λ+1i

(p)
=

i−1
∏

j=1

(pui/u j ; p)∞(pqui/u j ; p)∞
(pqui/tu j ; p)∞(ptui/u j ; p)∞
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×
�(λ)
∏

j=i+1

(pu j/tui ; p)∞
(pu j/qui ; p)∞

�(λ)+1
∏

j=i+1

(ptu j/qui ; p)∞
(pu j/ui ; p)∞ . (3.35)

One can derive the following expressions.

Nλ(p) =
∏

1≤i≤ j≤�(λ)

(pqui/u j ; q, p)∞
(ptui/u j ; q, p)∞

∏

1≤i< j≤�(λ)+1

(pui/u j ; q, p)∞
(pqui/tu j ; q, p)∞

=
∏

�∈λ

(pqa(�)+1t�(�); p)∞
(pqa(�)t�(�)+1; p)∞ , (3.36)

N ′
λ(p) =

∏

1≤i≤ j≤�(λ)

(pu j/ui ; q, p)∞
(pqu j/tui ; q, p)∞

∏

1≤i< j≤�(λ)+1

(pqu j/ui ; q, p)∞
(ptu j/ui ; q, p)∞

=
∏

�∈λ

(pq−a(�)t−�(�)−1; p)∞
(pq−a(�)−1t−�(�); p)∞ . (3.37)

Then, one finds the following property.

Proposition 3.9

c′
λ

cλ

Nλ(p)

N ′
λ(p)

= c′
λ(p)

cλ(p)
. (3.38)

3.3 Level (0,0) representation and elliptic Ruijsenaars operators

The two remarks after Proposition 3.9 suggest a connection of the level (0,1) or (0,0)
representations of Uq,t,p to a possible elliptic analogue of the Macdonald symmetric
functions, which are expected to be eigenfunctions of the elliptic Ruijsenaars differ-
ence operator. In this subsection, we show a direct relation between the level (0,0)
representation and the elliptic Ruijsenaars difference operator

D =
N
∑

i=1

∏

j �=i

θp(t xi/x j )

θp(xi/x j )
Tq,xi ,

which acts on C[[x±1
1 , . . . , x±1

N ]]. Here, Tq,xi denotes the shift operator

Tq,xi f (x1, . . . , xi , . . . xn) = f (x1, . . . , qxi , . . . xn).

The following theorem is an elliptic analogue of Proposition 3.3 in [62].
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Theorem 3.10 The following assignment gives a level (0, 0) representation of Uq,t,p

on C[[x±1
1 , . . . , x±1

N ]].

x+(z) = a+(p)
N
∑

i=1

∏

j �=i

θp(t xi/x j )

θp(xi/x j )
δ(xi/z)Tq,xi , (3.39)

x−(z) = −a−(p)
N
∑

i=1

∏

j �=i

θp(t−1xi/x j )

θp(xi/x j )
δ(q−1xi/z)T

−1
q,xi , (3.40)

αm = (1 − t−m)(1 − (q/t)−m)

m

N
∑

j=1

xmj (m ∈ Z\{0}), (3.41)

or

ψ+(z) =
N
∏

j=1

θp(t−1x j/z)θp(q−1t x j/z)

θp(x j/z)θp(q−1x j/z)
, (3.42)

ψ−(z) =
N
∏

j=1

θp(t z/x j )θp(qt−1z/x j )

θp(z/x j )θp(qz/x j )
. (3.43)

In particular, the zero-mode x+
0 = ∮

|z|=0
dz
2π i z x

+(z) acts as the elliptic Ruijsenaars
difference operator

x+
0 = a+(p)

N
∑

i=1

∏

j �=i

θp(t xi/x j )

θp(xi/x j )
Tq,xi

Proof Let us check the relation (2.18).

[x+(z), x−(w)] = −a+(p)a−(p)δ(z/w)

N
∑

i=1

⎛

⎝

∏

j �=i

θp(t xi/x j )

θp(xi/x j )

∏

k �=i

θp(qxi/t xk)

θp(qxi/xk)
δ(xi/z)

−
∏

j �=i

θp(t xi/qx j )

θp(xi/qx j )

∏

k �=i

θp(xi/t xk)

θp(xi/xk)
δ(q−1xi/z)

⎞

⎠ .

Then, the relation (2.18) holds by the following lemma.
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Lemma 3.11

N
∏

j=1

θp(qz/t x j )θp(t z/x j )

θp(z/x j )θp(qz/x j )

∣

∣

∣

∣

+
−

N
∏

j=1

θp(qz/t x j )θp(t z/x j )

θp(z/x j )θp(qz/x j )

∣

∣

∣

∣

−

= − θp(q/t)θp(t)

(p; p)2∞θp(q)

N
∑

i=1

⎛

⎝

∏

j �=i

θp(t xi/x j )

θp(qxi/x j )

∏

k �=i

θp(qxi/t xk)

θp(xi/xk)
δ(xi/z)

−
∏

j �=i

θp(t xi/qx j )

θp(xi/qx j )

∏

k �=i

θp(xi/t xk)

θp(xi/qxk)
δ(q−1xi/z)

⎞

⎠ .

Proof Note the partial fraction expansion formula, see for example [75],

θp(s/bm+1)

m
∏

j=1

θp(s/b j )

θp(s/a j )
= −

m
∑

k=1

1

θp(ak/s)

∏m+1
j=1 θp(ak/b j )

∏m
j=1
�=k

θp(ak/a j )
(3.44)

with the balancing condition b1 · · · bm+1 = a1 · · · ams. Let us consider the case m =
2N and take

s = z, a j = x j , aN+ j = q−1x j , b j = (t/q)x j , bN+ j = β−1x j

( j = 1, . . . , N ), b2N+1 = (β/t)N z,

for some constant β. Then, one has

N
∏

j=1

θp(qz/t x j )

θp(z/x j )

N
∏

j=1

θp(βz/x j )

θp(qz/x j )

= −
N
∑

i=1

θp((t/β)N xi/z)θp(q/t)

θp((t/β)N )θp(xi/z)

N
∏

j=1
�=i

θp(qxi/t x j )

θp(xi/x j )

N
∏

k=1�=i

θp(βxi/xk)

θp(qxi/xk)
× θp(β)

θp(q)

−
N
∑

i=1

θp((t/β)N xi/qz)θp(β/q)

θp((t/β)N )θp(xi/qz)

θp(t−1)

θp(q−1)

N
∏

j=1
�=i

θp(xi/t x j )

θp(xi/qx j )

N
∏

k=1�=i

θp(βxi/qxk)

θp(xi/xk)
.

Hence, we obtain

N
∏

j=1

θp(qz/t x j )

θp(z/x j )

N
∏

j=1

θp(βz/x j )

θp(qz/x j )

∣

∣

∣

∣

+
−

N
∏

j=1

θp(qz/t x j )

θp(z/x j )

N
∏

j=1

θp(βz/x j )

θp(qz/x j )

∣

∣

∣

∣

−

= − θp(β)θp(q/t)

(p; p)2∞θp(q)

N
∑

i=1

δ(xi/z)
N
∏

j=1
�=i

θp(qxi/t x j )

θp(xi/x j )

N
∏

k=1�=i

θp(βxi/xk)

θp(qxi/xk)
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− θp(t−1)θp(β/q)

(p; p)2∞θp(q−1)

N
∑

i=1

δ(q−1xi/z)
N
∏

j=1
�=i

θp(xi/t x j )

θp(xi/qx j )

N
∏

k=1�=i

θp(βxi/qxk)

θp(xi/xk)

Then, taking the limit β → t , one obtains the desired formula. ��

4 The vertex operators

We construct the two vertex operators �(u) and �∗(u) of Uq,t,p called the type I
and the type II dual vertex operators [38] as intertwining operators of Uq,t,p-modules.
These two vertex operators are the elliptic analogues of those constructed in [5],
whose matrix elements reproduce the refined topological vertex in [4, 36, 85]. We
also construct a shifted inverse of them denoted by �∗(u) and �(u), respectively.
These vertex operators turn out to be useful to realize the affine quiver W algebra and
instanton calculus in the affine quiver gauge theories. See Sects. 5 and 6.

4.1 The type I vertex operator

The type I vertex operator is the intertwining operator

�(u) : F (1,N+1)
−uv → F (0,1)

u ˜⊗F (1,N )
v

w.r.t. the comultiplication � satisfying

�(x)�(u) = �(u)x (∀x ∈ Uq,t,p). (4.1)

We define the components of �(u) by

�(u)|ξ 〉 =
∑

λ∈P+
|λ〉′u˜⊗�λ(u)|ξ 〉 ∀|ξ 〉 ∈ F (1,N+1)

−uv , (4.2)

where we set

|λ〉′u = cλ(p)

c′
λ(p)

|λ〉u . (4.3)

Lemma 4.1 The intertwining relation (4.1) reads

�λ(u)ψ+((t/q)1/4z) = (q/t)1/2B+
λ (u/z; p)ψ+((t/q)1/4z)�λ(u), (4.4)

�λ(u)ψ−((t/q)−1/4z) = (q/t)−1/2B−
λ (z/u; p)ψ−((t/q)−1/4z)�λ(u), (4.5)

�λ(u)x+((t/q)−1/4z) = x+((t/q)−1/4z)�λ(u) + q f (1; p)−1ψ−((t/q)−1/4z)

×
�(λ)+1
∑

i=1

a−(p)A−
λ,i (p)δ(q

−1ui/z)�λ−1i (u), (4.6)
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�λ(u)x−((t/q)1/4z) = (q/t)1/2B+
λ (u/z; p)x−((t/q)1/4z)�λ(u) + q−1 f (1; p)

×(q/t)1/2
�(λ)
∑

i=1

a+(p)A+
λ,i (p)δ(ui/z)�λ+1i (u). (4.7)

Proof For example, let us consider

�(x+(z))�(u)|ξ 〉 = �(u)x+(z)|ξ 〉 ∀|ξ 〉 ∈ F (1,N+1)
−uv .

RHS =
∑

λ

|λ〉′u˜⊗�λ(u)x+(z)|ξ〉,

LHS =
∑

λ

|λ〉′u˜⊗x+(z)�λ(u)|ξ〉 +
∑

λ

x+((t/q)1/4z)|λ〉′u˜⊗ψ−(z)˜�λ(u)|ξ〉

=
∑

λ

|λ〉′u˜⊗x+(z)�λ(u)|ξ〉

+
∑

λ

�(λ)+1
∑

i=1

a+(p)A+′
λ,i (p)δ((t/q)−1/4ui/z)|λ + 1i 〉′u˜⊗ψ−(z)�λ(u)|ξ〉

=
∑

λ

|λ〉′u˜⊗x+(z)�λ(u)|ξ〉

+ q f (1, p)−1
∑

λ

�(λ)+1
∑

i=1

a−(p)A−
λ+1i ,i

(p)δ((t/q)−1/4ui/z)|λ + 1i 〉′u˜⊗ψ−(z)�λ(u)|ξ〉

=
∑

λ

|λ〉′u˜⊗
⎧

⎨

⎩

x+(z)�λ(u)

+q f (1, p)−1
�(λ)
∑

i=1

a−(p)A−
λ,i (p)δ((t/q)−1/4q−1ui/z)ψ

−(z)�λ−1i (u)

⎫

⎬

⎭

|ξ〉

The third equality follows from (3.30). ��
By using the representations in Theorems 3.2 and 3.4, one can solve these inter-

twining relations and obtain the following result.

Theorem 4.2

�λ(u) = qn(λ′)Nλ(p)t∗(λ, u, v, N )

cλ

˜�λ(u),

˜�λ(u) =: �∅(u)

�(λ)
∏

i=1

λi
∏

j=1

x̃−((t/q)1/4q j−1t−i+1u) :,

�∅(u) = exp

{

−
∑

m>0

1

κm
α′−m((t/q)1/2u)m

}

exp

{

∑

m>0

1

κm
α′
m((t/q)1/2u)−m

}
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where x−(z) = u−1zN (t/q)−3N/4 x̃−(z) on F (1,N )
u and

n(λ) =
∑

i≥1

(i − 1)λi , n(λ′) =
∑

i≥1

(i − 1)λ′
i =

∑

i≥1

λi (λi − 1)

2
, (4.8)

t∗(λ, u, v, N ) = (q−1v)−|λ|(−u)N |λ| fλ(q, t)N , (4.9)

fλ(q, t) = (−1)|λ|qn(λ′)+|λ|/2t−n(λ)−|λ|/2. (4.10)

The factor t∗(λ, u, v, N ) was introduced in [5] and in particular fλ(q, t) is called
the framing factor [4, 85]. Our vertex operator �(u) is the elliptic analogue of �∗(u)

in [5]. One should note that our comultiplication is opposite from the one in [5]. A
proof of the statement is given in Appendix D.

In later sections, the following formula is useful.

Proposition 4.3

˜�λ(u) =: exp
⎛

⎝

∑

m �=0

1 − tm

κm
Eλ,mα′

m((t/q)1/2u)−m

⎞

⎠ , (4.11)

where we set

Eλ,m = 1

1 − tm
+

�(λ)
∑

j=1

(q−mλ j − 1)tm( j−1) (m ∈ Z�=0).

4.2 The type II dual vertex operator

The type II dual vertex operator is the intertwining operator

�∗(v) F (1,N )
u ˜⊗F (0,1)

v → F (1,N+1)
−vu (4.12)

satisfying

x�∗(v) = �∗(v)�(x) ∀x ∈ Uq,t,p. (4.13)

We call �∗(v) the type II dual vertex operator. We define its components by

�∗
λ(v)|ξ 〉 = �∗(v)

(|ξ 〉˜⊗|λ〉v
) ∀|ξ 〉 ∈ F (1,N )

u . (4.14)

Lemma 4.4 The intertwining relation (4.13) is equivalent to

ψ+((q/t)1/4z)�∗
λ(v) = (q/t)1/2B+

λ (v/z; p∗)�∗
λ(v)ψ+((q/t)1/4)), (4.15)

ψ−((q/t)−1/4z)�∗
λ(v) = (q/t)−1/2B−

λ (z/v; p∗)�∗
λ(v)ψ−((q/t)−1/4)), (4.16)
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x−((q/t)1/4z)�∗
λ(v) = �∗

λ(v)x−((q/t)1/4z) + (q/t)1/2a−(p∗)

×
�(λ)
∑

i=1

A−
λ,i (p

∗)δ(q−1vi/z)˜�
∗
λ−1i (v)ψ+((q/t)1/4z),

(4.17)

x+((q/t)−1/4z)�∗
λ(v) = (q/t)−1/2B−

λ (z/v; p∗)�∗
λ(v)x+((q/t)−1/4z)

+ a+(p∗)
�(λ)+1
∑

i=1

A+
λ,i (p

∗)δ(vi/z)˜�∗
λ+1i (v). (4.18)

Here, p∗ = pq/t associated with F (1,N )
u .

One can prove this in the similar way to Lemma 4.1.
By using the representations in Theorem 3.2, 3.4 and (4.3), one can solve these

intertwining relations and obtain the following result.

Theorem 4.5

�∗
λ(v) = qn(λ′)t(λ, u, v, N )

cλN ′
λ(p

∗)
˜�∗

λ(v),

˜�∗
λ(v) = �∗

∅(v)

�(λ)
∏

i=1

λi
∏

j=1

x̃+((t/q)1/4q j−1t−i+1v), (4.19)

�∗
∅(v) = exp

{

∑

m>0

1

κm
α−m((t/q)1/2v)m

}

exp

{

−
∑

m>0

1

κm
αm((t/q)1/2v)−m

}

.

(4.20)

where x+(z) = uz−N (t/q)3N/4 x̃+(z) on F (1,N )
u , and

t(λ, u, v, N ) = (−uv)|λ|(−v)−(N+1)|λ| fλ(q, t)−N−1

with fλ(q, t) given in (4.10).

Our vertex operator �∗(u) is the elliptic analogue of �(u) in [5]. A proof of the
statement is similar to the one in Appendix D.

We have a similar formula to Proposition 4.3.

Proposition 4.6

˜�∗
λ(v) =: exp

⎛

⎝−
∑

m �=0

1 − tm

κm
Eλ,mαm((t/q)1/2v)−m

⎞

⎠ : . (4.21)
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4.3 The shifted inverse of8(u) and9∗(v)

We next introduce the shifted inverse of �(u) and �∗(v) denoted by �∗(u) and
�(v), respectively. In Sects. 5 and 6, we show that the vertex operators here and in
the previous subsections are useful to derive physical and mathematical quantities
associated with the Jordan quivers.

4.3.1 The vertex operator8∗(u)

Let us consider the linear map

�∗(u) : F (0,1)
u ˜⊗F (1,N )

v → F (1,N+1)
−uv , (4.22)

whose components are defined by

�∗(u)
(|λ〉′u˜⊗|ξ 〉) = �∗

λ(u)|ξ 〉, ∀|ξ 〉 ∈ F (1,N )
v , (4.23)

�∗
λ(u) = qn(λ′)N ′

λ(p)t(λ, v, up−1, N )

c′
λ

: ˜�λ(p
−1u)−1 : . (4.24)

Note that from Proposition 4.3 we have

: ˜�λ(p
−1u)−1 :=: exp

⎛

⎝−
∑

m �=0

1 − tm

κm
pmEλ,mα′

m((t/q)1/2u)−m

⎞

⎠ :

Proposition 4.7 The vertex operator �∗
λ(u) satisfies the following relations.

ψ+((t/q)1/4z)�∗
λ(u) = (t/q)−1/2B+

λ (p−1u/z; p)�∗
λ(u)ψ+((t/q)1/4z), (4.25)

ψ−((t/q)−1/4z)�∗
λ(u) = (t/q)1/2B−

λ (pz/u; p)�∗
λ(u)ψ−((t/q)−1/4z), (4.26)

x+((t/q)−1/4z)�∗
λ(u) = �∗

λ(u)x+((t/q)−1/4z)

+ (t/q)−1/2a+(p)
�(λ)+1
∑

i=1

A+′
λ,i (p)δ(p

−1tui/qz)�
∗
λ+1i (u)ψ+((t/q)1/4qz/t),

(4.27)

x−((t/q)1/4z)�∗
λ(u) = (t/q)−1/2B+

λ (p−1u/z; p)�∗
λ(u)x−((t/q)1/4z)

+ (t/q)a−(p)
�(λ)
∑

i=1

A−′
λ,i (p)δ(p

−1q−1ui/z)�
∗
λ−1i (u). (4.28)

A proof of this statement is given in Appendix E.
These relations allow us to expect that �∗(u) is the intertwiner satisfying

�∗(u)�(x) = x�∗(u) ∀x ∈ Uq,t,p. (4.29)
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However, it turns out this is not the case. In fact one can derive the following relations
from (4.29), which are slightly different from those in Proposition 4.7.

Proposition 4.8 The intertwining relation (4.29) reads

ψ+((t/q)1/4z)�∗
λ(u) = (t/q)−1/2B+

λ (u/z; p)�∗
λ(u)ψ+((t/q)1/4z), (4.30)

ψ−((t/q)−1/4z)�∗
λ(u) = (t/q)1/2B−

λ (z/u; p)�∗
λ(u)ψ−((t/q)−1/4z), (4.31)

x+((t/q)−1/4z)�∗
λ(u) = �∗

λ(u)x+((t/q)−1/4z)

+ a+(p)
�(λ)+1
∑

i=1

A+′
λ,i (p)δ(ui/z)�

∗
λ+1i (u)ψ−((t/q)−1/4z), (4.32)

x−((t/q)1/4z)�∗
λ(u) = (t/q)−1/2B+

λ (u/z; p)�∗
λ(u)x−((t/q)1/4z)

+ (t/q)−1/2a−(p)
�(λ)
∑

i=1

A−′
λ,i (p)δ(q

−1ui/z)�
∗
λ−1i (u). (4.33)

This discrepancy is probably due to a lack of understanding the dual representation
to F (0,1)

u . It is hence an open problem to find a representation theoretical meaning of
�∗(u).

4.3.2 The vertex operator9(v)

Similar to �∗(u), we consider the linear map

�(v) : F (1,N+1)
−uv → F (1,N )

u ˜⊗F (0,1)
v

and define its components by

�(v)|ξ 〉 =
∑

λ∈P+
�λ(v)|ξ 〉˜⊗|λ〉v ∀|ξ 〉 ∈ F (1,N+1)

−uv , (4.34)

�λ(v) = qn(λ′)t∗(λ, p∗v, u, N )

c′
λNλ(p∗)

: ˜�∗
λ(p∗v)−1 : . (4.35)

Note that from Proposition 4.6 we have

: ˜�∗
λ(p∗v)−1 :=: exp

⎛

⎝−
∑

m �=0

1 − tm

κm
p∗−mEλ,mαm((t/q)1/2v)−m

⎞

⎠ : .

One finds the following relations satisfied.

Proposition 4.9

�λ(v)ψ+((t/q)−1/4z) = (t/q)−1/2B+
λ (p∗v/z; p∗)ψ+((t/q)−1/4z)�λ(v),

(4.36)
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�λ(v)ψ−((t/q)1/4z) = (t/q)1/2B−
λ (p∗−1z/v; p∗)ψ−((t/q)1/4z)�λ(v),

(4.37)

�λ(v)x−((t/q)−1/4z) = x−((t/q)−1/4z)�λ(v)

+ (t/q)a−(p∗)
�(λ)+1
∑

i=1

A+′
λ,i (p

∗)δ(p∗tvi/qz)ψ−((t/q)−1/4z)�λ+1i (v),

(4.38)

�λ(v)x+((t/q)1/4z) = (t/q)1/2B−
λ (p∗−1z/v; p∗)x+((t/q)1/4z)�λ(u)

+ (t/q)−1/2a+(p∗)
�(λ)
∑

i=1

A−′
λ,i (p

∗)δ(p∗vi/qz)�λ−1i (v). (4.39)

A proof of this is similar to the one in Appendix E.
Again, these relations do not coincide with the intertwining relation

�(v)x = �(x)�(v) ∀x ∈ Uq,t,p, (4.40)

which is equivalent to the following relations:

Proposition 4.10

�λ(v)ψ+((t/q)−1/4z) = (t/q)−1/2B+
λ (v/z; p∗)ψ+((t/q)−1/4z)�λ(v), (4.41)

�λ(v)ψ−((t/q)1/4z) = (t/q)1/2B−
λ (z/v; p∗)ψ−((t/q)1/4z)�λ(v), (4.42)

�λ(v)x−((t/q)1/4z) = x−((t/q)1/4z)

+ (t/q)1/2a−(p∗)
�(λ+1i )
∑

i=1

A+′
λ,i (p

∗)δ(qλi t−i+1v/z)ψ+((t/q)−1/4z)�λ+1i (v),

(4.43)

�λ(v)x+((t/q)1/4z) = (t/q)1/2B−
λ (z/v; p∗)x+((t/q)1/4z)�λ(v)

+ a+(p∗)
�(λ−1i )+1
∑

i=1

A−′
λ,i (p

∗)δ(q−1qλi t−i+1v/z)�λ−1i (v). (4.44)

Hence, again it is an open problem to find a representation theoretical meaning of
�(u).

5 Affine quiverW-algebraWp,p∗(0(̂A0))

Oneof the importance to consider the elliptic quantumgroup is that it gives a realization
of the deformedW algebras such asWp,p∗(g) [27] and provides an algebraic structure,
i.e., a co-algebra structure, which enables us to define the intertwining operators ( the
vertex operators ) as deformation of the primary fields in CFT. In this section, we
realize the deformed W algebra Wp,p∗(�(̂A0)) associated with the Jordan quiver ̂A0
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[41] by using the level (1, N ) representation of Uq,t,p given in Sect. 3.1, where in
particular γ = (t/q)1/2, in the same scheme as it was done for Wp,p∗(g) in terms of
the level 1 representation of the elliptic quantum group Uq,p (̂g) [16, 40, 45, 47, 50].

5.1 Screening currents

Let us set

s+
m = (t/q)m/2

1 − (t/q)m
αm, s−

m = (t/q)m/2

1 − (t/q)m
α′
m .

Then from (2.15) and (2.24) with γ = (t/q)1/2, hence p∗ = pq/t , one can show the
following commutation relations

[s+
m , s+

n ] = − 1

m

1 − pm

1 − p∗m (1 − qm)(1 − t−m)δm+n,0,

[s−
m , s−

n ] = − 1

m

1 − p∗−m

1 − p−m
(1 − qm)(1 − t−m)δm+n,0.

Moreover, one can rewrite the elliptic currents x±(z) in Theorem 3.2 as

x±((t/q)1/4z) = ((t/q)N/2u/zN )±1 : exp
⎧

⎨

⎩

±
∑

m �=0

s±
m z−m

⎫

⎬

⎭

: .

Hence, one of x±((t/q)1/4z) coincides with the screening currents of Wp,p∗(�(̂A0))

[41, 42] with the SU (4) �-deformation parameters p, p∗, q, t [70] satisfying

p/p∗ = t/q.

In our knowledge the elliptic quantum toroidal algebra Uq,t,p is the first quantum
group structure which possesses the SU (4) �-deformation parameters.

One should also note that in [41, 42] Kimura and Pestun constructed only one type
of screening current. However, it is natural for the (deformed)W algebras that there are
two types of screening currents [7, 12, 19, 27]. In this sense, our realization completes
their construction.

5.2 Generating function

To obtain the generating function of Wp,p∗(�(̂A0)), we apply the same scheme as
used in [50]. Namely consider the composition of �(u) and �∗(u), which are given
in Theorem 4.2 and Sect. 4.3.1, respectively.

T (u) = �∗(u)�(u) =
∑

λ∈P+
�∗

λ(u)�λ(u) : F (1,N+1)
−uv → F (1,N+1)

−uv ,
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Note that one can choose v ∈ C
∗, N ∈ Z arbitrarily. Taking the normal ordering one

obtains

�∗
λ(u)�λ(u) = Cλ(q, t, p) : ˜�λ(u)˜�∗

λ(u) : .

Then, one finds that the operator part is given by

: ˜�∗
λ(u)˜�λ(u) :=:

∏

�∈A(λ)

Y (u/q�)
∏

�∈R(λ)

Y ((q/t)u/q�)−1 : (5.1)

with

Y (u) =: exp
⎧

⎨

⎩

∑

m �=0

ymu
−m

⎫

⎬

⎭

: . (5.2)

Here,we setq� ≡ t i−1q− j+1 for� = (i, j) ∈ λ, etc., and ym = 1 − pm

κm
(t/q)−m/2α′

m .

The symbols R(λ) and A(λ) denote the set of removable and addable boxes in the
Young’s diagram λ, respectively. The main structure of (5.1) is due to Proposition 4.3,
which yields

: ˜�∗
λ(u)˜�λ(u) :=: exp

⎛

⎝

∑

m �=0

(1 − tm)(1 − pm)

κm
Eλ,mα′

m((t/q)1/2u)−m

⎞

⎠ :,

(5.3)

and the following combinatorial formula.

Proposition 5.1

Eλ,m = 1

1 − tm

⎛

⎝

∑

�∈A(λ)

qm� − (t/q)m
∑

�∈R(λ)

qm�

⎞

⎠ (5.4)

Proof The statement follows from

Eλ,m = 1

1 − tm

⎛

⎝1 − (1 − q−m)(1 − tm)
∑

�∈λ

qm�

⎞

⎠

and

• (i, λi ) ∈ R(λ) ⇐⇒ λi > λi+1
• if (i, λi ) ∈ R(λ) ⇐⇒ (i + 1, λi+1 + 1) ∈ A(λ)

for λ ∈ P+. ��
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Moreover, from (2.24) with γ = (t/q)1/2, one finds the following commutation
relation.

[ym, yn] = − 1

m

(1 − p∗m)(1 − p−m)

(1 − qm)(1 − t−m)
δm+n,0.

This agrees with the one in [41].
The coefficient part in �∗

λ(u)�λ(u) can be calculated by combining the normal-
ization factors of the vertex operators and the OPE coefficient. The calculation of the
latter coefficient is essentially due to the following formula [4] obtained by considering
a q-analogue of (3.6) in [71].

Proposition 5.2

− 1 − tm

1 − qm
Eλ,−mEμ,m

= tm

(1 − qm)(1 − tm)
+
∑

�∈μ

qmaλ(�)tm(�μ(�)+1) +
∑

�∈λ

q−m(aμ(�)+1)t−m�λ(�).

(5.5)

Then, one finds

Cλ(q, t, p) = Cq|λ|ẐA0
λ (t, q−1, p),

where

q = p∗−1 pN−1(t/q)1/2, (5.6)

ẐA0
λ (t, q−1, p) =

∏

�∈λ

(1 − p qa(�)+1t�(�))(1 − pq−a(�)t−�(�)−1)

(1 − qa(�)+1t�(�))(1 − q−a(�)t−�(�)−1)
, (5.7)

C = (p−1t; q, t, p)∞
(q; q, t, p)∞

. (5.8)

Note that the sum
∑

λ,|λ|=n Z
̂A0
λ (t, q−1, p) coincides with the equivariant χy-genus

of the Hilbert scheme of n points on C
2, Hilbn(C2), [36, 57] with y = p. Note also

that one can rewrite (5.7) as

ẐA0
λ (t, q−1, p) = Nλλ(pq/t)

Nλλ(q/t)
(5.9)

in terms of the 5d analogue of the Nekrasov function Nλμ(x) given by

Nλμ(x) =
∏

�∈λ

(1 − xq−aμ(�)−1t−�λ(�))
∏

�∈μ

(1 − xqaλ(�)t�μ(�)+1). (5.10)
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Fig. 1 Graphical expression of
∑

λ �∗
λ(u)�λ(u). The two

horizontal lines with || are glued
together

Hence, the whole operator

T (u) = C
∑

λ

q|λ|ẐA0
λ (t, q−1, p) :

∏

�∈A(λ)

Y (u/q�)
∏

�∈R(λ)

Y ((q/t)u/q�)−1 :

(5.11)

agrees with the generating function of Wp,p∗(�(̂A0)) in [41, 42] up to an over all
constant factor. Note that we have the symmetry

ẐA0
λ (t, q−1, p) = (pp∗)|λ|ẐA0

λ (t, q−1, p∗−1)

= p2|λ|ẐA0
λ (t−1, q, p−1) = (t/q)|λ|ẐA0

λ (t−1, q, p∗).

From (5.11), it is immediate to obtain the rank 1 instanton partition function of the
5d lift of the 4d N = 2∗ theory [4, 32–34] by taking the vacuum expectation value:

〈0|T (u)|0〉 = C
∑

λ

q|λ|ẐA0
λ (t, q−1, p). (5.12)

It is then important to recognize that this result and our realization T (u) =
∑

λ �∗
λ(u)�λ(u) lead to the identification of T (u) with the basic refined topologi-

cal vertex depicted in Fig. 1, which was introduced in [32, 34, 36]. Once obtaining
such basic operator, one can apply it to various calculations presented in the subsequent
sections.

5.3 The higher rank extension

To extend Wp,p∗(�(̂A0)) to the one associated with the higher rank instantons, one
need to take a composition of T (u)’s. By using (5.3) and Propositions 5.1 and 5.2, one
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obtains the following expression.

T (u1) · · · T (uM ) = CM
∞
∑

k=0

qkM

∑

λ(1),...,λ(M)
∑

j |λ( j)|=k

M
∏

i, j=1

Nλ(i)λ( j) (pqui, j/t)

Nλ(i)λ( j) (qui, j/t)

× :
M
∏

l=1

∏

�∈A(λ(l))

Y (ul/q
�)

∏

�∈R(λ(l))

Y ((q/t)ul/q
�)−1 :,

(5.13)

where we set u j,i = u j/ui , and

qM = qp−(M−1) = p∗−1 pM+N (t/q)1/2, (5.14)

CM =
(

(p−1t; q, t, p)∞
(q; q, t, p)∞

)M
∏

1≤i< j≤M

(p−1tu j,i ; q, t)∞(pqu j,i ; q, t)∞
(tu j,i ; q, t)∞(qu j,i ; q, t)∞

.

(5.15)

In fact, the sum

χp(Mk,M ) =
∑

λ(1),...,λ(M)
∑

j |λ( j)|=k

M
∏

i, j=1

Nλ(i)λ( j) (pqui, j/t)

Nλ(i)λ( j) (qui, j/t)
(5.16)

coincides with the equivariant χy (y = p) genus of the moduli space of rank M
instantons with charge k [34].

Note that T (u) gives a non-commutative 5d-analogue of Nekrasov’s qq-character
of the N = 2∗ U (1) theory [41]. We expect that T (u1) · · · T (uM ) gives a non-
commutative 5d-analogue of Nekrasov’s qq-character of the N = 2∗ U (M) theory.

6 Instanton calculus in the Jordan quiver gauge theories

By using the generating function T (u) of Wp,p∗(�(̂A0)) constructed in the previous
section, we show some demonstrations of deriving the instanton partition functions
of the 5d and 6d lifts of the 4d N = 2∗ SUSY gauge theories. Hence, the elliptic
quantum toroidal algebra Uq,t,p is a relevant quantum group structure of dealing with
such theories.
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6.1 Instanton partition functions for the 5d and 6d lifts of theN = 2∗ U(1) theory

As mentioned in Sect. 5.2, the vacuum expectation value of T (u) gives the instanton
partition functions of the 5d lift of the 4d N = 2∗ U (1) gauge theory.

〈0|T (u)|0〉 = C
∑

λ

q|λ|ẐA0
λ (t, q−1, p). (6.1)

We then identify T (u) =∑λ �∗
λ(u)�λ(u) with the basic topological vertex depicted

in Fig. 1.
An immediate next application is to take a trace of T (u). Let us introduce the degree

counting operator

d = −
∑

m>0

m2

κm(1 − (t/q)m)

1 − pm

1 − p∗m α′−mα′
m

such that

[d, α′
m] = mα′

m m ∈ Z�=0.

Then, the following trace yields the 6d version of the partition function of the rank 1
instantons [4, 32–34].

trF (1,N+1)
−uv

Qd T (u) = CQ
∑

λ

q|λ|ẐA0
λ (t, q−1, p; Q), (6.2)

where

CQ = 1

(Q; Q)∞
(p−1t; q, t, p)∞

(q; q, t, p)∞
(p−1t Q; q, t, Q)∞(pqQ; q, t, Q)∞

(t Q; q, t, Q)∞(qQ; q, t, Q)∞
,

(6.3)

ẐA0
λ (t, q−1, p; Q) = N θ

λλ(pq/t; Q)

N θ
λλ(q/t; Q)

. (6.4)

Here N θ
λμ(x; Q) denotes the theta function analogue of the Nekrasov function given

by

N θ
λμ(x; Q) =

∏

�∈λ

θQ(xq−aμ(�)−1t−�λ(�))
∏

�∈μ

θQ(xqaλ(�)t�μ(�)+1).

(6.5)

In fact the sum
∑

λ,|λ|=n Z
̂A0
λ (t, q−1, p; Q) gives the equivariant elliptic genus of

Hilbn(C2) [57].
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6.2 The 5d and 6d lifts of theN = 2∗ U(M) theory

The higher rank instanton partition functions can be obtained from the composition
T (u1) · · · T (uM ) in (5.13). The vacuum expectation value gives the instanton partition
function of the 5d lift of the 4d N = 2∗ U (M) theory [34].

〈0|T (u1) · · · T (uM )|0〉 = CM
∞
∑

k=0

qkM χp(Mk,M ), (6.6)

where χp(Mk,M ) is given by (5.16).
Furthermore, taking the trace of (5.13), one obtains

trF (1,N+1)
−u1v1

Qd T (u1) · · · T (uM ) = CQ,M

∞
∑

k=0

qkM Ep,Q(Mk,M ), (6.7)

where u1v1 = u2v2 = · · · = uMvM with arbitrary v1, · · · , vM ∈ C
∗. We here also

set

Ep,Q(Mk,M ) =
∑

λ(1),...,λ(M)
∑

j |λ( j)|=k

M
∏

i, j=1

N θ
λ(i)λ( j) (pqui, j/t; Q)

N θ
λ(i)λ( j) (qui, j/t; Q)

, (6.8)

CQ,M = 1

(Q; Q)∞

(

(t; q, t)∞�3(p−1t; q, t, Q)

(p−1t; q, t)∞�3(t; q, t, Q)

)M

×
∏

1≤i< j≤M

�3(p−1tu j,i ; q, t, Q)�3(pqu j,i ; q, t, Q)

�3(tu j,i ; q, t, Q)�3(qu j,i ; q, t, Q)
, (6.9)

The sum Ep,Q(Mk,M ) gives the equivariant elliptic genus of the moduli space of rank
M instantons with charge k [33, 35]. Hence, (6.7) gives the instanton partition function
of the 6d lift of the N = 2∗ U (M) theory.

7 Correlation functions of8(u) and9∗(v)

We here give some Uq,t,p-analogues of the formulas of those obtained in Propositions
5.1 and 5.2 in [5]. We expect that they give the N = 2∗ theory (Jordan quiver gauge
theory) analogue of the partition function of the 5d lift of the pure SU (N ) theory and
the 5d and 6d lifts of the SU (N ) theory with 2N fundamental matters, respectively.
The latter theories are the A1 linear quiver gauge theories.

7.1 OPE formulas

From Propositions 4.3, 4.6 and 5.2, we have the following OPE formulas for the
operator parts of the type I �(u) and the type II dual �∗(v) intertwining operators.
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Proposition 7.1

˜�λ(u)˜�μ(v) = G(v/u, p)

Nμλ(v/u; p) : ˜�λ(u)˜�μ(v) :,

˜�∗
λ(u)˜�∗

μ(v) = G∗(qv/tu, p)

N∗
μλ(qv/tu; p) : ˜�∗

λ(u)˜�∗
μ(v) :,

˜�λ(u)˜�∗
μ(v) = Nμλ((t/q)−1/2v/u)

G(v/u)
: ˜�λ(u)˜�∗

μ(v) :,

˜�∗
λ(u)˜�μ(v) = Nμλ((t/q)−1/2v/u)

G(v/u)
: ˜�∗

λ(u)˜�μ(v) : .

Here Nλμ(u; p) and N∗
λμ(u; p) denote p-deformations of Nλμ(u) in (5.10) given by

Nλμ(u; p) =
∏

�∈λ

(uq−aμ(�)−1t−�λ(�); p)∞
(p∗uq−aμ(�)−1t−�λ(�); p)∞

∏

�∈μ

(uqaλ(�)t�μ(�)+1; p)∞
(p∗uqaλ(�)t�μ(�)+1; p)∞

,

(7.1)

N∗
λμ(u; p) = Nλμ(u; p)

∣

∣

∣

∣

p↔p∗
. (7.2)

We also set

G(u) = exp

{

∑

n>0

1

n

tn

(1 − qn)(1 − tn)
un
}

= 1

(tu; q, t)∞
,

G(u, p) = exp

{

∑

n>0

1

n

(1 − p∗n)tn

(1 − qn)(1 − tn)(1 − pn)
un
}

= (p∗tu; q, t, p)∞
(tu; q, t, p)∞

,

G∗(u, p) = G(u, p)

∣

∣

∣

∣

p↔p∗
.

7.2 The four points operator

Remember

�(−x) F (1,N+1)
u → F (0,1)

−x ˜⊗F (1,N )
u/x ,

�∗(−x) F (1,N )
u ˜⊗F (0,1)

−x → F (1,N+1)
ux .

Let us consider the following composition.

φ(w) := (�∗(−w)˜⊗id) ◦ (id˜⊗�(−w)) F (1,M)
v

˜⊗F (1,L)
u → F (1,M+1)

vw
˜⊗F (1,L−1)

u/w .
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This is an intertwining operator satisfying

�(x)φ(w) = φ(w)�(x) ∀x ∈ Uq,t,p.

We call φ(w) the basic four points operator.

Proposition 7.2 The action of φ(w) on |ξM
v 〉˜⊗|ηL

u 〉 ∈ F (1,M)
v ˜⊗F (1,L)

u is given by

φ(w) |ξM
v 〉˜⊗|ηL

u 〉 =
∑

λ

cλ(p∗)
c′
λ(p

∗)
�∗

λ(−w)|ξM
v 〉˜⊗�λ(−w)|ηL

u 〉.

Proof Use (4.2), (4.3), (4.14) and (2.56). ��
Proposition 7.3 The composition ofφ(w)’s gives the following generalized four points
intertwining operator. (Fig. 2)

φ(wN ) ◦ · · · ◦ φ(w1) F (1,M)
v

˜⊗F (1,L)
u → F (1,M+N )

vw1···wN
˜⊗F (1,L−N )

u/w1···wN
.

The action on |ξM
v 〉˜⊗|ηL

u 〉 ∈ F (1,M)
v ˜⊗F (1,L)

u is given by

φ(wN ) ◦ · · · ◦ φ(w1) |ξM
v 〉˜⊗|ηL

u 〉

=
∑

λ(1),...,λ(N )

N
∏

a=1

cλ(a) (p∗)
c′
λ(a) (p∗)

�∗
λ(N ) (−wN ) · · ·�∗

λ(1) (−w1)|ξM
v 〉˜⊗�λ(N ) (−wN ) · · ·�λ(1) (−w1)|ηL

u 〉.

Corollary 7.4 For a vector |ωM+N
vw1···wN

〉˜⊗|ζ L−N
u/w1···wN

〉 ∈ F (1,M+N )
vw1···wN

˜⊗F (1,L−N )
u/w1···wN

, one has
the following expectation value.

〈ωM+N
vw1···wN

|˜⊗〈ζ L−N
u/w1···wN

| φ(wN ) ◦ · · · ◦ φ(w1) |ξM
v 〉˜⊗|ηL

u 〉

=
∑

λ(1),...,λ(N )

N
∏

a=1

cλ(a) (p∗)
c′
λ(a) (p∗)

〈ωM+N
vw1···wN

|�∗
λ(N ) (−wN ) · · · �∗

λ(1) (−w1)|ξM
v 〉

˜⊗〈ζ L−N
u/w1···wN

|�λ(N ) (−wN ) · · · �λ(1) (−w1)|ηL
u 〉.

Note that this gives theN = 2∗ theory analogue of the partition function of the 5d
pure SU (N ) theory obtained, for example, in [4, 5].

7.3 The six points and higher operators

Next let us consider the operator

φ

(

w; y
x

)

= (�(−y)˜⊗id) ◦ (�∗(−w)˜⊗�∗(−x)) ◦ (id˜⊗�(−w)˜⊗id)
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Fig. 2 Graphical expression of φ(w4) ◦ · · · ◦ φ(w1)

: F (1,0)
v

˜⊗F (1,0)
u ˜⊗F (0,1)

−x → F (0,1)
−y ˜⊗F (1,0)

vw/y
˜⊗F (1,0)

ux/w.

This is an intertwining operator satisfying

φ

(

w; y
x

)

(�˜⊗id)�(a) = (�˜⊗id)�(a) φ

(

w; y
x

)

∀a ∈ Uq,t,p.

We call φ

(

w; y
x

)

the six points operator.

Proposition 7.5 For μ ∈ P+, the action of φ

(

w; y
x

)

on |ξ0v 〉˜⊗|η0u〉˜⊗|μ〉−x ∈
F (1,0)

v ˜⊗F (1,0)
u ˜⊗F (0,1)

−x is given by

φ

(

w; y
x

)

|ξ0v 〉˜⊗|η0u〉˜⊗|μ〉−x

=
∑

λ,σ∈P+

cλ(p∗)
c′
λ(p

∗)
|σ 〉′−y˜⊗�σ (−y)�∗

λ(−w)|ξ0v 〉˜⊗�∗
μ(−x)�λ(−w)|η0u〉.

Let us set

φ( j)
(

w; y
x

)

:= id˜⊗ · · ·˜⊗id
︸ ︷︷ ︸

j−1

˜⊗φ

(

w; y
x

)

˜⊗ id˜⊗ · · ·˜⊗id
︸ ︷︷ ︸

N− j

.
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Proposition 7.6 By composing φ( j)
(

w j ; y jx j
)

( j = 1, . . . , N ), we obtain the follow-

ing 2(N + 2) points intertwining operator (Fig. 3).

φ(N )

(

wN ; yN
xN

)

◦ · · · ◦ φ(1)
(

w1; y1x1
)

: F (1,0)
v

˜⊗F (1,0)
u ˜⊗F (0,1)

−x1
˜⊗ · · ·˜⊗F (0,1)

−xN → F (0,1)
−y1

˜⊗ · · ·˜⊗F (0,1)
−yN

˜⊗F (1,0)
v

w1 ···wN
y1 ···yN

˜⊗F (1,0)
u

x1 ···xN
w1 ···wN

.

For μ = (μ(1), . . . , μ(N )) ∈ (P+)N , the action on |ξ0v 〉˜⊗|η0u〉˜⊗|μ(1)〉−x1
˜⊗ · · ·˜⊗

|μ(N )〉−xN ∈ F (1,0)
v ˜⊗F (1,0)

u ˜⊗F (0,1)
−x1

˜⊗ · · ·˜⊗F (0,1)
−xN is given by

φ(N )

(

wN ; yN
xN

)

◦ · · · ◦ φ(1)
(

w1; y1x1
)

|ξ0v 〉˜⊗|η0u〉˜⊗|μ(1)〉−x1
˜⊗ · · ·˜⊗|μ(N )〉−xN

=
∑

λ(1),...,λ(N )

σ (1),...,σ (N )

N
∏

a=1

cλ(a) (p∗)
c′
λ(a) (p∗)

|σ (1)〉′−y1
˜⊗ · · ·˜⊗|σ (N )〉′−yN

˜⊗ �σ(N ) (−yN )�∗
λ(N ) (−wN ) · · · �σ(1) (−y1)�

∗
λ(1) (−w1)|ξ0v 〉

˜⊗ �∗
μ(N ) (−xN )�λ(N ) (−wN ) · · · �∗

μ(1) (−x1)�λ(1) (−w1)|η0u〉,

where λ = (λ(1), . . . , λ(N )), σ = (σ (1), . . . , σ (N )) ∈ (P+)N .

Corollary 7.7 For a vector

|ν(1)〉′−y1
˜⊗ · · ·˜⊗|ν(N )〉′−yN

˜⊗|ω0
v

w1 ···wN
y1 ···yN

〉˜⊗|ζ 0
u

x1 ···xN
w1 ···wN

〉 ∈ F (0,1)
−y1

˜⊗ · · ·˜⊗F (0,1)
−yN

˜⊗F (1,0)
v

w1···wN
y1···yN

˜⊗F (1,0)
u

x1···xN
w1 ···wN

,

we have the expectation value

−y1 ‘〈ν(1)|˜⊗ · · ·˜⊗−yN ‘〈ν(N )|˜⊗〈ω0
v

w1 ···wN
y1 ···yN

|˜⊗〈ζ 0
u

x1 ···xN
w1 ···wN

|φ(N )

(

wN ; yN
xN

)

◦ · · · ◦ φ(1)
(

w1; y1x1
)

×|ξ0v 〉˜⊗|η0u〉˜⊗|μ(1)〉−x1
˜⊗ · · ·˜⊗|μ(N )〉−xN

=
∑

λ(1),...,λ(N )

N
∏

a=1

cλ(a) (p∗)
c′
λ(a) (p∗)

〈ω0
v

w1 ···wN
y1 ···yN

|�ν(N ) (−yN )�∗
λ(N ) (−wN ) · · ·�ν(1) (−y1)�

∗
λ(1) (−w1)|ξ0v 〉

˜⊗〈ζ 0
u

x1 ···xN
w1 ···wN

|�∗
μ(N ) (−xN )�λ(N ) (−wN ) · · ·�∗

μ(1) (−x1)�λ(1) (−w1)|η0u〉.

Here y‘〈μ| (μ ∈ P+, y ∈ C
∗) is defined by

y‘〈μ||ν〉′y = δμ,ν ν ∈ P+
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Fig. 3 Graphical expression of φ(3)
(

w3; y3x3
)

◦ φ(2)
(

w2; y2x2
)

◦ φ(1)
(

w1; y1x1
)

Corollary 7.8 When x1 · · · xN = y1 · · · yN = w1 · · · wN , one can take the following
trace

trF (1,0)
v

Qd
˜⊗ trF (1,0)

u
Qd
(

−y1 ‘〈ν(1)|˜⊗ · · ·˜⊗−yN ‘〈ν(N )|φ(N )

(

wN ; yN
xN

)

◦ · · ·

◦φ(1)
(

w1; y1x1
)

|μ(1)〉−x1
˜⊗ · · ·˜⊗|μ(N )〉−xN

)

=
∑

λ(1),...,λ(N )

N
∏

a=1

cλ(a) (p∗)
c′
λ(a) (p∗)

trF (1,0)
v

(

Qd�ν(N ) (−yN )�∗
λ(N ) (−wN ) · · · �ν(1) (−y1)�

∗
λ(1) (−w1)

)

˜⊗ trF (1,0)
u

(

Qd�∗
μ(N ) (−xN )�λ(N ) (−wN ) · · · �∗

μ(1) (−x1)�λ(1) (−w1)
)

.

Note that Corollary 7.7 gives theN = 2∗ theory analogue of the partition function
of the 5d SU (N ) theory with 2N fundamental matters obtained, for example, in [4,
5] for the case μ = ν = (∅, . . . ,∅). The trace in Corollary 7.8 gives its 6d lift. It can
be evaluated as follows:

Proposition 7.9

trF (1,0)
v

Qd
˜⊗ trF (1,0)

u
Qd
(

−y1〈ν(1)|˜⊗ · · ·˜⊗−yN 〈ν(N )|φ(N )

(

wN ; yN
xN

)

◦ · · · ◦
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φ(1)
(

w1; y1x1
)

|μ(1)〉′−x1
˜⊗ · · ·˜⊗|μ(N )〉′−xN

)

= CN (q, t, p, Q)N N
μ (u, x, w; q, t, p, Q)N N

ν (v, y, w; q, t, p, Q)

×
∏

1≤a<b≤N

(

�4(qwa/wb; q, t, p∗, Q)

�4(p∗twa/wb; q, t, p∗, Q)

�4(twa/wb; q, t, p∗, Q)

�4(p∗qwa/wb; q, t, p∗, Q)

)

×
∑

λ(1),...,λ(N )

N
∏

a=1

(

−v

u

a−1
∏

k=1

w2
k

xk yk

)|λa |
q−n(λ(a)′ )tn(λ(a))

×
∏

1≤a<b≤N

N θ
λ(a)λ(b) (wa/wb; p∗)N θ

λ(a)λ(b) (qwa/twb; p∗)

×
N
∏

a,b=1

(

N θ
λ(b)ν(a) (

√

q/twb/ya; Q)N θ
μ(b)λ(a) (

√

q/t xb/wa; Q)N�
λ(a)λ(b)

(wa/wb; p∗, Q)N�
λ(a)λ(b) (qwa/twb; p∗, Q)

)

.

Here, we set p∗∗ = p∗(q/t) = p(q/t)2 and

CN (q, t, p, Q) = 1

(Q; Q)2∞

(

(p∗t Q; q, t, p, Q)∞
(t Q; q, t, p, Q)∞

(pqQ; q, t, p∗, Q)∞
(qQ; q, t, p∗, Q)∞

(p∗∗t Q; q, t, p∗, Q)∞
(t Q; q, t, p∗, Q)∞

(p∗∗t Q; q, t, p∗∗, Q)∞
(qQ; q, t, p∗∗, Q)∞

)N

,

N N
μ (u, x, w; q, t, p, Q)

=
N
∏

a=1

(

−t−1u
a
∏

k=1

xk
wk

)|μ(a)|
t−n(μ(a))c′

μ(a) (p
∗∗)

×
∏

1≤a<b≤N

�(
√
qtxa/wb; q, t)∞

�4(qxa/xb; q, t, p∗∗, Q)

�4(p∗∗xa/xb; q, t, p∗∗, Q)
N θ

μ(a)μ(b) (xa/xb; p∗∗)

×
N
∏

a,b=1

N�
μ(a)μ(b) (qxa/t xb; p∗∗, Q)�3(

√
qtxa/wb; q, t, Q),

N N
ν (v, y, w; q, t, p, Q)

=
N
∏

a=1

(

−v−1
a
∏

k=1

yk
wk

)|ν(a)|
t−n(ν(a))c′

ν(a) (p)

×
∏

1≤a<b≤N

�(
√
qtwb/ya; q, t)

�4(t ya/yb; q, t, p, Q)

�4(pqya/yb; q, t, p, Q)
N θ

ν(a)ν(b) (qya/t yb; p)

×
N
∏

a,b=1

N�
ν(a)ν(b) (ya/yb; p, Q)�3(

√
qtwa/yb; q, t, Q).
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Here, N�
λμ(x; p, Q) denotes the elliptic Gamma-analogues of the Nekrasov function

defined by

N�
λμ(x; p, Q) =

∏

�∈λ

�(xq−aμ(�)−1t−�λ(�); p, Q)
∏

�∈μ

�(xqaλ(�)t�μ(�)+1; p, Q).

(7.3)

Proof The statement follows from Proposition 7.1 and the trace formula given, for
example, in Appendix E of [55]. ��

As for the functions N θ
λμ(x; p) and N�

λμ(x; p, Q), the following properties are
useful.

Proposition 7.10

N θ
λμ(x; p) =

(

x

√

t

q

)|λ|+|μ| fλ(q, t)

fμ(q, t)
N θ

μλ(q/t x; p),

N�
λμ(x; p, Q) = 1

N�
μλ(pQq/t x; p, Q)

=
(

x

√

t

q

)|λ|+|μ| fλ(q, t)

fμ(q, t)

1

N θ
λμ(x; p)N θ

λμ(x; Q)N�
μλ(q/t x; p, Q)

.
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A Formulas for E±(˛, z) and E±(˛′, z)

Lemma A.1 The operators E±(α, z) and E±(α′, z) defined in (2.28) and (2.29) satisfy
the following relations.

[α−n, E
+(α, z)] = κn

n

1 − pn

1 − p∗n γ −n/2z−n E+(α, z) (n > 0), (A.1)

[αn, E
−(α, z)] = κn

n

1 − pn

1 − p∗n γ −3n/2zn E−(α, z) (n > 0), (A.2)

[α−n, E
+(α′, z)] = −κn

n
γ n/2z−n E+(α′, z) (n > 0), (A.3)

[αn, E
−(α′, z)] = −κn

n
γ −n/2zn E−(α′, z) (n > 0), (A.4)
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E+(α, z)E−(α,w) = g(w/z)−1g(w/z; γ 2)−1g(w/z; p∗)−1E−(α,w)E+(α, z),
(A.5)

E+(α′, z)E−(α′, w) = g(w/z; γ 2)−1g(w/z; p)E−(α′, w)E+(α′, z), (A.6)

E+(α, z)E−(α′, w) = g(γw/z)g(γw/z; γ 2)E−(α′, w)E+(α, z), (A.7)

E+(α′, z)E−(α,w) = g(γw/z)g(γw/z; γ 2)E−(α,w)E+(α′, z), (A.8)

E+(α, z)x+(w) = g(w/z)g(w/z; γ 2)g(w/z; p∗)x+(w)E+(α, z), (A.9)

E+(α, z)x−(w) = g(γw/z)−1g(γw/z; γ 2)−1x−(w)E+(α, z), (A.10)

E−(α, z)x+(w) = g(z/w)−1g(z/w; γ 2)−1g(z/w; p∗)−1x+(w)E−(α, z), (A.11)

E−(α, z)x−(w) = g(γ z/w)g(γ z/w; γ 2)x−(w)E−(α, z), (A.12)

E+(α′, z)x+(w) = g(γw/z)−1g(γw/z; γ 2)−1x+(w)E+(α′, z), (A.13)

E+(α′, z)x−(w) = g(w/z; γ 2)g(w/z; p)−1 f (pw/z; p)x−(w)E+(α′, z), (A.14)

E−(α′, z)x+(w) = g(γ z/w)g(γ z/w; γ 2)x+(w)E−(α′, z), (A.15)

E−(α′, z)x−(w) = g(z/w; γ 2)−1g(z/w; p)x−(w)E−(α′, z). (A.16)

Here, g(z; s), s = p, p∗, γ 2 and g(z) are given in (2.23) and (2.36), respectively.

Proof The statement follows from direct calculations using (2.15)–(2.17) and (2.24).
��

B Direct Check of the Level (0,1) Representation

Let us check the relation (2.18).

x+(z)x−(w)|λ〉u

= a+(p)a−(p)(t/q)−1/2
�
∑

i=1

�+1
∑

j=1
j �=i

δ(q−1ui/w)δ(u j/z)A
−
λ,i (p)A

+
λ−1i , j

(p)|λ − 1i + 1 j 〉u

+ a+(p)a−(p)(t/q)−1/2
�
∑

i=1

δ(q−1ui/w)δ(z/w)A−
λ,i (p)A

+
λ−1i ,i

(p)|λ〉u, (B.1)

x−(w)x+(z)|λ〉u

= a+(p)a−(p)(t/q)−1/2
�
∑

i=1

�+1
∑

j=1
j �=i

δ(q−1ui/w)δ(u j/z)A
+
λ, j (p)A

−
λ+1 j ,i

(p)|λ + 1 j − 1i 〉u

+ a+(p)a−(p)(t/q)−1/2
�+1
∑

i=1

δ(ui/w)δ(z/w)A+
λ,i (p)A

−
λ+1i ,i

(p)|λ〉u . (B.2)
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One finds that the first terms in (B.1) and (B.2) coincide. Hence,

[x+(z), x−(w)]|λ〉u
= a+(p)a−(p)(t/q)−1/2δ(z/w)

×
(

�
∑

i=1

δ(q−1ui/w)δ(z/w)A−
λ,i (p)A

+
λ−1i ,i

(p) −
�+1
∑

i=1

δ(ui/w)A+
λ,i (p)A

−
λ+1i ,i

(p)

)

|λ〉u .

One also shows

a+(p)a−(p) = (1 − q)(1 − t−1)

1 − q/t

θp(q/t)θp(t)

(p; p)2∞θp(q)
,

A−
λ,i (p)A

+
λ−1i ,i

(p) =
�
∏

j=1
�=i

θp(qu j/tui )

θp(u j/ui )

�+1
∏

j=1
�=i

θp(tu j/ui )

θp(qu j/ui )

= (t/q)

�
∏

j=1
�=i

θp(tui/qu j )

θp(ui/u j )

�+1
∏

j=1
�=i

θp(ui/tu j )

θp(ui/qu j )

= −(t/q)
(p; p)2∞θp(q)

θp(q/t)θp(t)
Resz=q−1ui B

−(z/u; p)dz
z

,

A+
λ,i (p)A

−
λ+1i ,i

(p) =
�
∏

j=1
�=i

θp(u j/tui )

θp(u j/qui )

�+1
∏

j=1
�=i

θp(tu j/qui )

θp(u j/ui )

= (t/q)

�
∏

j=1
�=i

θp(tui/u j )

θp(qui/u j )

�+1
∏

j=1
�=i

θp(qui/tu j )

θp(ui/u j )

= (t/q)
(p; p)2∞θp(q)

θp(q/t)θp(t)
Resz=ui B

−(z/u; p)dz
z

.

Hence,

[x+(z), x−(w)]|λ〉u

= (1 − q)(1 − t−1)

1 − q/t
δ(z/w)

(

−
�
∑

i=1

δ(q−1ui/w)Resz=q−1ui (t/q)1/2B−(z/u; p)dz
z

−
�+1
∑

i=1

δ(ui/w)Resz=ui (t/q)1/2B−(z/u; p)dz
z

)

|λ〉u .

Using the partial fraction expansion formula (3.44), one can show
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B−
λ (z/u; p)||u/z|<1 − B−

λ (z/u; p)||u/z|>1

= −
�
∑

k=1

δ(q−1uk/z)Resz=q−1uk B
−
λ (z/u; p)dz

z
−

�+1
∑

k=1

δ(uk/z)Resz=q−1uk B
−
λ (z/u; p)dz

z

Therefore, we have

[x+(z), x−(w)]|λ〉u
= (1 − q)(1 − t−1)

1 − q/t
δ(z/w)

×
(

(t/q)1/2B−
λ (z/u; p)||u/z|<1 − (t/q)1/2B−

λ (z/u; p)||u/z|>1

)

|λ〉u

= (1 − q)(1 − t−1)

1 − q/t
δ(z/w)

(

(t/q)1/2(t/q)−1B+
λ (u/z; p)||u/z|<1

−(t/q)1/2B−
λ (z/u; p)||u/z|>1

)

|λ〉u

= (1 − q)(1 − t−1)

1 − q/t
δ(z/w)

(

ψ+(z) − ψ−(z)
) |λ〉u .

��

C Inductive derivation of Theorem 3.4

We consider a tensor product of the vector representations in Proposition 3.3. Define

V (N )(u) = V (u)˜⊗V (u(t/q)−1)˜⊗V (u(t/q)−2)˜⊗ · · ·˜⊗V (u(t/q)−N+1).

Set

P(N ) = {λ = (λ1, λ2, . . . , λN ) ∈ Z
N | λ1 ≥ λ2 ≥ · · · ≥ λN },

|λ〉(N )
u = [u]λ1˜⊗[u(t/q)−1]λ2−1˜⊗[u(t/q)−2]λ3−2˜⊗ · · ·˜⊗[u(t/q)−N+1]λN−N+1

and define W (N )(u) to be a subspace of V (N )(u) spanned by {|λ〉(N )
u | λ ∈ P(N )}.

An action of Uq,t,p on the tensor product space can be constructed by using the
comultiplication �op in (2.66)–(2.68) repeatedly.

One can verify the following two propositions.

Proposition C.1 By applying �op repeatedly, the following gives a level-(0,0) Uq,t,p-
module structure on W (N )(u).

γ 1/2|λ〉(N )
u = |λ〉(N )

u , (C.1)

x+(z)|λ〉(N )
u = a+(p)

N
∑

i=1

A(N )+
λ,i (p)δ(ui/z)|λ + 1i 〉(N )

u , (C.2)

123



Elliptic quantum toroidal algebra Uq,t,p(gl1,tor) and affine… Page 49 of 64    32 

x−(z)|λ〉(N )
u = a−(p)

N
∑

i=1

A(N )−
λ,i (p)δ(q−1ui/z)|λ − 1i 〉(N )

u , (C.3)

ψ+(z)|λ〉(N )
u = B(N )+

λ (u/z; p)|λ〉(N )
u , (C.4)

ψ−(z)|λ〉(N )
u = B(N )−

λ (z/u; p)|λ〉(N )
u , (C.5)

where ui = qλi t−i+1u, λ ± 1i = (λ1, . . . , λi ± 1, . . . , λN ) and we set

A(N )+
λ,i (p) =

i−1
∏

j=1

θp(tui/u j )θp(qt−1ui/u j )

θp(qui/u j )θp(ui/u j )

A(N )−
λ,i (p) =

N
∏

j=i+1

θp(tu j/ui )θp(qt−1u j/ui )

θp(qu j/ui )θp(u j/ui )

B(N )+
λ (u/z; p) =

N
∏

j=1

θp(t−1u j/z)θp(q−1tu j/z)

θp(u j/z)θp(q−1u j/z)

B(N )−
λ (z/u; p) =

N
∏

j=1

θp(t z/u j )θp(qt−1z/u j )

θp(z/u j )θp(qz/u j )
.

In particular, we have

αm |λ〉(N )
u = (1 − t−m)(1 − (q/t)−m)

m

N
∑

j=1

umj |λ〉(N )
u (m ∈ Z\{0}). (C.6)

An inductive limit N → ∞ can be taken in the same way as in the trigonometric
case [17, 18]. Let

P(N ),+ = {λ ∈ P(N ) | λN ≥ 0 }.

and defineW (N ),+(u) to be the subspace ofW (N )(u) spanned by {|λ〉(N )
u , λ ∈ P(N ),+}.

Let us define τN : P(N ),+ → P(N+1),+ by

τN (λ) = (λ1, λ2, . . . , λN , 0).

This induces the embedding W (N ),+ ↪→ W (N+1),+. We then define a semi-infinite
tensor product space Fu by the inductive limit

Fu = lim
N→∞ W (N ),+(u).

The action of Uq,t,p on Fu via �op is defined inductively as follows. Define

x+[N ](z) = x+(z), x−[N ](z) = (q/t)1/2
θp(q−1t−N+1u/z)

θp(t−Nu/z)
x−(z),
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ψ+[N ](z) = (q/t)1/2
θp(q−1t−N+1u/z)

θp(t N u/z)
ψ+(z),

ψ−[N ](z) = (q/t)−1/2 θp(qt N−1z/u)

θp(t−N z/u)
ψ+(z).

Then, we have

Lemma C.2 For x = x±, ψ±, we have

τN (x [N ](z)|λ〉u) = x [N+1](z)τN (|λ〉u).

Thanks to this lemma, one can define the action of Uq,t,p on Fu by

x(z)|λ〉u = lim
N→∞ x [N ](z)|(λ1, λ2, . . . , λN )〉.

This gives the level (0, 1) representation in Theorem 3.4.

D Proof of Theorem 4.2

Proof of (4.4): From Theorem 3.2 one has

�∅(u)ψ+((t/q)1/4z)
∣

∣

∣F (1,N+1)
= (t/q)−(N+1)/2 (pqz/tu; p)∞

(pz/u; p)∞ : �∅(u)˜ψ+((t/q)1/4z) :,

ψ+((t/q)1/4z)
∣

∣

∣F (1,N )
�∅(u) = (t/q)−N/2 (u/z; p)∞

(tu/qz; p)∞ : ˜ψ+((t/q)1/4z)�∅(u) : .

Hence, we have

�∅(u)ψ+((t/q)1/4z) = (t/q)−1/2 θp(tu/qz)

θp(u/z)
ψ+((t/q)1/4z)�∅(u).

Then, (4.4) follows from

: ˜ψ+((t/q)1/4z)−1
˜�λ(u)˜ψ+((t/q)1/4z) :

=: ˜ψ+((t/q)1/4z)−1�∅(u)˜ψ+((t/q)1/4z)

×
∏

(i, j)∈λ

˜ψ+((t/q)1/4z)−1 x̃−((t/q)1/4ui, j )˜ψ
+((t/q)1/4z) :,

where ui, j = q j−1t−i+1u, and the following proposition.
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Proposition D.1

�(λ)
∏

i=1

λi
∏

j=1

g(q j−1t−i+1z; p) = θp(z)

θp((t/q)z)
B+

λ (z; p).

��
Proof of (4.6): From Theorem 3.2 one has

�∅(u)̃x+((t/q)−1/4z) = (1 − qz/tu) : �∅(u)̃x+((t/q)−1/4z) :,
x̃+((t/q)−1/4z)�∅(u) = (1 − tu/qz) : �∅(u)̃x+((t/q)−1/4z) :,
x̃+((t/q)−1/4z)̃x−((t/q)1/4w) = (1 − tw/z)(1 − w/qz)

(1 − tw/qz)(1 − w/z)
: x̃+((t/q)−1/4z)̃x−((t/q)1/4w) :

Hence, we have

˜�λ(u)̃x+((t/q)−1/4z)= (1 − t�(λ)qz/tu)

�(λ)
∏

j=1

1 − qz/tu j

1 − qz/u j
: ˜�λ(u)̃x+((t/q)−1/4z) :

for |z/u j | < 1,

x̃+((t/q)−1/4z)˜�λ(u)= (1 − t−�(λ)tu/qz)
�(λ)
∏

j=1

1 − tu j/qz

1 − u j/qz
: ˜�λ(u)̃x+((t/q)−1/4z) :

for |u j/z| < 1

and

: ˜�λ(u)̃x+((t/q)−1/4q−1uk) :
=: �∅(u)

∏

(i, j)∈λ

x̃−((t/q)1/4ui, j )̃x
+((t/q)−1/4q−1uk) :

=: �∅(u)
∏

(i, j)∈λ−1k

x̃−((t/q)1/4ui, j ) · x̃−((t/q)1/4uk,λk )̃x
+((t/q)−1/4q−1uk) :

=: ˜�λ−1k (u)˜ψ−((t/q)−1/4q−1uk) : . (D.1)

The last equality follows from

: x̃−((t/q)1/4z)̃x+((t/q)−1/4z) := ˜ψ−((t/q)−1/4z).

Therefore, noting

x+(z)
∣

∣

∣F (1,N )
v

= vz−N (t/q)3N/4 x̃+(z),

x+(z)
∣

∣

∣F (1,N+1)
−uv

= −uvz−(N+1)(t/q)3(N+1)/4 x̃+(z),
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one obtains

(

−uvz−(N+1)(t/q)N+1
)−1

(

˜�λ(u)x+((t/q)−1/4z)
∣

∣

∣F (1,N+1)
−uv

−x+((t/q)−1/4z)
∣

∣

∣F (1,N )
v

˜�λ(u)

)

=
⎛

⎝(1 − t�(λ)qz/tu)

�(λ)
∏

j=1

1 − qz/tu j

1 − qz/u j

∣

∣

∣|z/u j |<1

+(t/q)−1z/u(1 − t−�(λ)tu/qz)
�(λ)
∏

j=1

1 − tu j/qz

1 − u j/qz

∣

∣

∣|u j /z|<1

⎞

⎠

× : ˜�λ(u)̃x+((t/q)1/4(t/q)−1/2z) :

=
⎛

⎝(1 − t�(λ)qz/tu)

�(λ)
∏

j=1

1 − qz/tu j

1 − qz/u j

∣

∣

∣|z/u j |<1

−(1 − t�(λ)qz/tu)

�(λ)
∏

j=1

1 − qz/tu j

1 − qz/u j

∣

∣

∣|u j /z|<1

⎞

⎠

× : ˜�λ(u)̃x+((t/q)1/4(t/q)−1/2z) :

=
�(λ)
∑

k=1

δ(q−1uk/z)
k−1
∏

j=1

1 − uk/tu j

1 − uk/u j

×
�(λ)
∏

j=k+1

1 − uk/tu j

1 − uk/u j
(1 − uk/tu�(λ)+1) : ˜�λ(u)̃x+((t/q)1/4(t/q)−1/2z) :

=
�(λ)
∑

k=1

δ(q−1uk/z)(1 − t−1)(q/t)t−k+1 cλ

cλ−1k
A−

λ,k : ˜�λ−1k (u)˜ψ−((t/q)−1/4q−1uk) : .

(D.2)

In the last equality we used (D.1). The third equality follows from the formula

(1 − s/bn+1)

n
∏

j=1

1 − s/b j

1 − s/a j

∣

∣

∣|s/a j |<1
−(1 − s/bn+1)

n
∏

j=1

1 − s/b j

1 − s/a j

∣

∣

∣|a j /s|<1

=
n
∑

k=1

δ(s/ak)(1 − ak/bn+1)

∏n
j=1(1 − ak/b j )

∏n
j=1
j �=k

(1 − ak/a j )
. (D.3)

This is obtained from the partial fraction formula for
∏n

j=1
1−s/b j
1−s/a j

and

1

1 − z

∣

∣

∣|z|<1
− 1

1 − z

∣

∣

∣|z|>1
= δ(z).
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On the other hand, we have

˜ψ−((t/q)−1/4z)�∅(u) = (pu/z; p)∞
(ptu/qz; p)∞ : ˜ψ−((t/q)−1/4z)�∅(u) :,

˜ψ−((t/q)−1/4z)̃x−((t/q)1/4w) = h(w/z) : ˜ψ−((t/q)−1/4z)̃x−((t/q)1/4w) :,

where

h(w) = (pqw; p)∞(ptw/q; p)∞(pw/t; p)∞
(pw/q; p)∞(pqw/t; p)∞(ptw; p)∞ .

We have

∏

(i, j)∈λ−1k

h(ui, j/z)
∣

∣

∣

z=q−1uk
= −t

a−(p)

a+(p)

(ptu/uk; p)∞
(pqu/uk; p)∞

�(λ)
∏

j=1

(pu j/uk; p)∞
(pqu j/tuk; p)∞

×
�(λ)+1
∏

j=1

(pqu j/uk; p)∞
(ptu j/uk; p)∞ .

Hence,

˜ψ−((t/q)−1/4z)˜�λ−1k (u)

∣

∣

∣

z=q−1uk
=− t

a−(p)

a+(p)

�(λ)
∏

j=1

(pu j/uk; p)∞
(pqu j/tuk; p)∞

×
�(λ)+1
∏

j=1

(pqu j/uk; p)∞
(ptu j/uk; p)∞ : ˜ψ−((t/q)−1/4z)˜�λ−1k (u) :

∣

∣

∣

z=q−1uk
.

Substituting this into (D.2), one obtains

˜�λ(u)x+((t/q)−1/4z)
∣

∣

∣F (1,N+1)
−uv

−x+((t/q)−1/4
∣

∣

∣F (1,N )
v

˜�λ(u)

= uvz−(N+1)(t/q)N+1
�(λ)
∑

k=1

δ(q−1uk/z)t
−ka+(p)

cλ

cλ−1k
A−

λ,k(p)
Nλ−1k (p)

Nλ(p)
(t/q)−N/2

×ψ−((t/q)−1/4z)˜�λ−1k (u)

= cλ

qn(λ′)Nλ(p)t∗(λ, u, v, N )
q

�(λ)
∑

k=1

δ(q−1uk/z)t
−1a+(p)A−

λ,k(p)ψ
−((t/q)−1/4z)

×qn((λ−1k )′)Nλ−1k (p)t
∗(λ − 1k , u, v, N )

cλ−1k

˜�λ−1k (u).

Here, we used
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t∗(λ − 1k, u, v, N )

t∗(λ, u, v, N )
= q−1v(q−1uk)

−N (t/q)N/2.

��
Proof of (4.7): From Theorem 3.2 we have

˜�λ(u)̃x−((t/q)1/4z) =
�(λ)
∏

i=1

(t z/ui ; p)∞
(pqz/ui ; p)∞

×
�(λ)+1
∏

i=1

(pqz/tui ; p)∞
(z/ui ; p)∞ : x̃−((t/q)1/4z)˜�λ(u) : for |z/u| < 1,

x̃−((t/q)1/4z)˜�λ(u) =
�(λ)
∏

i=1

(q−1ui/z; p)∞
(pt−1ui/z; p)∞

×
�(λ)+1
∏

i=1

(pui/z; p)∞
(tui/qz; p)∞ : x̃−((t/q)1/4z)˜�λ(u) : for |u/z| < 1

and

B+
λ (u/z, p)̃x−((t/q)1/4z)˜�λ(u) = −z/u

�(λ)
∏

i=1

(t z/ui ; p)∞
(pqz/ui ; p)∞

×
�(λ)+1
∏

i=1

(pqz/tui ; p)∞
(z/ui ; p)∞ : x̃−((t/q)1/4z)˜�λ(u) : .

Hence, noting

x−(z)
∣

∣

∣F (1,N+1)
−uv

= (−uv)−1zN+1(t/q)−3(N+1)/4 x̃−(z),

x−(z)
∣

∣

∣F (1,N )
v

= v−1zN (t/q)−3N/4 x̃−(z),

one gets

˜�λ(u)x−((t/q)1/4z) − (t/q)−1/2B+
λ (z, p)x−((t/q)1/4z)˜�λ(u)

= −(uv)−1zN+1(t/q)−(N+1)/2

×
⎛

⎝

�(λ)
∏

i=1

(t z/ui ; p)∞
(pqz/ui ; p)∞

�(λ)+1
∏

i=1

(pqz/tui ; p)∞
(z/ui ; p)∞

∣

∣

∣|z/u|<1
−

�(λ)
∏

i=1

(t z/ui ; p)∞
(pqz/ui ; p)∞

×
�(λ)+1
∏

i=1

(pqz/tui ; p)∞
(z/ui ; p)∞

∣

∣

∣|u/z|<1

⎞

⎠ : ˜�λ(u)̃x−((t/q)1/4z) :
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= −(uv)−1zN+1(t/q)−(N+1)/2

(
∏�(λ)

i=1 (1 − t z/ui )
∏�(λ)+1

i=1 (1 − z/ui )

∣

∣

∣|z/ui |<1

−
∏�(λ)

i=1 (1 − t z/ui )
∏�(λ)+1

i=1 (1 − z/ui )

∣

∣

∣|ui /z|<1

)

�(λ)
∏

i=1

(ptz/ui ; p)∞
(pqz/ui ; p)∞

�(λ)+1
∏

i=1

(pqz/tui ; p)∞
(pz/ui ; p)∞

× : ˜�λ(u)̃x−((t/q)1/4z) : . (D.4)

Applying the formula

∏n−1
j=1(1 − s/b j )

∏n
j=1(1 − s/a j )

∣

∣

∣|s/a|<1
−
∏n−1

j=1(1 − s/b j )
∏n

j=1(1 − s/a j )

∣

∣

∣|a/s|<1
=

n
∑

k=1

δ(ak/s)

∏n−1
j=1(1 − ak/b j )

∏n
j=1
�=k

(1 − ak/a j )

(D.5)

and using

: ˜�λ(u)̃x−((t/q)1/4z) :
∣

∣

∣

z=uk
= ˜�λ+1k (u),

the RHS of (D.4) is

(uv)−1zN+1(t/q)−(N+1)/2
�(λ)+1
∑

k=1

δ(uk/z)

�(λ)
∏

i=1

(tuk/ui ; p)∞
(pquk/ui ; p)∞

∏�(λ)+1
i=1 (pquk/tui ; p)∞
∏�(λ)+1

i=1�=k
(uk/ui ; p)∞

1

(p; p)∞
˜�λ+1k (u)

= (uv)−1zN+1(t/q)−(N+1)/2
�(λ)+1
∑

k=1

δ(uk/z)t
ka−(p)

cλ

cλ+1k
A+

λ,k(p)
Nλ+1k (p)

Nλ(p)
˜�λ+1k (u)

= cλ

qn(λ′)Nλ(p)t∗(λ, u, v, N )
q−1 f (1; p)a+(p)(t/q)−1/2

×
�(λ)+1
∑

k=1

δ(uk/z)A
+
λ,k(p)

qn((λ+1k )′)Nλ+1k (p)t
∗(λ + 1k , u, v, N )

cλ+1k

˜�λ+1k (u).

��

E Proof of Proposition 4.7

Proof of (4.30): From (4.4), we have

ψ+((t/q)1/4z)˜�λ(p
−1u)−1 = (q/t)1/2B+

λ (p−1u/z; p)˜�λ(p
−1u)−1ψ+((t/q)1/4z).

��

123



   32 Page 56 of 64 H. Konno, K. Oshima

Proof of (4.32): Similar to the calculations in Appendix D, we have

˜�λ(p
−1u)−1 x̃+((t/q)−1/4z) = 1

1 − ptlqz/tu

×
l
∏

j=1

1 − pqz/u j

1 − pqz/tu j
: ˜�λ(p

−1u)−1 x̃+((t/q)−1/4z) :

for |z/u j | < 1,

x̃+((t/q)−1/4z)˜�λ(p
−1u)−1 = 1

1 − p−1t−l tu/qz

×
l
∏

j=1

1 − p−1u j/qz

1 − p−1tu j/qz
: ˜�λ(p

−1u)−1 x̃+((t/q)−1/4z) :

for |u j/z| < 1

and

: ˜�λ(p
−1u)−1 x̃+((t/q)−1/4 p−1tuk/q) :

=: �∅(p−1u)−1
∏

(i, j)∈λ

x̃−((t/q)1/4 p−1ui, j )
−1 x̃+((t/q)−1/4tuk/q) :

=: �∅(p−1u)−1
∏

(i, j)∈λ+1k

x̃−((t/q)1/4 p−1ui, j )
−1

× x̃−((t/q)1/4uk,λk+1)̃x
+((t/q)−1/4 p−1tuk/q) :

=: ˜�λ+1k (p
−1u)˜ψ+((t/q)1/4 p−1uk) : . (E.1)

Therefore, noting

x+(z)
∣

∣

∣F (1,N )
v

= vz−N (t/q)3N/4 x̃+(z),

x+(z)
∣

∣

∣F (1,N+1)
−p−1uv

= −p−1uvz−(N+1)(t/q)3(N+1)/4 x̃+(z),

one obtains

x+((t/q)−1/4z)
∣

∣

∣

F (1,N+1)
−p−1uv

˜�λ(p
−1u)−1 − ˜�λ(p

−1u)−1x+((t/q)−1/4z)
∣

∣

∣

F (1,N )
v

= −p−1uvz−(N+1)(t/q)N+1

×
⎛

⎝

1

1 − p−1t−l tu/qz

�
∏

j=1

1 − p−1u j/qz

1 − p−1tu j/qz

∣

∣

∣|u j /z|<1

+p(t/q)−1z/u
1

1 − pt�qz/tu

�
∏

j=1

1 − pqz/u j

1 − pqz/tu j

∣

∣

∣|z/u j |<1

⎞

⎠

× : ˜�λ(p
−1u)−1 x̃+((t/q)−1/4z) :
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= −p−1uvz−(N+1)(t/q)N+1 pqz/tu

×
⎛

⎝− 1

1 − t�qz/tu

�
∏

j=1

1 − pqz/u j

1 − pqz/tu j

∣

∣

∣|u j /z|<1
+ 1

1 − pt�qz/tu

�
∏

j=1

1 − pqz/u j

1 − pqz/tu j

∣

∣

∣|z/u j |<1

⎞

⎠

× : ˜�λ(p
−1u)−1 x̃+((t/q)−1/4z) :

= −p−1uvz−(N+1)(t/q)N+1 pqz/tu

×
�+1
∑

k=1

δ(p−1tuk/qz)

∏�
j=1(1 − tuk/u j )

∏�+1
j=1
�=k

(1 − uk/u j )
: ˜�λ+1k (p

−1u)−1
˜ψ−((t/q)−1/4uk) : . (E.2)

The last equality follows from (D.5).
On the other hand, we have

˜�∅(u)−1
˜ψ−((t/q)−1/4z) = (z/u; p)∞

(qz/tu; p)∞ : ˜ψ−((t/q)−1/4z)˜�∅(u)−1 :,
x̃−((t/q)1/4u)−1

˜ψ−((t/q)−1/4z) = h(p−1z/u)−1 : ˜ψ−((t/q)−1/4z)̃x−((t/q)1/4u)−1 :,

where

h(w) = (pqw; p)∞(ptw/q; p)∞(pw/t; p)∞
(pw/q; p)∞(pqw/t; p)∞(ptw; p)∞ .

We have

˜�λ+1k (p
−1u)−1

˜ψ−((t/q)−1/4uk)

= (puk/u; p)∞
(pquk/tu; p)∞

∏

(i, j)∈λ+1k

h(uk/ui, j )
−1 : ˜�λ+1i (p

−1u)−1
˜ψ−((t/q)−1/4uk) :

We have uk,(λ+1k )k = uk ,

∏

(i, j)∈λ+1k

h(uk/ui, j )
−1 =

∏

(i, j)∈λ

h(uk/ui, j )
−1 × h(uk/uk,(λ+1k )k )

−1

= −t
a−(p)

a+(p)

(pquk/tu; p)∞
(puk/u; p)∞

l
∏

j=1

(pquk/u j ; p)∞
(ptuk/u j ; p)∞

l+1
∏

j=1

(puk/u j ; p)∞
(pquk/tu j ; p)∞ .

Hence,

˜�λ+1k (p
−1u)−1

˜ψ−((t/q)−1/4uk)

= −t
a−(p)

a+(p)

l
∏

j=1

(pquk/u j ; p)∞
(ptuk/u j ; p)∞

l+1
∏

j=1

(puk/u j ; p)∞
(pquk/tu j ; p)∞ . :

×˜�λ+1k (p
−1u)−1

˜ψ−((t/q)−1/4uk) : .
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Therefore,

∏�
j=1(1 − tuk/u j )

∏�+1
j=1
�=k

(1 − uk/u j )
: ˜�λ+1k (p

−1u)−1
˜ψ−((t/q)−1/4uk) :

= tk−1a+(p)
c′
λN

′
λ+1k

(p)

c′
λ+1k

N ′
λ(p)

A+′
λ,k(p)˜�λ+1k (p

−1u)−1
˜ψ−((t/q)−1/4uk).

Substituting this into (D.2), one obtains

x+((t/q)−1/4z)
∣

∣

∣F (1,N+1)
−p−1uv

˜�λ(p
−1u)−1 − ˜�λ(p

−1u)−1x+((t/q)−1/4z)
∣

∣

∣F (1,N )
v

= c′
λ

qn(λ′)t(λ, v, p−1u, N )N ′
λ(p)

(t/q)−1/2a+(p)

×
�+1
∑

k=1

δ(p−1tuk/qz)A
+′
λ,k(p)

qn((λ+1k )′)t(λ + 1k, v, p−1u, N )N ′
λ+1k

(p)

c′
λ+1k

×˜�λ+1k (p
−1u)−1ψ+((t/q)1/4qz/t).

Here, we used

t(λ + 1k, v, p−1u, N )

t(λ, v, p−1u, N )
= −p−1uvz−(N+1)(t/q)3(N+1)/2,

pqz/tu · tk−1 = qλk = qn((λ+1k )′)

qn(λ′) .

��
Proof of (4.28): We have

˜�λ(u)−1 x̃−((t/q)1/4z) =
l(λ)
∏

i=1

(pqz/ui ; p)∞
(t z/ui ; p)∞

×
l(λ)+1
∏

i=1

(z/ui ; p)∞
(pqz/tui ; p)∞ : x̃−((t/q)1/4z)˜�λ(u)−1 : for |z/u| < 1,

x̃−((t/q)1/4z)˜�λ(u)−1 =
l(λ)
∏

i=1

(pui/t z; p)∞
(ui/qz; p)∞

×
l(λ)+1
∏

i=1

(tui/qz; p)∞
(pui/z; p)∞ : x̃−((t/q)1/4z)˜�λ(u)−1 : for |u/z| < 1

and
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B+
λ (p−1u/z, p)˜�λ(p

−1u)−1 x̃−((t/q)1/4z)

= −pz/u
l(λ)
∏

i=1

(ui/t z; p)∞
(p−1ui/qz; p)∞

l(λ)+1
∏

i=1

(p−1tui/qz; p)∞
(ui/z; p)∞ : ˜�λ(p

−1u)−1 x̃−((t/q)1/4z) : .

Noting

x−((t/q)1/4z)
∣

∣

∣F (1,N+1)
−p−1uv

= (−p−1uv)−1zN+1(t/q)−(N+1)/2 x̃−((t/q)1/4z),

x−((t/q)1/4z)
∣

∣

∣F (1,N )
v

= v−1zN (t/q)−N/2 x̃−((t/q)1/4z),

one gets

x−((t/q)1/4z)
∣

∣

∣

F (1,N+1)
−p−1uv

˜�λ(p
−1u)−1 − (t/q)−1/2B+

λ (p−1u/z, p)˜�λ(p
−1u)−1x−((t/q)1/4z)

∣

∣

∣

F (1,N )
v

= −(uv)−1 pzN+1(t/q)−(N+1)/2

×
⎛

⎝

l(λ)
∏

i=1

(ui/t z; p)∞
(p−1ui/qz; p)∞

l(λ)+1
∏

i=1

(p−1tui/qz; p)∞
(ui/z; p)∞

∣

∣

∣|u/z|<1

−
l(λ)
∏

i=1

(ui/t z; p)∞
(p−1ui/qz; p)∞

l(λ)+1
∏

i=1

(p−1tui/qz; p)∞
(ui/z; p)∞

∣

∣

∣|z/u|<1

⎞

⎠

× : ˜�λ(p
−1u)−1 x̃−((t/q)1/4z) :

= −(uv)−1 pzN+1(t/q)−(N+1)/2

×
⎛

⎝(1 − p−1tu�+1/qz)
l(λ)
∏

i=1

(1 − p−1tui/qz)

(1 − p−1ui/qz)

∣

∣

∣|ui /z|<1

−(1 − p−1tu�+1/qz)
l(λ)
∏

i=1

(1 − p−1tui/qz)

(1 − p−1ui/qz)

∣

∣

∣|z/ui |<1

⎞

⎠

×
l(λ)
∏

i=1

(ui/t z; p)∞
(ui/qz; p)∞

l(λ)+1
∏

i=1

(tui/qz; p)∞
(ui/z; p)∞ : ˜�λ(p

−1u)−1 x̃−((t/q)1/4z) : . (E.3)

Applying the formula (D.3) and using

: ˜�λ(p
−1u)−1 x̃−((t/q)1/4z) :

∣

∣

∣

z=p−1uk,λk
= ˜�λ−1k (p

−1u)−1,

the RHS of (E.3) is

−(uv)−1 pzN+1(t/q)−(N+1)/2ta−(p)

×
�(λ)
∑

k=1

δ(pqz/uk)
�(λ)
∏

i=1�=k

(pqui/tuk; p)∞
(ui/uk; p)∞

l(λ)+1
∏

i=1�=k

(tui/uk; p)∞
(pqui/uk; p)∞ × ˜�λ−1k (p

−1u)−1
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= −(uv)−1 pzN+1(t/q)−(N+1)/2

×
�(λ)
∑

k=1

δ(pqz/uk)q
−λk a−(p)

c′
λN

′
λ−1k

(p)

c′
λ−1k

N ′
λ(p)

A−′
λ,k(p)˜�λ−1k (p

−1u)−1

= c′
λ

qn(λ′)t(λ, v, p−1u, N )N ′
λ(p)

(t/q)a−(p)

×
�(λ)
∑

k=1

δ(pqz/uk)A
−′
λ,k(p)

qn((λ−1k )′)t(λ + 1k , v, p−1u, N )N ′
λ−1k

(p)

c′
λ−1k

˜�λ−1k (p
−1u)−1.

��

F Useful formulas for the Nekrasov function

For readers’ convenience, we list some useful formulas for the Nekrasov function
Nλμ(x). Let λ,μ ∈ P+. Then for any integer � ≥ �(λ), �(μ), one has the following
formulas [4, 5]:

Nλμ(x) =
∏

�∈λ

(1 − xq−aμ(�)−1t−�λ(�))
∏

�∈μ

(1 − xqaλ(�)t�μ(�)+1)

=
∏

1≤i≤ j≤�

(xq−μi+λ j+1 t i− j ; q)∞
(xq−μi+λ j t i− j ; q)∞

∏

1≤r≤s≤�

(xqλr−μs t−r+s+1; q)∞
(xqλr−μs+1 t−r+s+1; q)∞

=
∏

1≤i≤ j≤�

(xq−μi+λ j+1 t i− j ; q)λ j−λ j+1

∏

1≤r≤s≤�

(xqλr−μs t−r+s+1; q)μs−μs+1

=
�
∏

i, j=1

(xqλi−μ j t−i+ j+1; q)∞
(xqλi−μ j t−i+ j ; q)∞

�
∏

r=1

(xq−μr t−�+r ; q)∞
(xqλr t−r+�+1; q)∞

,

where

(x; q)n = (1 − x)(1 − xq) · · · (1 − xqn−1).

The second equality follows from the formula

(1 − q)
∑

(i, j)∈λ

qμi− j tλ
′
j−i+1 = t

∑

1≤i≤�(λ)

qμi−λ j t j−i −
∑

1≤i<�(λ)+1

qμi−λ j t j−i ,

(F.1)

which is derived by using [60]

(1 − q)

λi
∑

j=1

q− j tλ
′
j =

�(λ)
∑

j=i

q−λ j t j (1 − qλ j−λ j+1). (F.2)
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