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Abstract

We introduce a new elliptic quantum toroidal algebra Uy »(gl; ;,-). Various rep-
resentations in the quantum toroidal algebra Uy ;(gl; ,,,) are extended to the elliptic
case including the level (0,0) representation realized by using the elliptic Ruijsenaars
difference operator. Various intertwining operators of Uy ;, »(gl; ;,-)-modules w.r.t.
the Drinfeld comultiplication are also constructed. We show that Uy, 1, , (gl ;,,) gives
arealization of the affine quiver W-algebra W, ,(I" (;4\0)) proposed by Kimura—Pestun.
This realization turns out to be useful to derive the Nekrasov instanton partition func-
tions, i.e., the x,- and elliptic genus, of the 5d and 6d lifts of the 4d N =2UM)
theories and provide a new Alday—Gaiotto—Tachikawa correspondence.

Keywords Elliptic quantum group - Toroidal algebra - Affine quiver varieties

Mathematics Subject Classification 20C35

1 Introduction

The aim of this paper is to introduce a new elliptic quantum toroidal algebra
Uq.1,p(8l} ;o) associated with the toroidal algebra of type gl and show its connection
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to the affine quiver W-algebra W, , (l"(;fo)) and the affine quiver gauge theories in 5d
and 6d.

We formulate Uy ¢, (gl ;) by generators and relations in the same scheme as
the elliptic quantum group Uy, ,(g) associated with the affine Lie algebra g [16, 40,
47, 51, 55]. The latter is the Drinfeld realization of the face-type elliptic quantum
group [39] in terms of the Drinfeld generators, which are a deformation of the loop
generators of the affine Lie algebras [13]. One of the important properties of the elliptic
algebra U, ,(g) is that it gives a realization of the deformation of the W algebras of
the Goddard—Kent—Olive (GKO) coset-type g,_nv—1 @ g1 D 8r_pnv [30, 31]. Note
that the GKO coset-type W algebras are isomorphic to those obtained by the quantum
Hamiltonian reduction for simply laced g but not for non-simply laced ones. See for
example [12]. For simplicity, let us consider the deformed W algebra in the simply
laced case and use the same notation W, ;(g) as the one for the Hamiltonian reduction
type [27]. Then, the level-1 representation of Uy, p@ realizes W, ,(g) [16, 40, 45,47,
50] in the following way.'

a) the parameters (p, p*) of Uq,p(g\) are identified with (g, t) of W, ,(g), where
p* = pq~2. Here, ¢ appearing in the both sides are different.

b) the elliptic Drinfeld currents £ (z), F(z) of Uy, (9) realize the screening currents
S (2). 87 (2) of Wy 1(g).

c) the basic generating functions A;(z) of W, ;(g) are realized by certain composi-
tions of the intertwiners of the U, ,(g)-modules w.r.t. the Drinfeld comultiplica-
tion.

Furthermore, for W, ;(sly) a deformation of the primary fields constructed for exam-
ple in [8] is realized as certain fusions of intertwiners of the Uy, p(s[N) -modules.

The elliptic quantum toroidal algebra Uy ¢, 5 (gl ;,,) is an elliptic quantum group
associated with the toroidal algebra gl;. It is an elliptic analogue of the quantum
toroidal algebra Uy (gl ,,,) introduced by Miki as a deformation of the W« algebra
[62]. Various representations of Uy ; (gl ;,,) have been studied by many papers such
as [5,9, 17, 18, 20-23, 62]. It is also remarkable that Uy, ;(gl; ;,,) is isomorphic to
the elliptic Hall algebra introduced by Schiffmann and Vasserot [17, 18, 78-81]. See
also [22, 23, 67] for the shuffle algebra formulation.

Representations of Uy ; (gl; ,,,) have many interesting applications to the 5d lifts of
the 4d N = 2 SUSY gauge theories, which are the gauge theories associated with the
linear quivers, such as a calculation of the Nekrasov instanton partition functions and
a study of the 5d analogue of the Alday—Gaiotto—Tachikawa (AGT) correspondence
[3]. See for example [5, 6, 10, 11, 63, 86]. The essential properties of Uy ¢ (gl; ;,,) for
applications to show AGT correspondence are summarized into the three points:

1) the deformed W-algebra W, ,(sly) is realized on the N-fold tensor product of
Uq.i(al) 1) [6. 9,23, 62].

2) theintertwiners of Uy (gl; ;,,)-modules w.r.t the Drinfeld comultiplication realize
the refined topological vertex [4, 36] as the vertex operators on the bosonic Fock
space [5].

' The same was confirmed for the non-simply laced case, say for Uy, p(B](l)) [16, 50], which realizes the
deformation of Fateev—Lukyanov’s WB; algebra [59].
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3) acertain block of composition of the intertwiners of Uy ; (gl ,,,)-modules realizes
the intertwiner (screened vertex operator) of the elliptic quantum group U, (;[ N)
[28, 29, 86].

Hence, by 2) taking a composition of the intertwiners of Uy (gl ;,,)-modules
according to the web diagram [4, 5, 36], the expectation value of it gives an instanton
partition function of the 5d lift of the 4d A/ = 2 theory and basically by 3) the same
quantity is identified with an expectation value of the intertwiners of U, ,(sly), i.e.,
a deformation of the conformal block. This is the 5d analogue of the AGT correspon-
dence. It is also remarkable that thus obtained deformed conformal blocks coincides
with the vertex functions introduced by Okounkov [1, 56, 74]. See for example (6.4)
in [52] and take its trigonometric limit ¢ — 0. There are some different approaches
based on the elliptic Hall algebra [81] and the shuffle algebra [68]. For the affine
Yangian case see [61]. See also [65].

Instead of taking an expectation value, one can take a trace of the composed inter-
twininig operators of Uy ;(gl; ;,,) [26, 77, 87]. Then, it gives an instanton partition
function of the 6d lift of the theory [26, 37, 72] and the same arguments as 1)-3) yield
that it is equivalent to the trace of the intertwiners of Uy, p(,;[N), i.e., the trace of the
vertex operator of W, ;(sly) [29]. Note that the integral expressions for the latter are
given as a part of the integral solution to the elliptic g-KZ equation [52, 55], which
has exactly the same structure as discussed as quantum g-Langlands correspondence
in [1]. This is the 6d analogue of the AGT correspondence. In this way, the instanton
calculus and the AGT correspondence in 5d and 6d lifts of the 4d V' = 2 SUSY gauge
theories associated with the linear quivers can be treated by using the quantum toroidal
algebra Uy (g1} ;0r)-

In this paper, we show that the elliptic quantum toroidal algebra Uy ;, (g1} ;o)
provides a relevant quantum group structure to treat the 5d and 6d lifts of the 4d
N = 2* SUSY gauge theories, which are the N' = 2 SUSY gauge theories coupled
with the adjoint matter [69, 70]. These are gauge theories associated with the Jordan
quiver. We also formulate the AGT correspondence between these 5d and 6d lifts
and the affine quiver W algebra W, t(F(Ao)) For this purpose, we construct some
useful representations of Uy ; »(gl; ;,,) and give a realization of W, ,(F(Ao)) [41]
in the same way as the above b) and c) for Uy, 1,('3 Namely the level (1, N) elhptlc
currents x*(z) of Ug.1,p(8l} 10r) give the screening currents Si(z) of W, ,(F(AO))
and a certain composition of the “intertwiners” of Uy ;, , (gl ror)-> gives a realization
of the generating function T (u). There one of the key properties of Uy ¢, p (gl ;0,) 1S
that the level (1, N) representation possesses the four parameters ¢, ¢, p, p* satisfying
p/p* = t/q. They play the role of the SU (4) Q deformation parameters introduced
by Nekrasov [70], i.e., two of three independent parameters are the 5d analogue the
2 deformation parameters €1, €, [69] and the remaining one is a deformation of the
adjoint mass parameter in the 4d N = 2* SUSY gauge theories.

Realizing the generating function T (1) of Wq’l(F(;\\o)), it becomes trivial that the
vacuum expectation value of 7' (1) gives the Nekrasov instanton partition function of
the 5d lift of the 4d A = 2* U(1) theory, i.e., the generating function of the x, genus

2A composition of the type Lintertwiner ® (u) of the Uy 1 p (gl ;or)-module and its shifted inverse O*(u).
See Sect. 5
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of the Hilbert scheme Hilb, (C?) of n points on C2 [41, 42], where we take y = p.
However, this fact and our realization of T (1) as a composition of the “intertwiners”
lead us to identify 7 (u) with a basic refined topological vertex operator corresponding
to the diagram Fig. I studied in [32, 34, 36]. Then, such realization makes calculation
of compositions of T (u) easy and allows us to apply them to various instanton calculus
in the 5d and 6d lifts of the 4d N = 2* theories. This includes N = 2* U (M) theories,
whose instanton partition function is the generating function of the x, genus of the
moduli space of the rank M instantons with charge n. Their 6d lifts give the generating
functions of the elliptic genus of the same moduli space. Hence, we establish a new
AGT correspondence between the 5d and 6d lifts of the 4d ' = 2* SUSY gauge
theories and the affine quiver W algebra W, ; (F(Zo)).

This paper is organized as follows. In Sect. 2, after reviewing basic facts in the quan-
tum toroidal algebra Uy ;(gl; ,,,), we give a definition of the elliptic quantum toroidal
algebra Uy ¢, p(gly ;o). The Z-algebra structure, an elliptic analogue of Miki’s auto-
morphism and Hopf algebroid structure are also given. In Sect. 3, we construct the level
(1, N), (0, 1) and (0, 0) representations. In particular, the level (0, 0) representation
is given by using the elliptic Ruijsenaars difference operator on C[[xy, ..., xy]]. In
Sect. 4, we construct the type I and the type I dual vertex operator as intertwining oper-
ators of the Uy 1, » (g1} ;o,)-modules constructed in Sect. 3. We also give a definition
of their shifted inverse operators. In Sect.5, we give a realization of the affine quiver
W algebra Wq,,(F(A\o)) by using the level (1, N) representation of Uy ;. ,(gl} ;0,)-
In Sect. 6, several calculations of the instanton partition functions of the 5d and 6d
lifts of the 4d N' = 2* SUSY gauge theories are given. The results indicate a new
AGT correspondence between those gauge theories and Wq,l(F(Ko)). In Sect.7, we
summarize calculations of basic correlation functions of our intertwining operators,
which should provide the N' = 2* analogues of the instanton partition functions of
the 5d and 6d lifts of the 4d A/ = 2 pure SU(N) theory and SU(N) theory coupled
with 2N fundamental matters obtained, for example, in [4, 5]. Appendix A is a list of
formulas, which is used to discuss the Z-algebra structure in Sect. 1. Appendix B is a
direct check of the statement on the level (0, 1) representation. In Appendices C and
D, proofs of Theorem 4.2 and 4.7 are given. In Appendix F, some useful formulas of
the Nekrasov function are collected.

Partial results in Sects. 2, 3, 4, 5 have been presented by H.K. at several workshops
[54].

2 Elliptic quantum toroidal algebra Uy, ¢,p (11 tor)
After reviewing the quantum toroidal algebra Uy ;(gl; ,,,), we introduce the elliptic

quantum toroidal algebra Uy 1, , (g1} ;). The Z-algebra structure, an elliptic analogue
of Miki’s automorphism and Hopf algebroid structure are also given.

2.1 The quantum toroidal algebra Ug ((g(1,¢or)

This section is a review of Miki’s results [62] in our notation.
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2.1.1 Definition

Definition 2.1 Let g,  be nonzero complex numbers such that ¢, ¢, ¢/t are not roots
of unity, and set

Kkm = (1= g™ (A —t7™)(1 = (t/q)™),
GH@2) = (1 —¢* ' - T - (g/0T'2).

The quantum toroidal algebra i, ; = U, (gl; ;,,) is a C-algebra generated by
am. X, yEP HE (m e Z\(0}, n € 2).

By using the generating functions

XF@) =) Xg "

nez

¢(2) = Yy exp {Z amy’"/zz""} :

m=>0

Y(z) =Y, exp {— Z a—m)/’"/zz’”} 7

m>0

the defining relations are

yil/z : central, 2.1
[, ] = —6m+n,o%”(y"’ —ymyy i, 2.2)
[ap. X (w)] = —%"y—l'"‘—m/zwmxﬂw), (2.3)
[, X~ (w)] = %”y‘m/zwmx-(w), 2.4)
1 — 1—1
0@ X ) = SO (7 ) = b0z iy ),
2.5)
26w/ X)X (w) = —w G (Z/w) X T (w)XT(2), (2.6)
Sym,, , 2023 X E (@), [X*H(22), X* ()11 =0, .7

where §(2) = ), o7 2"

Remark By rescaling the generators X $ as

Xt =0-t/pXt@), X @ =0-q/HDX (),
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32  Page6of64 H. Konno, K. Oshima

the relation (2.5) can be rewritten as

[XF(2), X~ ()] = k1 (8¢ z/w)p(w) — 8(yz/w)v (y "' w))

so that the whole relations of U, are symmetric under any permutations among
g1 =q,q> =1t"', g3 = t/q. Note also that (2.2)—(2.4) are equivalent to

P(P(w) = p(w)p(2), Y@V (w) = YWY (2), (2.8)
Gty 'w/2) _ Gt(yz/w)

W¢(Z)W(U}) = mw(ww(@, (2.9)
26Ty w/e@X T (w) = —y P wGT (yz/w) T X T (w)e(2), (2.10)
2T Ww/)Y (@)X T (w) = —w G (Z/w) X T (w) ¥ (2), (2.11)
736 (w/2) TP X T (w) = —w G (Z/w) T X T (w)e(2), (2.12)

276w/ T @X T () = =y w6 (vz/w) T X ()Y (2). (2.13)
2.1.2 Automorphism of Uy ¢
Letussetw = (1 —g)(1 — +~1) and define Y,i €Uy, (I € Z) by

(Wl (ad XJ)iZXL/(—w)l—l (>0

Yl+ = _

a (=0
1— t/q

—(g/O"y @d X)X~ /()71 (1 < 0)

—t/Q)y "@d X)X jo! ! (>0

B yl/z

Y, = ai (1=0),

1—gq/t
(@/D" Ty Hl@d X HH=1XT /ol=1 (1 < 0)

where (ad x)y =[x, y] for x, y € U, ;. In addition, for k € Z\{0} we set

k—2

+ oyt + v+
Xt x4, ..., Xs, X1 k >2)
Xg k=1

hy = B ,

—(g/HX, (k=-1)
—(g/OMIX Xy Xg. X1 (k<-2)

—— e’

|k|—2
where for xq, x2, ..., Xp € Uy
[xn, ..., x1] = [xn, X1, -+ [x2, x1]---1].
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In terms of Ay, we define by € U, (k € Z\{0}) by the relations

_ hi _
exp (Zbk(wg)k/zz k) =1+K1ZJZ K,

k>0 k=1
h_k
exp <— Zb—k(%r)k/zzk) =1+« Z sz,
k>0 k=1

where we setw = (1 —g)(1 — t~1). Then, we have

Theorem 2.2 (Miki) The map

Wiap s (1—t/q)y ' 2XT, ay > —(1—q/0y 12Xy,

1/2 1/2
X(J)r > — J: a-1, X, — J:
1—t/q 1—gq/t

y ey, vl ey

ati,

1

gives an automorphism of Uy ; satisfying W4 = 1. Moreover, ¥ maps
ay — by, XlﬂE — Yli, by — a_g, YljE - XT,

For readers’ convenience, we listed below the correspondence between our nota-
tions and those used in [62]. The symbols with M denote the ones in [62].

v =q"%  qu=@/9"? =y, o =y

gm — O —vaal =y 2a gy — a3 Y ks — v = W H by,

(172 \
(1)
-4

12
XM+_t/
LT N A =

q

1/2 1/2

t t t t

X" M- = _ a/ e YZM+ = Yl+, YZM_ =— a/ Y.
l—gq I—gq

2.2 The elliptic quantum toroidal algebra Ug ¢ , (!4, tor)
Let p be an indeterminate and set
@pn=0=2A=zp)--- A =2p"D, (@ po=1L

forn e N, z € C. We define Uy ; ,(gl; ,,,) by generators and relations as follows.

Definition 2.3 The elliptic quantum toroidal algebra Uy, ; , = Uy, p(gly ) is @
CI[p]]-algebra generated by «y,, xni, (m € Z\{0},n € Z) and invertible elements
1//&, y /2. The defining relations can be conveniently expressed in terms of the gen-
erating functions, which we call the elliptic currents,
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32  Page8of64 H. Konno, K. Oshima

xi(z) — iniltz—n,

nez

n 1
v @) =y exp (— 21 fpm a-m<y“/2z>’") exp (Z = pn am<y“/2z)—’") ,

m>0 m>0

1 m
Y (z) = ¥ exp <_ Z 11— pm 0‘—171()’1/22)"1) exp (Z 1 fpm a’"(yl/zz)_m) :

m>0 m>0

The defining relations are

wgt, )/1/2 . central, (2.14)
Km , m —my.,—m - pm
[, op] = __(V -V ))/ —*m(sm—t-n,()’ (215)
m 1—p
[otm, x T (2)] = —K—mﬂy%m/zzmx*(z) (m #0). (2.16)
m 1 — p*m
[, x ™ (2)] = %y_m/zzmx_(z) (m #0), (2.17)
1—¢g)(1—1
o @ ] = S 5 < ) = vz w7 ),
(2.18)
26T w/Dgw/z; pHxt@xt(w) = —w?GH(z/w)gz/w; pHxT (w)xt(2),
(2.19)
PG (w/)gw/z: p) T xT(@x T (w) = —wG (z/w)g(z/wi p)xT (w)x (),
(2.20)
gw/z: p*)g(u/w; p*)g(u/z; p*) <E +2_X_ i) xF@x T (w)xtw)
u Z w w
+ permutations in z, w, u = 0, (2.21)

g(w/z: p) L glu/w: p) " gu/z: p)”" (E TR 1) X (2)x~ (w)x (u)
u Z w w

+ permutations in z, w, u = 0, (2.22)
where we set p* = py 2 and
@o=ewn( Y2 et (2.23)
8(z;s) = pm>0m1_smz b4 .

fors = p, p*.

We treat these relations as formal Laurent series in z, w and u. All the coefficients in
z, w, u are well defined in the p-adic topology [24, 25, 51].
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It is sometimes convenient to set

l_p*m

Ol;,1 = pm ymam (m € Z#O)
which satisfy
/ / Km m —my ., ,m L—p™
[y, @] = —;(V -y Ny p—— Sm+n,0- (2.24)

+

Remark In the same way as U, ;, by rescaling the generators x;; as

=0 —1/pxT@), (@ =1-q/0x (),
the relation (2.18) can be rewritten as

[ F (@), X~ )] = k1 (8 z/w)yF (w) = 8(yz/w)v ™ (" w))

so that the whole relations of U ; , are symmetric under any permutations among
n=q.q@=t"qa=1/
Remark On U, ; ,-modules, where the central element y1/? takes a complex value,

we regard p, p* = py Zasa generic complex number with |p| < 1, |p*| < 1, and
have

(Paz; P)oo (Pt7 'z Plos (P(t/Q)Z5 PIoo
(Pq~ 'z P)oo (P12 D)o (P(t/9) 725 Ploo

gz p) =

Here, we set

o0

(z: Ploo = l_[(l —zp"  Jzl < 1.

n=0

From this, one can rewrite (2.15)—(2.17), (2.19) and (2.20) in the sense of analytic
continuation as follows:

VEQUEw) = LUELD yE )y (o),

YH Y (w) = LL WP g gt ()

go(yw/z:p)

v @xt(w) = go(y'w/z; pHxT )Y (2),
U @xT(w) = go(w/z; pP)xT (W)Y (2),
Y ()x~ (w) = go(z/w: p)x~ (W)Y (2),
Vo (2)x" (w) = go(yz/w; p)x— (W)Y (2),
xt(@)xt(w) = go(w/z; pH)xT(w)x(2),

X (D)x(w) = go(z/w; p)x~ (w)x ™ (2),
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32 Page 10 of 64 H. Konno, K. Oshima

where
0,(q7'2)0,((q/1)2)0,(t2)
; = , 2.25
80 D)= G 46, (@ /D108, 12) (2.25)
0p(2) = (25 P)oo(P/2; P> (2.26)
80(z: p*) = g0z ), - (2.27)
Note that

g0 ip) =gozp)'. ge(pzip) = go(z: p).
2.3 The Z algebra structure

We next show that the Z algebra structure of U, ;, , remains the same as the one of Uy, ;,
i.e., it is not elliptically deformed. This is a common feature in the elliptic algebras

Uq.p (@) [16].
In this subsection, we assume y # 1. Set

1
E*(a,2) = exp {j: > ﬁaﬂ(y—l/zz)“} , (2.28)
n>0 Y
: 1 -
E*(a',2) = exp {:F D e ”Zzﬁ"} , (2.29)
n>0

and define Z*(z) by

ZY@2) = E (o, 2)xT () ET (a0, 2), (2.30)
Z () =E (@, 2)x @E" (. 2). (2.31)

Then, from (A.1)-(A.4) in Appendix A, we have
[t Zi(Z)] =0, (me Z#o).

Furthermore, the relations in Definition 2.3 and Lemma A.1 lead to the following
theorem.
Theorem 2.4

PG (w/Dgw/z yH 25 (@) 2F (W) = —wiGT (z/w)g(z/w; yH T ZEw) 2% (2),
(2.32)
gyw/Dg(yw/z; yHZT()Z™ (w) — glyz/w)g(yz/w; yHZ ™ (w) 2 (2)

1-— 1—-1
= # 18 z/wywd — 8(vz/wyvg |, (2.33)

gw/2) gu/w) g/ g(w/z yH T glu/wi yH T gu/z v
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X (— —+ w_z_ E) ZT()ZT (w) 21 (u) + permutations in z, w,u =0, (2.34)
u Zz
2y—1 2y-1 21 (W z _u - - -
gw/ziy?) gu/wsy™) glu/z y”) (; to—, 5) Z7 @2 (wZzZ ()
+ permutations in z, w, u = 0. (2.35)

Here, g(z; y?) is given in (2.23) with s = y? and we also set

g(z) = exp (Z %zm) e C[[z]l. (2.36)

m>0

We call the algebra generated by the coefficients of Z¥(z) = Y,z 25z in z
satisfying the relations in Theorem 2.4 the Z algebra associated with Uy ; .

Remark. Noting that the whole relations in this theorem are independent of the elliptic
nome p, one finds that these relations coincides with those in Proposition 4.2 in [62]
under the identification

Ku=v. Ky'=o,
TE@m = +2%5@) /(1 — g=H(A —1Tly)

and the correspondence listed below Theorem 2.2.

Hence, the elliptic quantum toroidal algebra U4, ;,, possesses the same deformed
Virasoro and W3 algebra structures through the same Z algebra structure as U ,
discussed in Theorem 4.1 and Remark 4.7 of [62].

2.4 Algebra homomorphism from Uy ; ,(gl1 o) t0 Ug ¢ (814 tor)

In [40], an homomorphism from the elliptic quantum algebra U, ,(g) to the quantum
affine algebra U, (g) with g being an untwisted affine Lie algebra was given. This
allows us to extend any representations of U, (g) with generic ¢ to those of Uy, ,(g)
with generic p, ¢. Such homomorphism can be generalized to the cases with g being
any twisted affine Lie algebras, for example see [46], as well as any toroidal Lie
algebras g, [23, 54]. They include the cases with g being (affine or toroidal) Lie
super algebras. See for example [44].

Proposition 2.5 Let us define u*(z, p) by

1/2 p*m
+(q,— _ m
Wy P py=exp (- 1= pm e |

m>0

_ p" _
u (]/1/2Z7 p) — exp (Z 1 amZ m) ,

_ pym
m>0 p
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32 Page 12 of 64 H. Konno, K. Oshima

where p* = py~?

1o Uq,: ® Cl[pll.

xt@ e ut @ pXtQ),
x ()= X (Qu (z, p),
(@) = ut(yz, po@u (2. p).
V() > ut (@ Py @u (vz, p).

In particular,(2.39) (or (2.40)) is equivalent to

m

I—p

Uy > Ay, Uy > —————a_, (m > 0).

1_p*m

The statement is proved by using the following lemma.

Lemma 2.6
n Kn V' =¥ i+
[an, u™(z, p)] = FW@ y 7)"u(z, p) (n>0),
kp Y"

_y_n _ _ _
T Y2z, p) (> 0),

ut (2. p)XT(w) = g(z/w; pHXT(wut(z, p).

ut(z, )X~ (w) = gyz/w; p)~' X~ it (z, p),

u”(z, P Xt w) =gy w/z p) T X @, p),

u (z, )X~ (w) = g(w/z; p) X~ (wu (z, p),

Pp@ut(w, p) = glyw/z; pHgly " w/z: p*) T ut (w, )¢ (2),
u” (@ Py (w) = glyw/z; p)g(y~'w/z; p)~ W (wu (2, p),
d@u” (w, p) =u" (w, p)p(2),

ut (2, pY(w) =Y wu (2, p),

[a—p, u™ (z, p)l = —
n

as above. Then, the following gives a homomorphism from Uy ; p

(2.37)
(2.38)
(2.39)
(2.40)

(2.41)

(2.42)

(2.43)
(2.44)
(2.45)
(2.46)
(2.47)
(2.48)
(2.49)
(2.50)

ut(z, pu(w, p) = g(p*yz/w; pHg(py 'z/w; p)~'u~(w, put(z, p). (2.51)

Here, g(z;8), s = p, p*is givenin (2.23).

It is obvious that the homomorphism in Proposition 2.5 is invertible. Hence, one

has the following isomorphism.

Theorem 2.7 For generic q,t, p,
uq,t,p = uq,t ® (C[[P]]

as a topological algebra.
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2.5 Elliptic analogue of Miki’s automorphism

By using a set of new generators b,,, Yli of Uy, (gl} ;o) defined in Sect. 2.1.2, let us
consider their generating functions.

rE@ =) v,

leZ

¢p(2) =y exp :Z bm(wg)m/zzm} :

m>0

Yp(2) =y exp {— Z bm(l/f(;r)m/zzm} .

m=>0

Applying the homomorphism in Sect. 2.4, one obtains a new elliptic quantum toroidal
algebra Uqb’t,p(g[l,mr) generated by B, yli, 1//8', y~!, defined by

Yo =) v

leZ

mn 1
U (W P2 =y Hexp (‘ Y ﬁ-"’zm) exp (Z T ﬁmzm> ’
m>0 m>0

where
yH @) =uf @ pYT(2), (2.52)
Y (@) ==Y (Quy (z, p), (2.53)
v, (@) = uy (W z, p)dp(Duy, (2, p), (2.54)
v, (2) = u; (z. P @uy, (Y z, p) (2.55)
with

_ p*m
w (W) Pz, p) = exp (— > ﬁb_mﬂ") :

m>0 b

4y () 2 p) = exp (Z e b) |

m=>0

and pj = p(¥g) 2.
Then, we obtain the following isomorphism.

Corollary 2.8

~ r7b
Uq,l,[)(g[l,tar) = Uq,t,p(gll,tor)’
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by
+ + -
Oy = ﬁm: -xl = yl ’ V = wg—v w(—)‘r = y 1

Proof The statement follows from Theorems 2.2 and 2.7. O

2.6 Hopf algebroid structure

In this section, we introduce a Hopf algebroid structure into U4, ;, ,. This structure was
introduced by Etingof and Varchenko [14, 15] and developed in [43, 49].

For F(z, p) € C[[z, z_l]][[p]], let ® denote the usual tensor product with the
following extra condition

F(z, p*)a®b = a®F (z, p)b (2.56)

Here, F(z, p*) denotes the same F with replacing p by p* = py 2.

Define two moment maps i/, it : Cllz, z '1[[p]]l = Uy, pllz, 2~ 1] by

w(F(z, p)) = F(z.p), - (Fz, p)) =F(z p").

Let vy = y®1, V@) = 1®y and pz"i) = py(IT)Z (i =1, 2). Let us define two algebra

homomorphisms A : Uy 1 , — Uy, p@Uy s, p and & : Uy , — Chy

A(yil/Z) _ yil/2®yil/2, (2.57)
AWER) = v Po@v g, 2o, (2.58)
At @) = 18xF (v, o) + 2 (v, 28V (v ). (2.59)
A(x™(2)) = x—(y(;)l/zz)g;l + I/,+(yé)1/2z)<§~z>x_(;/(11/)2z), (2.60)
A(wi(F(z, p) = w(F(z, p)®L,  Alur(F(z, p)) = 1&u,(F(z, p)).
(2.61)
ey =eH =1 e@F) =1 eax*@)=0, (2.62)
e(u(F(z, p))) = e(u (F(z, p)) = F(z, p). (2.63)

Note that A is the so-called Drinfeld comultiplication. Then, we have

Proposition 2.9 The maps € and A satisfy

(A®id) o A = (idRA) o A, (2.64)
(e®id) o A = id = (id®e) o A. (2.65)

We also define an algebra anti-homomorphism S : Uy ; , — Uy 1 p by

Sy =y~
SWE@) =y,
ST (@) = —x @Y (@7,
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S(x™ () =—v T (@)x (2),
S(u(F(z, p)) = ur(F(z, p)), S (F(z, p))) = w(F(z, p)).

Then, one can check the following.
Proposition 2.10

mo (id®S) o Aa) = wi(e(a)l)  Ya €Uy, ,,
m o (S®id) o A(a) = p,(e(a)l).

These Propositions indicate that ({ ; p, A, €, g, 4y, S) is a Hopf algebroid [14, 15,
43,48, 49].

Remark For representations on which y!/2 = 1 hence p = p*, the following gives
an opposite Drinfeld comultiplication.

AP (YE(2) = v @Y E(2), (2.66)
AP(xT(2) =xT (@)1 + ¥ (2)®xT (2), (2.67)
AP(x7(2) = 1®x " (2) + x ()@Y T (2). (2.68)

3 Representations of Uq,¢ (911, ¢or)

Let V be aldy ; , module. For (k, 1) € C2, we say that V has level (k, 1), if the central
elements y /% and wg' act as

120 = (1)) *, w(;Lv =@t/q)""*v  VveV.

-2

In the rest of this paper, we regard p, p* = py ™~ as a generic complex number

with [p| < 1, |p*| < 1.
More generally, for py,...p, € Cwith |p;)| <1 (1 <i<r,r=12,...),we
set

o0

@ PP = [ (=zpf - pi).

We use the following multiple elliptic Gamma functions defined by [66, 73]

_1y—1
Cr(z5 Ploeeos ) = (@ D1y PSS (D1 Pr/25 P1s -y D)oo

Note
['1(z; p1) = 0p,(2),

(P1p2/2; P1, P2)oo
(z; P1, P2) o

a2(z; p1, p2) =T(z; p1, p2) =
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are Jacobi’s odd theta function and the elliptic Gamma function [76], respectively. We
have

Proposition 3.1

Fr(pjzv plv "'9p}’) = Fr—l(Z; plv "'715j7 "'7pV)FV(X; p17°"1pr)

forr =2, where p; means the excluding of p;.
3.1 Level (1, N) representation of Uq,t,p (9[1’to,)

For u € C*, let .’F,Sl’N) = Cla_y (m > 0)]1,(4N> be a Fock space on which the
Heisenberg algebra {a;, (m € Z-o)} and the central elements yl/ 2, wg' act as

R T (e A A F A (e e
o —m E = Olfm%-v

m — pm 0
& = — (1 = (q/0)")—L
m

1 — p*" du

3

—m

form > 0,& € f,ﬁl’N). Note that p* = pg/t on ]:,EI’N).

Theorem 3.2 The following assignment gives a level (1, N) representation of Uy 1 p
(1,N)
onF, .

n/4 3n/4
xt@) =uz™ (z/q)3N/4 exp {— Z (l‘/q)anzn} exp {Z (t/q)anz_”} ’

= l=/q)" 1= (/g
3.1)
= P {rDZO 1—(t/g)" ¥_nZ (CXp ’;) 1—(t/q)" o2 )
(3.2)
1 n/4 t n/4
V@ =/~ exp{ ;0 = /q) nz”} exp {Zx:) (1/i1)pn anzn} . 33

n/4 n/4
w‘(z>=<r/q>N/2exp{—Z(I/f’)p } {prq) z‘”}- 3.4

n>0

Proof Let us set x¥(z) = uTzFN (1/q)F3N/*%%(2), vE(2) = (t/9)FV/2y*(2). The
statement follows from the operator product expansion (OPE) formulas listed below.

V@ (/)P w) = fw/z p*) T @Qx (/) Pw) s w/z] < 1,

/) Py () = f(p*z/wi p*) T @QxT (/) Pwy s Jz/wl < 1,
U@/ Pw) = F(p* /) Pw/z p*) T @Qx (/) Pwy s w/zl < 1,
/)" Py (@) = £t /) Pz /ws p*) T @Qx T (/) Pw) s 2wl < 1,
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v @x"(w) = fpt/)  Pw/zp)T g T @x T (w) s w/zl < 1,

XY@ = f@ /) Pz p) T YT @ (/) Pwy s 2wl < 1,

—gqyw/2)(1 —yw/iz)
—yw/2)(1 —gyw/tz)

~(wixt(z) = vA =y /g =ty Tw)
X (w)x"(z) = (w/z) A=y T2/w)( =1y Tz/quw) X ()X (w)

rH @ (w) = (w/o)V 8

and the formulas

Xt (y)xX " (w) = 1’/7+~(z),
XY () =Y (v o).

Here, f(z; s) is given by

Fzs) = (772 ) oo (t2; $)oo(qt ™25 $)oo
o (q2: oo (17123 )00 (17125 §) oo

fors = p, p*.

A similar representation is given in Lemma A.16 in [23].

3.2 Vector representation and the g-Fock space representation

PO (w): |w/zl < 1,

lz/w] < 1,

(3.5)
(3.6)

We next consider the elliptic analogue of a representation given in [17, 18, 22], i.e.,

the g-Fock space representation of Uy, ; p.
For u € C*, let V (1) be a vector space spanned by [u]; (j € Z).

Proposition 3.3 By the following action, V (u) is a level-(0, 0) Uy ;. p-module. We call

V (1) the vector representation.

T (@Mul; = at(p)s(gu/z)ulj41,
X~ @Mul; = a (p)s(g!~ u/z)ulj-1,

+ 0p(ql T u/2)0,(q u/2)
Y ()ul; = 0p(qiu/2)0p(q " u/z) |,

[ul;,
Yo lul; = [ul},
where we set

(Pt/q; P)oo(P/1; P)oo
(P P)oo(P/45 P)oo
a(p) = (1 — =1y P4/1 D)oo Do
(P; P)oo(Pg; P)oo

at(py=010-1

Proof Use a formula in Lemma 3.11.

Let F, be a vector space spanned by |A), (A € PT), where

3.7

(3.8)
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Pt ={A= 1,2 ...) | A = Aip1, A € Z, Ay = O for sufficiently large [ }.
3.9)

We denote by £()) the length of A € P, i.e., Ay > 0and Ay = 0. We also set
|A| = > ;=1 A and denote by ) the conjugate of A.

Theorem 3.4 The following action gives a level (0,1) representation of Uy 1, , on F.
We denote this by .7-',50’1).

Y200, = W), (3.10)
L(0)+1
@, =at(p) Y AT (P wi/D)IA+ i), (3.11)
i=1
1208)
@I, = @/0"a” ()Y A7 (pS(q T wi/DIA = 1), (312)
i=1
Y@, = (q/D"?B u/z; i)y, (3.13)
@I, = g/ 2By (2/us p)In),, (3.14)

where we set

i—1 1
0p(11i /u )0, (gt~ ui fu )
AJr' — P JVP J 3.15
ni(P) ]Ul 0y (quus )0, (i /u) 12
200 -1 L)+1
_ Op(qt™ uj/u;) Op(tuj/u;)
ALi(p) = E : (3.16)
A, jﬂl 0p(uj/ui) /ﬂl Op(qu;/u;)
200 L)1
T Opi/t2) 0, (114i /47)
Brtu/zp )_Eep(u,-/q@ | e G0
200 L(V)+1
_ o 0p(tz/u;) 0p(gz/tu;)
B @up )‘ne,,(qz/u» [1 0p(z/ui) 19

i=1 i=1
A direct proof showing these actions satisfy the defining relation of ¢4 ;,, is given in
Appendix B. In Appendix C, we also give an inductive derivation of Theorem 3.4.

Remark 1 In the trigonometric case obtained by taking p — 0, the level (0,1) rep-
resentation in Theorem 3.4 is identified with the geometric representation of ¢/, ; on
P KrHilby (C?)), the direct sum of the T = C* x C* equivariant K -theory of
the Hilbert scheme of N points on C2 [17, 18, 22]. There the basis {Ir),} in Fy is
identified with the fixed point basis {[A]} in K7 (Hilby (C?)). We conjecture [54] that
the same is true in the elliptic case. Namely, if one could properly formulate a geo-
metric action of U, ; , on the direct sum of the equivariant elliptic cohomology of
the Hilbert scheme B N Er (Hilby (C2)), it should be identified with the level (0,1)
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representation in Theorem 3.4 by identifying |A), with the fixed point class [A] in
@Dy Er (Hilby (C?)), where the latter bases can be realized in terms of the elliptic
stable envelopes [2] on Er (Hilby (C2)) constructed in [84] by

M=) Stabg' (1)l Stabe (1)
ueP+

in the similar way as the case of the equivariant elliptic cohomology of the partial flag
variety [53]. See also [82, 83].

Remark2 Again from the trigonometric limit of (C.4), one finds the eigenvalue of
a1(=aj) on |)»),(4N) is given by

N
—(=t/q)(1 =)™ > " ghieN I

j=1

Under the automorphism in Theorem 2.2, a; is identified with (1 — #/q) X, aL . Hence,
we obtain the eigenvalue of X as —(1 — 1)tV Z;-V:] g*itN=J. Then, under the

identification of ¢" WM),(,N) with the specialization of the Macdonald symmetric

polynomial P;(t°g"), where the variables x = (x1,...,xy) are specialized by
tPg* = (N 1gh tN"2g*2 . ¢*N). This is consistent with the identification that
the trigonometric limit of (C.2) is the Pieri formula [60]:

N
e1(X)PL(x) = Y Y1 /a Prg; ()
i=1

where e (x) = Z;vzl

x;j and
i—1

_ (I —tui/uj)(l — qu;/tuj)
Vi =] A —wiJup)(1 — quifuj)

j=1

See also [17, 18] for such identification and its extension to the case N — oo in [22].
Hence, it is natural to expect that the action of the elliptic generator xar =9 zﬁlr—f.zﬁ (2)
on |A)5,N) in (C.2) gives an elliptic analogue of the Pieri formula [54] and the eigenvalue
of x(‘)" should be given in terms of an elliptic analogue of ¢} (t”¢*), which is unknown

yet, times = Nat (p).

These two remarks suggest that x(')" behaves as the elliptic Ruijsenaars difference
operator on W) (1) and the bases vector |)L),(4N) as an elliptic analogue of the Mac-
donald symmetric polynomials with the eigenvalue given by an elliptic analogue of
e1(tPg”), which should satisfy the elliptic analogue of the Pieri formula (C.2). See
also [58, 64], where the fixed point classes in the equivariant homology groups of
Hilbert schemes of points on C? are identified with the Jack symmetric functions. In
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Sect.3.3, we give more explicit relation of xar to the elliptic Ruijsenaars difference
operator.

3.2.1 Some elliptic formulas

Let us consider the combinatorial factors ¢, ¢, appearing in the inner product of the
Macdonald symmetric functions as

¢
(P, P)gr = —=, (3.19)
cx
Ai—h;pj—itl.
_ _a@) @)+l _ (g~ "t 5 @)oo
o= l_[(l q= 't ) = l_[ R g
Oex I<i<j<t() ’
(q).,'f)uj+ltj7i; q)oo
r_ 1 = 2O+1,u0)y _ (320
C; 1_[( q ) l_[ (q)»i—)\jJrl-'rltj_i;q)oo ( )

Oex I<i<j=<t()

Here, a() = o, (0) = &; — j, £(0O) = ¢,(0) = )Jj —iford = (i, j) € A. The
second expressions for ¢, cﬁ\ follow from the formula due to Macdonald [60]

(i, j)er 1<i<t(h) 1<i<C()+1
(3.21)
We introduce elliptic analogues of ¢y, ¢/ as follows.
D(gh~ i~ g, p)
— L) LM)+1y
ap) =[] 0@ PO =" T] — . (322)
1 —i+1.
Qe 1=izjzeey L@ PTT4,p)
() = [ 65O+ I T(gh—*nt1i=i g, p) (3.23)
¢, (p) = »(q t = P . .
Dev 1sizjzeey L@ P)
One can verify the following.
Proposition 3.5
k—1 _ L)+1
CH—M(P) _ l_[ ep(tq lui/uk) l_[i(=k)+1 Gp(uk/ui) (3.24)
ap) Ly Ol i /w) TTED) 6, (g fu)
k—1 L(A)+1 _
G (P _ ] et/ 1950 0yt i /ui) 429)
ci(p) i 0p (1 u; Jup) ]_[f(z)‘k)Jrl 0, (quic/u;)

The following formulas are useful in Sect. 4.
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Proposition 3.6 Ler us consider
1765) L)+1
/ 0,(tu;/u;) 0,(qu;/tu;)
A= T] Boaulan I %oy R (3.26)
jmig1 P M) 2y Op i T
i—1
L 0,(tu;/ui)b,(qu;/tu;)
A (p) = ]‘[ g JIUP T T (3.27)
i1 Op(quj/ui)fpuj/ui)
We have
/ C)L(p)C;LJr].(p)
Al (p) = —L AT (p) (3.28)
aitp c(p)easr, (p) M u
, cn(p)cs_q.(p)
AT (p)=—L"" A7 (p). (3.29)
P (S M
By a direct calculation, one can also verify the following formulas.
Proposition 3.7
AT (p) = (/DAL (D). (3.30)
AL (p) = /DAL, (). (3.31)
Hence, we have
Proposition 3.8
ap) G _
—— Ay (p) =(q/DA; 4. (P, (3.32)
a(p) (p) aal
a(p) G-, (P N
— A, (p)=/9A;_ ;(p). (3.33)
o p) P = O
We also need to introduce N, (p) and Ni (p) by
i—1
Ni(p) 1—[ (puj/tii: P)oo(pritj/quis Ploo
Ni+1;(p) i1 (puj/qui; p)oo(puj/ui; p)oo
1709) tM)+1
» 1—[ (pqui/uj; p)oo H (pui/uj; p)oo (3:34)

joip1 (PrUi/ujiPloo 20

N; (p) _ﬁ (pui/uj; p)oo(pqui/uj; p)oo

N (p) i1 (pqui/tuj; ploo(ptui/uj; ploo

(pqui/tuj; ploo’
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1409} (M) +1

< 1 (puj/tui; p)oo I1 (ptuj/qui; p)eo (3.35)
j=i1 (PUj/quis Ploo 0y (puj/uis Ploo
One can derive the following expressions.
Ny (p) = l—[ (pqui/uj;q, p)oo (pui/uj;q, p)oo

L<i<j =0 (ptui/uj;q, p)oo (pqui/tuj; q, p)oo

(pg" OO py
L (pg Ot O+ py”

I<i<j<t()+1

(3.36)

l—[ (puj/ui; q, poo (pquj/ui; q, p)o
I<ij<egy PAUI/ Ui G5 D)oo (ptuj/uiz g, pleo
1] (pg~ @ =4O=1 p) 337)
- (pq—a(D)—lt—Z(D). ) : :
Oea ? 17700

N;(p) =
l<i<j<t()+1

Then, one finds the following property.
Proposition 3.9

¢ Nu(p) _ c(p)

P . (3.38)
cn Ny (p)  a(p)

3.3 Level (0,0) representation and elliptic Ruijsenaars operators

The two remarks after Proposition 3.9 suggest a connection of the level (0,1) or (0,0)
representations of 4 ;, ,, to a possible elliptic analogue of the Macdonald symmetric
functions, which are expected to be eigenfunctions of the elliptic Ruijsenaars differ-

ence operator. In this subsection, we show a direct relation between the level (0,0)
representation and the elliptic Ruijsenaars difference operator

6 (txl/x])
b= 21211;[ 6, i) 0

which acts on (C[[xlil, AU x,j\;l]]. Here, T, x, denotes the shift operator

Ty X1, s Xis o Xn) = f(X1, 000, G Xy o Xn)-

The following theorem is an elliptic analogue of Proposition 3.3 in [62].
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Theorem 3.10 The following assignment gives a level (0, 0) representation of Uy ;. p
on (C[[xlil, e xil]].

+(z)—a+<p>Z]_[99(”’/xf) 51/ Tyoxi0 (3.39)
o (/)
_ Op (™ -xl/-xj) -1
(z) =—a (p) 8(g xi /T, . (3.40)
x(z ap;jl;[le(/xj) x/zq
e o N
I )(:n /1) )Zx;" (m € Z\{0}), (3.41)
=1

or

ﬁ 0,7 x;/2)6,(q ' 1x}/2)

N
Vi@ = 0p(x;j/2)0p(q " x;/2)

(3.42)
j=1

N . 1,/
W_(Z)Znep(tZ/xj)gp(qt Z/x]). (3.43)

=1 Qp(z/xj)ep(qz/xj)

In particular, the zero-mode xo+ = 95‘
difference operator

21=0 2;1” e X T (2) acts as the elliptic Ruijsenaars

0p(txi/x; )
X, :Cl+( ) L Xi
0 ZI};[ 0, Guifxp)

Proof Let us check the relation (2.18).

N
o Op(txi/x}) 1y Oplgxi/txe)
[t (2), x~(w)] = —a*(p)a (p)8(z/w)§(]l;[i PRy ]E[ G Ty 26/

Gp(tx,-/qx,-) gp(xi/lxk) »
- ‘ ) i .
Jl:é[i Op(xi/qx;) 15[1 0p (xi/xy) CA /Z))

Then, the relation (2.18) holds by the following lemma.
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Lemma 3.11

- N 0,(qz/1x))0,(t2/x})

lﬁ[ 0,(qz/1x;)0,(12/x})
0p(z/xj)0p(qz/xj) |_

= 0p(z/xj)0p(qz/x}) +

j=1

_ a8 5 (H DTG T T e

(Ps PIZOp (@) =\ 2 Op(axi/x)) iy Op(xi/xe)

Op(txi/qx;) yp Op (i /1) ¢y
) 8 i .
jl:é[i Qp(xi/qxj') IQ ep(xi/qu) (q X /Z))

Proof Note the partial fraction expansion formula, see for example [75],

0,(s/b;) _i 1 T Optan/b))
Op(s/ap) A Opa/s) T Oplar/ay)
#k

Op(s/bm+1) H (3.44)

with the balancing condition by - - - b1 = ap - - - aps. Let us consider the case m =
2N and take

s=z, aj=xj, anyj=q 'xj, bj=(/Q)xj, byyj=p""x;
(j=1....N), by =(B/D"z,

for some constant 8. Then, one has

ﬁ 0p(qz/1x}) ﬁ 0,(Bz/x))
0p(z/x;) e 0p(qz/x;)

j=1
Ze (2B xi /2)6,(q /1) 1—[ 6,(qxi/1x}) ﬁ 6,(Bxi/xi)  6,(B)

O (BN, i/D) 15 00/ s Oplaxi/x) T 6y(a)
#i #i

Z 0,((t/B)Nxi/q2)6,(B/q) 0,1~ ") 1 I 0,(xi/1x}) ﬁ 0,(Bxi/qxi)
0, ((t/BYN)O,(xi/qz) Op(g™") il Op(xi/qx;) ;2 Op(xi/xi) '
#i #i

Hence, we obtain

ﬁ 6,(qz/1x;) ﬁ 0,(Bz/x;)

~ ﬁ 0p(qz/1x)) ﬁ 0,(B2/x))
Op(a/xj) ) Op(qz/xj) 1,

0p(z/xj) j=1 L Oplaz/xj) |

j=1 j:l

Qp(ﬁ)gp(‘I/t) Gp(qxl/tx]) Op(ﬁxi/xk)
1)
P P2 ep<q>z iz )H 0, /x)) Ele,qu,-/xk)
o Zi
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N N N

0,t~H0,(B/q) S s s/ 0, (xi/tx}) I 0, (Bxi /qxi)
j=1
#i

A Op(xi/ax)) ;5 Op(xi/xk)

#i

Then, taking the limit 8 — ¢, one obtains the desired formula. O

4 The vertex operators

We construct the two vertex operators @ (u) and W*(u) of U, ; , called the type I
and the type II dual vertex operators [38] as intertwining operators of U ;, ,-modules.
These two vertex operators are the elliptic analogues of those constructed in [5],
whose matrix elements reproduce the refined topological vertex in [4, 36, 85]. We
also construct a shifted inverse of them denoted by ®*(u) and W (u), respectively.
These vertex operators turn out to be useful to realize the affine quiver W algebra and
instanton calculus in the affine quiver gauge theories. See Sects. 5 and 6.

4.1 The type | vertex operator

The type I vertex operator is the intertwining operator
) : fill;iv-ﬁ-l) N ]_—Lso,l)é}—lsl,N)

w.r.t. the comultiplication A satisfying

AP ) = d(u)x (Vx € Uy p). “.1)

We define the components of ® (1) by

dwE) = Y MBP.E)  VIE) e FULNTY, 42)
rePt
where we set
ny, = 2P 4.3)
C,\(P)

Lemma 4.1 The intertwining relation (4.1) reads

@, Y (/) *2) = (¢/0V*B )z puT (/) 2w, (4.4)
QY (/)" Y42) = (q/0) V2B 2/us p)v T (/) VA @5 (), (4.5)
@ (/)™ = xT(@/) T D@ + af (1 )T (/)T

L(n)+1
X Y aT (DAL (PG ui /DDy, w), (4.6)

i=1
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@5 wx~ (/) *2) = @/ B /e pyx (/) @) + g7 F( )
200
x(q/0"2 Y at (AT ()8 (i /2) D541, (). 4.7)

i=1

Proof For example, let us consider

AGT@)PW)E) = DwxT @)IE)  VIE) e FLNHD,

RHS = ) " |1),®®; ()x " (2)[£).
A

LHS = ) 0, 8xt @®:w)lg) + Y xT (/) *2)|1), 8% () D) [§)
s s

=Y W,®x T @)D w)E)
A

L()+1

+ 30 a (AT (s /9) T i [DIh+ 1), B9 (@) @i w)E)
A i=1

=Y 0, Bx T @)D w)E)
r
L()+1
+af (L p)™ Y Y aT (AL, (P8 i /D + 1), 89 () D))
A i=1
=D BT @ w)
A
e(r)
+qf (1, )" Y am (DA (P T ui /YT @iy () ¢ 18)
i=1
The third equality follows from (3.30). O

By using the representations in Theorems 3.2 and 3.4, one can solve these inter-
twining relations and obtain the following result.

Theorem 4.2
"N, (p)r* (A u, v, N) ~
D, (u) = D) (u),
Ch
L) A
@ () =: D) [ [[]5 (/@) !~ 7wy .,
i=1 j=I

1 1
Py(u) =expi— Y K—a’_m«r/q)mu)m} exp {Z — o, (/) )™

m>0 """ m>0""M
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where x~(2) = u™" 2V (1/q) NE (@) on Fi N and

A —1
nO)=> (—Dr, n)=> G-Dr=)_ % (4.8)

i>1 i>1 i>1
O u, v, N) = (g7 ) M=)V g, 0", (4.9)
fulg. 1) = (_1)|)»|qn()»/)-FMl/2t—n(l)—|)\\/2. (4.10)

The factor t*(A, u, v, N) was introduced in [5] and in particular f; (g, t) is called
the framing factor [4, 85]. Our vertex operator @ (u) is the elliptic analogue of ®*(u)
in [5]. One should note that our comultiplication is opposite from the one in [5]. A
proof of the statement is given in Appendix D.

In later sections, the following formula is useful.

Proposition 4.3

(1) = exp Z = gx,ma;n((l/q)l/zu)fm ) (4.11)

m#0 m

where we set

L)

1 .
+) @ = D"UTY (m € Zgo).
j=1

1 —m

gk,m =

4.2 The type Il dual vertex operator
The type II dual vertex operator is the intertwining operator
) FENZFOD  pNVHD (4.12)
satisfying
xP*(v) = *(v)A(x) Vx € Uy, p. (4.13)
We call W*(v) the type II dual vertex operator. We define its components by

W )[E) = U*) (16)BIA),)  VIE) € FIV. (4.14)

Lemma 4.4 The intertwining relation (4.13) is equivalent to

v/ AW ) = (/0B (v/z pHYF YT (g/1)*), (4.15)
¥ ((q/0) VA )W) = (¢/0) V2B (/v pHWF )Y ((g/0) Y, (4.16)
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X7 ((g/O 4 )W () = W )x~ (g/0*2) + (q/0"*a (p*)
2

x YA (P8 i /DTy, (/' ).

i=1

4.17)
¥ ((q/0 )W ) = (a/07 2By (/v W )x (g /D72
L)+1 ~
+at(p) Y AL (P8 DT, ). (4.18)

i=1

Here, p* = pq/t associated with FA*™).

One can prove this in the similar way to Lemma 4.1.
By using the representations in Theorem 3.2, 3.4 and (4.3), one can solve these
intertwining relations and obtain the following result.

Theorem 4.5

¢"*t(n,u, v, N) ~

W) = o B0,
L(A) A;
Ui ) = v [T 18 (/) g7~ 1= ), (4.19)

i=1j=1

m m

1 1
Wi ) =exp{ ) K—a_m((t/qW%)’"} exp {— D @/ Py

m>0 m>0

(4.20)
where xt(z) = uz N (t/q)*N/*X* (2) on FUENand
tOnu, v, N) = (—uv) M (=) VD g (g 1N

with f,(q,t) given in (4.10).

Our vertex operator W*(u) is the elliptic analogue of ®(u) in [5]. A proof of the
statement is similar to the one in Appendix D.
We have a similar formula to Proposition 4.3.

Proposition 4.6

—

U} (v) =: exp —Zl Exmam (/)" P0)™" | - (4.21)

m#£0 Km
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4.3 The shifted inverse of P (u) and W*(v)
We next introduce the shifted inverse of ®(u) and W*(v) denoted by ®*(u) and
W (v), respectively. In Sects. 5 and 6, we show that the vertex operators here and in

the previous subsections are useful to derive physical and mathematical quantities
associated with the Jordan quivers.

4.3.1 The vertex operator ®*(u)

Let us consider the linear map
q>*(u) . flgo,])é]:zgl,N) N ]_-ﬁlu,vN—&-l)7 (4.22)

whose components are defined by

O*w) (11),B18)) = Prw)E),  VIE) € FIWNV, (4.23)
n(\) a7/ -1
OF(u) = q Nk(p)t(c)/"v’“p . M) D (p )L (4.24)
A

Note that from Proposition 4.3 we have

11—

1 (p ) =rexp [ = ) P Exmety, (t/q)"Pu)™"

m#0 mn

Proposition 4.7 The vertex operator ®} (u) satisfies the following relations.

Y/ D@ W) = (t/q)VPB (pT )z p)@E YT (1)) H2),  (4.25)
U (/) D@ w) = (t/9)' By (pz/u; p) @)y (t/q)"42),  (4.26)

(/) )L w) = @ x T (/)7 2)
L)+1
+ (t/q)_1/2a+(p) Z Ati(p)s(p_ltui/qZ)q);i_i_li (M)W+((t/q)l/4qZ/t),

i=1

4.27)
X/ )P w) = (/)T B (pT /2 p) @Y (/) )
1708}
+(t/pa”(p) Y AL (P)S(p~ g ui /) @5y, (). (4.28)
i=1
A proof of this statement is given in Appendix E.
These relations allow us to expect that ®*(u) is the intertwiner satisfying
D*(u)A(x) = xD*(u) Vx €Uy p. (4.29)
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However, it turns out this is not the case. In fact one can derive the following relations
from (4.29), which are slightly different from those in Proposition 4.7.

Proposition 4.8 The intertwining relation (4.29) reads

(/) 05w = (/)7 B )z p) s (/) ). (4.30)
U (/)" )@ W) = (1)) /2By (z/uz p)® v ((t/q)"V42). (4.31)
(/) DPE ) = DFwxt (/)2
L()+1
+at(p) D AL (PSR 4y, v (/)" ), 4.32)
i=1
x_((l/4)1/4z)(1>;(u) = (t/q)_l/zB;-(u/Z’ p)(bji(u)x—((t/q)l/4z)
200)
+t/q) " Pa ()Y AT (P8 ui /)Ry, (). (4.33)

i=1

This discrepancy is probably due to a lack of understanding the dual representation

to }'LEO’ Y Tt is hence an open problem to find a representation theoretical meaning of
D*(u).

4.3.2 The vertex operator W (v)
Similar to ®*(u), we consider the linear map
w() : FOYY > FIMGFOD

and define its components by

Y)IE) = Y BIEBIA),  VIE) e FoLIY, (4.34)
rePT
" ( )_ qn(l’)t*(k’p*v,u,N) . \Tl*( * )71 . (4 35)
A(v) = TN, () WI(pTv) .

Note that from Proposition 4.6 we have

-

LB () =exp [ - Y P E et (1) P0) ™"

K,
m#0 mn

One finds the following relations satisfied.

Proposition 4.9

Wt /q) V) = /) 2B (pru/zs pIv T (/)T A )W (v),
(4.36)
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WY (/) *2) = (/) B (p* /v pOY T (/) A ) Wi (v),
(4.37)
W, ()x (/) 42 = x~ (1)) ) W5 (v)
L)+1 /
+/@a”(p*) Y AL (PSP i /g (/)T D)W, (),

i=1

(4.38)
W )" (/) *2) = (/) By (0 2 v pOIT (/) ) Wa )
765!
+ /)" P (p*) Y A; (P8 (pHui /g Wi, (). (4.39)
i=1
A proof of this is similar to the one in Appendix E.
Again, these relations do not coincide with the intertwining relation
Yw)x = Ax)¥(v) Vx € Uys,p, (4.40)

which is equivalent to the following relations:

Proposition 4.10

WY ((t/g) V42 = (1)) 2B (v/z phY T (/)T A )W (v),  (4.41)

WY (/) *2) = (t/q)"* By (z/v; p)¥ (/) V4205 (v), (4.42)
W (0)x (/)2 = x (/) *2)
L(A+1;)

/) e (p") Y AT (M8 T v u () A D)W, ),
i=1

(4.43)
W xT(t/9)*2) = (/) B (z/vi pHxt (1)) )W (v)
L(A—1;)+1 ) .
+at(p*) Y AL (PN g T /)Wy, (v). (4.44)

i=1

Hence, again it is an open problem to find a representation theoretical meaning of
W (u).

5 Affine quiver W-algebra W, p+ (F(ﬁo))

One of the importance to consider the elliptic quantum group is that it gives arealization
of the deformed W algebras such as W, ,«(g) [27] and provides an algebraic structure,
i.e., a co-algebra structure, which enables us to define the intertwining operators ( the
vertex operators ) as deformation of the primary fields in CFT. In this section, we
realize the deformed W algebra W), (F(Xo)) associated with the Jordan quiver Xg
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[41] by using the level (1, N) representation of U, ; , given in Sect. 3.1, where in
particular y = (t/¢)'/?, in the same scheme as it was done for W, p(g) in terms of
the level 1 representation of the elliptic quantum group Uy, ,(@) [16, 40, 45, 47, 50].

5.1 Screening currents

Let us set

L (t/pm? _ @/qpm?
Sy = T QUp, Sy = T,
L= (t/q)" L= (t/q)m

Then from (2.15) and (2.24) with y = (¢/¢)'/?, hence p* = pq/t, one can show the
following commutation relations

[+ +]__ll_pm (1— m)(l—t_’")é

SmoSp 1 = m1— pm q m+n,0>
o 11— p*™m B

(S8, 1= —n—im(l —q")A = t7")dmn0-

Moreover, one can rewrite the elliptic currents x*%(2) in Theorem 3.2 as

(/) = (/) Pu/N ) rexp { £ Y sk
m#0

Hence, one of xi((t/q)l/4z) coincides with the screening currents of W), (F(Xo))
[41, 42] with the SU (4) Q2-deformation parameters p, p*, g, t [70] satisfying

p/p*=t/q.

In our knowledge the elliptic quantum toroidal algebra U ; , is the first quantum
group structure which possesses the SU (4) 2-deformation parameters.

One should also note that in [41, 42] Kimura and Pestun constructed only one type
of screening current. However, it is natural for the (deformed) W algebras that there are
two types of screening currents [7, 12, 19, 27]. In this sense, our realization completes
their construction.

5.2 Generating function
To obtain the generating function of W, p*(I‘(;\\o)), we apply the same scheme as

used in [50]. Namely consider the composition of ® (1) and ®* (), which are given
in Theorem 4.2 and Sect. 4.3.1, respectively.

Tu) =" Wow) = Yy Ojw ) : FlLth -z,

—Uuv —Uuv
rePT
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Note that one can choose v € C*, N € Z arbitrarily. Taking the normal ordering one
obtains

I (W) D () = C(g, 1, p) : By ()P (w) : .

Then, one finds that the operator part is given by

BB w) = [ Yw/qD) [] veq/ou/q™=": 61

OeA() WecR(V)

with

Y (u) =: exp Z A/ 7aL S (5.2)
m#0

1—p™ _

t/q)"ay,.

The symbols R(A) and A(X) denote the set of removable and addz;rllale boxes in the
Young’s diagram A, respectively. The main structure of (5.1) is due to Proposition 4.3,
which yields

Here,wesetqD = t"_lq_f”rl forld = (i, j) € A,etc,and y,, =

L ®F (u)®D; () =: exp Enmey ((t /) Pu)™™ | -,

Z d—-md-p"

m#0 Km
(5.3)
and the following combinatorial formula.
Proposition 5.1
1
Gm=1—m | 2 "= Yo "™ (5.4)
OeA() WeRr()
Proof The statement follows from
o —m m m
Gim=1—m 1= =g ="} g
Oex
and
e (i,Ai) € R(A) &= A; > Ain1
o if (i, l)) e RAW) = (+1,rp+1)eAR)
for » € PT. i
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Moreover, from (2.24) with y = (¢/g)"/?, one finds the following commutation
relation.

1(=p™d—p™)
m (1 —gm(1— 1)

Vs yul = — m—+n,0-

This agrees with the one in [41].

The coefficient part in &} (u)®; () can be calculated by combining the normal-
ization factors of the vertex operators and the OPE coefficient. The calculation of the
latter coefficient is essentially due to the following formula [4] obtained by considering
a g-analogue of (3.6) in [71].

Proposition 5.2

1 -
T EmmEum
" may () .m (€, (C)+1) —m(a, (W)+1) —me; (H)
- M iz t A .
A—gma—m 29 t24
Oep Hec)
(5.5)
Then, one finds
Cig. 1, p) = CqM 200, ¢71, p),
where
q=p~'pN /', (5.6)
Z}{A\o(t q71 p) _ 1_[ (1 _ pqa(D)+]t€(|:|))(1 _ quu([j)tfl(m)fl) (5 7)
) P = — a@)+10O)0 (1 — g—a@)—eO)—1y ° '
Oop (=g ) (A — g )
c— (p~'t:q9.1, P)oo 5.8
(g5 9.1, P)o

Note that the sum ka:n Zfo(t, g~ "', p) coincides with the equivariant Xy-genus

of the Hilbert scheme of n points on C2, Hilb, ((Cz), [36, 57] with y = p. Note also
that one can rewrite (5.7) as

Aor. —1 _ Nulpgq/t)
Zoltg P = Ny (q/t) 69

in terms of the 5d analogue of the Nekrasov function N, , (x) given by

Nop@) = [T = xg= @700 TT (1 = xg»® @+ (5.10)
Oex ey

@ Springer



Elliptic quantum toroidal algebra Ug.¢,p (gl1 tor) and affine... Page350f64 32

Fig. 1 Graphical expression of ]__(1,N+1)
>a d)i(u)d);\(u). The two —uv
horizontal lines with || are glued
together

(0.1) A

u

‘F’lgluN)
(1,N+1)
‘F—’lL’U

Hence, the whole operator

T =¢Y a"20wq " p: ] va/a™ [ rea/mua™:
A OeA®) WcR())
(5.11)

agrees with the generating function of W, (I‘(Zo)) in [41, 42] up to an over all
constant factor. Note that we have the symmetry

Z0a4,q7", p) = (ppHHMZP@, 7 ph
=pHzla g, ph = @Mz a0 g, ph).

From (5.11), it is immediate to obtain the rank 1 instanton partition function of the
5d lift of the 4d A/ = 2* theory [4, 32-34] by taking the vacuum expectation value:

OIT )10y = Y™ 2M1. g7 p). (5.12)
s

It is then important to recognize that this result and our realization 7T (u) =
25 @5 (u)®;.(u) lead to the identification of T (1) with the basic refined topologi-
cal vertex depicted in Fig. 1, which was introduced in [32, 34, 36]. Once obtaining
such basic operator, one can apply it to various calculations presented in the subsequent
sections.

5.3 The higher rank extension

To extend W, (F(;\\o)) to the one associated with the higher rank instantons, one
need to take a composition of 7 (u)’s. By using (5.3) and Propositions 5.1 and 5.2, one
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obtains the following expression.

o _CMiqk 3 ﬁ Ny (pqui j/1)
L M Ny (qui,j /1)

A 00 i j=1
X 1A=k
M
<:[T Il Yesd™ T[] v«a/ouw/e™™":
I=1 0eA(D) HcrR(OD)
(5.13)
where we setu; ; = u;/u;, and
ay = ap~ MV = p I pM N @y, (5.14)
_ M _
c ((p 't:q.1, P)oo) I (p~"tuji:q. Doo(pqujiz q. Noo
M=\—""—"—" )
(@9, P)oo t<icjem WG4 Doo(qjiigs Doo
(5.15)
In fact, the sum
M Nyosor (pqui, /1)
-
o) = Y L (5.16)

D £ j Ny oo (qui,j/t)

> =k

coincides with the equivariant x, (y = p) genus of the moduli space of rank M
instantons with charge k [34].

Note that 7'(u) gives a non-commutative 5d-analogue of Nekrasov’s gg-character
of the N = 2% U(1) theory [41]. We expect that T (uy)--- T (up) gives a non-
commutative 5d-analogue of Nekrasov’s gq-character of the N' = 2* U (M) theory.

6 Instanton calculus in the Jordan quiver gauge theories

By using the generating function T (u) of W), (F(Zo)) constructed in the previous
section, we show some demonstrations of deriving the instanton partition functions
of the 5d and 6d lifts of the 4d A/ = 2* SUSY gauge theories. Hence, the elliptic
quantum toroidal algebra 4, ; p is a relevant quantum group structure of dealing with
such theories.
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6.1 Instanton partition functions for the 5d and 6d lifts of the A/ = 2* U(1) theory

As mentioned in Sect. 5.2, the vacuum expectation value of 7 (1) gives the instanton
partition functions of the 5d lift of the 4d A" = 2* U (1) gauge theory.

OIT@)0) =€ Y a* zM 1 g7 p). (6.1)
s

We then identify T(u) = ), @j(u)cbk (u) with the basic topological vertex depicted
in Fig. 1.

An immediate next application is to take a trace of T (u). Let us introduce the degree
counting operator

2

m 1—p"
d=— a o
2T a1 e

such that
d,a,] =ma, meZLyy.

Then, the following trace yields the 6d version of the partition function of the rank 1
instantons [4, 32-34].

trpanen O Tw) =Co ) Mz g7 pr0), (6.2)
A
where
co— L Ta 0 P (07110141 Qe (Pg Q3 41, Qoo
T 0 0n @atpDe (0.1 Qx@0iq.1. QDo
(6.3)
- 0 .
2007 p Q) = Niplpalti ©) (6.4)

NY (q/t; Q)

Here N f 9 (x; Q) denotes the theta function analogue of the Nekrasov function given
by

N)?M('X; Q) = l_[ QQ(xq—au(D)—lt—f)\(D)) l_[ QQ(xqa’\(.)tzﬂ(.)"‘l),

Oex Hcu
(6.5)

In fact the sum ZA,I/\\:n Z;:‘ °(t,q~', p; Q) gives the equivariant elliptic genus of
Hilb, (C?) [57].
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6.2 The 5d and 6d lifts of the A/ = 2* U(M) theory

The higher rank instanton partition functions can be obtained from the composition
T(uy)---T(up)in(5.13). The vacuum expectation value gives the instanton partition
function of the 5d lift of the 4d ' = 2* U (M) theory [34].

OIT @)+ T@al0) = Cor 3 by p (M), 6.6)
k=0

where x, (M ») is given by (5.16).
Furthermore, taking the trace of (5.13), one obtains

oo
tr v QN Tr) - T(up) = Com Y dy Ep.o M), (6.7)
—M]l)' k:0
where ujv; = upvy = --- = up vy with arbitrary vy, --- , vy € C*. We here also
set
M a6
Ny, (Pqui j/t: Q)
Epo@i) = Y. [] 22— 6.8)
20 o=t N @i/t Q)
¥, 1=k

CQ,M

1 ((r;q,r)mr3<p—1t;q,r, Q))M

(0 Qoo \ (P15, DooT3(13 g, 1, Q)

1—[ Ts(p~ttujisq,t, O)T3(pqujisq,t, Q)
Ca(tujisq,t, Q)T3(qujisq,t, Q)

, (6.9)
I<i<j<M

The sum &, o (M m) gives the equivariant elliptic genus of the moduli space of rank
M instantons with charge k [33, 35]. Hence, (6.7) gives the instanton partition function
of the 6d lift of the ' = 2* U (M) theory.

7 Correlation functions of ®(u) and W*(v)

We here give some U, ;, p-analogues of the formulas of those obtained in Propositions
5.1 and 5.2 in [5]. We expect that they give the N = 2* theory (Jordan quiver gauge
theory) analogue of the partition function of the 5d lift of the pure SU (N) theory and
the 5d and 6d lifts of the SU (N) theory with 2N fundamental matters, respectively.
The latter theories are the A linear quiver gauge theories.

7.1 OPE formulas

From Propositions 4.3, 4.6 and 5.2, we have the following OPE formulas for the
operator parts of the type I @ («) and the type Il dual W*(v) intertwining operators.
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Proposition 7.1

= X _ g(v/u, p) Y = .

D) (w)®,(v) = —NM(v/u; 0 D) (w)®, (v) -,
s~ GNqu/tu,p) =~

T ¥ (v) = N (quiti p) V) :,

~ ~ N =172 ~ ~
&, T ) = M((tg/g))/u) v/u) XAOIMOR
~ ~ N —1/2 - ~

T ) D, (v) = M((tg/z))/u) 2 G @)

Here Nj,, (u; p) and N)’fu (u; p) denote p-deformations of N;,, (u) in (5.10) given by

(g~ @=1=60); ) (g M1,y
Naws p)y =[] —a,O)—1,— (D) (W), (W)+1 :
Oy (Prug™ 1720 Ploo g, (Prug e s Peo
(7.1)
N3, (u; p) = Nyu(us p) (7.2)
pp*
We also set
1 t" 1
G(u) = exp - u' = :
,;)n(l =g —=1") (tus q, oo
1 1= p*" (p*tu; q,t, p)
e =eXp{Zﬁu—q"xl—r">(1—pn>”n = e
n>0 9 s b o

G*(u, p) = G(u, p)

p<p*
7.2 The four points operator

Remember

®(—x) FMND > FONRFIN,
‘ll*(—x) fél,N)@fio);l) N flgi,N-Fl).

Let us consider the following composition.
$(w) = (¥* (—w)id) o (D (—w)) FIMPFIME — FOLMDGFNLD,
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This is an intertwining operator satisfying
AX)p(w) = dp(w)Ax)  Vx €Uy, p.
We call ¢ (w) the basic four points operator.

Proposition 7.2 The action of ¢ (w) on |$3’1>(§)|n5) € fél’M)é)}'lgl’L) is given by

pw) [E))BInE) =D ?g; W (—w)[EM) @ P;. (—w)|nk).
N A
Proof Use (4.2), (4.3), (4.14) and (2.56). O

Proposition 7.3 The composition of ¢ (w)’s gives the following generalized four points
intertwining operator. (Fig.2)

~ ~ 1,L—N
pwy) oo p(wy) FIMPFLD — FLMINMGFLLN |

The action on |§lf”)®|r),l;) € ‘7_-1()1,/1/1)@]_-’51,@ is given by

Pwy)o---op(wy) EN)BInk)

N
c@ (p*) -
= > [z oy Y ) W (Cun 6B, () - Sy ()
A, AW a=1 2@

M+N SisL—N (I,M+N) & ~(1,L—N)
Corollary 7.4 Fora vector|wvw"l',__wN)®|§u/wl._wN) € Fowy--wy ®‘7:u/w1-~w1v’ one has

the following expectation value.
(N NS N o wn) o0 d(wr) 1E))Bn))

- @ (p*) M+N * * M
= > 7oy @iy W (N - W (Cwn)lg))
A A g=1 A@ p

,,,,,

@(fbf‘/;jl\/...wﬂ, |5 (—wn) -+ Dy (—wi) ).

Note that this gives the N = 2* theory analogue of the partition function of the 5d
pure SU (N) theory obtained, for example, in [4, 5].

7.3 The six points and higher operators

Next let us consider the operator
® (w; i) = (®(—y)Rid) o (V*(—w)@Y¥*(—x)) o (IdRP (—w)Rid)
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(1,M+4)
(1,M+3) VW W2 W3 W4
fvwleUJ:;
1,M+2)
Fiiiton
(1,M+1
]:vwl )
1,M
]_-15 M)
(1,L—4)
u/wiwawszwy

]_-I(LLL)

Fig.2 Graphical expression of ¢p(wy4) o --- 0 ¢p(wy)

 FLOBFEMOBFGY — FOVRE D SFL

vw/y ux/w-*

This is an intertwining operator satisfying

¢ <w; )yc) (ABid)A(a) = (ABid)A(a) ¢ (w; )yc) Va €Uy, ,.
We call ¢ (w; )); ) the six points operator.

Proposition7.5 For . € P7, the action of ¢ (w;z) on |.§8)(§|n2)(§|u)_x €

J-‘IEI’O)@@J-}EI’O)@J-‘EO,;“ is given by
Ly 0\ S.,00 S
¢ <w5 x) |§v>®|nu)®|l’l/)—x

> M |0)., @D (—y) WS (—w)|E)) OV (—x) Dy (—w) ).
roePt . (P*)

Let us set

oW (w; y) = id® - - - ®id D¢ <w; y) ®id® - ®id.
X ———— X ~————
j-1 N—j
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Proposition 7.6 By composing ¢/’ (wj i > (j=1,...,N), we obtain the follow-

ing 2(N + 2) points intertwining operator (Fig.3).

o™ (wN,“VN) o -ogl (U)l;yl)
XN X1

 FLORFEMOBFGYE - BFG) — FOPE - 8FY )8 F . N®]—'('0)

XXy ¢
Yooy

‘l

For pw = (uW, ..., u™) e (PHN, the action on |$0)®|n8)®lu(l))_xl<§" ®

‘®
™) _, v € Fh 0)®.7:(1 0)®.7:(0X11)® ®.7:( is given by

¢<N><wN,yx) o¢“><w1, )|s BN BIu) & BIu™)

N
c (a)(p*) ~

c * —YN
A A a=1 W)(p)

é CI)(,(N)(_)’N)"I’;:(N)(_U)N) s d)g(l)(_)’l)q/:(l)(_wl)@,?)

® ‘I":(N)(_XN)CD)L(N) (—wy)--- “p:(l)(_x1)¢k(l)(_wl)|778>,

where . = OV, ... Ay 6 = (D, ... oWy e (PN,

Corollary 7.7 For a vector
4 4 = 0,1 0,1
|V(1)> ®- ®|V(N)) ®|w2w1---w )®|§,?X1“"‘N ) € FOVg ... gFO)

-—N —IN
VIYN Wi Wy

wiwy
YIYN wywy

B F iy BF Ly
v

we have the expectation value

O I - R T G XY~ P U V> dy (N) . YN s R
o ® - ®yy (v |®(wuu‘{}“;’,vv |®(§”Jv}::i% |p (wN’xN)o o¢ (w|,x1)
0y S1..00 1 = = N
x[ENBMNSIn)_ & BIu™)
N
¢ (p*)
= 2 o @ @0y | yn) (=3N) Wi (—wN) -+ By (—y1) W (—w) [ED)
) a=1 AW P

NON YITIN

®<c,?n ay W Son (—80) @r00 (=) = Wiy (—31) @ (—wn)ly).
wy

Here (| (u € P,y € C*) is defined by
Yl =68, vePt
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©1)
'F*yS

1,0
FLO) s
Y1Y293

1,1
FL
Y1

Fln 1
(1,0)
Fo ——— A
A
A 2@ A®)
) o
(0,1) ©
A T0 (0,1)
L 7O

1,0
FLo) .

wwows

Corollary 7.8 When xy---xy = y1---yN = wy -+ Wy, one can take the following
trace

tr]_.él,m Qd<§> tr]_-IEI,O) Qd (*,Vl ‘(v(1)|(§) .. E@ﬂw ‘(v(N)|¢(N) (wN; i}g) o---
l ~ ~
o¢(l) (wl; il) |M(])>7x1® ce ®|/¢L(N)>7XN)

N
C@ (P¥)
= > TI Sp’P 2 2.0 (Qd<1>v(N> (=yM)W ) (—wn) - ¢v<n(—y1)\l’:<1)(—w1))

20,2 a=1 S (P
B0 Q10w (—xn) By (—wy) -+ W (=2 @y (<))
Note that Corollary 7.7 gives the NV = 2* theory analogue of the partition function
of the 5d SU (N) theory with 2N fundamental matters obtained, for example, in [4,

5] for the case u = v = (@, ..., #). The trace in Corollary 7.8 gives its 6d lift. It can
be evaluated as follows:

Proposition 7.9

tr]_-l()],O) 0'® tr]_-lil.O) o (—yl WM& é_)w (WM p™N) (wN; ix) 0---0
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D (o M) 1Dy & (N)y
¢ (wl,xl)lu ) ® - @) N>

=Cn(g.1. p. ONY (. x, wiq.t. p. QN .y, wiq.1. p. Q)
1—[ ( Calqwa/wp; q,t, p*, Q)  Ta(twg/wp; q,t, p*, Q) )
Ca(p*twa/wp; g, t, p*, Q) Ta(p*qwa/wp; q,t, p*, Q)

X

1<a<b<N

el Il /
Lz A e
A AN a=1 Yk Yk

X 1_[ N)Lm))h(b) (Wa/wp; p*)Nf(a))L(b) (qwg/twp; P*)

1<a<b<N

X 1_[ ( A(b)v(ea)(v twp/Ya; Q)Nu(b)k(a)(\/ [txp/wq; Q)N (a))h(h)

a,b=1

(Wa/wp: P*, QIN, 0y, (@wa/twp; p*, Q) .

Here, we set p*™* = p*(q/t) = p(q/t)* and

CN(q7t5p» Q) =

1 ((p*tQ; q.1, s Qoo (pg Q3 q.t, p*, Qoo

(Q: D% \ (0:q.1.p. Do Qi 4.1, p*, Qoo

(p™tQ:q.t. p*. Qoo (P**10Q: q. 1. p**, Q)OO)N
(tQ:q,1.p*, Moo (@05 4,1, p™, Do '

NN, x, wiq.t,p, Q)
N a |l’~(a)\
- (—tlu I1 xk) o )) 0P
a=1 k=1
T4(gxa/xp; q.t, p™, Q)
Ca(p™xq/xp3 g, 1, p**, O

<[] TWatxa/w:q. oo
l<a<b<N
N

< [T Niwm @xa/txs: P, OT3(Vaixa/wp: q.1, Q)
a,b=1

NN, y, wiq.t, p, Q)

N a y @]
N -1 k —n(v( )) /
= —v -—
( | | wk) (u)(P)

U4(tya/ypiq: 1, p, Q)
X 1_[ I'(Vqtwp/yas q,1) N Nv(a)v(m(Q)’a/Wh 12
|debeN La(pgya/yviq. 1, p, Q)

)NMm)M(b)(xa/xb P )

N
< [T Nl Galysi p. OT3(Sqtwa/ b3 q. 1. Q).

a,b=1
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Here, N { u (x; p, Q) denotes the elliptic Gamma-analogues of the Nekrasov function
defined by

Niu@:p. Q) = [[Tag= @1 pg) [T g ®e«®*p. 0).
Oex |15
(7.3)

Proof The statement follows from Proposition 7.1 and the trace formula given, for
example, in Appendix E of [55]. O

As for the functions N?

M(x; p) and N)I:M (x; p, Q), the following properties are
useful.

Proposition 7.10

I+l
Ny, (x: p) = <x\/§> %Nﬁx(q/m p),
nu\g,
1

Ny (pQq/tx; p, Q)

Ny, (x:p. Q) =

_ <x \/Z )“““' filg. 1) 1
q fula, ) N, (s p)N], (x3 Q)N (q/1x: p, Q)
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A Formulas for E*(a, z) and E* (a’, 2)

Lemma A.1 The operators E*(a,z) and E¥ (', 2) defined in (2.28) and (2.29) satisfy
the following relations.

+ kn 1—p" —n/2_—n p+
[0—p, ET (0, 2)] = ————V Z"E"(a,z) (n>0), (A.1)
n1l— p*
Kkp, 1 — p"
(2, E™(a,2)] = 7"1_—;1”;/—3"/%"15—(0[, ) (n>0), (A2)
la_n, ET (', 2)] = —I;—")/”/Zz_"EJr(a/, 72) (n>0), (A.3)
[on, E- (@', 2)] = —I;—ny_"/zz”E_(a’, ) (n>0), (A.4)
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EY o, DE (@, w) = gw/2) 'gw/z; yH) 'g(w/z; p*) ' ET (@, w)ET (e, 2),

(A.S5)
ET(@ DE (@ w) =gw/z v 'gw/z; p)E~ (@, w)E* (o, 2), (A.6)
ET(a, )E™ (¢, w) = g(yw/2)g(yw/z; yHE™ (¢, w)E™ (. 2), (A7)
ET (@, D)E (0, w) = glyw/2)g(yw/z; yHE ™ (a0, w)ET (¢, 2), (A.8)
ET (o, )xt (w) = gw/2)g(w/z: yH)gw/z; pHxt (w)E™ (e, 2), (A9)
ET(a,2)x™ (w) = gyw/2) 'gyw/z; ) x T (w)ET (e, 2), (A.10)
E™ (o, 2)xt(w) = gz/w) 'g(z/wi yH) g (z/w; pH) T W)ET (@, 2), (A1)
E™ (o, 2)x ™ (w) = g(yz/w)g(yz/w; y*)x~ (w)E™ (a, 2), (A.12)
ET(@, 9)xt(w) = gyw/2) ' gyw/z yH T x T w)ET (@', 2), (A.13)
ET(e, 2)x~(w) = g(w/z: yD)gw/z: )~ f(pw/z: p)x~ WET (e, 2), (A.14)
E™ (o, 9)xT(w) = glyz/w)g(yz/w: yHxtw)E~ (@', 2), (A.15)
E~ (@, 2)x " (w) = g(z/w; y») ' g(z/w: p)x~(w)E~ (¢, 2). (A.16)

Here, g(z;5), s = p, p*, y* and g(z) are given in (2.23) and (2.36), respectively.

Proof The statement follows from direct calculations using (2.15)—(2.17) and (2.24).

O
B Direct Check of the Level (0,1) Representation
Let us check the relation (2.18).
H@x (w)lh),
£ (+1
=at(Pa”(p)t/q) 72 Y D (g wi/w)s /DAL (PAT s (PIL =1 +1;),
i
12
+at(p)a” (p)t/q)""* Y 8(q i /w)s(/w) AL (PIAT_y i (P)IA)y, (B.1)
i=1
X~ (w)xT (@)1,
¢ L+1
= at(pa=(p)t/a) Y 8 ui/w)sui /DAL (DA (DI + 1~ 1),
i
+1
+at(p)a” (p) /)P Y i /w)d(/w) AT (P)ALy, (P W) (B.2)

i=l1
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One finds that the first terms in (B.1) and (B.2) coincide. Hence,

@), x~w)IA),
=at(pa=(p)t/q) " *8(z/w)

4 +1
x (Z 8(q ™ ui /w)s(z/w) A} (P)AT_y. () — Za(ui/w)Amp)A;Hi,,.(p)) A}y

i=1 i=1
One also shows

A—g)A =171 0,(q/1)0,()
l—q/t  (p;piOp(@)’
B 0p(qu/tui) T 6, (tu, /u;)
AT, A+ ) — P J P J
i (PIA 1, (P) /1:[1 Ot /) LL By quy /)
#i i
V4 £+1
. Op(tui/qu;) Op(u;/tu)
- (W)Q oy taisi L) 6y jqury
i

at(p)a~(p) =

14

j=l
£i
3 (P: P35t @) _ o dz
- _(I/CI) Qp(q/t)ep(t) Resz:q_luiB (Z/M, 17) Z )

0+1
_ Op(uj/tu;) Op(tuj/qu;)
AT (DAL, 1 (p) = - e
Ai A1 jl:[lep(uj/qui) izl Op(uj/u;)
i A
¢ Op (tu;/uj)

=0 15, Gy
#i

12

L+1

1—[ Op(qui/tuj)
Op(ui/uj)

j=1
#i

(P; P)2bp(@)

Res., B~ (z/u: p) ™=
Z=u; Z/u; .
0,(q/D)0,(1) P

= (1/q)
Hence,
@), x~w)Ir),

_U-—u—1h
- 1 —q/t

l
d
5(z/w) (— Y (g ui/wiRes g, (t/9)' B (2/u; p>7Z

i=1

+1 dz
= Sui/w)Res.— (t/q)"/* B~ (z/u; ”)Z) 1)

i=1
Using the partial fraction expansion formula (3.44), one can show
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B}?(Z/W P)||u/z|<1 - B}T(Z/W P)||u/z\>1

4 dz +1 dz
= =2 0@ wk/ORes g1, By (/s p)—= = ) Sk DR g-1,, By (/s p)—
k=1 ' k=1
Therefore, we have
[x " (@), x ™ (w)][A),
A= —1hH
= 1——6]/f8(Z/w)
x (/) 2B /s plageir = /@) By @ /s pYlajzi=1) 140
(1-g)—17H _
== e (00 e B Wiz pluga<
(/)BT s pliuger=1) 11,
(1 - -1 .
=g SGw (V@ =¥~ @) Ay

CInductive derivation of Theorem 3.4

We consider a tensor product of the vector representations in Proposition 3.3. Define
VO ) = VBV w(t/q) HBV (/) & - BV (u(t/q)~ ).

Set

PM =h=0A . AN EZN |21 =20 > - > An ),
OV = [uly, Slut/q) ™ =1 8[ut/q) " 1ha—2® - - - Blut /@)™ Ty —n 1

and define W) () to be a subspace of V™ (1) spanned by {|)\),(4N) | 4 € PMY,
An action of Uy, on the tensor product space can be constructed by using the
comultiplication A in (2.66)—(2.68) repeatedly.

One can verify the following two propositions.

Proposition C.1 By applying A°P repeatedly, the following gives a level-(0,0) Uy ¢ p-
module structure on W) (u).

y 2 =1, (C.1)
N
@MY =at () Y AN (i /) + 1), (C2)

i=1
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@Y =a” <p>ZA<N) (P8 i/ -1V, (C3)
i=1

v @Y = BN/ p ™, (C4)

v~ @MY = BN /us p )V, (C.5)

where u; = q)‘ft_i"’lu, A1, =g, ..., E1,..., An) and we set

- B
A(N)+ _ Op(tuifuj)op(qt u;/u;)
(P)= H Op(qui/u;j)0pu;/u;)

ﬁ 0, (tuj Jui)0,(qt " ujju;)

=it Op(qu;j/ui)0p(uj/u;)

B (u/z; p) =

ﬁ ep(t_luj/Z)Qp(q_ltuj/z)
j=1 eﬂ(“//z)ep(q_luj/z)

ﬁ 0,(tz/uj)0,(qt~'z/uj)

(N)— C) —
B;""(z/u; p) = Op(2/uj)0p(qz/u;)

j=1

In particular, we have

gy —my N
iy = CEDCZ I Sm iy e z(0)). ()

m
j=1

An inductive limit N — oo can be taken in the same way as in the trigonometric
case [17, 18]. Let

PMF =xeP™ iy >0}

and define W™+ (1) to be the subspace of W) (u) spanned by {|A),(4N), A e Pty
Let us define ryy : PN+ — pWHD.A+ py

v(A) = (A1, A2, ..., AN, 0).

This induces the embedding W)+ «s WN+D.-+ We then define a semi-infinite
tensor product space F, by the inductive limit

Fu= lim W+,
N—o0

The action of U, ;. , on F, via A°? is defined inductively as follows. Define

—N+1

) —1
1/2 p(q t u/z) (),

FINIy —[Nl/y —
T =xT(), x 2 =(q/t) 0,0 Vo)
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1/20p(q_1t_N+1M/Z)

+[N] _ +
_ _120p(qtN Tz )
[N] _ 1/27p +

v M) = (g/n) o) ().

Then, we have

LemmaC.2 Forx = x=, 1//i, we have
v (M), = XN )T (14),).

Thanks to this lemma, one can define the action of U, ;,, on F, by
x@a), = lim M@ d2, . aw)).
N—o0

This gives the level (0, 1) representation in Theorem 3.4.

D Proof of Theorem 4.2

Proof of (4.4): From Theorem 3.2 one has

%(u)w((t/q)‘/“z)] = (1q) W02 LI D)oo g )Tk (1) ) -
FAND (pz/u; p)oo
_ u/z; P)oo ~
+ 1/4 _ N/2 e = 1/4 .
v ((t/q) Z)‘fﬂ_m‘b@(”)—(’/‘ﬁ 70“/[12;1))00-10 (t/q) ") Py(u) : .
Hence, we have
0,(t
Spyt (1 /g) ) = (1/g) PRI DD w1y A @),

0p(u/z)

Then, (4.4) follows from

U T B gt (/) A2 -
= Ut/ ) g YT ((1/9) *2)
< [1 9w 7% /o) ui py* e /g) )

(i, j)er

where u; ; = g/~ 1t~ 1y, and the following proposition.
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Proposition D.1

L) A

_ 0,(2)
j—1,—i+1
]_[]_[g(q 1 p) = —9 /DD B (z; p).

i=1 j=1

Proof of (4.6): From Theorem 3.2 one has

Q)T ((t/q) "2 = (1 — qz/tu) : DT ((t/q) " *2)
Xt /) ) Ppw) = (A — tu/qz) : )X (t/q)"*2) 1

T ) P F (1)) wy = ST Z WD et oy =147 (1) )
(I — rw/q2) (1 — w/2)

Hence, we have

()
&, ()T (1)) =(1 - ““qz/m)]’[q—zz//”" &, (0T (1)) -
j=1 "
for |z/uj| < 1,
Y tujgz
XT((t/q)” 1/4z)®A(u)—(1—t—m)m/qz)]—[u—_’/q" @5 ()X ((t/q) " *2) -
J

for |u;/z| <1
and

L0 X (/) g ) -
= gu) [[ ¥ (/)" *ui pF* (/) g we) -

(i,j)er

= gu) || T/ uiy) ¥ (/) )T /)T g ) -
(i,j)er—1i

= @, 1,V (/)" g w) : (D.1)

The last equality follows from

¥ (/) R (/)T ) = 0 ()T ).

Therefore, noting

@ = v NN @),

F N

+(Z)‘ (Nt = TUVZ ~(NHD (1 /) 3NFD/A%H (),

7uv
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one obtains

—1 [/~ ~
(fuvzf(N“)(t/q)NH) (QA(M)X+((I/L])71/4Z)‘]__(_]YNH)*X+((l‘/q)71/4z)‘]__§lw)@A(M))
176} 1 —gz/tu;
_ HL* 71
(11—t qz/tu)]_[ T—qz/u; lispuyi<t
~1 ) tuj/qz
/) 2/u(l — tu/qz)]‘[iuj Tz e |<1)
x @y WX ((t/) *(t/q) " 2) -
£(r)
1 —qgz/tu
1— £(x) J
(( t qz/tu)l]_[liqz/uj ey <1
L)
(] ) 1-qz/tu;
(1—1 qz/tu)n 1—qz/u; u,/z<1)
X : c1>k(u>x+<<r/q>‘/“(t/q> 122)
% —up/tu;
- TR
—-225(4 lw/z)II ——my
29 ug/tu
<[] T———;Hl—wﬂwawo I (/) /)
L — up/uj
Jj=k+1
£(x) c
=Y 6(g  w /(1 =17 (g 0! A*l AL o, P (/) g )
k=1 -

(D.2)

In the last equality we used (D.1). The third equality follows from the formula

—s/bj —s/bj
1—s/b b
(I=s/ "+1)l—[ —s/ajlis/aji<t =/ "“)1_[ —s/a;laj/s|<1
[T - ak/bj)
= Za(s/ak>(1 — ai/bas1) = : (D.3)
- [Tj=1 (1 —ax/a))
k=1 J
J#k
This is obtained from the partial fraction formula for ]—[’; z;zf and

1 1

=46(2).

1—zlizl<t 1 —=2zljz>1
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On the other hand, we have

T (/) Py = “LLEPX Gy V)
(ptu/qz; p)eo

V() VAR (/) w) = h(w/2) (/) AR (/) A w) ¢,

where
h(w) = (Pqw; pPloo(PIW/q; P)oc(PW/t; P)oo
(Pw/q; P)oo(PqW/1; P)oo(PIW; Ploo
We have
_ )
M ./Z)’ _ _,2" ) (pru/ui; p)oo (puj/ur; p)oo
it = at(p) (pqu/ui; Ploo ;5 (Pqu;j/tuk; poc
L()+1
s (pquj/uk; p)oo
il (ptuj/ug; p)oo
Hence,
_ (x)
~_ _ ~ _ a (p) (puj/ur; p)eo
((t/q) " V4 2) B 1, () =
vl S g P a*t(p) H (pquj/tug; p)oo

J=1

L(A)+1 . . ~ =
DI e (1 gy~ ) B, 1, ) |

iz (ptuj/ug; p)oo =g~ \u
Substituting this into (D.2), one obtains
a;)L(lri)x-k((t/‘l)_l/“Z)‘j,_-(l,/\prl)_x-’—((z/q)_]/“ ]_-(I.N)Ef))‘(u)
=uvﬂN*”(z/q)N“%8(q*1uk/z)z*ka+(p> G ps () v
P o1 F Ny(p)
XY~ (t/q) " ) Bs1, ()
i H 1 1+ 1/4
= (g~ t A, “((t/q)”
qn(k,)Nx(p)t*@’M,N)q; (@ w/ot a T (P AL (P (t/g) o)
n((A=10") N, O —1 -
4 Ny—1,(p)t*( ks U, U, N)¢A—1k(u)-

Cr—1y
Here, we used
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t*(A — 1, u, v, N)
t*(A,u,v, N)

=q g tu) N /q)N 2.

Proof of (4.7): From Theorem 3.2 we have

L)

~ — (tz/ui; oo
d /4y — —
e R | Crrrre

L)+1

[ PAE/ME DI ey )@y )+ for [eful < 1,
i @/uis pleo
‘o (¢ 'ui/z: P)oo

X)) V) B () = U B ———
,'l:! (pt~ui/z; P)oo

L(A)+1
l—[ (pui/z; Ploo

= 14 \F .
iy (ui/qz; p)oo 2 ((t/q) )@ (u) ¢ for fu/z <

and
+ ~ 1/4 7\ 17 e/ e
By (u/z. p)x~((t/q) ") ®a(u) = —z/u l_[(pqzw p)
L(A)+1
" 1—[ (pqz/luu P)oo 'f_((t/q)l/‘tz)a))»(”):'

(Z/uz i D)oo

Hence, noting

’ (Z)’ e = (o) PR ),

@], =y W),

one gets

5 (w)x~ (/) 42) — (/) "V B} (z, p)x~ ((t/q)V*2) D (u)
= —(uv) 1N (/g N2
1409 L()+1

1—[ (tz/ui; P)oo 1—[ (Pqz/tui; p)oo

2/% Ploo _ﬁ) (1z/ui5 p)oo
iy (Paz/uiz ploo ) (@/uis Pleo

1 (pqz/ui; p)oo

|z/ul<1
L(A
e (pgz/tui; p)oo
x H

L &5 ()T Vdyy .
(/Ui Ploo P D) x((t/q) ")

lu/zl<1
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= —(uu)*IZNJrl(t/q)—(Nﬂ)/z ( HM)(l —1z/u;j)

19 (= zfup) Vil <1
4
1% = rz/up) 1(—[) (p12/ui: oo (ﬁ (Pgz/tui; poo
HZ()‘)-H(] z/u;i) lui/z]<1 (pqz/ui; p)oo (pz/uis p)oo
x (U)X~ ((t/q)l/4z) :. (D.4)
Applying the formula
[T/ —s/b)) T2 = s/b)) —ia(a /s)l'[” Y= ap/b))
[Tj= (= s/ap lispai<t” TTj=y (0 = s/ap) lapsi<r &= (0= ag/a))
£k
(D.5)
and using
oW (/) ) | = B (),
the RHS of (D.4) is
L(h)+1
@)~ N @) NN s /2)
k=1
'ﬁ) (tu/uis Poo T (pqui/tuiz proc 1 &0 ()
L pqui/uis Poo I (g fuis pros PP
#k
L()+1 . N ( )
= @)~ N /g NN S/t a ()= AT () S )
k=1 Cat1; ’ N( )
23 -1 . + —-1/2
1
7N, o N Fs p)a(p)(t/q)
LA+l PR 00
x Y S/ At (L N o0 N gy
=1 ’ Ca+1y
O

E Proof of Proposition 4.7

Proof of (4.30): From (4.4), we have

v/ D@ (pT T = @/0 2B (p7 u/z @ T (/) ).

O
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Proof of (4.32): Similar to the calculations in Appendix D, we have

- 1
& (p~ L) I (1) VA ) =
(P W)Xt/ ) T~ prigein
l
pgz/uj o~ g~ _
H L & w TR /)T )
il qu/tuJ
for [z/u;| <1,
1

1" YANE (p= ) =
xXT(@/q)” ") Pu(pTu) [Ty

l o1, "
Xl_[—l PI9E g T E (fg) ) ¢

P 1—p~ltuj/qz

for u;/z| <1
and

0, (p ) TIX T (/)T A p /)

= oy(p~'w" [ T @/ p~ wi pTIF (/)T ur/q)

(i,j)er
=oy(p" ' [ T @/ p !
(i, j)er+1y
x Xt/ up DI /)T A p T /)
= @41, (p WU/ ) -

Therefore, noting

@), =N @),

-1
X (z)‘]__(”\,w —p~ uvz

’luL

one obtains

D™D e BT 0T =BT 0T ()T )

—p —luy

— —piluvz (N+I)(t/q)N+l

» 1 ﬁ 1-— p_lu.,'/qz
L= p~lt-lu/qz | 51— p~'tuj/qz
¢

- 1 1 —pqz/u;

1 J

+p(t z/u | | ’
p(t/q)" z/ 1 — ptlqz/tu izl 1 — pqz/tu; liz/ujl<1

\uj/z\<l

x 2 @ (p~ )X (1)) 2y
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Iz/u_,'<l)

=—p uvz= V@)V pgz/tu

( 1 L - pqz/uj 1 C — pqz/u;

- +
1 —ttgz/tu jl:[] 1 — pgz/tujlu;/zi<t - 1 — pttqz/tu 1_[ 1 — pgz/tu;

=1
x 2 @ (p )X (1)) 2
= —p luvz= N @ )N pgz/tu

Gl [T52 (= tug/uj)
S(p~ kg = ——— & 0T w0 T . (B2
x; P9 T gy D@0 (E2)
#k

The last equality follows from (D.5).
On the other hand, we have

(Z/”§ p)oo
(qz/tu; p)oo
X/ )T (/)T VA = h(pT )T T (/)T AR () AT

D) YT (/)2 = ST ()" Bgu) !

where

_ (pqw; ploo(Ptw/q; Ploo(pPw/t; Poo

h(w) = )
(pw/q; Ploo(Pqw/t; p)oo(PIW; p)oo

We have

1, (p )T (/) )

Ptk /1 Pec [T rew/uip™: @r 07 w9 (/) up) -

(pqui/tt; Ploo ;53 y,

We have Uk, (A4+1;) = Uk,

[ heujwip™ = T] hu/ui )= x hu/uggi) ™
(i, j)er+1i (i,j)exr

_ a7 (p) (pquy/tu; p)oc : (pquk/uj;p)oolﬁ (pur/uj; ploo

at(p) (pur/u; ploo 51 (Ptur/uj; Ploo ;5 (Pquk/tuj; ploc

j=1
Hence,

i1, (p )T (/) k)
[

_ D) /i e ﬁ (Pug/uj; Ploc
at(p) ;5 (ptug/uji p)oc 5 (pqui/tuj; poc”

X @11, (p )T (/)T ) -

j=1
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Therefore,

[Ty (U= tur/uy) e
1P /4 :
Hﬁil] (1 _ uk/uj) A1 (P l/t) W ((I/CI) Mk)

#k

N1, (P)

k—1 _+
=1""a" (p)
C;H—lk N)/\ (p)

AL (PP, (7w T (@) ).
Substituting this into (D.2), one obtains

x+((t/q)71/4z)‘]_-<1,1v+1) @, (p~ ') — Balp ) T X (/)T )

_pill’ll} FIE]‘N>
C/
_ A —1/2_+
= - t a
1w, p s N () D )
o+1 n((A4+1z)) -1 /
3 , q 1A+ 1k, v, p~ u, N)N; 4 (p)
x> 8(p~ tur/q2) A (p) , k
k=1 Crt1i

X @41, (p L) I (/) A qz/0).

Here, we used

-1
A+, v, p~u, N) (v 3(N+1)/2
- =—p uvz (t/q) ;
t(h,v, p~'u, N)
n((+1p))
k=1 g 4
pqz/tu 1" =g = PG

Proof of (4.28): We have

1)

®, )T (/) ) =]

i=1

(pgz/ui; p)oo
(tz/ui; p)oo
I(M)+1

< [1

i=1

IR () ) ) ¢ for 2ul < 1.
(Pqz/tui; p)oo

B 1)
X)) V)P )" = l_[

i=1

(pui/tz; Ploo
(i/9z; p)oo

I(M)+1

" 11 i?iszz;;;)): @/ )@ forfu/zl < 1

and
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B (p7'u/z, py@r(p~ )R (1)) *2)
1) . I+l g
= —pepu[] (i/12; p)oo I1 (P~ tui/qz; p)oo
i=1

N 1oy .
. (i /92, P)oo /2 Pl AP uw)T X ((t/q) 7 z)

i=1
Noting

x*((r/q)““z)\f(.wm: (—p " un) N /)" VIR (/) ),

—p’luv

(DD =07 /) (/) ),
one gets

XD D] ey Ba ™ 07 = /)T B 7 w2 BT T (/) )

—p~luwv

= —@uv) ' pN Tt )q)~ VD2

e 1(A)+1 _
X(ﬁ (Ui /125 P)oo (ﬁ (p~"1ui/qz; p)oo

T ui/qz P 1 Wi/2iPlos Nfzl<

1(x) [(M)+1 _
11 (Ui /123 P)oo I (p~'1ui/qz; P)oo‘
i (p7ui/qz: pleo Wi /2 Ploo  lle/ul<1

i=1

x 1 & (p )T IXT (/) VA2

— _(Mv)—lpZN+l(t/q)—(N+l)/2
10) -
- (I —p~tui/qz)
1-p! ] ———
X (( P lul+l/q7)il] a —pflui/qZ) lu; J2]<1
In) 4
- (d —p~tui/qz)
—(1=p! P e i et
(1-p tqu/qZ)E 0= /2D Iz/u[<1)
1(A) [(M)+1
(Ui /tz; p)oo (tui/qz; Ploo =~ 1 a1~ 1/4
: P t ). E.3
Mg 1 e B0 @l 3
Applying the formula (D.3) and using
(o TIF (/) | =S (pT
=P Uk

the RHS of (E.3) is

—uv) " pN Tt/ g) "NV 21 (p)
L) I(A)+1

w (pqui/tui; p) (tu; /ug; p)
x Y 8(paz/u) | | el | oo e
k=1 i=1 i=1
Zh Zk

(pqui/uk; p)oo

-1

x ®,_1,(p~ u)
(ui/ug; Poo k
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— _(uv)—lpzN+l(t/q)—(N+l)/2
L(h) ¢ N (
o . LGN P ~ 1 o
x D 8(pgz/ug *a" (p ),7() (PP, (p !
k=1 .
C/
A —
= t a
710 v, - Ny PP
(1) n((A—=1z)") -1 ’
. q t(h+1g, v, p~u, N)N, _; (p) ~ o
x Y 8(pgz/ur) Az, (p) , @ g, (p w7
k=1 C)L—lk
O

F Useful formulas for the Nekrasov function
For readers’ convenience, we list some useful formulas for the Nekrasov function

Nypu(x). Let A, u € P+, Then for any integer £ > £(A), £(11), one has the following
formulas [4, 5]:

Ny (x) = 1_[ - xq*au(D)*lt*@x(D)) 1_[ a-— xq“k(.)tZ/L(.Hl)

Oex Hcu

- 11 (xg MR g) oo (xgh st g
I<i<j<t (xq_ui—Hjtl_]; q)oo 1<r<s<t (xq)nr—ltx+1t—r+S+1; Qoo

_ —wi+A i— X —r+s+1

— 1_[ ( xq i J+lg J. Q)A )"_[+1 1_[ (xq r Hrt ’q)lls s
I<i<j=<t l<r<s<t

¢ M it 1. ¢ T
. l_[ (xghi i ) 1—[ (xg M =7 @)oo

(xqHTETIHT oo 1 (gt )00

i,j=1
where
=1 =—x)1—xq)--- (1 —xg" ).

The second equality follows from the formula

(1—-¢q) Z ghi=ii T =y Z ghihipi = Z i

(i,j)er 1<i<t(n) 1<i<C(A)+1
(F.1)
which is derived by using [60]
)
(1—q)Zq Uy —Zq M (1 — g, (F2)
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