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Motivation : desire to understand characters of W algebras
.

Simplest case : W3 algebra .

Generators (m
,
Wm

Commuting modes [L0
,
Wo] = 0

"Standard" character X = Tr(q4 -424)
2πi[

q = e : Under -- XiCE) =[ Sij Xi()

W
Consider instead :

Tri (Go-YuC CHiT

,

z = eCz q = e

Q :
does this have nice properties ?
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Tr (glo-4 WoM) all have"nice" properties
[Gaberdiel

,

Hes&GW]

But : unable to see any pattern .

Lo
.
No are first in infinite set of conserved charges

of quantum Bonssines hierarchy
· Is there a simpler model to look at ?
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Consider instead KdV hierarchy (conserved charges of G
,3
Perturbation)

Infinite set of charges In Is ,
---

Simplest case : a single free fermion .

Lowest charge :

I
,

= (t(w) aw Lo-4 = Ek4tx +
*

is
.

O

- E
-
I

R
.- R> 0 24

Er after map to plane
Torus e

C(N)/R)

Tr(q) =

q

n -

xi+(1 + q)
-

I Eg mode absent; q"if present .
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Well known nice modular properties

4 sets of functions :

Xis = Tris(glo-20) = 9 48 ... + 94)

Xis= Frs)(-1)
F

glo-) = 48 T !.. - 94)

X
X = Tr (p(0-0) =

q
24 I(1 + q4)

R
K= 1

,
2

,
. . .

XE =Tr((- 1)
=

pl- ) = 0

↳
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Modular group subgroup /(2)
-( C b

,
c even

generated by generated by

- + 1 It -Y I->[+2 - + ze11
NS = NS NS>NS

Sectors are invariant

R R = R
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Next charge : (T i du

Simpler with :

In
= -C steel plan

- Tok 44 + cisa = (To
is

R

240
4

-15-3)

Tr(a
*
= 5) = q" ="M(1 + qz4)

R > O -

Qu : does this have nice modular properties. ?
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H = 2(o-2) - Is
-

ill -*-I

i T= I
-- R-

E =i = -

=L ->

?
2 = Tr(e

- RH)
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Higher charges are Izm=EkaInt+ce)
[((1 - 2 43/1 -2) NS

- 3/1-2n) R

Q : Tr(gLoree 3) I
.

Tr(qlo-, )

& = [Gzp+i 2 p+ 1

=e [C2p+C2+ 1

- q
h - 24(1+ qe[zptik+ C
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Higher charges are Izm=EkaInt+ce)
I

(3) -2 S

R

Q : Tr(gLoree 3) I
.

Tr(qlo-, )

& = [Gzp+i 2 p+ 1

·

=e

- [C2p+C2p+ 1

·

gree

.
(1+ qe[zprikt C

A : No
,

can show <p+= -(i:P(x+ d)
** ]

Sum [p ,

+ 1

only converges for a finite number of K .

Ingeneral ,

it is an asymptotic expansion in a
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We can find a function with the same mptotic expansion I

=22p+ik
+ 1

~ F(<c(+ d) k2

But thi function has a branch point ,
so the value is

not determined for large (CRY

The situation for the ground state energy is better
.

NS/R

E
o

= -2x2p+ C2p + 1
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The ground state energy has the same asymptotic expansion as

- I kapt= Se git
(R sector)

g(t) = F
,(iii) - 1
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The ground state energy has the same asymptotic expansion as

- I kapt= Se git
(R sector)

g(t) = F
,(iii) - 1

This has TBA form :

&

Se git= Slog(-e-kto

fround state energy for fermion with p(k)= R
,
E(k) = R
-s

and trivial scattering .

Il



If ground state energy i

Se gH

Expect excited state energies to be given by extra terms correspanding ·

to the poles in the integrand (deformation of contour argument) . [Dorey,
Tateo]

Final expression : extra terms
.

-

F(q)
- 2

-973) = 44(1+ e+)(1 + e 4(1+ e
-

+

x3)
2

8 +

(3
si solve x - -

3
- Zani i take soll withthereal part .

It =
k - I solved by k = t(zk(5 - 5 :2 )-1])

12



positions of : : Ja

......... Yea ......
..................
:

Ia
i

s



positions of : : Fac
k = 1 : Jean: ...................................
-

Yc
i

-



positions of : : Fac
k = 2 : Jean: ...................................
-

Yc
i

is



positions of : : Fac
k = 3 : Jean: ...................................
-

Yc
i

N



positions of : : Fac
k = 14 : Jean: ...................................
-

Yc
i

e



1
.

The argument extends to polynomial GGES

Tr(glor [KeptImpt
I2

e

Highest term is IN

= q8(1 + e+3) . ... (1 + e
=

+

x)
-

N terms
.
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1
.

The argument extends to polynomial GGES

Tr(glor [KeptImpt
I2

e

Highest term is IN

= q8(1 + e+3) . ... (1 + e
=

+

x)
-

N terms
.

2
.

Thi was a conjective - can now prove this
.

of Earlier result for "power palitions" (1-qb) [lagier 2021]

whichis a specialisation of this result .
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1
.

The argument extends to polynomial GGES

Tr(glor [KeptImpt
I2

e

Highest term is IN

= q8(1 + e+3) . ... (1 + e
=

+

x)
-

N terms
.

2
.

Thi was a conjective - can now prove this
.

of Earlier result for "power palitions" (1-qb) [lagier 2021]

whichis a specialisation of this result .

3. Have physical interpretation in terms of defects

4
.

Have a formal expression for the defect operator
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Power partitions

#
-qR)

counts partitions into indegers

#
- qk2) corts partitions into

with powers
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Power partitions (Zagier 21) (Hardy Ramanujan 1918 for s=2)

y(t) = q(4π(1-qk)

n
,
(t) = =3

-sπ(1 - qk3) ( -=3 3) =- xir)

4 ,

tE) = (2π M 4(z)
(m(z)> 0

S

z =I

-
product of

$ terms Y! (z)
... 41(Es)
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Physical Interpretation : re-examine the ground state energy

E = -jo(ng(1 + e

- E(

) It sign for NS)O

i =
- k +
xk +(akq ...

8π3
-

So (k)

-

I WII I↑* - AI
GGE

G(k)
= k -Ge 9

round state energyEo
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Physical Interpretation : re-examine the ground state energy

E = S- (ng(1 + e

- k + ) It sign for NS)

=Slog( 1 + Tik)

I
[Bajnok+TCR) = phase for transmission through a defect Simon]

ext-ge - fidefect
- -

Regular system ground stateenergy for system

E
.
(k) = k with defect [Hernandez-Chifflet et al] 18



Defect insertion with T(R) =

e E's
leads to a new quartisation condition on momentum of fermion modes

.

>

ik - xx3 I2 84
3

= 1

-

or
k -= Ini

The triple product is just the product over allowed fermion modes

in the presence of the defect .
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Conclusions and outlook

- The GGE behaves exactly like (is) a defect under modular transformations

- The modular properties are not like those of characters
-

-

The form of the modular transform agrees with the physics
of the defect .

- Could consider extension to massiveGGEs

(Partion fn and traces of conserved quantities have good modular properties

[Saleurr Itzykson,
Kostor

, BergianGaberdiel Green
, Berg BringmanGannon

, Downing,MurthyGw]

-Would like to consider Lee -Yang
,
WI models

,
et...
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Thank
you

!
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Defect operator construction

Want to write H = Hot D(0)

such that the modular transform is a

product over the Spectrum
of H -

Not a simple perturbation of a

free fermion because of "extra modes"
.
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Idea :

Adapt ideas of G .
Es

.

Toth for

irrelevant boundary perturbations .

Perturbation term Chere D(0) ) changes

quantisation condition on fermion momentum

Gives solution exactly in terms of required R
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But : Very formal

·Constructed knowing which
transmission

factor is required

·Does not appear to be simply related
to original GGE

(Details to appear)
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Power Partions

Simplest If 3 = 2

72 = ! + ga)
Take log

lg 2

= E 109(1 + 94)

- =z log(1gY) - blog 2
k = 1

u
lattice Sun -> Poisson (re) summation



Ep f(x) = Z F(p)
peI P

Fourier transform

I(p) = of(k) :2ikp dk

log(aY = lang) + q4) e - ip dr

-+ S(gYe- kak + (termp=o)
.

-

more contours
, pickingup residues

as you go


