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A quick recap of the ODE/IM correspondence

« Consider the ODE (Schroedinger) — %5 4(x) + (@ +x2M) (x) = E(x)

e A solution y(x) ~ x /2 exp (—%) as X — +00

e Two solutions x4 ~ x*', x_ ~x7" as x—0

Define connection coefficients Q+(E): y(x) = Q+(E)x—(x) + Q-(E)x+(x)

Q+(E) ~ W]y, x+] are highest weight state eigenvalues of Q-operators
(Q-functions) of CFT minimal models Dorey,Tateo; Bazhanov, Lukyanov, Zamolodchikov '98

c=1-68-5"2, a=(5)+%

M=1/6%~1, I=2

Nl

Marco Rossi Universita della Calabria and INFN Cosenza

On the origin of the correspondence between integrable models and differential equations.



0e00

Motivations and plan Defmmon of quantum model From quantum to classical via Marchenko Special limits and cases Summqry and Perspectives Backup
[e]e]e]e]e}

[e]e]e]0)

e Q. (E) are entire functions of E

e They satisfy QQ-system, functional relations
Q, (Eef1)Q_(E) — Q. (E)Q_(Eef7) = const

o Defining other solutions of the ODE y.1(x) ~ y(x¥#i1, E+i#)
W[y_1,y1] = T(E), transfer matrix, entire function of E
e Functional relation TQ-system

T(E)Qs(E) = ¥ %2 Qu(Eefi™) + e

I (214+1) i
+ iz Q:I:( e~ MI+1)

Marco Rossi
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e Generalisation to off-critical case: PDEs
(Ow + V(w, W)V = (9z + V(w, w))¥ =0,
V, V 2x2 matrices: a Lax pair.

One considers V and V depending on a field #) such that the compatibility
condition _ _
owV—-0sV+[V,V]=0

implies for 7j
OwOsi) = 2sinh 27},

i.e. the classical sinh-Gordon equation.

For a suitable solution of sinh-Gordon equation connection coefficients
between different vector solutions W are Q-functions of sine-Gordon model
Gaiotto-Moore-Neitzke '08,09; Lukyanov, Zamolodchikov '10

Marco Rossi Universita della Calabria and INFN Cosenza
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Plan: give an explanation for ODE/IM

Why does ODE/IM appear? To answer this question, we reverse the arrow.
We start from quantum integrable field theories: we suppose Baxter’s
TQ-relations (T is the eigenvalue of the transfer matrix)

T(0)Qx(0) = ¢1(0) Qe (0 + iv) + ¢2(0)Qx (0 — i) ,
with T, Q4 entire (state dependent) functions of 6 and ¢; given functions (for
CFT E = et~ = /M)

When 0 = 6/} (0 = 0,) zero of Q; (or Q_), a TQ-relation implies Bethe
equations
$1(07)Qu (6 + i) + ¢2(67) Q= (07 — i7) = 0.

We want to associate to a state of a quantum integrable model a classical
model: two PDEs (Lax pair). Tool: A Marchenko-like equation marchenko 55

We will discuss the example of sine-Gordon model in the vacuum, but the
discussion can be made more general.

Marco Rossi Universita della Calabria and INFN Cosenza
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Functional relations
Sine-Gordon model on a cylinder

}
£ = = [(0) = (0x0)] +2ucosBio, wlx+R,1) = o(x. 1)
s

Different k-vacua: ¢ — ¢ + 21/8 = |Wx) — €™*|Wy). Vacuum eigenvalues
of local conserved charges appear in asymptotic expansion at |[Ref)| — +oco
of Q-functions Q4 () (£ sign of k). Properties of Qx:

> Entire quasi-periodic functions: Q. (6 + ir) = e*™(*2) o, (), 1 = 21k — 1/2,
quasi-period r = /(1 — 8?)
> TQ-system: usual form

2 ; 2
T(0)QL(0) = Q (e+1 Bﬂ >+Qi< - 1":%2)

By using quasi-periodicity one gets 'universal’ shifts

7(0)0s(0) = e¥(*2) @y (0 + im) + e (2) Qi (0 — i)
> Asymptotics In Q+ (0 + iT/2) ~ —wpe® — e ?, wy = —4"”7’;2
cos 20—57)

» Extensions: Homogeneous sine-Gordon model (many masses)

Marco Rossi Universita della Calabria and INFN Cosenza
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From functional relations to integral equations

» Q. can be found as solutions of an integral equation
/ /
Qs <9 + I*) =q=(0) i/ d0 — tanh 0 _29 T (9’ + é) e—vo(e? +o” ) —ig(e= e~

6

eEO0-0q, (9/ +’%) . qi(0) = Ciei%fi(m%)/e_woee_%e,
» The TQ-system holds due to the property (of the kernel):
l h T h T ie)| = 2nis R
Nim, [tan (X—O—? —Ie) — tan (X— E-‘-Ie)} =27ié(x), x €R.
> g+ (0) take into account the asymptotics and satisfy

:Fm(l+ )Cli(o —im) ej:nr(H- )qi(9+lﬂ') —0
They are zero modes of the shift operator.
> Problem: integral equation ill defined since

T (9 + 1%) ~ exp(ae’ +2e7?)

Marco Rossi Universita della Calabria and INFN Cosenza
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A solution

» Define the functions X+ (0): q+(0)X+(6)
X1(6) =1 j:/ de/

0—06
tanh

Q. (0 + iT/2)

T (9/ + I%) e—2woe‘9, —2Wpe Xj:(el)
> Make wy, Wy dynamical: wo — iw’, W — —iw’, X+ (0) — Xe(w', w'|0)
» The transfer matrix T stays the same

> Integral equation satisfied by X4 (w
X (W'

7W|‘9),)\—e
< dX A=)\
/
0

T\
AT\ N+ N
We expect that in the limit (non trivial) w' — —iwg,

e%)e—zw X\ +21)\, Xi(W/ W’|6 )
Xe(w', W'(6)

QL(0+it/2
(0) :E( ! / )
Marco Rossi
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Getting a Marchenko-like equation

> Let us define the Fourier transform of Xy — 1 (with 'active’ role for w’)
Ke(w', &) = /mf'e AAeE P XL (W [0) — 1].

—oo—ie

> Let us take the Fourier transform of the integral equation for X.. We get
Ke(W' & W)+ F(w' + & )i/ I ke € WFE + W) =0, > W

with F(x; ') = i ;7% dx/e ™™ 2% r et
» This has the structure of a Marchenko equation appearing in quantum
inverse scattering (from scattering data and bound states to

Schroedinger). However for usual Marchenko
x) = [T dxe™* M (S(A) — 1) + 3= S(An) - S=S-matrix, A\, bound states

» In our construction scattering data and bound states are encoded in T,
vacuum eigenvalue of the transfer matrix of a quantum integrable model.

Marco Rossi Universita della Calabria and INFN Cosenza
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From Marchenko-like to Schroedinger

> Define Jost wave function v (W', W'|0) = e~ X X.(w', W'|0)

Xe(w',W')0) —1= /M %e_i(E_W/)AKi(w’,g;v_v'), A=¢’
w2
» Differentiate (twice) and use our Marchenko-like equation: we get

o° _ _ _ _
m’/’:&(wlv w'10) + €% pa (W, W'[0) = ux (W W )pa(w', W']0),

with potentials
AN i Ki(W/y w'; W/)
ur(w;w) = 2dw’727r .
» Explicit solution of Marchenko equation gives access to the potential and
to a wave function. The potential is
ur (Wi w') = T80 + (8,0)° , A =Indet(1 + ) — Indet(1 — ¥)

T (0 + Il) e—z:w’ee+2/w'e_9

V(6,6") =
4n cosh £ 2‘9

Marco Rossi Universita della Calabria and INFN Cosenza
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Wave function and first Lax

. !
> The wave function is . (w', #'[0) = Xs (W', #|0)e™™ *'%

de’ e—o’
Xew' #10) = 25 [ §Te" 7 Vie.0 )X (w7 10')

and satisfies the ’T1-system’ (extension of TQ-system)

T (0 + :%) e (W, W |0) = Fivy (W, W' |0 + in) £ iy (W, W' |0 — ir).

» To summarise, we have obtained two Schroedinger equations
9? _ _ _ _
mwi(W’, W'10) + € i (W', W'[0) = us (W W )pu (W', W10)
> Introduce (w = iw’) Dy = dw + 30wiio® — €0t — e’ g™
0+1

K Py
D, 0 e 0?’
D= ( 7 ) , V= W
0 Dy FLZTLw_
e 7 (B — Owh)_

» The first order matrix equation DV = 0 is equivalent to Schroedinger
equations in w'.

Marco Rossi Universita della Calabria and INFN Cosenza
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Second Lax
> A differential equation in w’ is defined by using the Fourier transform

KW ) = +°°7_'5 oA~ e (W) 11,
(with active role for w’) on the equation for X.. Following the Marchenko
procedure, we end up with the 'conjugate’ differential equation

aw,zw‘f( W10) + T (W', W )5 (W, W |0) = e 205w, W/ |6)
for
iw — +oo d
—w
> Introduce (W = —W') _ﬁ = 0w — 1(9w e o= —_ e 5T and

eT (aw + awn)¢bls

S
0 D—ﬁ e e (3W i

—7,¢jbis

b

> The first order matrix equation DW?* = 0 is equivalent to Schroedinger
equations in w'.
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The classical model

> et us compare the two vectors W and W®,
> By examining the solutions we constructed we find that
,l/)bIS(WI, W/|9) _ wﬂ:(W,, W/w)e:tﬁ(w,v'v).
> On the four-vectors this connection implies W = —e’W”®, Then, we can

write DV = DW = 0: from this relations we get that [D, D]w = 0, which

means for 7
By 057 = 25sinh 24,

i.e. that 1j satisfies the classical sinh-Gordon equation.

> The two Lax problems DW = DW = 0 coincide with the starting point of
usual ODE/IM construction (Lukyanov and Zamolodchikov). We have
completed our inverse construction.

Marco Rossi Universita della Calabria and INFN Cosenza
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Conformal limit

> Potentials vy (w’, w') of Schroedinger equations are complicated
functions (Fredholm determinants)

» Simplifications occur in the conformal limit, when masses (wp) — 0,
w' — 0 and w’ scales as

CZ;I = ,/p(x)e‘e 0 — oo

with p(x) = x*™ — E, M = 1/3% — 1 (0 rapidity’).
> Then, the new wave function 1 (x) = v (w')p(x) 4 satisfies the ODE
I+ 1))

L e (x>+(p(x>+ P(x) = 0

dx?
which is ODE considered by Dorey and Tateo and Bazhanov, Lukyanov,
Zamolodchikov.
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A special case
» If 32 = 2/3,1 = 0, functional relations imply T = 1
TQ-system reduces to
Q4 () = FiQx (0 + in) £+ iQx (0 — i)
> Now # = Indet(1 + V) — Indet(1 — V), with
, e—2/w & 12iw’ e— 0
V(6,0") =
( ) 47 cosh 0}9/
» The field 7} depends only on t = 4 , W= ﬁe"*” and the
sinh-Gordon equation 8,857 = 2sinh 24 reduces to the Painleve /ll;
equation
1d /. d 1
—— (t=#(t) ) = = sinh27(t
ot (157(0) = F s 2a(0)
= connection to Painleve theory.
Marco Rossi
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Summary and Perspectives

» We have given a possible explanation for the occurrence of the ODE/IM
correspondence. The idea is that the TQ-functional relation is equivalent
to a an equation with the form of a Marchenko equation. From this
Marchenko-like equation one gets Schroedinger equations by a standard
procedure.

» We have proved this in the case of vacuum eigenvalues of 7, Q for
(Homogeneous) sine-Gordon model. Possible extension: construction of
(the at present unknown) Schroedinger equations corresponding to
excited states of sine-Gordon.

» More in general: TQ-relations are common in quantum integrable
models (they are equivalent to Bethe Ansatz), They can be written for
instance for spin chains, which means that in principle we can derive
Schroedinger equations corresponding to generic states of a spin chain.

Marco Rossi Universita della Calabria and INFN Cosenza
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Symmetries
We found the differential equation

82 _ _ _ _
Y (W, w'10) + &pr(w, W'|0) = ux (W' W)y (W, W'|6),

awlz
with potentials
us (W W') = F8,2% + (8,,1)° , A =Indet(1 + V) — Indet(1 — V)

T(0+i3) e—sz’e0+2iw’e*9

Y
an cosh £ 29

The differential operator has two symmetries:
> [l-symmetry:  — 0 — i
> From T(6 + ir) = T(6), H(w'e", w'e™'") = f(w', W'), one gets
Q-symmetry (or Symanzik rotation), w' — w'e'",0 — 0 — it + in
They act non trivially on the wave functions
(ApL)(w', W'|0) = (W', W'|0 — im),

/o=

Qi) (W, W'|0) = v (W, W[ + ir).

V(0,0") =

Marco Rossi Universita della Calabria and INFN Cosenza
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Back to quantum (usual path)

» As in usual ODE/IM, in the classical model we constructed we find Q
functions of (Homogeneous) sine-Gordon as connection coefficients
between different solutions.

> In the Wick rotated new variable w = iw’, when w — w, the potentials

up = —I(1£1)/(w — wo)?
» We have solutions (Frobenius) that when w — w,
10w W) = (w—wo(@) ", AW W) = (w—wo(@)
O, w') ~ (w—w(@), W, )~ (w— (@) .
In terms of f we expand ¢+
oW, w0) = —Na @)W, v )+e Q. (0w, W)
', w'10) = e'a_ @)W, w)—e "V @)W, W)
» Connection coefficients contain Q-functions of the quantum model:

w— W

lim (w—wp) Y ya(w,w'|0) = DreT¥ s (é =0+ %) .
(]
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> The wave functions .+ (w’, w’|0) depend only on t, 6 + ip. Since they
satisfy differential equations in t, ¢, they satisfy also differential
equations in t, 6. This means that Q+(0) = v+ (f = 4wp|0) satisfy
differential equations (in 6).
d®Q4(6) dQ. (9)
de? do
+  2wf[cosh 26 + cosh 2] Q1 (6) = 0,

1 tanh(0 + 7i) [— :szm(,oi(e)} — 4WE(3)2Qu (6) +

where 7o = f(t = 4wp).

The occurrence of a differential equation for Q1. reminds the XXZ spin
chain at a particular point.
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Interesting application to XXZ spin chain with anisotropy A = —1/2 and
2n+ 1 sites.

f(u) = (sin u)®™ ' Q¥4 (u), satisfy the simple functional relations
fu(u+2r/3) + fu(u — 27/3) + fi (u) = 0, which, after = 3iu/2,
fr = e™¥/*Q,  maps into our TQ-system in case 5% = 2/3,/ = 0.

In our framework, starting from the solutions of the differential equation v+
and taking the limit t = 4|w| — 0, the functions f,. are found from
Y (L, plu) = €PN (u+ 2) + ...

Indeed, as a consequence of differential equations satisfied by 4, 1 satisfy
the ODEs
dPfy
du?
which uniquely characterize them. They coincide with ODEs found by direct
solution of functional equations for i by Stroganov in 2003.

f.
~ Bncot(3u + 2¢)% T (ct —9)fy =0,
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