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Introduction 
Q-operators for closed spin chains

Q(z) introduced in 72 by Baxterfor 8-V model

cil Diagonalizable & polynomial
(ii) (T(z), G(z)]=2G(z), G(z')] = 0

(iic T(z)G(z) =a(z)G(qz) + b(z)G(at)
=>Bethe Equs

GISM/ Quantum
group picture [Sklyanin, BL296]
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&(2) =c-f---- -- I also need twist I



Factorization 

Factorization IKasLb+) isomorphism &
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↳ Spin m/z transfer matrix : Generalised HJ 11[ F1 13]



Q-operators for open spin chains Looks easy!
[Frassek/Szecsen: 15, Baseilhac/Tsuboi 17,y
Vlaar/Weston 20 TSuboi 20/S
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T(z) - - (Styain 88]-S
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but until recently, full alg-picture of origin of

TG relus missing.



The challenge: too many algebras! 

Halsted repr
~-dim Uq(b+)repn.
~
- 4
< co-ideal Subalgebra intertainer

- doesn't act on our Uq(b+)repus!

- 2
e

= ... Boundary factorization
~

3 ?

-
Boundary fusion

Wa -

⑧



The resolution [Cooper/Vlaar/W 23]
Exploit recent universal IK matrix

22][BaolWang 18, Balagovie/Wolbia, AppellUlaar 20,CRM Lectures

A =coideal subalgebra
n

Ik E Uq(b +) =

u - (k,A] =0

~ eY -

-
RE

AlIkC E Ug(b +10 Uq(b+) = S
Uq(b+).--dim rep

-
L

So -x-dimttpi of IG Uq1b+)

- holds as equality of Uq/b+ (
= ... intertwines via Schu's Lemma.

~
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Sklyanin-K/universal-K connection

(i) Sklyanin

More Details

U =underlying agroup;Uglof) (Uglsz(here)
6 I

A =boundary q-group

Sklyanin [883 introduced Avia FRT construction

W

RIz) GEnd(VOUL -
↳

Z

223 >
k(z) G End (v)A I-

Defines satifying RE

(2)

2 !
2

3A a

(23

C27 (2)

I

=)Lis R(z, Ize) k,(z? R(z,z2) kz(z) -

- k2(zz) R(z,zz) k,121) R(z1122)



c.f. L(z) = End(u)eU

R(z,(zz) h,(z,)Lz(z2) i
2

I h(z2)(i(zi)R(z,(z2) ·

k(z) -22
=(Ia((z) =(405) X

- comit.

= E E End(V)
-L

Coproduct #AtStEdmeAx
A: AtUA, so coideal subalgebra.

(I0E) D = I i so (II) (*)

=> - -

-
- ki E E-



So Agen by matrix elements

xab =<a1k*(bL =>
- =A

b
" E-

-Pop Given repr "w of Aon W
I

we have

-

h - (ab) =π(xab)k (Delius/Mackay 05]-
W
In
W W W

Proof RE aI I -- -

b
I A

7-- -

- b

-

Hence K is Aintertwiner (4 Ke End(V)&A)
3 W



(ii) The universal K-matrix picture 
[BaolWang 18, Balagovie/Wolbia, Appellular 20122]

The objects H =underlying 9-group;

A =coideal subalgebra;
B =

upper Bore subaly.

universal It is constructed for wide class of coideal sub. A

associated with quantum affine algebra:

*IkeB n
;

with
u

* 1x =

x 1k with asA

* It satisfies mineral (twisted) RE.

* A(K) = n E BO B

↳
~



,

If we have B repn it,

-tren k =in (1) = -
-

-If In not an Arepu NG

A is) =

TIul K, forced

Connection to Sklymin's ki= :S

just

In = - Be
f = (01) I e End (v) *A.



Summary

VA
-

I =E E BOA

-12) =Ski he End(ULeA
--

n
VA Ik=

=(12)B
-

St k =
-

- =(10)eEnd (v)



Light sketch of the rest

We consider Halstr) care and

A =augmented q-Onsager algebra

with k1(z) =

I
52
-

1

5- z2 C
[Sklyanin 88, Baseilhac/Belliard 13]
- -h B -IB h well defined for all 4q(b)

level - 0 repus/including the 4A-din ones required

for factorization).

In practice find his by solving RE involving

e.g. - I-dim Soln. Space



-

...
follow's from

antied
as

=

~ Schw's Lemma

R-matrices also well

repn

All repas 3

---

...f--, etc have

relatively simple gross exprenions.

e.g.
---

= 2q2 (aa! an) qN(lz
-Dik

-

[Khoroshkin (Tsuboi 14]



Final Step
Nzq
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-< -
- u -Glaz) E(az) =->
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⑧
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reproduces known Bethe Equs.



Discussion 

Question:does this generalise to

(i) Non-diagonal &matrices for Sta care

(ii) Otter Uq) of ( ?

ciiil Rational/Yangian limit?

Partial answer

his We thinkso, although RE alg, becomes

modified by twist.

However, technically more difficult to

complexityof solving I - --



(ii) We hope so; - generalisesto prefundamental
repus [Jimbo/Hemandez, Frenkel/Hemandez)

B 3

and IG relns in closed care cons. by

[Frenkel/Reshetithin], proved by [Frenkel Hemandez].

wicil Yes - in st case studied. Reproduces G, G of

[Frassek/Szecsenyi, 15]. [ Ales Cooper'sthesis].


