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Solvable 2d CFTs and degenerate fields

Degenerate field: a primary field whose operator product with any
primary field gives rise to only finitely many primary fields.

Degenerate fields {V?m}rsew = {szl’l), \/?’271>, \/?’172>’ . }

Some operator products:

Ve Ve ~ 2 Vi Vg Vi ~ 2 Vieenn
+ +

V(<j2,1> Ve ~ Z Vpig ’ V(<11,2> Vp ~ Z Vpiﬁ
I I

@ Vp = generic primary field of dimension A = 62;41 +PcC
° V?r,s} has dimension A, 5 = C2;41 + P%ns) with P, g = %(rﬂ — s
o Central charge c=13—-63%2 - 6572 C

— building the spectrums of minimal models, solving Liouville theory
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Fields with nonzero conformal spin

Consider primary fields V() whose left and right dimensions may differ:
(A, A) = (A(r,s)7 A(r,—s)) = S=A-A=rs

where now a priori r,s € C. Assumptions:
° V‘<j172> exists (but not V?2’1>!)
@ Spins are integer S € Z
Operator product V‘<’1’2) Vi) ~ >ou Virse1) = r€ 3%, rsc
Two types of fields:
e Diagonal fields r=0, s=28P € Cie. Vp= V(g23p
@ Non-diagonal fields r € %N* , SE %Z
— Elementary rederivation of O(n) model spectrum
[di Francesco, Saleur, Zuber 1987]
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Diagonal three-point structure constants

Crossing symmetry of 4pt functions with \/?’2 1) OF \/‘<"1 2)

C Cp, 13-
— Shift equations: ~PiEB PP fnown , PSP i own
P1,P,Ps3 Cpy.P,,Ps
for 3pt structure constants Cp, p, p, x (Vp, Vpp, Vp,)
_ -1
= Cppop; = H rﬁl <% + ZieiPi)
€1,62,63=%
using the double Gamma function I'g, which obeys
1
g _ o
Mg(x+B)=v2r Mg(x) , Tax+p6 X
St B) = VER ol Tt 87) = Var g Ts(
— solution of Liouville theory [Teschner 1995]
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General three-point structure constants

: 1Ry* 1
C(fl,sl)(f2752)(f3,53) with r; € FAAS TZ?
° V‘<’1 2 shift equations = s; — s; + 2 [Estienne, Ikhlef 2015]
@ Reduces to Cp, p, p, if 1 = ro = r3 =0 (even though no VE’Z 1>!)
[Delfino, Viti 2010]

Reference structure constant = one nice solution (not unique)

f —1 (p+p7" !
C‘E?’l,Sl)(f’2752)(r3,S3) = H rB (/B 2/8 + g |Zi€iri| + %Zieisf)

€1,62,63==%

C
Cref

o "loop weights” w(P) = 2 cos(27/3P)
o “weight of contractible loops” n = w(P 1)) = —2cos(m3?)

Conjecture:

is polynomial in n, w(P;)
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Crossing symmetry equations

For a four-point function <Hf}:1 V(,,_,sl.)>:

2 3
>0 - 1gP+kB ! +Z Z rs) (S) >L<

keZ r=1¢cly 1 4
r

- 2 3 2 3
= Z Z DE:,)s)g(rs Z Z (rs) (rs) I ZD<
=1scly r=1selz 1 4 1 4

° gP ,Q(Stu) = known 4pt conformal blocks
(logarithmic if s € Z [Nivesvivat, Ribault 2020])

° Dg), DEf’SU) = unknown 4pt structure constants

o dim(space of solutions) = 27, 2

[Grans-Samuelsson, Jacobsen, Nivesvivat, Ribault, Saleur 2023]
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Numerical results for four-point structure constants

Reference 4pt structure constant assembled from 3pt:
D= Drefd — CrefCrefd
Conjecture = d is polynomial in n, w(P;)

Numerically solving crossing symmetry
— extrapolating exact expressions for d

in ~ 20 cases including <H?':1 Vp,.>, <\/‘(‘%70)>, <V(%70) Vi, V(10) V(%70)>

Sylvain Ribault (IPhT Saclay) Exact solvability of loop models

8/

15



Case of <H?_1 Vp,.>

1 diagonal field in each channel — 8 variables n, wy, wa, w3, wy, ws, wy, wy,

dote) =1

diag
dgi)o) = Wt —'- wy 5 déi)’o) = Ws + wy R dE;_l)O) = Ws + Wi

d(s 1,1) — =Wy — Wt , dg.),l) =Wy —Ws , dE;_l)l) = Ws — Wt

2d§§ 0) — 2)(wr + wy) (w1 + wo)(ws + ws)
—(n+ 2)(Wr —wy) (w1 — wo)(wa — ws) + (0 — 4) [WZ + Wi + 2ws — 4]
26’82) = (W5, — wZ) + n(we — wy)(wy + w)(ws + w3)
+ n(we + wy)(wr — wa)(ws — ws)
22

(2, 1) - (n + 2)(Wt + Wu)(Wl + W2)(W4 + W3)
—(n—2)(we — wy) (w1 — wo)(wa — ws) + (n° — 4) [ws + W], — 2w — 4]
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Case of <\/“1 >

(3.0)

1 diagonal field in the s-channel — 2 variables n, w;

dD —1  dD =1

(1,0) — (1,1) —
2d(3 ) = (n—2) [ws(n+2) — 8]
2d§;)1) n(Wsn -4y 2d§21) = ws(n® — 4)

3d3g) = m(n—2) [w2(n + 2)2 — 4ws(n+2) + n? + §]
)
3d§3 5= —(n=1%n+1)
x [(n® = 3)(n+1)w2 — 2(n+ 1)(2n — 3)ws — 2(n — 2)(n* + 4n +1)]

3d, = (n* = 3)(n® — 1) [W2(n® — 1) — 2ws(2n — 1) — 2(n+ 1)(n — 2)]

(3.2~
3d(3 G = (n* — 4)? [Wgn2 —4wgn+ (n+ 2)2]
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Case of <V(3‘0) Ve Vo) V(§,0)>

a solution with no diagonal field — 1 variable n

d) =0, 349 =n+2 , 3d9
30) 3

(3.0) (3:3)
53, = cos (7) [+ 2.+ 208 (§) (n+ 1)(rF — 3)
5dg%) =4cos (32) [n* — 4n* + 2+ 2cos (&) (n+ 1)(n* — 3)]
d(l (1,0) = dﬁ 1) dg) - d(;)o)
ol = o s
3d§§)1) = (n—4)(n—1)(n+1)*(n* - 3)
30, = V3~ 12(n+2)(n=3) ., 3, =20 (n ~4)?
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4-vertex loop model on a honeycomb lattice

Vertex weights: . .
Critical coupling:

>>>_>K_>K7 Ke=———

24+/2—n
: 1 K
loop weight n

Primary fields:

w(P) exp és Zirzl 0«

/= Zloop configurations Weight
[Nienhuis 1982] (model), [GJNRS 2023] (V{,.5))
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Lattice 4pt function

Size of lattice: L ~ 5, t ~ 500

(/_ t, K) <out‘7’f‘/n Z A (r,s) (L K)A(rs)( K)

(ns)|2r<L

® A5 (L, K) = eigenvalue of the transfer matrix T
@ r,s = determined by diagonalizing e.g. the angular momentum
o Ais)(L, K) = amplitude
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Lattice amplitudes vs CFT 4pt structure constants

Naive expectation: agreement in the critical limit:

lim A(r,s)(Lv Ke) ~ D(r,s)

L—oo

Observed agreement off-criticality for dependence on w:

AL Kow)  diyg)(w)
VL > 2r VK, ’ -
A(r,s)(La K, M/) d(r,s)(v'/)

based on numerical lattice results for <\/(l%,0)> and <H?:1 Vp,.>

Earlier hints of L-independence in loop models:
[Jacobsen, Saleur 2018][He, Grans-Samuelsson, Jacobsen, Saleur 2020]
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Conclusion

Bootstrap side:

@ Strong evidence that D = Dref x d(r,s) with d(, ) polynomial

@ Critical loop models are likely solvable

o Still far from solved: factorize 4pt structure constants into 3pt?
Lattice side:

e Polynomial factors d(, ) appear off-criticality

@ Algebraic determination of d(s) from the Temperley-Lieb algebra?

@ Is this a step towards an exact solution?
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