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STATE VS TRAJECTORY ENTANGLEMENT

H =
∞

∑
x=−∞

(c†
x cx+1 + c†

x+1cx)

d |ψt⟩ = − iHdt |ψt⟩ +
L

∑
x=1

( γ[nx − ⟨nx⟩t]dW (x)
t −

γ
2

[nx − ⟨nx⟩t]2dt) |ψt⟩

• Free fermions with local density monitoring: Stochastic Schroedinger Equation

ρt = |ψt⟩⟨ψt |average density matrix

• Lindblad dynamics with dephasing

dρt = − i[H, ρt]dt − γ∑
j

[nj, [nj, ρt]]dt

dW (x)
t noise

|01⟩⊗L/2initial state

• Entanglement of trajectories: A

SA = TrAρt,A ln(ρt,A)

V.A. and F. Carollo, PRB 103 L020302 (2021) + …
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t/vM

SA
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ear

saturating

CFT

generic integrable

• Hydrodynamic description of entanglement dynamics via emergent quasiparticles 

QUASIPARTICLE PICTURE

P. Calabrese and J. Cardy, JSTAT 2005

SA = ∑
k

[t ∫
|vk|t<ℓ

dλvk(λ)sk(λ) + ℓ ∫
|vk|t>ℓ

dλsk(λ)]
V.A.,P. Calabrese, PNAS,114, 7947 (2017) + a lot more

Universality from thermodynamics

sk GGE thermodynamic entropy
vk Entangling quasiparticles are the excitations over the GGE

M. Fagotti and P. Calabrese, Phys. Rev. A 78, 010306(R) (2008) 

scaling limit

t, ℓ → ∞, t/ℓ fixed
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t

x

∞
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e

X. Cao, A. Tilloy, and A. De Luca, SciPost Phys. 7, 024 (2019) 

• Assuming pairwise correlations: Collapsed Quasiparticle Ansatz

S(α)
ℓ (t) = e−γt S(α),0(t) + γ∫

t

0
du e−γu S(α),0(u)

S(α),0
ℓ =

ℓ
2 ∫

π

−π

dq
2π

s(α)
q min( |vq | t /ℓ,1)

COLLAPSED QUASIPARTICLE ANSATZ

Entanglement “decay” Entanglement “production”

• Measurement induced entanglement production
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NUMERICAL CHECKS: BEYOND PAIR CORRELATIONS

F. Carollo and V. A.,PRB 106 L220304 (2022) 
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`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

1 2 30

0

-0.02

-0.04
10 100`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

0.04
0.02

101 102

0.02
0.04

T`/`

<latexit sha1_base64="LOZV+UqFQQzY0ir/6OIt3PX3JtU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDDaCq5oURZdFNy4r9AVNCJPppB06mYSZiVBCwY2/4saFIm79CXf+jZM2C209MMPhnHu5954gYVQq2/42Siura+sb5c3K1vbO7p65f9CRcSowaeOYxaIXIEkY5aStqGKklwiCooCRbjC+zf3uAxGSxrylJgnxIjTkNKQYKS355pFluRFSo1Cgcdaa+i5h7Dz/LMs3q3bNngEuE6cgVVCg6Ztf7iDGaUS4wgxJ2XfsRHkZEopiRqYVN5UkQXiMhqSvKUcRkV42u2EKT7UygGEs9OMKztTfHRmKpJxEga7M95WLXi7+5/VTFV57GeVJqgjH80FhyqCKYR4IHFBBsGITTRAWVO8K8QgJhJWOraJDcBZPXiades25qF3e16uNmyKOMjgGJ+AMOOAKNMAdaII2wOARPINX8GY8GS/Gu/ExLy0ZRc8h+APj8wfMlZb7</latexit>

Jt/`

<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>

Pairs of quasi-particles

0 1 2 3
-0.03

-0.02

-0.01

00

-0.02

`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

1 2 30
Jt/`

<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>

T`/`

<latexit sha1_base64="LOZV+UqFQQzY0ir/6OIt3PX3JtU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDDaCq5oURZdFNy4r9AVNCJPppB06mYSZiVBCwY2/4saFIm79CXf+jZM2C209MMPhnHu5954gYVQq2/42Siura+sb5c3K1vbO7p65f9CRcSowaeOYxaIXIEkY5aStqGKklwiCooCRbjC+zf3uAxGSxrylJgnxIjTkNKQYKS355pFluRFSo1Cgcdaa+i5h7Dz/LMs3q3bNngEuE6cgVVCg6Ztf7iDGaUS4wgxJ2XfsRHkZEopiRqYVN5UkQXiMhqSvKUcRkV42u2EKT7UygGEs9OMKztTfHRmKpJxEga7M95WLXi7+5/VTFV57GeVJqgjH80FhyqCKYR4IHFBBsGITTRAWVO8K8QgJhJWOraJDcBZPXiades25qF3e16uNmyKOMjgGJ+AMOOAKNMAdaII2wOARPINX8GY8GS/Gu/ExLy0ZRc8h+APj8wfMlZb7</latexit>

101 102

0.01
0.02

10 100`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

0.02
0.01

(b)
Triplets of quasi-particles

`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

0 1 2 3
-0.04

-0.02

0

0.02

0.04

0

-0.04

0.04

`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

T`/`

<latexit sha1_base64="LOZV+UqFQQzY0ir/6OIt3PX3JtU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDDaCq5oURZdFNy4r9AVNCJPppB06mYSZiVBCwY2/4saFIm79CXf+jZM2C209MMPhnHu5954gYVQq2/42Siura+sb5c3K1vbO7p65f9CRcSowaeOYxaIXIEkY5aStqGKklwiCooCRbjC+zf3uAxGSxrylJgnxIjTkNKQYKS355pFluRFSo1Cgcdaa+i5h7Dz/LMs3q3bNngEuE6cgVVCg6Ztf7iDGaUS4wgxJ2XfsRHkZEopiRqYVN5UkQXiMhqSvKUcRkV42u2EKT7UygGEs9OMKztTfHRmKpJxEga7M95WLXi7+5/VTFV57GeVJqgjH80FhyqCKYR4IHFBBsGITTRAWVO8K8QgJhJWOraJDcBZPXiades25qF3e16uNmyKOMjgGJ+AMOOAKNMAdaII2wOARPINX8GY8GS/Gu/ExLy0ZRc8h+APj8wfMlZb7</latexit>

(c)
Quadruplets of quasi-particles

1 2 30
Jt/`

<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>

101 102

0.0175

0.018

10 100`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

0.018
0.0175

0

-0.01

-0.02 1 2 30
Jt/`

<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>

4

(d)
Continuously monitored chain

`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

10 100`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

T`/`

<latexit sha1_base64="LOZV+UqFQQzY0ir/6OIt3PX3JtU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDDaCq5oURZdFNy4r9AVNCJPppB06mYSZiVBCwY2/4saFIm79CXf+jZM2C209MMPhnHu5954gYVQq2/42Siura+sb5c3K1vbO7p65f9CRcSowaeOYxaIXIEkY5aStqGKklwiCooCRbjC+zf3uAxGSxrylJgnxIjTkNKQYKS355pFluRFSo1Cgcdaa+i5h7Dz/LMs3q3bNngEuE6cgVVCg6Ztf7iDGaUS4wgxJ2XfsRHkZEopiRqYVN5UkQXiMhqSvKUcRkV42u2EKT7UygGEs9OMKztTfHRmKpJxEga7M95WLXi7+5/VTFV57GeVJqgjH80FhyqCKYR4IHFBBsGITTRAWVO8K8QgJhJWOraJDcBZPXiades25qF3e16uNmyKOMjgGJ+AMOOAKNMAdaII2wOARPINX8GY8GS/Gu/ExLy0ZRc8h+APj8wfMlZb7</latexit>

101 102

0.015
0.0155
0.016

0.015

0.016

0.8

0.4

0
1 2 30

Jt/`

<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>
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`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

Jt/`

<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>

1 2 30 4

Quasi-particle  
picture

Collapsed quasi-particle  
ansatz

Jt/`

<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>
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<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>
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`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

Logarithmic negativity Rényi-2 entropy von Neumann entropy(a) (b) (c)
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<latexit sha1_base64="Znx1lwRB3/r+tb8rNNr6eS/u8dE=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHeLoseiF/FUwX7AdinZNNuGZpMlmRVK6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzolRwA5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRHDBJesARwEa6eakSQSrBUNb6d+64lpw5V8hFHKwoT0JY85JWClwHXv4bzDhHDdbqnsVbwZ8DLxc1JGOerd0lenp2iWMAlUEGMC30shHBMNnAo2KXYyw1JCh6TPAkslSZgJx7OTJ/jUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzPCzKIr8Mxl2kGTNL5ojgTGBSe/o97XDMKYmQJoZrbWzEdEE0o2JSKNgR/8eVl0qxW/IvK5UO1XLvJ4yigY3SCzpCPrlAN3aE6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBYCeQBA==</latexit>
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<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

Logarithmic negativity(d)

`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>
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<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>
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<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

`

<latexit sha1_base64="pP7X0wfnsYRB+3w9O2hBz/9MMWU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekHCmtOt+W4W19Y3NreJ2aWd3b/+gfHjUUnEqKTZpzGPZCYhCzgQ2NdMcO4lEEgUc28H4dua3n1AqFosHPUnQj8hQsJBRoo3UcZwecu44/XLFrbpz2KvEy0kFcjT65a/eIKZphEJTTpTqem6i/YxIzSjHaamXKkwIHZMhdg0VJELlZ/N7p/aZUQZ2GEtTQttz9fdERiKlJlFgOiOiR2rZm4n/ed1Uh9d+xkSSahR0sShMua1je/a8PWASqeYTQwiVzNxq0xGRhGoTUcmE4C2/vEpatap3Ub28r1XqN3kcRTiBUzgHD66gDnfQgCZQ4PAMr/BmPVov1rv1sWgtWPnMMfyB9fkDgouO+Q==</latexit>

Figure 3

Figure 2

|01⟩⊗L/2 H =
∞

∑
x=−∞

(c†
x cx+1 + c†

x+1cx)

• Incomplete description of entanglement dynamics via entangled pairs



CFT  BO LO G N A 2023VIN CENZO ALBA

TRIPARTITE MUTUAL INFORMATION

CFT BO LO G N A 2023VIN CENZO ALBA 6

SA = − TrρA ln(ρA) Von Neumann entropy

• Quantum correlations between three subsystems

I3(A1, A2, A3) = I2(A2, A1) + I2(A2, A3) − I2(A2, A1 ∪ A3)

I2(A, B) = S(A) + S(B) − S(A ∪ B)A1
A2 A3

• Holographic theories 

aka topological entropy

P. Hayden, M. Headrick, and A. Maloney, PRD 87, 046003 (2013)

I3 < 0

• Quantum information scrambling 

Kitaev and Preskill, PRL 96 110404 (2006), Levin and Wen, PRL 96 110405 (2006)

• TMI & chaotic dynamics

V. Balasubramanian, A. Bernamonti, N. Copland, B. Craps, F. Galli, PRD 84 105017 (2011)

A. Zabalo, M. Gullans, J. Wilson, S. Gopalakrishnan, D. Huse, J. Pixley, PRB 101 060301 (2020)

I3 < 0Random circuits

B. Bertini and L. Piroli, PRB 102 064305 (2020)
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NUMERICAL CHECKS: BEYOND PAIR CORRELATIONS

I3 < 0 Tripartite information

F. Carollo and V. A.,PRB 106 L220304 (2022) 



CFT  BO LO G N A 2023VIN CENZO ALBA 8

What is going on?

How do we get nonzero TMI?

Can we get negative TMI in integrable systems?
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ENTANGLED MULTIPLETS

• Generic quench                  much more subtle entanglement pattern

(a) (b)2
1

A1
A2

A3

n

• TMI is zero if entangled pairs are present

I3 < 0 information is highly 
delocalised

• Shared multiplets contribute to the TMI
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CLASSICALLY ENTANGLED MULTIPLETS

H =
L

∑
j=1

1
2

(S+
j S−

j+1 + h . c.)

| ↑ ↓ ↓ ⟩⊗L/3

• Different classes of entangled multiplets

• Classically entangled multiplets

| ↑ ↓ ↓ ↓ ⟩⊗L/4 ⋯n = 3 n = 4

B. Bertini et al., J. Stat. Mech. (2018) 063104

A1
A2

A3

∑
j

ρj = 1 ρin(k) = ∑
j∈A

ρj(k)

s(k) = sYY(ρin)

•Entanglement dynamics determined by the GGE I3 > 0
F. Caceffo and V.A., arXiv:2305.10245

sYY(x) = − x ln(x) − (1 − x)ln(1 − x)
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POSITIVE TMI FOR CLASSICALLY ENTANGLED MULTIPLETS

A1
A2

A3

I3(t) = ∫
dk
2π

τ3(k)𝒟(k, ℓ, t))

τ3(k) = s{ai}∪{bi}∪{ci}(k) − s{ai}∪{bi}(k) − s{ai}∪{ci}(k) − s{bi}∪{ci}(k) + s{ai}(k) + s{bi}(k) + s{ci}(k)

• For n particles multiplets:

f (x) := − x ln(x) − (1 − x)ln(1 − x)

τ3(k) = f(a + b + c) − f(a + b) − f(a + c) − f(b + c) + f(a) + f(b) + f(c)

a =
p

∑
j=1

ρaj
(k) b =

q

∑
j=1

ρbj
(k) c =

r

∑
j=1

ρcj
(k) p + q + r ≤ n

•           vanishes at boundaries and is positive at the unique stationary point.τ3(k)

τ3(k) ≥ 0
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H =
L

∑
j=1

1
2

(S+
j S−

j+1 + h . c.)

NEGATIVE TMI: QUASIPARTICLE PICTURE

| ↑ ↑ ↓ ↓ ⟩⊗L/4

• A more complex entanglement pattern 

I3(A1, A2, A3) = I2(A2, A1) + I2(A2, A3) − I2(A2, A1 ∪ A3)

F. Caceffo and V.A., arXiv:2305.10245

I3(t) = ∫
3π/4

π/2

dk
2π

τ3(k)(𝒟1(k, ℓ, t) + 𝒟2(k, ℓ, t))Entangled quadruplets

I3 ≤ 0

not easily related to GGE
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𝒟1(k, ℓ, t) = max{min{v1t, ℓ + v2t,2ℓ − v2t,3ℓ − v1t} − max{v2t, ℓ − v2t,2ℓ − v1t},0}

𝒟2(k, ℓ, t) = max{min{ℓ + v1t,2ℓ + v2t,3ℓ − v2t} − max{v1t, ℓ + v2t,2ℓ − v2t,3ℓ − v1t},0}

I3(t) = ∫
dk
2π

τ3(k)𝒟(k, ℓ, t))

G(k) =
1
4

2 −1 − i 0 −1 + i
−1 + i 2 −1 − i 0

0 −1 + i 2 −1 − i
−1 − i 0 −1 + i 2

• Fermionic correlation matrix in multiplet space

vj(k) = 2 sin(k − ( j − 1)π/2)

TMI: QUASIPARTICLE PICTURE
F. Caceffo and V.A., arXiv:2305.10245
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SA(t) = ∫
3/4π

π/2

dk
2π {(s{1} + s{3})[(v1 − v2)t Θ(ℓ − (v1 − v2)t)+

ℓΘ((v1 − v2)t − ℓ) + (v4 − v3)t Θ(ℓ − (v1 − v3)t) + (ℓ − (v1 − v4)t)χ(ℓ/(v1t − v3t), ℓ/(v1t − v4t))]+

(s{2} + s{4})[((v1 − v4)t − ℓ)χ(ℓ/(v1t − v4t), min{ℓ/(v1t − v2t), ℓ/(v2t − v4t)})+

(v1 − v2)tχ(ℓ/(v2t − v4t), ℓ/(v1t − v2t)) + (v2 − v4)tχ(ℓ/(v1t − v2t), ℓ/(v2t − v4t))+

ℓΘ(t − max {ℓ/(v1t − v2t), ℓ/(v2t − v4t)})] + (s{1,2} + s{3,4})[(v2 − v4)tΘ(ℓ − (v1 − v4)t) + (ℓ − (v1 − v2)t)+

χ(ℓ/(v1t − v4t), ℓ/(v1t − v2t))] + s{1,3}[((v1 − v3)t − ℓ)χ(ℓ/(v1t − v3t), ℓ/(v1t − v3t))+

(ℓ − (v2 − v4)t)χ(ℓ/(v1t − v4t), ℓ/(v2t − v4t))] + ∫
π

3/4π

dk
2π

{1 ↔ 2,3 ↔ 4}

A FORMULA TO REMEMBER

F. Caceffo and V.A., arXiv:2305.10245
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H = J
L

∑
j=1

σx
j σx

j+1 +
L

∑
j=1

hjσz
j

ISING QUENCH
• A more complex entanglement pattern 

I3(A1, A2, A3) = I2(A2, A1) + I2(A2, A3) − I2(A2, A1 ∪ A3)

I3(t) = ∫
3π/4

π/2

dk
2π

τ3(k)(𝒟1(k, ℓ, t) + 𝒟2(k, ℓ, t))Entangled quadruplets

not easily related to GGE|GS(heven, hodd)⟩

A. Bastianello and P. Calabrese, Scipost Phys. 5 033 (2018)

F. Caceffo and V.A., arXiv:2305.10245
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CONCLUSIONS

TMI ideal to identify the presence of entangled multiplets

Quasiparticle picture still possible for free systems

Link between entanglement and thermodynamics weakened

Most likely QP for monitored fermions hard to obtain

Multiplet scrambling

Postdoc positions available at University of Pisa!

vincenzo.alba@unipi.it

mailto:vincenzo.alba@unipi.it


THANK YOU


