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The sine-Gordon model

Paradigmatic integrable QFT

<latexit sha1_base64="2OUztAVO/N2tC7kcYQVgT7JxaiM="></latexit>

H =

Z
dx


1

2
(@t')

2 +
1

2
(@x')

2 � � cos(�')

�



The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems  
via bosonization: Luttinger liquid + gap opening perturbation

Paradigmatic integrable QFT

<latexit sha1_base64="2OUztAVO/N2tC7kcYQVgT7JxaiM="></latexit>

H =

Z
dx


1

2
(@t')

2 +
1

2
(@x')

2 � � cos(�')

�

c.f. books of Tsvelik, Giamarchi



The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems  
via bosonization: Luttinger liquid + gap opening perturbation

• 1D fermions on a lattice

Paradigmatic integrable QFT
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems  
via bosonization: Luttinger liquid + gap opening perturbation

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerized XXX)  

Paradigmatic integrable QFT
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems  
via bosonization: Luttinger liquid + gap opening perturbation

S. Hofferberth et al., Nature Phys. 4, 489 (2008)

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerized XXX)  

• cold atoms: tunnel-coupled quasi-1D condensates (Schmiedmayer lab)  
 

Paradigmatic integrable QFT
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems  
via bosonization: Luttinger liquid + gap opening perturbation

S. Hofferberth et al., Nature Phys. 4, 489 (2008)

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerized XXX)  

• cold atoms: tunnel-coupled quasi-1D condensates (Schmiedmayer lab)  
 

• tunnel-coupled Bose-Hubbard chains  
 
 
 
 
 
  E. Wybo et al. PRB 106 075102 (2022)

Paradigmatic integrable QFT
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The sine-Gordon model

Provides the low-E effective description of many gapped 1D systems  
via bosonization: Luttinger liquid + gap opening perturbation

S. Hofferberth et al., Nature Phys. 4, 489 (2008)

• 1D fermions on a lattice
• spin chains (XXZ in external field, dimerized XXX)  

• cold atoms: tunnel-coupled quasi-1D condensates (Schmiedmayer lab)  
 

• tunnel-coupled Bose-Hubbard chains  
 
 
 
 
 
 

• quantum circuits of Josephson junctions

A. Roy et al., Nucl. Phys. B 968, 115445 (2021)

E. Wybo et al. PRB 106 075102 (2022)

Paradigmatic integrable QFT

<latexit sha1_base64="2OUztAVO/N2tC7kcYQVgT7JxaiM="></latexit>

H =

Z
dx


1

2
(@t')

2 +
1

2
(@x')

2 � � cos(�')

�

c.f. books of Tsvelik, Giamarchi



Motivation



Motivation

Everything is known about sG, right?



Motivation

Everything is known about sG, right? No.



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known
• some exact form factors have been computed 

large distance expansion of correlation functions at zero T…



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known
• some exact form factors have been computed 

large distance expansion of correlation functions at zero T…
• thermodynamics 

Thermodynamic Bethe Ansatz (TBA) at special values of the couplings  
 
Nonlinear integral equations (NLIE) for all couplings 
but only for canonical thermal states (chemical potential, GGE)



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known
• some exact form factors have been computed 

large distance expansion of correlation functions at zero T…
• thermodynamics 

Thermodynamic Bethe Ansatz (TBA) at special values of the couplings  
 
Nonlinear integral equations (NLIE) for all couplings 
but only for canonical thermal states (chemical potential, GGE)

Revolution in integrable systems: Generalised Hydrodynamics (GHD)



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known
• some exact form factors have been computed 

large distance expansion of correlation functions at zero T…
• thermodynamics 

Thermodynamic Bethe Ansatz (TBA) at special values of the couplings  
 
Nonlinear integral equations (NLIE) for all couplings 
but only for canonical thermal states (chemical potential, GGE)

Revolution in integrable systems: Generalised Hydrodynamics (GHD)

Captures large scale behaviour of inhomogeneous integrable systems



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known
• some exact form factors have been computed 

large distance expansion of correlation functions at zero T…
• thermodynamics 

Thermodynamic Bethe Ansatz (TBA) at special values of the couplings  
 
Nonlinear integral equations (NLIE) for all couplings 
but only for canonical thermal states (chemical potential, GGE)

Revolution in integrable systems: Generalised Hydrodynamics (GHD)

Captures large scale behaviour of inhomogeneous integrable systems

and much more: transport coefficients, correlation functions, fluctuations, etc. 



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known
• some exact form factors have been computed 

large distance expansion of correlation functions at zero T…
• thermodynamics 

Thermodynamic Bethe Ansatz (TBA) at special values of the couplings  
 
Nonlinear integral equations (NLIE) for all couplings 
but only for canonical thermal states (chemical potential, GGE)

Revolution in integrable systems: Generalised Hydrodynamics (GHD)

Captures large scale behaviour of inhomogeneous integrable systems

and much more: transport coefficients, correlation functions, fluctuations, etc. 

Requires complete control over the thermodynamics of GGEs.



Motivation

Everything is known about sG, right? No.

• exact 2-body S-matrix is known
• some exact form factors have been computed 

large distance expansion of correlation functions at zero T…
• thermodynamics 

Thermodynamic Bethe Ansatz (TBA) at special values of the couplings  
 
Nonlinear integral equations (NLIE) for all couplings 
but only for canonical thermal states (chemical potential, GGE)

Revolution in integrable systems: Generalised Hydrodynamics (GHD)

Captures large scale behaviour of inhomogeneous integrable systems

and much more: transport coefficients, correlation functions, fluctuations, etc. 

Requires complete control over the thermodynamics of GGEs.

First step: B. Bertini, L. Piroli, M.K., PRB '19
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The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighboring minima of the potential:
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The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighboring minima of the potential:

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

<latexit sha1_base64="pA4zJEir5OibrtRWpwwC2YPwDjI="></latexit>

' = n
2⇡

�
, n 2 Z

<latexit sha1_base64="2OUztAVO/N2tC7kcYQVgT7JxaiM="></latexit>

H =

Z
dx


1

2
(@t')

2 +
1

2
(@x')

2 � � cos(�')

�

kinks

-10 -5 0 5 10

π

2π

π

2π

soliton

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1

-10 -5 0 5 10

π

2π

π

2π

antisoliton

<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1



The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighboring minima of the potential:
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Q = �1



The sine-Gordon model

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighboring minima of the potential:

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

<latexit sha1_base64="pA4zJEir5OibrtRWpwwC2YPwDjI="></latexit>

' = n
2⇡

�
, n 2 Z

<latexit sha1_base64="2OUztAVO/N2tC7kcYQVgT7JxaiM="></latexit>

H =

Z
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<latexit sha1_base64="oiUY1j0qyC9W7W4JxXSO2xlVshY="></latexit>

Q =

Z
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Z
dx

�
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�
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<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1

-10 -5 0 5 10

π
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π
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<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1
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soliton-antisoliton

<latexit sha1_base64="LSxltNu6MJMxl1+2DL2n70vnVSc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QsLFM0HxAcoS9zV6yZHfv2N0TwpGfYKu1ndj6ayz9J24uV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSb3c7/zTJVmkXwy05j6Ao8kCxnBxkqPzTt3UK64VTcDWideTiqQozEo//SHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT7aXbqDF1YZYjCSNmSBmXq34kUC62nIrCdApuxXvXm4n9eLzHhrZ8yGSeGSrJYFCYcmQjN/0ZDpigxfGoJJorZWxEZY4WJseksbQnEzGbirSawTtpXVe+6WmvWKvVank4RzuAcLsGDG6jDAzSgBQRG8AKv8Oakzrvz4XwuWgtOPnMKS3C+fgFDCZPn</latexit>

Q = 0



The sine-Gordon model
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topological charge

Classically: soliton (        ) and antisoliton (        ) solutions (kinks) 
that interpolate between neighboring minima of the potential:

<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1

<latexit sha1_base64="pA4zJEir5OibrtRWpwwC2YPwDjI="></latexit>

' = n
2⇡

�
, n 2 Z

<latexit sha1_base64="2OUztAVO/N2tC7kcYQVgT7JxaiM="></latexit>
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<latexit sha1_base64="oiUY1j0qyC9W7W4JxXSO2xlVshY="></latexit>

Q =

Z
dx q(x) =

Z
dx
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2⇡
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2⇡
['(x = +1)� '(x = �1)]
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<latexit sha1_base64="C/pSgsF7LBmmUTkuywNnir2fVs4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRZBEMqulOpFKHjx2IL9gHYp2TTbhibZJckKZe1f8Kpnb+LVP+PRf2La7sG2Phh4vDfDzLwg5kwb1/12chubW9s7+d3C3v7B4VHx+KSlo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+n/ntJ6o0i+SjmcTUF3goWcgINjOpcXfl9Yslt+zOgdaJl5ESZKj3iz+9QUQSQaUhHGvd9dzY+ClWhhFOp4VeommMyRgPaddSiQXVfjq/dYourDJAYaRsSYPm6t+JFAutJyKwnQKbkV71ZuJ/Xjcx4a2fMhknhkqyWBQmHJkIzR5HA6YoMXxiCSaK2VsRGWGFibHxLG0JxNRm4q0msE5a12WvWq40KqVaNUsnD2dwDpfgwQ3U4AHq0AQCI3iBV3hznp1358P5XLTmnGzmFJbgfP0CrpeUHw==</latexit>

Q = +1
<latexit sha1_base64="FapTmy7f9H9XRIxMPE8cn9tItHc=">AAAB+nicbVA9SwNBEJ2LXzF+RS1tFoNgY7iTEG2EgI1lAuYDkiPsbfaSJbt7x+6eEM78BVut7cTWP2PpP3GTXGESHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfz/z2E1WaRfLRTGLqCzyULGQEm5nUuLvy+sWSW3bnQOvEy0gJMtT7xZ/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fOkUXVhmgMFK2pEFz9e9EioXWExHYToHNSK96M/E/r5uY8NZPmYwTQyVZLAoTjkyEZo+jAVOUGD6xBBPF7K2IjLDCxNh4lrYEYmoz8VYTWCet67JXLVcalVKtmqWThzM4h0vw4AZq8AB1aAKBEbzAK7w5z8678+F8LlpzTjZzCktwvn4Bsb+UIQ==</latexit>

Q = �1
<latexit sha1_base64="LSxltNu6MJMxl1+2DL2n70vnVSc=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QsLFM0HxAcoS9zV6yZHfv2N0TwpGfYKu1ndj6ayz9J24uV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSb3c7/zTJVmkXwy05j6Ao8kCxnBxkqPzTt3UK64VTcDWideTiqQozEo//SHEUkElYZwrHXPc2Pjp1gZRjidlfqJpjEmEzyiPUslFlT7aXbqDF1YZYjCSNmSBmXq34kUC62nIrCdApuxXvXm4n9eLzHhrZ8yGSeGSrJYFCYcmQjN/0ZDpigxfGoJJorZWxEZY4WJseksbQnEzGbirSawTtpXVe+6WmvWKvVank4RzuAcLsGDG6jDAzSgBQRG8AKv8Oakzrvz4XwuWgtOPnMKS3C+fgFDCZPn</latexit>

Q = 0



Quantum sine-Gordon
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Quantum sG is also integrable



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles
<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:
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<latexit sha1_base64="c3hYyX5Jo0zLqTC6vo0xDOGpkGA=">AAACBHicbVC7SgNBFJ2NrxhfUUubxSCkCrshqEWKgI1lBPOA7CbMTu4mQ2Zml5lZISxp/QZbre3E1v+w9E+cJFuYxAMXDufcy7mcIGZUacf5tnJb2zu7e/n9wsHh0fFJ8fSsraJEEmiRiEWyG2AFjApoaaoZdGMJmAcMOsHkbu53nkAqGolHPY3B53gkaEgJ1kbqO3UvAI371XrNi+mgWHIqzgL2JnEzUkIZmoPijzeMSMJBaMKwUj3XibWfYqkpYTAreImCGJMJHkHPUIE5KD9dfD2zr4wytMNImhHaXqh/L1LMlZrywGxyrMdq3ZuL/3m9RIe3fkpFnGgQZBkUJszWkT2vwB5SCUSzqSGYSGp+tckYS0y0KWolJeAz04m73sAmaVcr7nWl9lArNcpZO3l0gS5RGbnoBjXQPWqiFiJIohf0it6sZ+vd+rA+l6s5K7s5Ryuwvn4BBJCYJA==</latexit>

0 < �2 < 4⇡
<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>

4⇡ < �2 < 8⇡



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:

<latexit sha1_base64="NdZcUwiJhTs3idjwlcJ6hP9i20M=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMlKJuhIIbN4UK9gKdUjJppg3NZIbkjFiGvoIP4TO41bU7cak738T0srCtPwR+/nMO5+TzY8E1OM6XlVlb39jcym7ndnb39g/sw6OGjhJFWZ1GIlItn2gmuGR14CBYK1aMhL5gTX94M6k3H5jSPJL3MIpZJyR9yQNOCZioaxeq3SG+xqWqp7n0BAug4AWK0HToxXxc8h65p3h/AOddO+8UnanwqnHnJo/mqnXtH68X0SRkEqggWrddJ4ZOShRwKtg45yWaxYQOSZ+1jZUkZLqTTn80xmcm6eEgUuZJwNP070RKQq1HoW86QwIDvVybhP/V2gkEV52UyzgBJulsUZAIDBGe4ME9rhgFMTKGUMXNrZgOiAECBuLCFj8cGybuMoFV0ygV3Yti+a6cr5TndLLoBJ2iAnLRJaqgW1RDdUTRE3pBr+jNerberQ/rc9aaseYzx2hB1vcv4wCjVg==</latexit>

Mk = 2M sin
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<latexit sha1_base64="c3hYyX5Jo0zLqTC6vo0xDOGpkGA=">AAACBHicbVC7SgNBFJ2NrxhfUUubxSCkCrshqEWKgI1lBPOA7CbMTu4mQ2Zml5lZISxp/QZbre3E1v+w9E+cJFuYxAMXDufcy7mcIGZUacf5tnJb2zu7e/n9wsHh0fFJ8fSsraJEEmiRiEWyG2AFjApoaaoZdGMJmAcMOsHkbu53nkAqGolHPY3B53gkaEgJ1kbqO3UvAI371XrNi+mgWHIqzgL2JnEzUkIZmoPijzeMSMJBaMKwUj3XibWfYqkpYTAreImCGJMJHkHPUIE5KD9dfD2zr4wytMNImhHaXqh/L1LMlZrywGxyrMdq3ZuL/3m9RIe3fkpFnGgQZBkUJszWkT2vwB5SCUSzqSGYSGp+tckYS0y0KWolJeAz04m73sAmaVcr7nWl9lArNcpZO3l0gS5RGbnoBjXQPWqiFiJIohf0it6sZ+vd+rA+l6s5K7s5Ryuwvn4BBJCYJA==</latexit>

0 < �2 < 4⇡
<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>

4⇡ < �2 < 8⇡



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorized scattering

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:

<latexit sha1_base64="NdZcUwiJhTs3idjwlcJ6hP9i20M=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMlKJuhIIbN4UK9gKdUjJppg3NZIbkjFiGvoIP4TO41bU7cak738T0srCtPwR+/nMO5+TzY8E1OM6XlVlb39jcym7ndnb39g/sw6OGjhJFWZ1GIlItn2gmuGR14CBYK1aMhL5gTX94M6k3H5jSPJL3MIpZJyR9yQNOCZioaxeq3SG+xqWqp7n0BAug4AWK0HToxXxc8h65p3h/AOddO+8UnanwqnHnJo/mqnXtH68X0SRkEqggWrddJ4ZOShRwKtg45yWaxYQOSZ+1jZUkZLqTTn80xmcm6eEgUuZJwNP070RKQq1HoW86QwIDvVybhP/V2gkEV52UyzgBJulsUZAIDBGe4ME9rhgFMTKGUMXNrZgOiAECBuLCFj8cGybuMoFV0ygV3Yti+a6cr5TndLLoBJ2iAnLRJaqgW1RDdUTRE3pBr+jNerberQ/rc9aaseYzx2hB1vcv4wCjVg==</latexit>

Mk = 2M sin
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<latexit sha1_base64="c3hYyX5Jo0zLqTC6vo0xDOGpkGA=">AAACBHicbVC7SgNBFJ2NrxhfUUubxSCkCrshqEWKgI1lBPOA7CbMTu4mQ2Zml5lZISxp/QZbre3E1v+w9E+cJFuYxAMXDufcy7mcIGZUacf5tnJb2zu7e/n9wsHh0fFJ8fSsraJEEmiRiEWyG2AFjApoaaoZdGMJmAcMOsHkbu53nkAqGolHPY3B53gkaEgJ1kbqO3UvAI371XrNi+mgWHIqzgL2JnEzUkIZmoPijzeMSMJBaMKwUj3XibWfYqkpYTAreImCGJMJHkHPUIE5KD9dfD2zr4wytMNImhHaXqh/L1LMlZrywGxyrMdq3ZuL/3m9RIe3fkpFnGgQZBkUJszWkT2vwB5SCUSzqSGYSGp+tckYS0y0KWolJeAz04m73sAmaVcr7nWl9lArNcpZO3l0gS5RGbnoBjXQPWqiFiJIohf0it6sZ+vd+rA+l6s5K7s5Ryuwvn4BBJCYJA==</latexit>

0 < �2 < 4⇡
<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>

4⇡ < �2 < 8⇡



Quantum sine-Gordon

Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorized scattering

exact 2-body S-matrices are known

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:

<latexit sha1_base64="NdZcUwiJhTs3idjwlcJ6hP9i20M=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMlKJuhIIbN4UK9gKdUjJppg3NZIbkjFiGvoIP4TO41bU7cak738T0srCtPwR+/nMO5+TzY8E1OM6XlVlb39jcym7ndnb39g/sw6OGjhJFWZ1GIlItn2gmuGR14CBYK1aMhL5gTX94M6k3H5jSPJL3MIpZJyR9yQNOCZioaxeq3SG+xqWqp7n0BAug4AWK0HToxXxc8h65p3h/AOddO+8UnanwqnHnJo/mqnXtH68X0SRkEqggWrddJ4ZOShRwKtg45yWaxYQOSZ+1jZUkZLqTTn80xmcm6eEgUuZJwNP070RKQq1HoW86QwIDvVybhP/V2gkEV52UyzgBJulsUZAIDBGe4ME9rhgFMTKGUMXNrZgOiAECBuLCFj8cGybuMoFV0ygV3Yti+a6cr5TndLLoBJ2iAnLRJaqgW1RDdUTRE3pBr+jNerberQ/rc9aaseYzx2hB1vcv4wCjVg==</latexit>

Mk = 2M sin
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<latexit sha1_base64="c3hYyX5Jo0zLqTC6vo0xDOGpkGA=">AAACBHicbVC7SgNBFJ2NrxhfUUubxSCkCrshqEWKgI1lBPOA7CbMTu4mQ2Zml5lZISxp/QZbre3E1v+w9E+cJFuYxAMXDufcy7mcIGZUacf5tnJb2zu7e/n9wsHh0fFJ8fSsraJEEmiRiEWyG2AFjApoaaoZdGMJmAcMOsHkbu53nkAqGolHPY3B53gkaEgJ1kbqO3UvAI371XrNi+mgWHIqzgL2JnEzUkIZmoPijzeMSMJBaMKwUj3XibWfYqkpYTAreImCGJMJHkHPUIE5KD9dfD2zr4wytMNImhHaXqh/L1LMlZrywGxyrMdq3ZuL/3m9RIe3fkpFnGgQZBkUJszWkT2vwB5SCUSzqSGYSGp+tckYS0y0KWolJeAz04m73sAmaVcr7nWl9lArNcpZO3l0gS5RGbnoBjXQPWqiFiJIohf0it6sZ+vd+rA+l6s5K7s5Ryuwvn4BBJCYJA==</latexit>

0 < �2 < 4⇡
<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>

4⇡ < �2 < 8⇡



Quantum sine-Gordon

<latexit sha1_base64="bALAEZJqM4COkJPA5Nxp6AI6SPM="></latexit>

ST(✓) =
sinh ✓

⇠

sinh i⇡�✓
⇠

S0(✓) ,

SR(✓) = i
sin ⇡

⇠

sinh i⇡�✓
⇠

S0(✓)

<latexit sha1_base64="MmKFyW1E70UisBYbpn/A0QGPVBM=">AAACJ3icbZDJSgNBEIZ7XGPcoh69DAZBEeJMCNGLEPDiMS6JQjIOPZ2KadKz0F0jhsk8hg/hM3jVszfRY97EThzE7YeGn6+qqOrfiwRXaFnvxtT0zOzcfG4hv7i0vLJaWFtvqjCWDBosFKG88qgCwQNoIEcBV5EE6nsCLr3+8bh+eQtS8TC4wEEEjk9vAt7ljKJGbmF/eO62Ee4wuUh32tgDpLvD6/LeFz77jo9st1C0StZE5l9jZ6ZIMtXdwqjdCVnsQ4BMUKVathWhk1CJnAlI8+1YQURZn95AS9uA+qCcZPKx1NzWpGN2Q6lfgOaEfp9IqK/UwPd0p0+xp37XxvC/WivG7qGT8CCKEQL2uagbCxNDc5yS2eESGIqBNpRJrm81WY9KylBn+WOL56c6E/t3An9Ns1yyq6XKaaVYq2bp5Mgm2SI7xCYHpEZOSJ00CCP35JE8kWfjwXgxXo23z9YpI5vZID9kjD4ABHGmfw==</latexit>

|ST(✓)|2 + |SR(✓)|2 = 1

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>
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Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorized scattering

exact 2-body S-matrices are known

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:

<latexit sha1_base64="NdZcUwiJhTs3idjwlcJ6hP9i20M=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMlKJuhIIbN4UK9gKdUjJppg3NZIbkjFiGvoIP4TO41bU7cak738T0srCtPwR+/nMO5+TzY8E1OM6XlVlb39jcym7ndnb39g/sw6OGjhJFWZ1GIlItn2gmuGR14CBYK1aMhL5gTX94M6k3H5jSPJL3MIpZJyR9yQNOCZioaxeq3SG+xqWqp7n0BAug4AWK0HToxXxc8h65p3h/AOddO+8UnanwqnHnJo/mqnXtH68X0SRkEqggWrddJ4ZOShRwKtg45yWaxYQOSZ+1jZUkZLqTTn80xmcm6eEgUuZJwNP070RKQq1HoW86QwIDvVybhP/V2gkEV52UyzgBJulsUZAIDBGe4ME9rhgFMTKGUMXNrZgOiAECBuLCFj8cGybuMoFV0ygV3Yti+a6cr5TndLLoBJ2iAnLRJaqgW1RDdUTRE3pBr+jNerberQ/rc9aaseYzx2hB1vcv4wCjVg==</latexit>

Mk = 2M sin
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<latexit sha1_base64="c3hYyX5Jo0zLqTC6vo0xDOGpkGA=">AAACBHicbVC7SgNBFJ2NrxhfUUubxSCkCrshqEWKgI1lBPOA7CbMTu4mQ2Zml5lZISxp/QZbre3E1v+w9E+cJFuYxAMXDufcy7mcIGZUacf5tnJb2zu7e/n9wsHh0fFJ8fSsraJEEmiRiEWyG2AFjApoaaoZdGMJmAcMOsHkbu53nkAqGolHPY3B53gkaEgJ1kbqO3UvAI371XrNi+mgWHIqzgL2JnEzUkIZmoPijzeMSMJBaMKwUj3XibWfYqkpYTAreImCGJMJHkHPUIE5KD9dfD2zr4wytMNImhHaXqh/L1LMlZrywGxyrMdq3ZuL/3m9RIe3fkpFnGgQZBkUJszWkT2vwB5SCUSzqSGYSGp+tckYS0y0KWolJeAz04m73sAmaVcr7nWl9lArNcpZO3l0gS5RGbnoBjXQPWqiFiJIohf0it6sZ+vd+rA+l6s5K7s5Ryuwvn4BBJCYJA==</latexit>

0 < �2 < 4⇡
<latexit sha1_base64="ZRkjmjuQEJ+zI4C3cLXKfsUOh7I=">AAACCXicbVC7TgJBFJ3FF+Jr0dJmIjGhIruEKAUFiY0lJvJI2JXMDrMwYWZ2MzOrIRu+wG+w1drO2PoVlv6JA2wh4Elucu459+benCBmVGnH+bZyW9s7u3v5/cLB4dHxiV087agokZi0ccQi2QuQIowK0tZUM9KLJUE8YKQbTG7mfveRSEUjca+nMfE5GgkaUoy0kQZ2sebFtOEFRKOHaqNumoFdcirOAnCTuBkpgQytgf3jDSOccCI0ZkipvuvE2k+R1BQzMit4iSIxwhM0In1DBeJE+eni9Rm8NMoQhpE0JTRcqH83UsSVmvLATHKkx2rdm4v/ef1Eh3U/pSJONBF4eShMGNQRnOcAh1QSrNnUEIQlNb9CPEYSYW3SWrkS8JnJxF1PYJN0qhX3qlK7q5Wa5SydPDgHF6AMXHANmuAWtEAbYPAEXsAreLOerXfrw/pcjuasbOcMrMD6+gXyW5mw</latexit>

4⇡ < �2 < 8⇡



Quantum sine-Gordon

<latexit sha1_base64="bALAEZJqM4COkJPA5Nxp6AI6SPM="></latexit>

ST(✓) =
sinh ✓

⇠

sinh i⇡�✓
⇠

S0(✓) ,

SR(✓) = i
sin ⇡

⇠

sinh i⇡�✓
⇠

S0(✓)

<latexit sha1_base64="MmKFyW1E70UisBYbpn/A0QGPVBM=">AAACJ3icbZDJSgNBEIZ7XGPcoh69DAZBEeJMCNGLEPDiMS6JQjIOPZ2KadKz0F0jhsk8hg/hM3jVszfRY97EThzE7YeGn6+qqOrfiwRXaFnvxtT0zOzcfG4hv7i0vLJaWFtvqjCWDBosFKG88qgCwQNoIEcBV5EE6nsCLr3+8bh+eQtS8TC4wEEEjk9vAt7ljKJGbmF/eO62Ee4wuUh32tgDpLvD6/LeFz77jo9st1C0StZE5l9jZ6ZIMtXdwqjdCVnsQ4BMUKVathWhk1CJnAlI8+1YQURZn95AS9uA+qCcZPKx1NzWpGN2Q6lfgOaEfp9IqK/UwPd0p0+xp37XxvC/WivG7qGT8CCKEQL2uagbCxNDc5yS2eESGIqBNpRJrm81WY9KylBn+WOL56c6E/t3An9Ns1yyq6XKaaVYq2bp5Mgm2SI7xCYHpEZOSJ00CCP35JE8kWfjwXgxXo23z9YpI5vZID9kjD4ABHGmfw==</latexit>

|ST(✓)|2 + |SR(✓)|2 = 1

<latexit sha1_base64="X7unFemW5QQDLCKwoCFa9zlTkZM="></latexit>
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Quantum sG is also integrable

Kinks and breathers become massive particles

Purely elastic, factorized scattering

exact 2-body S-matrices are known

Number of breather species depends on the coupling:
<latexit sha1_base64="dDgjfpIFheJl3McLXDm82nCsATM=">AAACD3icbZDLSsNAFIYnXmu9RV24cBMsgquaSFE3QtGNywr2Ak0Ik+mkHTqXMDMRS8lD+Axude1O3PoILn0Tp2kWtvWHgY//nMM580cJJUq77re1tLyyurZe2ihvbm3v7Np7+y0lUolwEwkqZCeCClPCcVMTTXEnkRiyiOJ2NLyd1NuPWCoi+IMeJThgsM9JTBDUxgrtQx7eXPs0pkJI78x/Ir7MObQrbtXN5SyCV0AFFGqE9o/fEyhlmGtEoVJdz010MIZSE0RxVvZThROIhrCPuwY5ZFgF4/wDmXNinJ4TC2ke107u/p0YQ6bUiEWmk0E9UPO1iflfrZvq+CoYE56kGnM0XRSn1NHCmaTh9IjESNORAYgkMbc6aAAlRNpkNrMlYpnJxJtPYBFa51Xvolq7r1XqtSKdEjgCx+AUeOAS1MEdaIAmQCADL+AVvFnP1rv1YX1OW5esYuYAzMj6+gWe6Zzl</latexit>

nB = b1/⇠c

<latexit sha1_base64="ptC6DLsJ2ZIAVZXveXm94ayS9Os="></latexit>

⇠ =
�2

8⇡ � �2Renormalised coupling:

<latexit sha1_base64="NdZcUwiJhTs3idjwlcJ6hP9i20M=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2AR6qbMlKJuhIIbN4UK9gKdUjJppg3NZIbkjFiGvoIP4TO41bU7cak738T0srCtPwR+/nMO5+TzY8E1OM6XlVlb39jcym7ndnb39g/sw6OGjhJFWZ1GIlItn2gmuGR14CBYK1aMhL5gTX94M6k3H5jSPJL3MIpZJyR9yQNOCZioaxeq3SG+xqWqp7n0BAug4AWK0HToxXxc8h65p3h/AOddO+8UnanwqnHnJo/mqnXtH68X0SRkEqggWrddJ4ZOShRwKtg45yWaxYQOSZ+1jZUkZLqTTn80xmcm6eEgUuZJwNP070RKQq1HoW86QwIDvVybhP/V2gkEV52UyzgBJulsUZAIDBGe4ME9rhgFMTKGUMXNrZgOiAECBuLCFj8cGybuMoFV0ygV3Yti+a6cr5TndLLoBJ2iAnLRJaqgW1RDdUTRE3pBr+jNerberQ/rc9aaseYzx2hB1vcv4wCjVg==</latexit>
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4⇡ < �2 < 8⇡

Reflectionless!



Exact S-matrix
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Exact S-matrix
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Nested Bethe Ansatz equations
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G. Fehér, G. Takács, NPB '11
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Eigenvalue of the transfer matrix
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Q = Ns � 2NmMagnons: "waves of charge flips" over the all-soliton state
Eigenvalue of the transfer matrix
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  auxiliary particles having zero (bare) momentum and energy but nonzero charge
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  auxiliary particles having zero (bare) momentum and energy but nonzero charge
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  auxiliary particles having zero (bare) momentum and energy but nonzero charge

Kinks, breathers, magnons.
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Thermodynamic limit: strings

String hypothesis: 
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<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

<latexit sha1_base64="PzFUnPTKbtg39v/oDIrM50HNgrY=">AAACD3icbVDNSgMxGMz6W+vfqgcPXoJFEApltxT1IhS8eKxgf6BdlmyabUOT7JJkhbLsQ/gMXvXsTbz6CB59E7PtHmzrQMIw8w1fMkHMqNKO822trW9sbm2Xdsq7e/sHh/bRcUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKX+90nIhWNxKOexsTjaCRoSDHSRvLtU+FzeAsHIvHdan7Xq4NhpJVvV5yaMwNcJW5BKqBAy7d/TA4nnAiNGVKq7zqx9lIkNcWMZOVBokiM8ASNSN9QgThRXjr7QAYvjDKEYSTNERrO1L+JFHGlpjwwkxzpsVr2cvE/r5/o8MZLqYgTTQSeLwoTBnUE8zbgkEqCNZsagrCk5q0Qj5FEWJvOFrYEPDOduMsNrJJOveZe1RoPjUqzUbRTAmfgHFwCF1yDJrgHLdAGGGTgBbyCN+vZerc+rM/56JpVZE7AAqyvX/9Tm+Q=</latexit>

nm = ⌫1 + ⌫2 + . . . Takahashi’s book

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

  kink,     breathers,     magnon species.<latexit sha1_base64="yghbe+4QNa2qe90PxJ6TFuCho7w=">AAAB+XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWNF+wHtUrJptg1NskuSFcrSn+BVz97Eq7/Go//EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDf1W89MGx6rJztOWCDJQPGIU2Kd9Kh6t71S2at4M+BV4uekDDnqvdJPtx/TVDJlqSDGdHwvsUFGtOVUsEmxmxqWEDoiA9ZxVBHJTJDNTp3gc6f0cRRrV8rimfp3IiPSmLEMXackdmiWvan4n9dJbXQTZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOgtbQjlxmfjLCayS5mXFv6pUH6rlWjVPpwCncAYX4MM11OAe6tAACgN4gVd4Qxl6Rx/oc966hvKZE1gA+voFwuiUOA==</latexit>nB
<latexit sha1_base64="mrmlqifl2tJVbdwIevgIdYUKKJw=">AAAB+XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx4r2g9ol5JNs21okl2SrFCW/gSvevYmXv01Hv0npu0ebOuDgcd7M8zMCxPBjfW8b1TY2Nza3inulvb2Dw6PyscnLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8d3Mbz8zbXisnuwkYYEkQ8UjTol10qPqy3654lW9OfA68XNSgRyNfvmnN4hpKpmyVBBjur6X2CAj2nIq2LTUSw1LCB2TIes6qohkJsjmp07xhVMGOIq1K2XxXP07kRFpzESGrlMSOzKr3kz8z+umNroNMq6S1DJFF4uiVGAb49nfeMA1o1ZMHCFUc3crpiOiCbUunaUtoZy6TPzVBNZJ66rqX1drD7VKvZanU4QzOIdL8OEG6nAPDWgChSG8wCu8oQy9ow/0uWgtoHzmFJaAvn4BBqiUYw==</latexit>nm

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="5d2PvnKGvfkfnZrHP3eObF+hFSk=">AAAB+nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EghePFewHtEvJptk2NMmuSVYoa/+CVz17E6/+GY/+E7PtHmzrg4HHezPMzAtizrRx3W9nZXVtfWOzsFXc3tnd2y8dHDZ1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCka3md96okqzSD6YcUx9gQeShYxgk0mPN+der1R2K+4UaJl4OSlDjnqv9NPtRyQRVBrCsdYdz42Nn2JlGOF0UuwmmsaYjPCAdiyVWFDtp9NbJ+jUKn0URsqWNGiq/p1IsdB6LALbKbAZ6kUvE//zOokJr/2UyTgxVJLZojDhyEQoexz1maLE8LElmChmb0VkiBUmxsYztyUQE5uJt5jAMmleVLzLSvW+Wq5V83QKcAwncAYeXEEN7qAODSAwhBd4hTfn2Xl3PpzPWeuKk88cwRycr1/gvZQ9</latexit>

q = +1
<latexit sha1_base64="dkTZovqo78EHJTjykZ1O8OWIGMU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1HQH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxipk0U=</latexit>

0
<latexit sha1_base64="VXAMb8VtsWdYjeDs4zEDOr6xMic=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gLQS0DNpYRzAckR9jbzCVL9vaO3T0hhIC/wVZrO7H1r1j6T9wkV5jEBwOP92aYmRckgmvjut9ObmNza3snv1vY2z84PCoenzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqb+a0nVJrH8tGME/QjOpA85IwaK7WvKl0Uokd7xZJbducg68TLSAky1HvFn24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzO+dkgur9EkYK1vSkLn6d2JCI63HUWA7I2qGetWbif95ndSEt/6EyyQ1KNliUZgKYmIye570uUJmxNgSyhS3txI2pIoyYyNa2hJEU5uJt5rAOmlWyt51ufpQLdWqWTp5OINzuAQPbqAG91CHBjAQ8AKv8OY8O+/Oh/O5aM052cwpLMH5+gUgHZYT</latexit>

�2`a

<latexit sha1_base64="PzFUnPTKbtg39v/oDIrM50HNgrY=">AAACD3icbVDNSgMxGMz6W+vfqgcPXoJFEApltxT1IhS8eKxgf6BdlmyabUOT7JJkhbLsQ/gMXvXsTbz6CB59E7PtHmzrQMIw8w1fMkHMqNKO822trW9sbm2Xdsq7e/sHh/bRcUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKX+90nIhWNxKOexsTjaCRoSDHSRvLtU+FzeAsHIvHdan7Xq4NhpJVvV5yaMwNcJW5BKqBAy7d/TA4nnAiNGVKq7zqx9lIkNcWMZOVBokiM8ASNSN9QgThRXjr7QAYvjDKEYSTNERrO1L+JFHGlpjwwkxzpsVr2cvE/r5/o8MZLqYgTTQSeLwoTBnUE8zbgkEqCNZsagrCk5q0Qj5FEWJvOFrYEPDOduMsNrJJOveZe1RoPjUqzUbRTAmfgHFwCF1yDJrgHLdAGGGTgBbyCN+vZerc+rM/56JpVZE7AAqyvX/9Tm+Q=</latexit>

nm = ⌫1 + ⌫2 + . . . Takahashi’s book

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a

  kink,     breathers,     magnon species.<latexit sha1_base64="yghbe+4QNa2qe90PxJ6TFuCho7w=">AAAB+XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWNF+wHtUrJptg1NskuSFcrSn+BVz97Eq7/Go//EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDf1W89MGx6rJztOWCDJQPGIU2Kd9Kh6t71S2at4M+BV4uekDDnqvdJPtx/TVDJlqSDGdHwvsUFGtOVUsEmxmxqWEDoiA9ZxVBHJTJDNTp3gc6f0cRRrV8rimfp3IiPSmLEMXackdmiWvan4n9dJbXQTZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOgtbQjlxmfjLCayS5mXFv6pUH6rlWjVPpwCncAYX4MM11OAe6tAACgN4gVd4Qxl6Rx/oc966hvKZE1gA+voFwuiUOA==</latexit>nB
<latexit sha1_base64="mrmlqifl2tJVbdwIevgIdYUKKJw=">AAAB+XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx4r2g9ol5JNs21okl2SrFCW/gSvevYmXv01Hv0npu0ebOuDgcd7M8zMCxPBjfW8b1TY2Nza3inulvb2Dw6PyscnLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8d3Mbz8zbXisnuwkYYEkQ8UjTol10qPqy3654lW9OfA68XNSgRyNfvmnN4hpKpmyVBBjur6X2CAj2nIq2LTUSw1LCB2TIes6qohkJsjmp07xhVMGOIq1K2XxXP07kRFpzESGrlMSOzKr3kz8z+umNroNMq6S1DJFF4uiVGAb49nfeMA1o1ZMHCFUc3crpiOiCbUunaUtoZy6TPzVBNZJ66rqX1drD7VKvZanU4QzOIdL8OEG6nAPDWgChSG8wCu8oQy9ow/0uWgtoHzmFJaAvn4BBqiUYw==</latexit>nm

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="5d2PvnKGvfkfnZrHP3eObF+hFSk=">AAAB+nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EghePFewHtEvJptk2NMmuSVYoa/+CVz17E6/+GY/+E7PtHmzrg4HHezPMzAtizrRx3W9nZXVtfWOzsFXc3tnd2y8dHDZ1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCka3md96okqzSD6YcUx9gQeShYxgk0mPN+der1R2K+4UaJl4OSlDjnqv9NPtRyQRVBrCsdYdz42Nn2JlGOF0UuwmmsaYjPCAdiyVWFDtp9NbJ+jUKn0URsqWNGiq/p1IsdB6LALbKbAZ6kUvE//zOokJr/2UyTgxVJLZojDhyEQoexz1maLE8LElmChmb0VkiBUmxsYztyUQE5uJt5jAMmleVLzLSvW+Wq5V83QKcAwncAYeXEEN7qAODSAwhBd4hTfn2Xl3PpzPWeuKk88cwRycr1/gvZQ9</latexit>

q = +1
<latexit sha1_base64="dkTZovqo78EHJTjykZ1O8OWIGMU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1HQH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxipk0U=</latexit>

0
<latexit sha1_base64="VXAMb8VtsWdYjeDs4zEDOr6xMic=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gLQS0DNpYRzAckR9jbzCVL9vaO3T0hhIC/wVZrO7H1r1j6T9wkV5jEBwOP92aYmRckgmvjut9ObmNza3snv1vY2z84PCoenzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqb+a0nVJrH8tGME/QjOpA85IwaK7WvKl0Uokd7xZJbducg68TLSAky1HvFn24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzO+dkgur9EkYK1vSkLn6d2JCI63HUWA7I2qGetWbif95ndSEt/6EyyQ1KNliUZgKYmIye570uUJmxNgSyhS3txI2pIoyYyNa2hJEU5uJt5rAOmlWyt51ufpQLdWqWTp5OINzuAQPbqAG91CHBjAQ8AKv8OY8O+/Oh/O5aM052cwpLMH5+gUgHZYT</latexit>

�2`a

<latexit sha1_base64="PzFUnPTKbtg39v/oDIrM50HNgrY=">AAACD3icbVDNSgMxGMz6W+vfqgcPXoJFEApltxT1IhS8eKxgf6BdlmyabUOT7JJkhbLsQ/gMXvXsTbz6CB59E7PtHmzrQMIw8w1fMkHMqNKO822trW9sbm2Xdsq7e/sHh/bRcUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKX+90nIhWNxKOexsTjaCRoSDHSRvLtU+FzeAsHIvHdan7Xq4NhpJVvV5yaMwNcJW5BKqBAy7d/TA4nnAiNGVKq7zqx9lIkNcWMZOVBokiM8ASNSN9QgThRXjr7QAYvjDKEYSTNERrO1L+JFHGlpjwwkxzpsVr2cvE/r5/o8MZLqYgTTQSeLwoTBnUE8zbgkEqCNZsagrCk5q0Qj5FEWJvOFrYEPDOduMsNrJJOveZe1RoPjUqzUbRTAmfgHFwCF1yDJrgHLdAGGGTgBbyCN+vZerc+rM/56JpVZE7AAqyvX/9Tm+Q=</latexit>

nm = ⌫1 + ⌫2 + . . . Takahashi’s book

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="14eOFzK1d/dBWZfzfb7wrfZckyU="></latexit>

⇢tota = ⇢ra + ⇢ha = ⌘a
Ma cosh ✓

2⇡
+

X

b

⌘a�ab ⇤ ⇢rb

<latexit sha1_base64="e7bObEXzKLAxlm0U4S/uKzcwIqQ=">AAACLXicbZDJSgNBEIZ73HejHr00BsFTmJG4XISAF48RTCJkQqjp1JjGnoXuGiEM8yQ+hM/gVc8eBBE8+Rr2xCBuBQ0//1/V1f0FqZKGXPfZmZqemZ2bX1hcWl5ZXVuvbGy2TZJpgS2RqERfBmBQyRhbJEnhZaoRokBhJ7g+LfPODWojk/iCRin2IriKZSgFkLX6lQO/OZT9HILixA81iNxPQZMExf0BKoJxVHy5Pg2RoOhXqm7NHRf/K7yJqLJJNfuVN3+QiCzCmIQCY7qem1IvLy8VCoslPzOYgriGK+xaGUOEppePv1fwXesMeJhoe2LiY/f7RA6RMaMosJ0R0ND8zkrzv6ybUXjcy2WcZoSx+FwUZopTwktWfCA1ClIjK0Boad/KxRAsJbJEf2wJopKJ95vAX9Her3mHtfp5vdqoT+gssG22w/aYx45Yg52xJmsxwW7ZPXtgj86d8+S8OK+frVPOZGaL/Sjn/QOgWKqu</latexit>

�ab =
@�ab
@✓

<latexit sha1_base64="8bJENngD2s1vShc3mc9hYAUEvoA="></latexit>

(f ⇤ g)(✓) =
Z

d✓

2⇡
f(✓ � ✓0)g(✓0)

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a

  kink,     breathers,     magnon species.<latexit sha1_base64="yghbe+4QNa2qe90PxJ6TFuCho7w=">AAAB+XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWNF+wHtUrJptg1NskuSFcrSn+BVz97Eq7/Go//EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDf1W89MGx6rJztOWCDJQPGIU2Kd9Kh6t71S2at4M+BV4uekDDnqvdJPtx/TVDJlqSDGdHwvsUFGtOVUsEmxmxqWEDoiA9ZxVBHJTJDNTp3gc6f0cRRrV8rimfp3IiPSmLEMXackdmiWvan4n9dJbXQTZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOgtbQjlxmfjLCayS5mXFv6pUH6rlWjVPpwCncAYX4MM11OAe6tAACgN4gVd4Qxl6Rx/oc966hvKZE1gA+voFwuiUOA==</latexit>nB
<latexit sha1_base64="mrmlqifl2tJVbdwIevgIdYUKKJw=">AAAB+XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx4r2g9ol5JNs21okl2SrFCW/gSvevYmXv01Hv0npu0ebOuDgcd7M8zMCxPBjfW8b1TY2Nza3inulvb2Dw6PyscnLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8d3Mbz8zbXisnuwkYYEkQ8UjTol10qPqy3654lW9OfA68XNSgRyNfvmnN4hpKpmyVBBjur6X2CAj2nIq2LTUSw1LCB2TIes6qohkJsjmp07xhVMGOIq1K2XxXP07kRFpzESGrlMSOzKr3kz8z+umNroNMq6S1DJFF4uiVGAb49nfeMA1o1ZMHCFUc3crpiOiCbUunaUtoZy6TPzVBNZJ66rqX1drD7VKvZanU4QzOIdL8OEG6nAPDWgChSG8wCu8oQy9ow/0uWgtoHzmFJaAvn4BBqiUYw==</latexit>nm

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="5d2PvnKGvfkfnZrHP3eObF+hFSk=">AAAB+nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EghePFewHtEvJptk2NMmuSVYoa/+CVz17E6/+GY/+E7PtHmzrg4HHezPMzAtizrRx3W9nZXVtfWOzsFXc3tnd2y8dHDZ1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCka3md96okqzSD6YcUx9gQeShYxgk0mPN+der1R2K+4UaJl4OSlDjnqv9NPtRyQRVBrCsdYdz42Nn2JlGOF0UuwmmsaYjPCAdiyVWFDtp9NbJ+jUKn0URsqWNGiq/p1IsdB6LALbKbAZ6kUvE//zOokJr/2UyTgxVJLZojDhyEQoexz1maLE8LElmChmb0VkiBUmxsYztyUQE5uJt5jAMmleVLzLSvW+Wq5V83QKcAwncAYeXEEN7qAODSAwhBd4hTfn2Xl3PpzPWeuKk88cwRycr1/gvZQ9</latexit>

q = +1
<latexit sha1_base64="dkTZovqo78EHJTjykZ1O8OWIGMU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1HQH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxipk0U=</latexit>

0
<latexit sha1_base64="VXAMb8VtsWdYjeDs4zEDOr6xMic=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gLQS0DNpYRzAckR9jbzCVL9vaO3T0hhIC/wVZrO7H1r1j6T9wkV5jEBwOP92aYmRckgmvjut9ObmNza3snv1vY2z84PCoenzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqb+a0nVJrH8tGME/QjOpA85IwaK7WvKl0Uokd7xZJbducg68TLSAky1HvFn24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzO+dkgur9EkYK1vSkLn6d2JCI63HUWA7I2qGetWbif95ndSEt/6EyyQ1KNliUZgKYmIye570uUJmxNgSyhS3txI2pIoyYyNa2hJEU5uJt5rAOmlWyt51ufpQLdWqWTp5OINzuAQPbqAG91CHBjAQ8AKv8OY8O+/Oh/O5aM052cwpLMH5+gUgHZYT</latexit>

�2`a

<latexit sha1_base64="PzFUnPTKbtg39v/oDIrM50HNgrY=">AAACD3icbVDNSgMxGMz6W+vfqgcPXoJFEApltxT1IhS8eKxgf6BdlmyabUOT7JJkhbLsQ/gMXvXsTbz6CB59E7PtHmzrQMIw8w1fMkHMqNKO822trW9sbm2Xdsq7e/sHh/bRcUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKX+90nIhWNxKOexsTjaCRoSDHSRvLtU+FzeAsHIvHdan7Xq4NhpJVvV5yaMwNcJW5BKqBAy7d/TA4nnAiNGVKq7zqx9lIkNcWMZOVBokiM8ASNSN9QgThRXjr7QAYvjDKEYSTNERrO1L+JFHGlpjwwkxzpsVr2cvE/r5/o8MZLqYgTTQSeLwoTBnUE8zbgkEqCNZsagrCk5q0Qj5FEWJvOFrYEPDOduMsNrJJOveZe1RoPjUqzUbRTAmfgHFwCF1yDJrgHLdAGGGTgBbyCN+vZerc+rM/56JpVZE7AAqyvX/9Tm+Q=</latexit>

nm = ⌫1 + ⌫2 + . . . Takahashi’s book

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic limit: strings

Magnetic BAEs coincide with the BAEs of the gapless XXZ spin chain!

<latexit sha1_base64="jYUT/auyf+MDiObyngmDGIhL24Q="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2 + ...

⌘ 1

nB +
1

↵

<latexit sha1_base64="14eOFzK1d/dBWZfzfb7wrfZckyU="></latexit>

⇢tota = ⇢ra + ⇢ha = ⌘a
Ma cosh ✓

2⇡
+

X

b

⌘a�ab ⇤ ⇢rb

<latexit sha1_base64="e7bObEXzKLAxlm0U4S/uKzcwIqQ=">AAACLXicbZDJSgNBEIZ73HejHr00BsFTmJG4XISAF48RTCJkQqjp1JjGnoXuGiEM8yQ+hM/gVc8eBBE8+Rr2xCBuBQ0//1/V1f0FqZKGXPfZmZqemZ2bX1hcWl5ZXVuvbGy2TZJpgS2RqERfBmBQyRhbJEnhZaoRokBhJ7g+LfPODWojk/iCRin2IriKZSgFkLX6lQO/OZT9HILixA81iNxPQZMExf0BKoJxVHy5Pg2RoOhXqm7NHRf/K7yJqLJJNfuVN3+QiCzCmIQCY7qem1IvLy8VCoslPzOYgriGK+xaGUOEppePv1fwXesMeJhoe2LiY/f7RA6RMaMosJ0R0ND8zkrzv6ybUXjcy2WcZoSx+FwUZopTwktWfCA1ClIjK0Boad/KxRAsJbJEf2wJopKJ95vAX9Her3mHtfp5vdqoT+gssG22w/aYx45Yg52xJmsxwW7ZPXtgj86d8+S8OK+frVPOZGaL/Sjn/QOgWKqu</latexit>

�ab =
@�ab
@✓

<latexit sha1_base64="utlLb5a2E/OqjNI3Uk59ZopK0II="></latexit>

'a(✓) =
@�a(✓)

@✓
=

4 cosh(✓) sin(⇡a)

cos(2⇡a)� cosh(2✓)

<latexit sha1_base64="RKWwxZLpLtOrXChNAV4uNWFcGgo="></latexit>

�++(✓) = �0(✓) ,

�+,Bn(✓) =
X

a2Pn

'a(✓) ,

�Bn,Bm(✓) =
X

a2Pnm

'a(✓) ,

�+,mn(✓) = . . . ,

�mn,mk(✓) = . . .

<latexit sha1_base64="8bJENngD2s1vShc3mc9hYAUEvoA="></latexit>

(f ⇤ g)(✓) =
Z

d✓

2⇡
f(✓ � ✓0)g(✓0)

<latexit sha1_base64="pkBgBq/UOGbHjvN+Ew52QGIZhNA=">AAACEnicbVDLSgNBEJyNrxhfq970MhiEeDDuSlAvQkAPHiOYB2SX0DuZTYbMPpiZFcIS8CP8Bq969iZe/QGP/omTZA8msaChqOqmu8uLOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAhC6yTikWh5IClnIa0rpjhtxYJC4HHa9AY3Y7/5SIVkUfighjF1A+iFzGcElJY65oFzS7kCfI1PHRLJkhOzMwd43IeTjlm0ytYEeJHYGSmiDLWO+eN0I5IENFSEg5Rt24qVm4JQjHA6KjiJpDGQAfRoW9MQAirddPLDCB9rpYv9SOgKFZ6ofydSCKQcBp7uDED15bw3Fv/z2onyr9yUhXGiaEimi/yEYxXhcSC4ywQlig81ASKYvhWTPgggSsc2s8ULRjoTez6BRdI4L9sX5cp9pVitZOnk0SE6QiVko0tURXeohuqIoCf0gl7Rm/FsvBsfxue0NWdkM/toBsbXL/HLnOg=</latexit>

� = � cos(⇡/↵)

String hypothesis: 

in the TDL, the magnonic rapidities are organised into strings        magnon species<latexit sha1_base64="uNJ1ON+vBNXSXL9KhS9kUKw3wfA=">AAACB3icbVC7SgNBFJ31GeMjq5Y2g0GwCrsS1DJgY2ERwTwgWcLsZDYZMjuzzNxVwpIP8BtstbYTWz/D0j9xkmxhEg9cOJxzL+dywkRwA5737aytb2xubRd2irt7+wcl9/CoaVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wjm6nfemTacCUfYJywICYDySNOCVip55a6d0oONB8MgWitnnpu2at4M+BV4uekjHLUe+5Pt69oGjMJVBBjOr6XQJARDZwKNil2U8MSQkdkwDqWShIzE2Szxyf4zCp9HCltRwKeqX8vMhIbM45DuxkTGJplbyr+53VSiK6DjMskBSbpPChKBQaFpy3gPteMghhbQqjm9ldMh0QTCrarhZQwnthO/OUGVknzouJfVqr31XKtmrdTQCfoFJ0jH12hGrpFddRAFKXoBb2iN+fZeXc+nM/56pqT3xyjBThfvzyWmgc=</latexit>

=)

<latexit sha1_base64="FImzQQ4rwqUjarE2E14eT45Fly4=">AAACGnicbVC7SgNBFJ31GeMramkzJAixCbsS1DJgY2ERwTwgG8Ps5CYZMvtg5q4Ylu39CL/BVms7sbWx9E+cPAqTeOByD+fcy505XiSFRtv+tlZW19Y3NjNb2e2d3b393MFhXYex4lDjoQxV02MapAighgIlNCMFzPckNLzh1dhvPIDSIgzucBRB22f9QPQEZ2ikTi5Pb1w1CO8TF+ERE5WmHVZ0cQDITrvT3skV7JI9AV0mzowUyAzVTu7H7YY89iFALpnWLceOsJ0whYJLSLNurCFifMj60DI0YD7odjL5S0pPjNKlvVCZCpBO1L8bCfO1HvmemfQZDvSiNxb/81ox9i7biQiiGCHg00O9WFIM6TgY2hUKOMqRIYwrYd5K+YApxtHEN3fF81OTibOYwDKpn5Wc81L5tlyolGfpZMgxyZMiccgFqZBrUiU1wskTeSGv5M16tt6tD+tzOrpizXaOyBysr1/YUKHb</latexit>

L⇢ra(✓)d✓TDL: number of particles of species   :   <latexit sha1_base64="tbxnGschCIB3q1IHWKfvBVYU0iY=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1KSDcsWtuguQTeLlpAI5GoPyT38YsURiaJigWvc8NzZ+RpXhTOCs1E80xpRN6Rh7loZUovazxaEzcmWVIRlFylZoyEL9O5FRqXUqA9spqZnodW8u/uf1EjO69zMexonBkC0XjRJBTETmX5MhV8iMSC2hTHF7K2ETqigzNpuVLYGc2Uy89QQ2Sfum6t1Wa81apV7L0ynCBVzCNXhwB3V4hAa0gAHCC7zCm5M6786H87lsLTj5zDmswPn6BWXMk3Y=</latexit>a

  kink,     breathers,     magnon species.<latexit sha1_base64="yghbe+4QNa2qe90PxJ6TFuCho7w=">AAAB+XicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHoxWNF+wHtUrJptg1NskuSFcrSn+BVz97Eq7/Go//EtN2DbX0w8Hhvhpl5YSK4sZ73jdbWNza3tgs7xd29/YPD0tFx08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDf1W89MGx6rJztOWCDJQPGIU2Kd9Kh6t71S2at4M+BV4uekDDnqvdJPtx/TVDJlqSDGdHwvsUFGtOVUsEmxmxqWEDoiA9ZxVBHJTJDNTp3gc6f0cRRrV8rimfp3IiPSmLEMXackdmiWvan4n9dJbXQTZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOgtbQjlxmfjLCayS5mXFv6pUH6rlWjVPpwCncAYX4MM11OAe6tAACgN4gVd4Qxl6Rx/oc966hvKZE1gA+voFwuiUOA==</latexit>nB
<latexit sha1_base64="mrmlqifl2tJVbdwIevgIdYUKKJw=">AAAB+XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx4r2g9ol5JNs21okl2SrFCW/gSvevYmXv01Hv0npu0ebOuDgcd7M8zMCxPBjfW8b1TY2Nza3inulvb2Dw6PyscnLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8d3Mbz8zbXisnuwkYYEkQ8UjTol10qPqy3654lW9OfA68XNSgRyNfvmnN4hpKpmyVBBjur6X2CAj2nIq2LTUSw1LCB2TIes6qohkJsjmp07xhVMGOIq1K2XxXP07kRFpzESGrlMSOzKr3kz8z+umNroNMq6S1DJFF4uiVGAb49nfeMA1o1ZMHCFUc3crpiOiCbUunaUtoZy6TPzVBNZJ66rqX1drD7VKvZanU4QzOIdL8OEG6nAPDWgChSG8wCu8oQy9ow/0uWgtoHzmFJaAvn4BBqiUYw==</latexit>nm

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="5d2PvnKGvfkfnZrHP3eObF+hFSk=">AAAB+nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EghePFewHtEvJptk2NMmuSVYoa/+CVz17E6/+GY/+E7PtHmzrg4HHezPMzAtizrRx3W9nZXVtfWOzsFXc3tnd2y8dHDZ1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCka3md96okqzSD6YcUx9gQeShYxgk0mPN+der1R2K+4UaJl4OSlDjnqv9NPtRyQRVBrCsdYdz42Nn2JlGOF0UuwmmsaYjPCAdiyVWFDtp9NbJ+jUKn0URsqWNGiq/p1IsdB6LALbKbAZ6kUvE//zOokJr/2UyTgxVJLZojDhyEQoexz1maLE8LElmChmb0VkiBUmxsYztyUQE5uJt5jAMmleVLzLSvW+Wq5V83QKcAwncAYeXEEN7qAODSAwhBd4hTfn2Xl3PpzPWeuKk88cwRycr1/gvZQ9</latexit>

q = +1
<latexit sha1_base64="dkTZovqo78EHJTjykZ1O8OWIGMU=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1HQH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxipk0U=</latexit>

0
<latexit sha1_base64="VXAMb8VtsWdYjeDs4zEDOr6xMic=">AAAB/nicbVA9SwNBEJ2LXzF+RS1tFoNgY7gLQS0DNpYRzAckR9jbzCVL9vaO3T0hhIC/wVZrO7H1r1j6T9wkV5jEBwOP92aYmRckgmvjut9ObmNza3snv1vY2z84PCoenzR1nCqGDRaLWLUDqlFwiQ3DjcB2opBGgcBWMLqb+a0nVJrH8tGME/QjOpA85IwaK7WvKl0Uokd7xZJbducg68TLSAky1HvFn24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzO+dkgur9EkYK1vSkLn6d2JCI63HUWA7I2qGetWbif95ndSEt/6EyyQ1KNliUZgKYmIye570uUJmxNgSyhS3txI2pIoyYyNa2hJEU5uJt5rAOmlWyt51ufpQLdWqWTp5OINzuAQPbqAG91CHBjAQ8AKv8OY8O+/Oh/O5aM052cwpLMH5+gUgHZYT</latexit>

�2`a

<latexit sha1_base64="PzFUnPTKbtg39v/oDIrM50HNgrY=">AAACD3icbVDNSgMxGMz6W+vfqgcPXoJFEApltxT1IhS8eKxgf6BdlmyabUOT7JJkhbLsQ/gMXvXsTbz6CB59E7PtHmzrQMIw8w1fMkHMqNKO822trW9sbm2Xdsq7e/sHh/bRcUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKX+90nIhWNxKOexsTjaCRoSDHSRvLtU+FzeAsHIvHdan7Xq4NhpJVvV5yaMwNcJW5BKqBAy7d/TA4nnAiNGVKq7zqx9lIkNcWMZOVBokiM8ASNSN9QgThRXjr7QAYvjDKEYSTNERrO1L+JFHGlpjwwkxzpsVr2cvE/r5/o8MZLqYgTTQSeLwoTBnUE8zbgkEqCNZsagrCk5q0Qj5FEWJvOFrYEPDOduMsNrJJOveZe1RoPjUqzUbRTAmfgHFwCF1yDJrgHLdAGGGTgBbyCN+vZerc+rM/56JpVZE7AAqyvX/9Tm+Q=</latexit>

nm = ⌫1 + ⌫2 + . . . Takahashi’s book

<latexit sha1_base64="tYnfMSJOOZTLbyEOsCZKnMB9OuE=">AAACC3icbVDLSgMxFM34rPU12qWbYBFcSJ2RooKbghuXFewDOkPJpGkbmmRCkhGHoZ/gN7jVtTtx60e49E9M21nY1gMXDufcy7mcSDKqjed9Oyura+sbm4Wt4vbO7t6+e3DY1HGiMGngmMWqHSFNGBWkYahhpC0VQTxipBWNbid+65EoTWPxYFJJQo4GgvYpRsZKXbdEA0mDJ3oeICaHCAY3QdZ1y17FmwIuEz8nZZCj3nV/gl6ME06EwQxp3fE9acIMKUMxI+NikGgiER6hAelYKhAnOsymz4/hiVV6sB8rO8LAqfr3IkNc65RHdpMjM9SL3kT8z+skpn8dZlTIxBCBZ0H9hEETw0kTsEcVwYalliCsqP0V4iFSCBvb11xKxMe2E3+xgWXSvKj4l5XqfbVcO8vbKYAjcAxOgQ+uQA3cgTpoAAxS8AJewZvz7Lw7H87nbHXFyW9KYA7O1y8cPZrs</latexit>

i⇡⇠/↵ {



Thermodynamic Bethe Ansatz (TBA)

(Generalised) free energy density: <latexit sha1_base64="9+isWQ43AAoUL0ghZnO5ABJCCL8=">AAACJXicbVDLSgMxFM3Ud31VXboJFkGQlpla1I1QcOOyQluFtgyZ9I6GJjNjckcopV/hR/gNbnXtTgRX4p+YPhBtPRA4nHMP9+YEiRQGXffDyczNLywuLa9kV9fWNzZzW9sNE6eaQ53HMtbXATMgRQR1FCjhOtHAVCDhKuieD/2re9BGxFENewm0FbuJRCg4Qyv5uUJ4BoWWSukdPaStAJD5Hk1+eIne+UeHrU6MhhZqxs/l3aI7Ap0l3oTkyQRVP/dlszxVECGXzJim5ybY7jONgksYZFupgYTxLruBpqURU2Da/dG3BnTfKh0axtq+COlI/Z3oM2VMTwV2UjG8NdPeUPzPa6YYnrb7IkpShIiPF4WppBjTYUe0IzRwlD1LGNfC3kr5LdOMo23yz5ZADWwn3nQDs6RRKnrHxfJlOV8pT9pZJrtkjxwQj5yQCrkgVVInnDyQJ/JMXpxH59V5c97Hoxlnktkhf+B8fgPRgqLx</latexit>

f = e� µq + �1p+ �2q3 + · · ·� Ts



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="2tuYMPf+3v/rv6c+QgdXvhCbA6M="></latexit>

e =
E

L
=

X

a

Z
d✓⇢raMa cosh ✓ ,

q =
Q

L
=

X

a

Z
d✓⇢raqa ,

s =
S

L
=

X

a

Z
d✓


⇢ra log

✓
1 +

⇢ha
⇢ra

◆
+ ⇢ha log

✓
1 +

⇢ra
⇢ha

◆�

(Generalised) free energy density: <latexit sha1_base64="9+isWQ43AAoUL0ghZnO5ABJCCL8=">AAACJXicbVDLSgMxFM3Ud31VXboJFkGQlpla1I1QcOOyQluFtgyZ9I6GJjNjckcopV/hR/gNbnXtTgRX4p+YPhBtPRA4nHMP9+YEiRQGXffDyczNLywuLa9kV9fWNzZzW9sNE6eaQ53HMtbXATMgRQR1FCjhOtHAVCDhKuieD/2re9BGxFENewm0FbuJRCg4Qyv5uUJ4BoWWSukdPaStAJD5Hk1+eIne+UeHrU6MhhZqxs/l3aI7Ap0l3oTkyQRVP/dlszxVECGXzJim5ybY7jONgksYZFupgYTxLruBpqURU2Da/dG3BnTfKh0axtq+COlI/Z3oM2VMTwV2UjG8NdPeUPzPa6YYnrb7IkpShIiPF4WppBjTYUe0IzRwlD1LGNfC3kr5LdOMo23yz5ZADWwn3nQDs6RRKnrHxfJlOV8pT9pZJrtkjxwQj5yQCrkgVVInnDyQJ/JMXpxH59V5c97Hoxlnktkhf+B8fgPRgqLx</latexit>

f = e� µq + �1p+ �2q3 + · · ·� Ts



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="pY1sv0tpRFTb0b9swpgVLu3vwpA=">AAACFnicbVDLSgMxFM3UV62vqktBgkVwVWakqCBCwY0LFxXsAzpDyaSZNjSTDMkdpZTu/Ai/wa2u3Ylbty79E9PHwraey4XDOfdykxMmghtw3W8ns7S8srqWXc9tbG5t7+R392pGpZqyKlVC6UZIDBNcsipwEKyRaEbiULB62Lse+fUHpg1X8h76CQti0pE84pSAlVr5Q7/NBBAcXbnYv7R1q2RH804XiNbqsZUvuEV3DLxIvCkpoCkqrfyP31Y0jZkEKogxTc9NIBgQDZwKNsz5qWEJoT3SYU1LJYmZCQbjfwzxsVXaOFLatgQ8Vv9uDEhsTD8O7WRMoGvmvZH4n9dMIboIBlwmKTBJJ4eiVGBQeBQKbnPNKIi+JYRqbt+KaZdoQsFGN3MljIc2E28+gUVSOy16Z8XSXalQLk3TyaIDdIROkIfOURndoAqqIoqe0At6RW/Os/PufDifk9GMM93ZRzNwvn4BKFmfRA==</latexit>

�f = 0 =)
<latexit sha1_base64="29Mns6lHTEP8DUq5pDCjJ/uiD2E="></latexit>

✏a = w̃a �
X

b

⌘b�ab ⇤ log(1 + e�✏b)

<latexit sha1_base64="2tuYMPf+3v/rv6c+QgdXvhCbA6M="></latexit>

e =
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L
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X

a

Z
d✓⇢raMa cosh ✓ ,

q =
Q
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=

X

a

Z
d✓⇢raqa ,

s =
S

L
=

X

a

Z
d✓


⇢ra log

✓
1 +

⇢ha
⇢ra

◆
+ ⇢ha log

✓
1 +

⇢ra
⇢ha

◆�

(Generalised) free energy density: <latexit sha1_base64="9+isWQ43AAoUL0ghZnO5ABJCCL8=">AAACJXicbVDLSgMxFM3Ud31VXboJFkGQlpla1I1QcOOyQluFtgyZ9I6GJjNjckcopV/hR/gNbnXtTgRX4p+YPhBtPRA4nHMP9+YEiRQGXffDyczNLywuLa9kV9fWNzZzW9sNE6eaQ53HMtbXATMgRQR1FCjhOtHAVCDhKuieD/2re9BGxFENewm0FbuJRCg4Qyv5uUJ4BoWWSukdPaStAJD5Hk1+eIne+UeHrU6MhhZqxs/l3aI7Ap0l3oTkyQRVP/dlszxVECGXzJim5ybY7jONgksYZFupgYTxLruBpqURU2Da/dG3BnTfKh0axtq+COlI/Z3oM2VMTwV2UjG8NdPeUPzPa6YYnrb7IkpShIiPF4WppBjTYUe0IzRwlD1LGNfC3kr5LdOMo23yz5ZADWwn3nQDs6RRKnrHxfJlOV8pT9pZJrtkjxwQj5yQCrkgVVInnDyQJ/JMXpxH59V5c97Hoxlnktkhf+B8fgPRgqLx</latexit>

f = e� µq + �1p+ �2q3 + · · ·� Ts



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="pY1sv0tpRFTb0b9swpgVLu3vwpA=">AAACFnicbVDLSgMxFM3UV62vqktBgkVwVWakqCBCwY0LFxXsAzpDyaSZNjSTDMkdpZTu/Ai/wa2u3Ylbty79E9PHwraey4XDOfdykxMmghtw3W8ns7S8srqWXc9tbG5t7+R392pGpZqyKlVC6UZIDBNcsipwEKyRaEbiULB62Lse+fUHpg1X8h76CQti0pE84pSAlVr5Q7/NBBAcXbnYv7R1q2RH804XiNbqsZUvuEV3DLxIvCkpoCkqrfyP31Y0jZkEKogxTc9NIBgQDZwKNsz5qWEJoT3SYU1LJYmZCQbjfwzxsVXaOFLatgQ8Vv9uDEhsTD8O7WRMoGvmvZH4n9dMIboIBlwmKTBJJ4eiVGBQeBQKbnPNKIi+JYRqbt+KaZdoQsFGN3MljIc2E28+gUVSOy16Z8XSXalQLk3TyaIDdIROkIfOURndoAqqIoqe0At6RW/Os/PufDifk9GMM93ZRzNwvn4BKFmfRA==</latexit>

�f = 0 =)
<latexit sha1_base64="29Mns6lHTEP8DUq5pDCjJ/uiD2E="></latexit>

✏a = w̃a �
X

b

⌘b�ab ⇤ log(1 + e�✏b)

<latexit sha1_base64="2tuYMPf+3v/rv6c+QgdXvhCbA6M="></latexit>

e =
E

L
=

X

a

Z
d✓⇢raMa cosh ✓ ,

q =
Q

L
=

X

a

Z
d✓⇢raqa ,

s =
S

L
=

X

a

Z
d✓


⇢ra log

✓
1 +

⇢ha
⇢ra

◆
+ ⇢ha log

✓
1 +

⇢ra
⇢ha

◆�

<latexit sha1_base64="tw3TctsDjRpBLxq9hYw960nb9KU="></latexit>

e✏a(✓) =
⇢h(✓)

⇢r(✓)
Pseudoenergy

(Generalised) free energy density: <latexit sha1_base64="9+isWQ43AAoUL0ghZnO5ABJCCL8=">AAACJXicbVDLSgMxFM3Ud31VXboJFkGQlpla1I1QcOOyQluFtgyZ9I6GJjNjckcopV/hR/gNbnXtTgRX4p+YPhBtPRA4nHMP9+YEiRQGXffDyczNLywuLa9kV9fWNzZzW9sNE6eaQ53HMtbXATMgRQR1FCjhOtHAVCDhKuieD/2re9BGxFENewm0FbuJRCg4Qyv5uUJ4BoWWSukdPaStAJD5Hk1+eIne+UeHrU6MhhZqxs/l3aI7Ap0l3oTkyQRVP/dlszxVECGXzJim5ybY7jONgksYZFupgYTxLruBpqURU2Da/dG3BnTfKh0axtq+COlI/Z3oM2VMTwV2UjG8NdPeUPzPa6YYnrb7IkpShIiPF4WppBjTYUe0IzRwlD1LGNfC3kr5LdOMo23yz5ZADWwn3nQDs6RRKnrHxfJlOV8pT9pZJrtkjxwQj5yQCrkgVVInnDyQJ/JMXpxH59V5c97Hoxlnktkhf+B8fgPRgqLx</latexit>

f = e� µq + �1p+ �2q3 + · · ·� Ts



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="pY1sv0tpRFTb0b9swpgVLu3vwpA=">AAACFnicbVDLSgMxFM3UV62vqktBgkVwVWakqCBCwY0LFxXsAzpDyaSZNjSTDMkdpZTu/Ai/wa2u3Ylbty79E9PHwraey4XDOfdykxMmghtw3W8ns7S8srqWXc9tbG5t7+R392pGpZqyKlVC6UZIDBNcsipwEKyRaEbiULB62Lse+fUHpg1X8h76CQti0pE84pSAlVr5Q7/NBBAcXbnYv7R1q2RH804XiNbqsZUvuEV3DLxIvCkpoCkqrfyP31Y0jZkEKogxTc9NIBgQDZwKNsz5qWEJoT3SYU1LJYmZCQbjfwzxsVXaOFLatgQ8Vv9uDEhsTD8O7WRMoGvmvZH4n9dMIboIBlwmKTBJJ4eiVGBQeBQKbnPNKIi+JYRqbt+KaZdoQsFGN3MljIc2E28+gUVSOy16Z8XSXalQLk3TyaIDdIROkIfOURndoAqqIoqe0At6RW/Os/PufDifk9GMM93ZRzNwvn4BKFmfRA==</latexit>

�f = 0 =)
<latexit sha1_base64="29Mns6lHTEP8DUq5pDCjJ/uiD2E="></latexit>

✏a = w̃a �
X

b

⌘b�ab ⇤ log(1 + e�✏b)

<latexit sha1_base64="2tuYMPf+3v/rv6c+QgdXvhCbA6M="></latexit>

e =
E

L
=

X

a

Z
d✓⇢raMa cosh ✓ ,

q =
Q

L
=

X

a

Z
d✓⇢raqa ,

s =
S

L
=

X

a

Z
d✓


⇢ra log

✓
1 +

⇢ha
⇢ra

◆
+ ⇢ha log

✓
1 +

⇢ra
⇢ha

◆�

<latexit sha1_base64="tw3TctsDjRpBLxq9hYw960nb9KU="></latexit>

e✏a(✓) =
⇢h(✓)

⇢r(✓)
Pseudoenergy

(Generalised) free energy density: <latexit sha1_base64="9+isWQ43AAoUL0ghZnO5ABJCCL8=">AAACJXicbVDLSgMxFM3Ud31VXboJFkGQlpla1I1QcOOyQluFtgyZ9I6GJjNjckcopV/hR/gNbnXtTgRX4p+YPhBtPRA4nHMP9+YEiRQGXffDyczNLywuLa9kV9fWNzZzW9sNE6eaQ53HMtbXATMgRQR1FCjhOtHAVCDhKuieD/2re9BGxFENewm0FbuJRCg4Qyv5uUJ4BoWWSukdPaStAJD5Hk1+eIne+UeHrU6MhhZqxs/l3aI7Ap0l3oTkyQRVP/dlszxVECGXzJim5ybY7jONgksYZFupgYTxLruBpqURU2Da/dG3BnTfKh0axtq+COlI/Z3oM2VMTwV2UjG8NdPeUPzPa6YYnrb7IkpShIiPF4WppBjTYUe0IzRwlD1LGNfC3kr5LdOMo23yz5ZADWwn3nQDs6RRKnrHxfJlOV8pT9pZJrtkjxwQj5yQCrkgVVInnDyQJ/JMXpxH59V5c97Hoxlnktkhf+B8fgPRgqLx</latexit>

f = e� µq + �1p+ �2q3 + · · ·� Ts

filling fraction
<latexit sha1_base64="AeZf8HyxdvJepl9AhooUy5Fnp5E="></latexit>

#a(✓) =
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=

1

1 + e✏a(✓)



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="pY1sv0tpRFTb0b9swpgVLu3vwpA=">AAACFnicbVDLSgMxFM3UV62vqktBgkVwVWakqCBCwY0LFxXsAzpDyaSZNjSTDMkdpZTu/Ai/wa2u3Ylbty79E9PHwraey4XDOfdykxMmghtw3W8ns7S8srqWXc9tbG5t7+R392pGpZqyKlVC6UZIDBNcsipwEKyRaEbiULB62Lse+fUHpg1X8h76CQti0pE84pSAlVr5Q7/NBBAcXbnYv7R1q2RH804XiNbqsZUvuEV3DLxIvCkpoCkqrfyP31Y0jZkEKogxTc9NIBgQDZwKNsz5qWEJoT3SYU1LJYmZCQbjfwzxsVXaOFLatgQ8Vv9uDEhsTD8O7WRMoGvmvZH4n9dMIboIBlwmKTBJJ4eiVGBQeBQKbnPNKIi+JYRqbt+KaZdoQsFGN3MljIc2E28+gUVSOy16Z8XSXalQLk3TyaIDdIROkIfOURndoAqqIoqe0At6RW/Os/PufDifk9GMM93ZRzNwvn4BKFmfRA==</latexit>

�f = 0 =)
<latexit sha1_base64="29Mns6lHTEP8DUq5pDCjJ/uiD2E="></latexit>

✏a = w̃a �
X

b

⌘b�ab ⇤ log(1 + e�✏b)

<latexit sha1_base64="2tuYMPf+3v/rv6c+QgdXvhCbA6M="></latexit>

e =
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L
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
⇢ra log

✓
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⇢ha
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◆
+ ⇢ha log

✓
1 +
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⇢ha

◆�

<latexit sha1_base64="tw3TctsDjRpBLxq9hYw960nb9KU="></latexit>

e✏a(✓) =
⇢h(✓)

⇢r(✓)
Pseudoenergy

<latexit sha1_base64="JlJPZ7aHqkXbZ9XqQQPNlYJasBA="></latexit>

w̃a =
Ma cosh ✓
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� µqa

T
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�
· · ·+ ba sinh(✓) + ca cosh

3(✓) + . . .
�

(Generalised) free energy density: <latexit sha1_base64="9+isWQ43AAoUL0ghZnO5ABJCCL8=">AAACJXicbVDLSgMxFM3Ud31VXboJFkGQlpla1I1QcOOyQluFtgyZ9I6GJjNjckcopV/hR/gNbnXtTgRX4p+YPhBtPRA4nHMP9+YEiRQGXffDyczNLywuLa9kV9fWNzZzW9sNE6eaQ53HMtbXATMgRQR1FCjhOtHAVCDhKuieD/2re9BGxFENewm0FbuJRCg4Qyv5uUJ4BoWWSukdPaStAJD5Hk1+eIne+UeHrU6MhhZqxs/l3aI7Ap0l3oTkyQRVP/dlszxVECGXzJim5ybY7jONgksYZFupgYTxLruBpqURU2Da/dG3BnTfKh0axtq+COlI/Z3oM2VMTwV2UjG8NdPeUPzPa6YYnrb7IkpShIiPF4WppBjTYUe0IzRwlD1LGNfC3kr5LdOMo23yz5ZADWwn3nQDs6RRKnrHxfJlOV8pT9pZJrtkjxwQj5yQCrkgVVInnDyQJ/JMXpxH59V5c97Hoxlnktkhf+B8fgPRgqLx</latexit>

f = e� µq + �1p+ �2q3 + · · ·� Ts

filling fraction
<latexit sha1_base64="AeZf8HyxdvJepl9AhooUy5Fnp5E="></latexit>

#a(✓) =
⇢ra(✓)
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1 + e✏a(✓)



Thermodynamic Bethe Ansatz (TBA)

<latexit sha1_base64="pY1sv0tpRFTb0b9swpgVLu3vwpA=">AAACFnicbVDLSgMxFM3UV62vqktBgkVwVWakqCBCwY0LFxXsAzpDyaSZNjSTDMkdpZTu/Ai/wa2u3Ylbty79E9PHwraey4XDOfdykxMmghtw3W8ns7S8srqWXc9tbG5t7+R392pGpZqyKlVC6UZIDBNcsipwEKyRaEbiULB62Lse+fUHpg1X8h76CQti0pE84pSAlVr5Q7/NBBAcXbnYv7R1q2RH804XiNbqsZUvuEV3DLxIvCkpoCkqrfyP31Y0jZkEKogxTc9NIBgQDZwKNsz5qWEJoT3SYU1LJYmZCQbjfwzxsVXaOFLatgQ8Vv9uDEhsTD8O7WRMoGvmvZH4n9dMIboIBlwmKTBJJ4eiVGBQeBQKbnPNKIi+JYRqbt+KaZdoQsFGN3MljIc2E28+gUVSOy16Z8XSXalQLk3TyaIDdIROkIfOURndoAqqIoqe0At6RW/Os/PufDifk9GMM93ZRzNwvn4BKFmfRA==</latexit>

�f = 0 =)
<latexit sha1_base64="29Mns6lHTEP8DUq5pDCjJ/uiD2E="></latexit>

✏a = w̃a �
X

b

⌘b�ab ⇤ log(1 + e�✏b)

<latexit sha1_base64="2tuYMPf+3v/rv6c+QgdXvhCbA6M="></latexit>
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⇢ra log
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+ ⇢ha log
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◆�

<latexit sha1_base64="tw3TctsDjRpBLxq9hYw960nb9KU="></latexit>

e✏a(✓) =
⇢h(✓)

⇢r(✓)
Pseudoenergy

<latexit sha1_base64="tBOlJHyizzDw+STda3L2fHFy4ko="></latexit>
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(Generalised) free energy density:

<latexit sha1_base64="JlJPZ7aHqkXbZ9XqQQPNlYJasBA="></latexit>

w̃a =
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�
· · ·+ ba sinh(✓) + ca cosh

3(✓) + . . .
�

(Generalised) free energy density: <latexit sha1_base64="9+isWQ43AAoUL0ghZnO5ABJCCL8=">AAACJXicbVDLSgMxFM3Ud31VXboJFkGQlpla1I1QcOOyQluFtgyZ9I6GJjNjckcopV/hR/gNbnXtTgRX4p+YPhBtPRA4nHMP9+YEiRQGXffDyczNLywuLa9kV9fWNzZzW9sNE6eaQ53HMtbXATMgRQR1FCjhOtHAVCDhKuieD/2re9BGxFENewm0FbuJRCg4Qyv5uUJ4BoWWSukdPaStAJD5Hk1+eIne+UeHrU6MhhZqxs/l3aI7Ap0l3oTkyQRVP/dlszxVECGXzJim5ybY7jONgksYZFupgYTxLruBpqURU2Da/dG3BnTfKh0axtq+COlI/Z3oM2VMTwV2UjG8NdPeUPzPa6YYnrb7IkpShIiPF4WppBjTYUe0IzRwlD1LGNfC3kr5LdOMo23yz5ZADWwn3nQDs6RRKnrHxfJlOV8pT9pZJrtkjxwQj5yQCrkgVVInnDyQJ/JMXpxH59V5c97Hoxlnktkhf+B8fgPRgqLx</latexit>

f = e� µq + �1p+ �2q3 + · · ·� Ts

filling fraction
<latexit sha1_base64="AeZf8HyxdvJepl9AhooUy5Fnp5E="></latexit>

#a(✓) =
⇢ra(✓)

⇢tota (✓)
=

1

1 + e✏a(✓)



Partially decoupled equations
<latexit sha1_base64="UABvFOTR3BmoOCnhr+YGwX126bE="></latexit>

✏a = wa +
X

b

Kab ⇤
⇣
�(1)
b ✏b � �(2)

b wb + log(1 + e�✏b)
⌘



Partially decoupled equations
<latexit sha1_base64="UABvFOTR3BmoOCnhr+YGwX126bE="></latexit>

✏a = wa +
X

b

Kab ⇤
⇣
�(1)
b ✏b � �(2)

b wb + log(1 + e�✏b)
⌘

Reflectionless points:

<latexit sha1_base64="gYLEHYFgJ6YtSTNaHPAA47bm6dI="></latexit>

�̃↵(t) =
1

2 cosh(⇡2 ⇠t)

<latexit sha1_base64="8oq6Ry7C2sgQpokJ0zLsGUDNgpg=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCu6kzpagboeDGZQVbhU4pZ9KME8xcSM6IZeh7+BA+g1tduyuuBB/EtJ2FtwOBP/9/Dif5/FQKjY4zsRYWl5ZXVktr5fWNza1te2e3q5NMMd5hiUzUjQ+aSxHzDgqU/CZVHCJf8mv/7nyaX99zpUUSX+Eo5f0IbmMRCAZorIHd8NqhGHgg0xBo1cOQI9TOqBcoYG7uPQiPJTosgiNzr40HdsWpO7Oif4VbiAopqj2wP7xhwrKIx8gkaN1znRT7OSgUTPJx2cs0T4HdwS3vGRlDxHU/n/1tTA+NM6RBosyJkc7c7xM5RFqPIt90RoCh/p1Nzf+yXobBaT8XcZohj9l8UZBJigmdgqJDoThDOTICmBLmrZSFYLCgwfljix9Nmbi/CfwV3UbdPa43L5uVVrOgUyL75IBUiUtOSItckDbpEEYeyTN5Ia/Wk/VmTaz3eeuCVczskR9lfX4BlJWnRA==</latexit>

�↵(✓) =
1

⇠ cosh(✓/⇠)

A. Zamolodchikov, PLB '91



Partially decoupled equations
<latexit sha1_base64="UABvFOTR3BmoOCnhr+YGwX126bE="></latexit>

✏a = wa +
X

b

Kab ⇤
⇣
�(1)
b ✏b � �(2)

b wb + log(1 + e�✏b)
⌘

Reflectionless points:

<latexit sha1_base64="gYLEHYFgJ6YtSTNaHPAA47bm6dI="></latexit>

�̃↵(t) =
1

2 cosh(⇡2 ⇠t)

<latexit sha1_base64="8oq6Ry7C2sgQpokJ0zLsGUDNgpg=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCu6kzpagboeDGZQVbhU4pZ9KME8xcSM6IZeh7+BA+g1tduyuuBB/EtJ2FtwOBP/9/Dif5/FQKjY4zsRYWl5ZXVktr5fWNza1te2e3q5NMMd5hiUzUjQ+aSxHzDgqU/CZVHCJf8mv/7nyaX99zpUUSX+Eo5f0IbmMRCAZorIHd8NqhGHgg0xBo1cOQI9TOqBcoYG7uPQiPJTosgiNzr40HdsWpO7Oif4VbiAopqj2wP7xhwrKIx8gkaN1znRT7OSgUTPJx2cs0T4HdwS3vGRlDxHU/n/1tTA+NM6RBosyJkc7c7xM5RFqPIt90RoCh/p1Nzf+yXobBaT8XcZohj9l8UZBJigmdgqJDoThDOTICmBLmrZSFYLCgwfljix9Nmbi/CfwV3UbdPa43L5uVVrOgUyL75IBUiUtOSItckDbpEEYeyTN5Ia/Wk/VmTaz3eeuCVczskR9lfX4BlJWnRA==</latexit>

�↵(✓) =
1

⇠ cosh(✓/⇠)

A. Zamolodchikov, PLB '91

(       : B. Bertini, L. Piroli, M.K., PRB ’19 )
<latexit sha1_base64="4OXr2rfz8Es3sNReW0pNgfu9YKE=">AAACCnicbVDLSgMxFM3UV62vsS7dBIvgqsxIUZcFNy4r2Ad2hpKkaRuaZIYkIy1D/8BvcKtrd+LWn3Dpn5hpZ2FbD1w4nHMv93BwzJk2nvftFDY2t7Z3irulvf2DwyP3uNzSUaIIbZKIR6qDkaacSdo0zHDaiRVFAnPaxuPbzG8/UaVZJB/MNKahQEPJBowgY6WeWw4mDAZMwkAgM8I4fZz13IpX9eaA68TPSQXkaPTcn6AfkURQaQhHWnd9LzZhipRhhNNZKUg0jREZoyHtWiqRoDpM59ln8NwqfTiIlB1p4Fz9e5EiofVUYLuZJdSrXib+53UTM7gJUybjxFBJFo8GCYcmglkRsM8UJYZPLUFEMZsVkhFSiBhb19IXLLJO/NUG1knrsupfVWv3tUrdy9spglNwBi6AD65BHdyBBmgCAibgBbyCN+fZeXc+nM/FasHJb07AEpyvX6YAmrg=</latexit>

⇠ 2 Z

<latexit sha1_base64="4rlYsm5n3ljHYUi39ffo4Ggnkbg=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ApuCh1phR1Uyi4cVnBXqAzDJk0bUOTzJBkhDL0CXwIn8Gtrt2JW3Hpm5i2s7CtPwS+/OccTvKHMaNKO863ldvY3Nreye8W9vYPDo/s45O2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4dlbvPBKpaCQe9CQmPkdDQQcUI22swC7BOHDqHmLxCHnlsmeubt3NqFp3Lz2RBNXALjoVZy64Dm4GRZCpGdg/Xj/CCSdCY4aU6rlOrP0USU0xI9OClygSIzxGQ9IzKBAnyk/n35nCknH6cBBJc4SGc/fvRIq4UhMemk6O9Eit1mbmf7Veogc3fkpFnGgi8GLRIGFQR3CWDexTSbBmEwMIS2reCvEISYS1SXBpS8inJhN3NYF1aFcr7lWldl8rNmpZOnlwBs7BBXDBNWiAO9AELYDBE3gBr+DNerberQ/rc9Gas7KZU7Ak6+sXkgifqA==</latexit>

p0 = ↵ , p1 = 1 , p2 = 1/⌫2

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p
1 magnonic level:



Partially decoupled equations
<latexit sha1_base64="UABvFOTR3BmoOCnhr+YGwX126bE="></latexit>

✏a = wa +
X

b

Kab ⇤
⇣
�(1)
b ✏b � �(2)

b wb + log(1 + e�✏b)
⌘

Reflectionless points:

<latexit sha1_base64="gYLEHYFgJ6YtSTNaHPAA47bm6dI="></latexit>

�̃↵(t) =
1

2 cosh(⇡2 ⇠t)

<latexit sha1_base64="8oq6Ry7C2sgQpokJ0zLsGUDNgpg=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCu6kzpagboeDGZQVbhU4pZ9KME8xcSM6IZeh7+BA+g1tduyuuBB/EtJ2FtwOBP/9/Dif5/FQKjY4zsRYWl5ZXVktr5fWNza1te2e3q5NMMd5hiUzUjQ+aSxHzDgqU/CZVHCJf8mv/7nyaX99zpUUSX+Eo5f0IbmMRCAZorIHd8NqhGHgg0xBo1cOQI9TOqBcoYG7uPQiPJTosgiNzr40HdsWpO7Oif4VbiAopqj2wP7xhwrKIx8gkaN1znRT7OSgUTPJx2cs0T4HdwS3vGRlDxHU/n/1tTA+NM6RBosyJkc7c7xM5RFqPIt90RoCh/p1Nzf+yXobBaT8XcZohj9l8UZBJigmdgqJDoThDOTICmBLmrZSFYLCgwfljix9Nmbi/CfwV3UbdPa43L5uVVrOgUyL75IBUiUtOSItckDbpEEYeyTN5Ia/Wk/VmTaz3eeuCVczskR9lfX4BlJWnRA==</latexit>

�↵(✓) =
1

⇠ cosh(✓/⇠)

A. Zamolodchikov, PLB '91

(       : B. Bertini, L. Piroli, M.K., PRB ’19 )
<latexit sha1_base64="4OXr2rfz8Es3sNReW0pNgfu9YKE=">AAACCnicbVDLSgMxFM3UV62vsS7dBIvgqsxIUZcFNy4r2Ad2hpKkaRuaZIYkIy1D/8BvcKtrd+LWn3Dpn5hpZ2FbD1w4nHMv93BwzJk2nvftFDY2t7Z3irulvf2DwyP3uNzSUaIIbZKIR6qDkaacSdo0zHDaiRVFAnPaxuPbzG8/UaVZJB/MNKahQEPJBowgY6WeWw4mDAZMwkAgM8I4fZz13IpX9eaA68TPSQXkaPTcn6AfkURQaQhHWnd9LzZhipRhhNNZKUg0jREZoyHtWiqRoDpM59ln8NwqfTiIlB1p4Fz9e5EiofVUYLuZJdSrXib+53UTM7gJUybjxFBJFo8GCYcmglkRsM8UJYZPLUFEMZsVkhFSiBhb19IXLLJO/NUG1knrsupfVWv3tUrdy9spglNwBi6AD65BHdyBBmgCAibgBbyCN+fZeXc+nM/FasHJb07AEpyvX6YAmrg=</latexit>

⇠ 2 Z

<latexit sha1_base64="4rlYsm5n3ljHYUi39ffo4Ggnkbg=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ApuCh1phR1Uyi4cVnBXqAzDJk0bUOTzJBkhDL0CXwIn8Gtrt2JW3Hpm5i2s7CtPwS+/OccTvKHMaNKO863ldvY3Nreye8W9vYPDo/s45O2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4dlbvPBKpaCQe9CQmPkdDQQcUI22swC7BOHDqHmLxCHnlsmeubt3NqFp3Lz2RBNXALjoVZy64Dm4GRZCpGdg/Xj/CCSdCY4aU6rlOrP0USU0xI9OClygSIzxGQ9IzKBAnyk/n35nCknH6cBBJc4SGc/fvRIq4UhMemk6O9Eit1mbmf7Veogc3fkpFnGgi8GLRIGFQR3CWDexTSbBmEwMIS2reCvEISYS1SXBpS8inJhN3NYF1aFcr7lWldl8rNmpZOnlwBs7BBXDBNWiAO9AELYDBE3gBr+DNerberQ/rc9Gas7KZU7Ak6+sXkgifqA==</latexit>

p0 = ↵ , p1 = 1 , p2 = 1/⌫2

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p
1 magnonic level:

E. Boulat '19



Partially decoupled equations
<latexit sha1_base64="UABvFOTR3BmoOCnhr+YGwX126bE="></latexit>

✏a = wa +
X

b

Kab ⇤
⇣
�(1)
b ✏b � �(2)

b wb + log(1 + e�✏b)
⌘

Reflectionless points:

<latexit sha1_base64="gYLEHYFgJ6YtSTNaHPAA47bm6dI="></latexit>

�̃↵(t) =
1

2 cosh(⇡2 ⇠t)

<latexit sha1_base64="8oq6Ry7C2sgQpokJ0zLsGUDNgpg=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCu6kzpagboeDGZQVbhU4pZ9KME8xcSM6IZeh7+BA+g1tduyuuBB/EtJ2FtwOBP/9/Dif5/FQKjY4zsRYWl5ZXVktr5fWNza1te2e3q5NMMd5hiUzUjQ+aSxHzDgqU/CZVHCJf8mv/7nyaX99zpUUSX+Eo5f0IbmMRCAZorIHd8NqhGHgg0xBo1cOQI9TOqBcoYG7uPQiPJTosgiNzr40HdsWpO7Oif4VbiAopqj2wP7xhwrKIx8gkaN1znRT7OSgUTPJx2cs0T4HdwS3vGRlDxHU/n/1tTA+NM6RBosyJkc7c7xM5RFqPIt90RoCh/p1Nzf+yXobBaT8XcZohj9l8UZBJigmdgqJDoThDOTICmBLmrZSFYLCgwfljix9Nmbi/CfwV3UbdPa43L5uVVrOgUyL75IBUiUtOSItckDbpEEYeyTN5Ia/Wk/VmTaz3eeuCVczskR9lfX4BlJWnRA==</latexit>

�↵(✓) =
1

⇠ cosh(✓/⇠)

A. Zamolodchikov, PLB '91

(       : B. Bertini, L. Piroli, M.K., PRB ’19 )
<latexit sha1_base64="4OXr2rfz8Es3sNReW0pNgfu9YKE=">AAACCnicbVDLSgMxFM3UV62vsS7dBIvgqsxIUZcFNy4r2Ad2hpKkaRuaZIYkIy1D/8BvcKtrd+LWn3Dpn5hpZ2FbD1w4nHMv93BwzJk2nvftFDY2t7Z3irulvf2DwyP3uNzSUaIIbZKIR6qDkaacSdo0zHDaiRVFAnPaxuPbzG8/UaVZJB/MNKahQEPJBowgY6WeWw4mDAZMwkAgM8I4fZz13IpX9eaA68TPSQXkaPTcn6AfkURQaQhHWnd9LzZhipRhhNNZKUg0jREZoyHtWiqRoDpM59ln8NwqfTiIlB1p4Fz9e5EiofVUYLuZJdSrXib+53UTM7gJUybjxFBJFo8GCYcmglkRsM8UJYZPLUFEMZsVkhFSiBhb19IXLLJO/NUG1knrsupfVWv3tUrdy9spglNwBi6AD65BHdyBBmgCAibgBbyCN+fZeXc+nM/FasHJb07AEpyvX6YAmrg=</latexit>

⇠ 2 Z

<latexit sha1_base64="4rlYsm5n3ljHYUi39ffo4Ggnkbg=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ApuCh1phR1Uyi4cVnBXqAzDJk0bUOTzJBkhDL0CXwIn8Gtrt2JW3Hpm5i2s7CtPwS+/OccTvKHMaNKO863ldvY3Nreye8W9vYPDo/s45O2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4dlbvPBKpaCQe9CQmPkdDQQcUI22swC7BOHDqHmLxCHnlsmeubt3NqFp3Lz2RBNXALjoVZy64Dm4GRZCpGdg/Xj/CCSdCY4aU6rlOrP0USU0xI9OClygSIzxGQ9IzKBAnyk/n35nCknH6cBBJc4SGc/fvRIq4UhMemk6O9Eit1mbmf7Veogc3fkpFnGgi8GLRIGFQR3CWDexTSbBmEwMIS2reCvEISYS1SXBpS8inJhN3NYF1aFcr7lWldl8rNmpZOnlwBs7BBXDBNWiAO9AELYDBE3gBr+DNerberQ/rc9Gas7KZU7Ak6+sXkgifqA==</latexit>

p0 = ↵ , p1 = 1 , p2 = 1/⌫2

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p
1 magnonic level:

E. Boulat '19



Partially decoupled equations
<latexit sha1_base64="UABvFOTR3BmoOCnhr+YGwX126bE="></latexit>

✏a = wa +
X

b

Kab ⇤
⇣
�(1)
b ✏b � �(2)

b wb + log(1 + e�✏b)
⌘

Reflectionless points:

<latexit sha1_base64="gYLEHYFgJ6YtSTNaHPAA47bm6dI="></latexit>

�̃↵(t) =
1

2 cosh(⇡2 ⇠t)

<latexit sha1_base64="8oq6Ry7C2sgQpokJ0zLsGUDNgpg=">AAACKnicbZDLSgMxFIYzXmu9jbp0EyxCu6kzpagboeDGZQVbhU4pZ9KME8xcSM6IZeh7+BA+g1tduyuuBB/EtJ2FtwOBP/9/Dif5/FQKjY4zsRYWl5ZXVktr5fWNza1te2e3q5NMMd5hiUzUjQ+aSxHzDgqU/CZVHCJf8mv/7nyaX99zpUUSX+Eo5f0IbmMRCAZorIHd8NqhGHgg0xBo1cOQI9TOqBcoYG7uPQiPJTosgiNzr40HdsWpO7Oif4VbiAopqj2wP7xhwrKIx8gkaN1znRT7OSgUTPJx2cs0T4HdwS3vGRlDxHU/n/1tTA+NM6RBosyJkc7c7xM5RFqPIt90RoCh/p1Nzf+yXobBaT8XcZohj9l8UZBJigmdgqJDoThDOTICmBLmrZSFYLCgwfljix9Nmbi/CfwV3UbdPa43L5uVVrOgUyL75IBUiUtOSItckDbpEEYeyTN5Ia/Wk/VmTaz3eeuCVczskR9lfX4BlJWnRA==</latexit>

�↵(✓) =
1

⇠ cosh(✓/⇠)

A. Zamolodchikov, PLB '91

(       : B. Bertini, L. Piroli, M.K., PRB ’19 )
<latexit sha1_base64="4OXr2rfz8Es3sNReW0pNgfu9YKE=">AAACCnicbVDLSgMxFM3UV62vsS7dBIvgqsxIUZcFNy4r2Ad2hpKkaRuaZIYkIy1D/8BvcKtrd+LWn3Dpn5hpZ2FbD1w4nHMv93BwzJk2nvftFDY2t7Z3irulvf2DwyP3uNzSUaIIbZKIR6qDkaacSdo0zHDaiRVFAnPaxuPbzG8/UaVZJB/MNKahQEPJBowgY6WeWw4mDAZMwkAgM8I4fZz13IpX9eaA68TPSQXkaPTcn6AfkURQaQhHWnd9LzZhipRhhNNZKUg0jREZoyHtWiqRoDpM59ln8NwqfTiIlB1p4Fz9e5EiofVUYLuZJdSrXib+53UTM7gJUybjxFBJFo8GCYcmglkRsM8UJYZPLUFEMZsVkhFSiBhb19IXLLJO/NUG1knrsupfVWv3tUrdy9spglNwBi6AD65BHdyBBmgCAibgBbyCN+fZeXc+nM/FasHJb07AEpyvX6YAmrg=</latexit>

⇠ 2 Z

<latexit sha1_base64="4rlYsm5n3ljHYUi39ffo4Ggnkbg=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ApuCh1phR1Uyi4cVnBXqAzDJk0bUOTzJBkhDL0CXwIn8Gtrt2JW3Hpm5i2s7CtPwS+/OccTvKHMaNKO863ldvY3Nreye8W9vYPDo/s45O2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4dlbvPBKpaCQe9CQmPkdDQQcUI22swC7BOHDqHmLxCHnlsmeubt3NqFp3Lz2RBNXALjoVZy64Dm4GRZCpGdg/Xj/CCSdCY4aU6rlOrP0USU0xI9OClygSIzxGQ9IzKBAnyk/n35nCknH6cBBJc4SGc/fvRIq4UhMemk6O9Eit1mbmf7Veogc3fkpFnGgi8GLRIGFQR3CWDexTSbBmEwMIS2reCvEISYS1SXBpS8inJhN3NYF1aFcr7lWldl8rNmpZOnlwBs7BBXDBNWiAO9AELYDBE3gBr+DNerberQ/rc9Gas7KZU7Ak6+sXkgifqA==</latexit>

p0 = ↵ , p1 = 1 , p2 = 1/⌫2

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p
1 magnonic level:

E. Boulat '19



Partially decoupled equations
<latexit sha1_base64="UABvFOTR3BmoOCnhr+YGwX126bE="></latexit>

✏a = wa +
X

b

Kab ⇤
⇣
�(1)
b ✏b � �(2)

b wb + log(1 + e�✏b)
⌘

2 magnonic levels:

<latexit sha1_base64="4rlYsm5n3ljHYUi39ffo4Ggnkbg=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ApuCh1phR1Uyi4cVnBXqAzDJk0bUOTzJBkhDL0CXwIn8Gtrt2JW3Hpm5i2s7CtPwS+/OccTvKHMaNKO863ldvY3Nreye8W9vYPDo/s45O2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4dlbvPBKpaCQe9CQmPkdDQQcUI22swC7BOHDqHmLxCHnlsmeubt3NqFp3Lz2RBNXALjoVZy64Dm4GRZCpGdg/Xj/CCSdCY4aU6rlOrP0USU0xI9OClygSIzxGQ9IzKBAnyk/n35nCknH6cBBJc4SGc/fvRIq4UhMemk6O9Eit1mbmf7Veogc3fkpFnGgi8GLRIGFQR3CWDexTSbBmEwMIS2reCvEISYS1SXBpS8inJhN3NYF1aFcr7lWldl8rNmpZOnlwBs7BBXDBNWiAO9AELYDBE3gBr+DNerberQ/rc9Gas7KZU7Ak6+sXkgifqA==</latexit>

p0 = ↵ , p1 = 1 , p2 = 1/⌫2

<latexit sha1_base64="Xv3JVROCYnsSyzXEByJkUBKXA+Y="></latexit>

⇠ =
1

nB +
1

⌫1 +
1

⌫2



Check: high T limit



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit

<latexit sha1_base64="oKuIJqKnNTXBmvKf0hYD4A1bxoU=">AAACFXicbVC7SgNBFJ31GeMrainCYBCswm4IaiMEbCwjmAcka7g7uUmGzD6YmRXCksqP8BtstbYTW2tL/8TZZAuTeODCmXPu5c49XiS40rb9ba2srq1vbOa28ts7u3v7hYPDhgpjybDOQhHKlgcKBQ+wrrkW2Iokgu8JbHqjm9RvPqJUPAzu9ThC14dBwPucgTZSt3DS8UDScRfoNcWHJH11MFJcGBMm3ULRLtlT0GXiZKRIMtS6hZ9OL2Sxj4FmApRqO3ak3QSk5kzgJN+JFUbARjDAtqEB+KjcZHrGhJ4ZpUf7oTQVaDpV/04k4Cs19j3T6YMeqkUvFf/z2rHuX7kJD6JYY8Bmi/qxoDqkaSa0xyUyLcaGAJPc/JWyIUhg2iQ3t8Xz00ycxQSWSaNcci5KlbtKsVrO0smRY3JKzolDLkmV3JIaqRNGnsgLeSVv1rP1bn1Yn7PWFSubOSJzsL5+Ad9LnyU=</latexit>

ȳa = e✏̄a

Pleateau values
<latexit sha1_base64="v2xNSKDEvHFeUo/G22HFuCSu29M=">AAAE4nicpVRdb9MwFPXaAKN8dfDIi0W1atPargkTINFJ03jhsWjrNqlpI8dxt6i24yXOpCqy4Jk3xCt/jEce+Rc4H4z0CyHhKNHNub7n3HsUxxXUj2S3+32jUjXu3L23eb/24OGjx0/qW0/PoiAOMRnggAbhhYsiQn1OBtKXlFyIkCDmUnLuTt+l+fMbEkZ+wE/lTJARQ5fcn/gYSQ05W5WftovCZKac5Ngx1diCzUNo7pVAS9 mtls0DHjOXhLZdK+VoUbAzV5HQtqnU7iK4l4KaC8LtZtPs0R53jvVr7f+56RxwspuxXsfIg/RQi2SCWbRO7mSVlGbdLyNM+3Pb/x+661Qof0L7rb5auerqudityeWOx4meqjyDlQutoZiusIY5yXTJmhRcsH3aE21rre26QKdVwb8oINovlwXEClWh8onWfTm/y3IZMk4sYbN4/1QtcVvqbyziHxmybpx6o9vpZgsuB2YRNECx+k79h+0FOGaES0xRFA3NrpCjBIXSx5Somh1HRCA8RZdkqEOOGIlGSXYmFdzWiAcnQahvLmGGlisSxKJoxly9kyF5FS3mUnBVbhjLyZtR4nMRS8JxLjSJKZQBTA849PyQYElnOkA49HWvEF+hEGGpfwNzKi5LPTEXHVgOzqyO+apz8OGgcdQp3NkEz8ELsANM8BocgfegDwYAV/vVm+rH6ifDMz4bX4yv+dbKRlHzDMwt49svLy+Qbw==</latexit>

ȳ2B1
= 1 + ȳB2 ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl+1) ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl)(1 + ȳS) , l = nB

ȳ2S = (1 + ȳBl)/(1 + ȳm1) , l = nB

ȳ2m1
= (1 + ȳ�1

S )(1 + ȳ2) ,

ȳ2mk
= (1 + ȳmk�1)(1 + ȳmk+1) ,

ȳ2mp�2
= (1 + ȳmp�3)(1 + ȳmp�1)(1 + ȳ�1

mp
) ,

ȳ2mp�1
= e2pµ/T (1 + ȳmp�2) ,

ȳ2mp
= e2pµ/T (1 + ȳmp�2)

�1



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit

<latexit sha1_base64="fyYo5ElqvZPbDQruIAoWbB3JPgY="></latexit>

ȳBk = (k + 1)2 � 1 ,

ȳS =

"✓
nB + 2

nB + 1

◆2

� 1

#�1

,

ȳmk =

✓
k +

nB + 2

nB + 1

◆2

� 1 , k = 1, . . . , p� 2 ,

ȳmp�1 = ȳ�1
mp

= p� nB

nB + 1

<latexit sha1_base64="oKuIJqKnNTXBmvKf0hYD4A1bxoU=">AAACFXicbVC7SgNBFJ31GeMrainCYBCswm4IaiMEbCwjmAcka7g7uUmGzD6YmRXCksqP8BtstbYTW2tL/8TZZAuTeODCmXPu5c49XiS40rb9ba2srq1vbOa28ts7u3v7hYPDhgpjybDOQhHKlgcKBQ+wrrkW2Iokgu8JbHqjm9RvPqJUPAzu9ThC14dBwPucgTZSt3DS8UDScRfoNcWHJH11MFJcGBMm3ULRLtlT0GXiZKRIMtS6hZ9OL2Sxj4FmApRqO3ak3QSk5kzgJN+JFUbARjDAtqEB+KjcZHrGhJ4ZpUf7oTQVaDpV/04k4Cs19j3T6YMeqkUvFf/z2rHuX7kJD6JYY8Bmi/qxoDqkaSa0xyUyLcaGAJPc/JWyIUhg2iQ3t8Xz00ycxQSWSaNcci5KlbtKsVrO0smRY3JKzolDLkmV3JIaqRNGnsgLeSVv1rP1bn1Yn7PWFSubOSJzsL5+Ad9LnyU=</latexit>

ȳa = e✏̄a

Pleateau values
<latexit sha1_base64="v2xNSKDEvHFeUo/G22HFuCSu29M=">AAAE4nicpVRdb9MwFPXaAKN8dfDIi0W1atPargkTINFJ03jhsWjrNqlpI8dxt6i24yXOpCqy4Jk3xCt/jEce+Rc4H4z0CyHhKNHNub7n3HsUxxXUj2S3+32jUjXu3L23eb/24OGjx0/qW0/PoiAOMRnggAbhhYsiQn1OBtKXlFyIkCDmUnLuTt+l+fMbEkZ+wE/lTJARQ5fcn/gYSQ05W5WftovCZKac5Ngx1diCzUNo7pVAS9 mtls0DHjOXhLZdK+VoUbAzV5HQtqnU7iK4l4KaC8LtZtPs0R53jvVr7f+56RxwspuxXsfIg/RQi2SCWbRO7mSVlGbdLyNM+3Pb/x+661Qof0L7rb5auerqudityeWOx4meqjyDlQutoZiusIY5yXTJmhRcsH3aE21rre26QKdVwb8oINovlwXEClWh8onWfTm/y3IZMk4sYbN4/1QtcVvqbyziHxmybpx6o9vpZgsuB2YRNECx+k79h+0FOGaES0xRFA3NrpCjBIXSx5Somh1HRCA8RZdkqEOOGIlGSXYmFdzWiAcnQahvLmGGlisSxKJoxly9kyF5FS3mUnBVbhjLyZtR4nMRS8JxLjSJKZQBTA849PyQYElnOkA49HWvEF+hEGGpfwNzKi5LPTEXHVgOzqyO+apz8OGgcdQp3NkEz8ELsANM8BocgfegDwYAV/vVm+rH6ifDMz4bX4yv+dbKRlHzDMwt49svLy+Qbw==</latexit>

ȳ2B1
= 1 + ȳB2 ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl+1) ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl)(1 + ȳS) , l = nB

ȳ2S = (1 + ȳBl)/(1 + ȳm1) , l = nB

ȳ2m1
= (1 + ȳ�1

S )(1 + ȳ2) ,

ȳ2mk
= (1 + ȳmk�1)(1 + ȳmk+1) ,

ȳ2mp�2
= (1 + ȳmp�3)(1 + ȳmp�1)(1 + ȳ�1

mp
) ,

ȳ2mp�1
= e2pµ/T (1 + ȳmp�2) ,

ȳ2mp
= e2pµ/T (1 + ȳmp�2)

�1



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit

<latexit sha1_base64="fyYo5ElqvZPbDQruIAoWbB3JPgY="></latexit>

ȳBk = (k + 1)2 � 1 ,

ȳS =

"✓
nB + 2

nB + 1

◆2

� 1

#�1

,

ȳmk =

✓
k +

nB + 2

nB + 1

◆2

� 1 , k = 1, . . . , p� 2 ,

ȳmp�1 = ȳ�1
mp

= p� nB

nB + 1

<latexit sha1_base64="dGzwSkyeQJwt3nYlpQO90jnl03Y="></latexit>

ỹ2m1
= 1 + ỹm2 ,

ỹ2mk
= (1 + ỹmk�1)(1 + ỹmk+1) , 1 < k < p� 2 ,

ỹ2mp�2
= (1 + ỹmp�3)(1 + ỹmp�1)(1 + ỹm�1

p
) ,

ỹ2mp�1
= e2pµ/T (1 + ỹmp�2) ,

ỹ2mp
= e2pµ/T (1 + ỹmp�2)

�1

<latexit sha1_base64="oKuIJqKnNTXBmvKf0hYD4A1bxoU=">AAACFXicbVC7SgNBFJ31GeMrainCYBCswm4IaiMEbCwjmAcka7g7uUmGzD6YmRXCksqP8BtstbYTW2tL/8TZZAuTeODCmXPu5c49XiS40rb9ba2srq1vbOa28ts7u3v7hYPDhgpjybDOQhHKlgcKBQ+wrrkW2Iokgu8JbHqjm9RvPqJUPAzu9ThC14dBwPucgTZSt3DS8UDScRfoNcWHJH11MFJcGBMm3ULRLtlT0GXiZKRIMtS6hZ9OL2Sxj4FmApRqO3ak3QSk5kzgJN+JFUbARjDAtqEB+KjcZHrGhJ4ZpUf7oTQVaDpV/04k4Cs19j3T6YMeqkUvFf/z2rHuX7kJD6JYY8Bmi/qxoDqkaSa0xyUyLcaGAJPc/JWyIUhg2iQ3t8Xz00ycxQSWSaNcci5KlbtKsVrO0smRY3JKzolDLkmV3JIaqRNGnsgLeSVv1rP1bn1Yn7PWFSubOSJzsL5+Ad9LnyU=</latexit>

ȳa = e✏̄a

Pleateau values
<latexit sha1_base64="v2xNSKDEvHFeUo/G22HFuCSu29M=">AAAE4nicpVRdb9MwFPXaAKN8dfDIi0W1atPargkTINFJ03jhsWjrNqlpI8dxt6i24yXOpCqy4Jk3xCt/jEce+Rc4H4z0CyHhKNHNub7n3HsUxxXUj2S3+32jUjXu3L23eb/24OGjx0/qW0/PoiAOMRnggAbhhYsiQn1OBtKXlFyIkCDmUnLuTt+l+fMbEkZ+wE/lTJARQ5fcn/gYSQ05W5WftovCZKac5Ngx1diCzUNo7pVAS9 mtls0DHjOXhLZdK+VoUbAzV5HQtqnU7iK4l4KaC8LtZtPs0R53jvVr7f+56RxwspuxXsfIg/RQi2SCWbRO7mSVlGbdLyNM+3Pb/x+661Qof0L7rb5auerqudityeWOx4meqjyDlQutoZiusIY5yXTJmhRcsH3aE21rre26QKdVwb8oINovlwXEClWh8onWfTm/y3IZMk4sYbN4/1QtcVvqbyziHxmybpx6o9vpZgsuB2YRNECx+k79h+0FOGaES0xRFA3NrpCjBIXSx5Somh1HRCA8RZdkqEOOGIlGSXYmFdzWiAcnQahvLmGGlisSxKJoxly9kyF5FS3mUnBVbhjLyZtR4nMRS8JxLjSJKZQBTA849PyQYElnOkA49HWvEF+hEGGpfwNzKi5LPTEXHVgOzqyO+apz8OGgcdQp3NkEz8ELsANM8BocgfegDwYAV/vVm+rH6ifDMz4bX4yv+dbKRlHzDMwt49svLy+Qbw==</latexit>

ȳ2B1
= 1 + ȳB2 ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl+1) ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl)(1 + ȳS) , l = nB

ȳ2S = (1 + ȳBl)/(1 + ȳm1) , l = nB

ȳ2m1
= (1 + ȳ�1

S )(1 + ȳ2) ,

ȳ2mk
= (1 + ȳmk�1)(1 + ȳmk+1) ,

ȳ2mp�2
= (1 + ȳmp�3)(1 + ȳmp�1)(1 + ȳ�1

mp
) ,

ȳ2mp�1
= e2pµ/T (1 + ȳmp�2) ,

ȳ2mp
= e2pµ/T (1 + ȳmp�2)

�1



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit

<latexit sha1_base64="fyYo5ElqvZPbDQruIAoWbB3JPgY="></latexit>

ȳBk = (k + 1)2 � 1 ,

ȳS =

"✓
nB + 2

nB + 1

◆2

� 1

#�1

,

ȳmk =

✓
k +

nB + 2

nB + 1

◆2

� 1 , k = 1, . . . , p� 2 ,

ȳmp�1 = ȳ�1
mp

= p� nB

nB + 1

<latexit sha1_base64="ksPyRGVEr6hZyVvs/RL4fz9N7MA="></latexit>

ỹmk = (k + 1)2 � 1 , k = 1, . . . , p� 2 ,

ỹmp�1 = 1/ymp = p� 1

<latexit sha1_base64="dGzwSkyeQJwt3nYlpQO90jnl03Y="></latexit>

ỹ2m1
= 1 + ỹm2 ,

ỹ2mk
= (1 + ỹmk�1)(1 + ỹmk+1) , 1 < k < p� 2 ,

ỹ2mp�2
= (1 + ỹmp�3)(1 + ỹmp�1)(1 + ỹm�1

p
) ,

ỹ2mp�1
= e2pµ/T (1 + ỹmp�2) ,

ỹ2mp
= e2pµ/T (1 + ỹmp�2)

�1

<latexit sha1_base64="oKuIJqKnNTXBmvKf0hYD4A1bxoU=">AAACFXicbVC7SgNBFJ31GeMrainCYBCswm4IaiMEbCwjmAcka7g7uUmGzD6YmRXCksqP8BtstbYTW2tL/8TZZAuTeODCmXPu5c49XiS40rb9ba2srq1vbOa28ts7u3v7hYPDhgpjybDOQhHKlgcKBQ+wrrkW2Iokgu8JbHqjm9RvPqJUPAzu9ThC14dBwPucgTZSt3DS8UDScRfoNcWHJH11MFJcGBMm3ULRLtlT0GXiZKRIMtS6hZ9OL2Sxj4FmApRqO3ak3QSk5kzgJN+JFUbARjDAtqEB+KjcZHrGhJ4ZpUf7oTQVaDpV/04k4Cs19j3T6YMeqkUvFf/z2rHuX7kJD6JYY8Bmi/qxoDqkaSa0xyUyLcaGAJPc/JWyIUhg2iQ3t8Xz00ycxQSWSaNcci5KlbtKsVrO0smRY3JKzolDLkmV3JIaqRNGnsgLeSVv1rP1bn1Yn7PWFSubOSJzsL5+Ad9LnyU=</latexit>

ȳa = e✏̄a

Pleateau values
<latexit sha1_base64="v2xNSKDEvHFeUo/G22HFuCSu29M=">AAAE4nicpVRdb9MwFPXaAKN8dfDIi0W1atPargkTINFJ03jhsWjrNqlpI8dxt6i24yXOpCqy4Jk3xCt/jEce+Rc4H4z0CyHhKNHNub7n3HsUxxXUj2S3+32jUjXu3L23eb/24OGjx0/qW0/PoiAOMRnggAbhhYsiQn1OBtKXlFyIkCDmUnLuTt+l+fMbEkZ+wE/lTJARQ5fcn/gYSQ05W5WftovCZKac5Ngx1diCzUNo7pVAS9 mtls0DHjOXhLZdK+VoUbAzV5HQtqnU7iK4l4KaC8LtZtPs0R53jvVr7f+56RxwspuxXsfIg/RQi2SCWbRO7mSVlGbdLyNM+3Pb/x+661Qof0L7rb5auerqudityeWOx4meqjyDlQutoZiusIY5yXTJmhRcsH3aE21rre26QKdVwb8oINovlwXEClWh8onWfTm/y3IZMk4sYbN4/1QtcVvqbyziHxmybpx6o9vpZgsuB2YRNECx+k79h+0FOGaES0xRFA3NrpCjBIXSx5Somh1HRCA8RZdkqEOOGIlGSXYmFdzWiAcnQahvLmGGlisSxKJoxly9kyF5FS3mUnBVbhjLyZtR4nMRS8JxLjSJKZQBTA849PyQYElnOkA49HWvEF+hEGGpfwNzKi5LPTEXHVgOzqyO+apz8OGgcdQp3NkEz8ELsANM8BocgfegDwYAV/vVm+rH6ifDMz4bX4yv+dbKRlHzDMwt49svLy+Qbw==</latexit>

ȳ2B1
= 1 + ȳB2 ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl+1) ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl)(1 + ȳS) , l = nB

ȳ2S = (1 + ȳBl)/(1 + ȳm1) , l = nB

ȳ2m1
= (1 + ȳ�1

S )(1 + ȳ2) ,

ȳ2mk
= (1 + ȳmk�1)(1 + ȳmk+1) ,

ȳ2mp�2
= (1 + ȳmp�3)(1 + ȳmp�1)(1 + ȳ�1

mp
) ,

ȳ2mp�1
= e2pµ/T (1 + ȳmp�2) ,

ȳ2mp
= e2pµ/T (1 + ȳmp�2)

�1



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit

<latexit sha1_base64="fyYo5ElqvZPbDQruIAoWbB3JPgY="></latexit>

ȳBk = (k + 1)2 � 1 ,

ȳS =

"✓
nB + 2

nB + 1

◆2

� 1

#�1

,

ȳmk =

✓
k +

nB + 2

nB + 1

◆2

� 1 , k = 1, . . . , p� 2 ,

ȳmp�1 = ȳ�1
mp

= p� nB

nB + 1

<latexit sha1_base64="ksPyRGVEr6hZyVvs/RL4fz9N7MA="></latexit>

ỹmk = (k + 1)2 � 1 , k = 1, . . . , p� 2 ,

ỹmp�1 = 1/ymp = p� 1

<latexit sha1_base64="dGzwSkyeQJwt3nYlpQO90jnl03Y="></latexit>

ỹ2m1
= 1 + ỹm2 ,

ỹ2mk
= (1 + ỹmk�1)(1 + ỹmk+1) , 1 < k < p� 2 ,

ỹ2mp�2
= (1 + ỹmp�3)(1 + ỹmp�1)(1 + ỹm�1

p
) ,

ỹ2mp�1
= e2pµ/T (1 + ỹmp�2) ,

ỹ2mp
= e2pµ/T (1 + ỹmp�2)

�1

<latexit sha1_base64="oKuIJqKnNTXBmvKf0hYD4A1bxoU=">AAACFXicbVC7SgNBFJ31GeMrainCYBCswm4IaiMEbCwjmAcka7g7uUmGzD6YmRXCksqP8BtstbYTW2tL/8TZZAuTeODCmXPu5c49XiS40rb9ba2srq1vbOa28ts7u3v7hYPDhgpjybDOQhHKlgcKBQ+wrrkW2Iokgu8JbHqjm9RvPqJUPAzu9ThC14dBwPucgTZSt3DS8UDScRfoNcWHJH11MFJcGBMm3ULRLtlT0GXiZKRIMtS6hZ9OL2Sxj4FmApRqO3ak3QSk5kzgJN+JFUbARjDAtqEB+KjcZHrGhJ4ZpUf7oTQVaDpV/04k4Cs19j3T6YMeqkUvFf/z2rHuX7kJD6JYY8Bmi/qxoDqkaSa0xyUyLcaGAJPc/JWyIUhg2iQ3t8Xz00ycxQSWSaNcci5KlbtKsVrO0smRY3JKzolDLkmV3JIaqRNGnsgLeSVv1rP1bn1Yn7PWFSubOSJzsL5+Ad9LnyU=</latexit>

ȳa = e✏̄a

Pleateau values
<latexit sha1_base64="v2xNSKDEvHFeUo/G22HFuCSu29M=">AAAE4nicpVRdb9MwFPXaAKN8dfDIi0W1atPargkTINFJ03jhsWjrNqlpI8dxt6i24yXOpCqy4Jk3xCt/jEce+Rc4H4z0CyHhKNHNub7n3HsUxxXUj2S3+32jUjXu3L23eb/24OGjx0/qW0/PoiAOMRnggAbhhYsiQn1OBtKXlFyIkCDmUnLuTt+l+fMbEkZ+wE/lTJARQ5fcn/gYSQ05W5WftovCZKac5Ngx1diCzUNo7pVAS9 mtls0DHjOXhLZdK+VoUbAzV5HQtqnU7iK4l4KaC8LtZtPs0R53jvVr7f+56RxwspuxXsfIg/RQi2SCWbRO7mSVlGbdLyNM+3Pb/x+661Qof0L7rb5auerqudityeWOx4meqjyDlQutoZiusIY5yXTJmhRcsH3aE21rre26QKdVwb8oINovlwXEClWh8onWfTm/y3IZMk4sYbN4/1QtcVvqbyziHxmybpx6o9vpZgsuB2YRNECx+k79h+0FOGaES0xRFA3NrpCjBIXSx5Somh1HRCA8RZdkqEOOGIlGSXYmFdzWiAcnQahvLmGGlisSxKJoxly9kyF5FS3mUnBVbhjLyZtR4nMRS8JxLjSJKZQBTA849PyQYElnOkA49HWvEF+hEGGpfwNzKi5LPTEXHVgOzqyO+apz8OGgcdQp3NkEz8ELsANM8BocgfegDwYAV/vVm+rH6ifDMz4bX4yv+dbKRlHzDMwt49svLy+Qbw==</latexit>

ȳ2B1
= 1 + ȳB2 ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl+1) ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl)(1 + ȳS) , l = nB

ȳ2S = (1 + ȳBl)/(1 + ȳm1) , l = nB

ȳ2m1
= (1 + ȳ�1

S )(1 + ȳ2) ,

ȳ2mk
= (1 + ȳmk�1)(1 + ȳmk+1) ,

ȳ2mp�2
= (1 + ȳmp�3)(1 + ȳmp�1)(1 + ȳ�1

mp
) ,

ȳ2mp�1
= e2pµ/T (1 + ȳmp�2) ,

ȳ2mp
= e2pµ/T (1 + ȳmp�2)

�1

<latexit sha1_base64="4+3BJicbmmtgGr8IkB0Zu4ftddY="></latexit>

L(x) = �1

2

xZ

0

dy

✓
log y

1� y
+

log(1� y)

y

◆

<latexit sha1_base64="MLUMqgVtbyWCx4efcUaz4NioZKM="></latexit>

f = T 2

0

@
nBX

k=1

L(#̄Bk) + L(#̄S)�
nmX

j=1

⌘mj

h
L(#̄mj )� L(#̃mj )

i
1

A =
⇡2T 2

6

Rogers dilogarithm
<latexit sha1_base64="R6LMsxEFrkPoa9zXt6rZ3zLh7uM=">AAACHHicbVDLSsNAFJ3UV62vqks3wSoIQkmkqBuh4MZlBfuAJoab6U07dPJgZlIooT/gR/gNbnXtTtwKLv0Tp4+FbT0wcDj3XM6d4yecSWVZ30ZuZXVtfSO/Wdja3tndK+4fNGScCop1GvNYtHyQyFmEdcUUx1YiEEKfY9Pv347nzQEKyeLoQQ0TdEPoRixgFJSWvOKJMwCheqjAgxsnEEDtzD7Hx8zBRDKuLTAaecWSVbYmMJeJPSMlMkPNK/44nZimIUaKcpCybVuJcjOdxCjHUcFJJSZA+9DFtqYRhCjdbPKbkXmqlY4ZxEK/SJkT9e9GBqGUw9DXzhBUTy7OxuJ/s3aqgms3Y1GSKozoNChIualic1yN2WECqeJDTYAKpm81aQ90JUoXOJfih+NO7MUGlknjomxfliv3lVK1MmsnT47IMTkjNrkiVXJHaqROKHkiL+SVvBnPxrvxYXxOrTljtnNI5mB8/QJiNKKq</latexit>

#a =
1

1 + e✏a



<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p1 magnonic level:

Check: high T limit

<latexit sha1_base64="fyYo5ElqvZPbDQruIAoWbB3JPgY="></latexit>

ȳBk = (k + 1)2 � 1 ,

ȳS =

"✓
nB + 2

nB + 1

◆2

� 1

#�1

,

ȳmk =

✓
k +

nB + 2

nB + 1

◆2

� 1 , k = 1, . . . , p� 2 ,

ȳmp�1 = ȳ�1
mp

= p� nB

nB + 1

<latexit sha1_base64="ksPyRGVEr6hZyVvs/RL4fz9N7MA="></latexit>

ỹmk = (k + 1)2 � 1 , k = 1, . . . , p� 2 ,

ỹmp�1 = 1/ymp = p� 1

<latexit sha1_base64="dGzwSkyeQJwt3nYlpQO90jnl03Y="></latexit>

ỹ2m1
= 1 + ỹm2 ,

ỹ2mk
= (1 + ỹmk�1)(1 + ỹmk+1) , 1 < k < p� 2 ,

ỹ2mp�2
= (1 + ỹmp�3)(1 + ỹmp�1)(1 + ỹm�1

p
) ,

ỹ2mp�1
= e2pµ/T (1 + ỹmp�2) ,

ỹ2mp
= e2pµ/T (1 + ỹmp�2)

�1

<latexit sha1_base64="oKuIJqKnNTXBmvKf0hYD4A1bxoU=">AAACFXicbVC7SgNBFJ31GeMrainCYBCswm4IaiMEbCwjmAcka7g7uUmGzD6YmRXCksqP8BtstbYTW2tL/8TZZAuTeODCmXPu5c49XiS40rb9ba2srq1vbOa28ts7u3v7hYPDhgpjybDOQhHKlgcKBQ+wrrkW2Iokgu8JbHqjm9RvPqJUPAzu9ThC14dBwPucgTZSt3DS8UDScRfoNcWHJH11MFJcGBMm3ULRLtlT0GXiZKRIMtS6hZ9OL2Sxj4FmApRqO3ak3QSk5kzgJN+JFUbARjDAtqEB+KjcZHrGhJ4ZpUf7oTQVaDpV/04k4Cs19j3T6YMeqkUvFf/z2rHuX7kJD6JYY8Bmi/qxoDqkaSa0xyUyLcaGAJPc/JWyIUhg2iQ3t8Xz00ycxQSWSaNcci5KlbtKsVrO0smRY3JKzolDLkmV3JIaqRNGnsgLeSVv1rP1bn1Yn7PWFSubOSJzsL5+Ad9LnyU=</latexit>

ȳa = e✏̄a

Pleateau values
<latexit sha1_base64="v2xNSKDEvHFeUo/G22HFuCSu29M=">AAAE4nicpVRdb9MwFPXaAKN8dfDIi0W1atPargkTINFJ03jhsWjrNqlpI8dxt6i24yXOpCqy4Jk3xCt/jEce+Rc4H4z0CyHhKNHNub7n3HsUxxXUj2S3+32jUjXu3L23eb/24OGjx0/qW0/PoiAOMRnggAbhhYsiQn1OBtKXlFyIkCDmUnLuTt+l+fMbEkZ+wE/lTJARQ5fcn/gYSQ05W5WftovCZKac5Ngx1diCzUNo7pVAS9 mtls0DHjOXhLZdK+VoUbAzV5HQtqnU7iK4l4KaC8LtZtPs0R53jvVr7f+56RxwspuxXsfIg/RQi2SCWbRO7mSVlGbdLyNM+3Pb/x+661Qof0L7rb5auerqudityeWOx4meqjyDlQutoZiusIY5yXTJmhRcsH3aE21rre26QKdVwb8oINovlwXEClWh8onWfTm/y3IZMk4sYbN4/1QtcVvqbyziHxmybpx6o9vpZgsuB2YRNECx+k79h+0FOGaES0xRFA3NrpCjBIXSx5Somh1HRCA8RZdkqEOOGIlGSXYmFdzWiAcnQahvLmGGlisSxKJoxly9kyF5FS3mUnBVbhjLyZtR4nMRS8JxLjSJKZQBTA849PyQYElnOkA49HWvEF+hEGGpfwNzKi5LPTEXHVgOzqyO+apz8OGgcdQp3NkEz8ELsANM8BocgfegDwYAV/vVm+rH6ifDMz4bX4yv+dbKRlHzDMwt49svLy+Qbw==</latexit>

ȳ2B1
= 1 + ȳB2 ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl+1) ,

ȳ2Bl
= (1 + ȳBl�1)(1 + ȳBl)(1 + ȳS) , l = nB

ȳ2S = (1 + ȳBl)/(1 + ȳm1) , l = nB

ȳ2m1
= (1 + ȳ�1

S )(1 + ȳ2) ,

ȳ2mk
= (1 + ȳmk�1)(1 + ȳmk+1) ,

ȳ2mp�2
= (1 + ȳmp�3)(1 + ȳmp�1)(1 + ȳ�1

mp
) ,

ȳ2mp�1
= e2pµ/T (1 + ȳmp�2) ,

ȳ2mp
= e2pµ/T (1 + ȳmp�2)

�1

<latexit sha1_base64="4+3BJicbmmtgGr8IkB0Zu4ftddY="></latexit>

L(x) = �1

2

xZ

0

dy

✓
log y

1� y
+

log(1� y)

y

◆

<latexit sha1_base64="MLUMqgVtbyWCx4efcUaz4NioZKM="></latexit>

f = T 2

0

@
nBX

k=1

L(#̄Bk) + L(#̄S)�
nmX

j=1

⌘mj

h
L(#̄mj )� L(#̃mj )

i
1

A =
⇡2T 2

6

Rogers dilogarithm
<latexit sha1_base64="R6LMsxEFrkPoa9zXt6rZ3zLh7uM=">AAACHHicbVDLSsNAFJ3UV62vqks3wSoIQkmkqBuh4MZlBfuAJoab6U07dPJgZlIooT/gR/gNbnXtTtwKLv0Tp4+FbT0wcDj3XM6d4yecSWVZ30ZuZXVtfSO/Wdja3tndK+4fNGScCop1GvNYtHyQyFmEdcUUx1YiEEKfY9Pv347nzQEKyeLoQQ0TdEPoRixgFJSWvOKJMwCheqjAgxsnEEDtzD7Hx8zBRDKuLTAaecWSVbYmMJeJPSMlMkPNK/44nZimIUaKcpCybVuJcjOdxCjHUcFJJSZA+9DFtqYRhCjdbPKbkXmqlY4ZxEK/SJkT9e9GBqGUw9DXzhBUTy7OxuJ/s3aqgms3Y1GSKozoNChIualic1yN2WECqeJDTYAKpm81aQ90JUoXOJfih+NO7MUGlknjomxfliv3lVK1MmsnT47IMTkjNrkiVXJHaqROKHkiL+SVvBnPxrvxYXxOrTljtnNI5mB8/QJiNKKq</latexit>

#a =
1

1 + e✏a



Cross-check: NLIE

Nonlinear integral equation (Destri-De Vega)
<latexit sha1_base64="qQbRLy6MHzeUbw7iy0Vqv/H3EAI="></latexit>

Z(✓) =
M

T
sinh ✓ � i

1Z

�1

d✓0

2⇡
�0(✓ � ✓0 � i") log

⇣
1 + eiZ(✓0+i")

⌘
+ i

1Z

�1

d✓0

2⇡
�0(✓ � ✓0 + i") log

⇣
1 + e�iZ(✓0�i")

⌘

<latexit sha1_base64="88ONvCxLn4Jl17Zh9Yes5/g9hKQ="></latexit>

f

T
= �2 Im

1Z

�1

d✓

2⇡
M sinh(✓ + i") log

⇣
1 + eiZ(✓+i")

⌘

C. Destri, H. J. de Vega, NPB '95



Cross-check: NLIE

Does not rely on the string hypothesis! No magnons, breathers do not appear, only the kinks!

Nonlinear integral equation (Destri-De Vega)
<latexit sha1_base64="qQbRLy6MHzeUbw7iy0Vqv/H3EAI="></latexit>

Z(✓) =
M

T
sinh ✓ � i

1Z

�1

d✓0

2⇡
�0(✓ � ✓0 � i") log

⇣
1 + eiZ(✓0+i")

⌘
+ i

1Z

�1

d✓0

2⇡
�0(✓ � ✓0 + i") log

⇣
1 + e�iZ(✓0�i")

⌘

<latexit sha1_base64="88ONvCxLn4Jl17Zh9Yes5/g9hKQ="></latexit>

f

T
= �2 Im

1Z

�1

d✓

2⇡
M sinh(✓ + i") log

⇣
1 + eiZ(✓+i")

⌘

C. Destri, H. J. de Vega, NPB '95



Cross-check: NLIE

Does not rely on the string hypothesis! No magnons, breathers do not appear, only the kinks!

Nonlinear integral equation (Destri-De Vega)
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<latexit sha1_base64="8S/EdMXsEqty1OEFtfuLQzDPSKY=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe8kqI0QsLERIuRMIDnC3mYvWbK7d+zuCSHcb7DV2k5s/TGW/hM3yRUm8cHA470ZZuaFCWfauO63U1hb39jcKm6Xdnb39g/Kh0dPOk4VoT6JeazaIdaUM0l9wwyn7URRLEJOW+Hobuq3nqnSLJZNM05oIPBAsogRbKzkNy8ebr1eueJW3RnQKvFyUoEcjV75p9uPSSqoNIRjrTuem5hggpVhhNOs1E01TTAZ4QHtWCqxoDqYzI7N0JlV+iiKlS1p0Ez9OzHBQuuxCG2nwGaol72p+J/XSU10E0yYTFJDJZkvilKOTIymn6M+U5QYPrYEE8XsrYgMscLE2HwWtoQis5l4ywmskqfLqndVrT3WKvVank4RTuAUzsGDa6jDPTTABwIMXuAV3pzMeXc+nM95a8HJZ45hAc7XL1hdlHs=</latexit>

T/M = 1

<latexit sha1_base64="Mvp2cd3uMVuSQjrLcS7wbIcUCPU="></latexit>

⇢tota =

✓
p0a
2⇡

◆dr

<latexit sha1_base64="Qn+IOsCLkSUNDkvemHeUxrrptvk="></latexit>

@t⇢
r(✓;x, t) + @x[v

e↵(✓;x, t)⇢r(✓;x, t)] = 0



ve↵a (✓) =
(@✓ea)dr(✓)

(@✓pa)dr(✓)
=

(@✓ea)dr(✓)

2⇡⇢tota (✓)
<latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="Osbwue7uNXkiYBKnNqtiS1u7+aU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odhu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx85C4o5</latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="oK2lchZiZ7A65X1EBNyx96twcx0="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit>

Effective velocity

Generalised HydroDynamics

<latexit sha1_base64="8S/EdMXsEqty1OEFtfuLQzDPSKY=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe8kqI0QsLERIuRMIDnC3mYvWbK7d+zuCSHcb7DV2k5s/TGW/hM3yRUm8cHA470ZZuaFCWfauO63U1hb39jcKm6Xdnb39g/Kh0dPOk4VoT6JeazaIdaUM0l9wwyn7URRLEJOW+Hobuq3nqnSLJZNM05oIPBAsogRbKzkNy8ebr1eueJW3RnQKvFyUoEcjV75p9uPSSqoNIRjrTuem5hggpVhhNOs1E01TTAZ4QHtWCqxoDqYzI7N0JlV+iiKlS1p0Ez9OzHBQuuxCG2nwGaol72p+J/XSU10E0yYTFJDJZkvilKOTIymn6M+U5QYPrYEE8XsrYgMscLE2HwWtoQis5l4ywmskqfLqndVrT3WKvVank4RTuAUzsGDa6jDPTTABwIMXuAV3pzMeXc+nM95a8HJZ45hAc7XL1hdlHs=</latexit>

T/M = 1

<latexit sha1_base64="Mvp2cd3uMVuSQjrLcS7wbIcUCPU="></latexit>

⇢tota =

✓
p0a
2⇡

◆dr

<latexit sha1_base64="Qn+IOsCLkSUNDkvemHeUxrrptvk="></latexit>

@t⇢
r(✓;x, t) + @x[v

e↵(✓;x, t)⇢r(✓;x, t)] = 0

• The magnons can have nonzero dressed momentum and energy!

Note:



ve↵a (✓) =
(@✓ea)dr(✓)

(@✓pa)dr(✓)
=

(@✓ea)dr(✓)

2⇡⇢tota (✓)
<latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="Osbwue7uNXkiYBKnNqtiS1u7+aU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odhu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx85C4o5</latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="oK2lchZiZ7A65X1EBNyx96twcx0="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit>

Effective velocity

Generalised HydroDynamics

<latexit sha1_base64="8S/EdMXsEqty1OEFtfuLQzDPSKY=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe8kqI0QsLERIuRMIDnC3mYvWbK7d+zuCSHcb7DV2k5s/TGW/hM3yRUm8cHA470ZZuaFCWfauO63U1hb39jcKm6Xdnb39g/Kh0dPOk4VoT6JeazaIdaUM0l9wwyn7URRLEJOW+Hobuq3nqnSLJZNM05oIPBAsogRbKzkNy8ebr1eueJW3RnQKvFyUoEcjV75p9uPSSqoNIRjrTuem5hggpVhhNOs1E01TTAZ4QHtWCqxoDqYzI7N0JlV+iiKlS1p0Ez9OzHBQuuxCG2nwGaol72p+J/XSU10E0yYTFJDJZkvilKOTIymn6M+U5QYPrYEE8XsrYgMscLE2HwWtoQis5l4ywmskqfLqndVrT3WKvVank4RTuAUzsGDa6jDPTTABwIMXuAV3pzMeXc+nM95a8HJZ45hAc7XL1hdlHs=</latexit>

T/M = 1

<latexit sha1_base64="Mvp2cd3uMVuSQjrLcS7wbIcUCPU="></latexit>

⇢tota =

✓
p0a
2⇡

◆dr

<latexit sha1_base64="Qn+IOsCLkSUNDkvemHeUxrrptvk="></latexit>

@t⇢
r(✓;x, t) + @x[v

e↵(✓;x, t)⇢r(✓;x, t)] = 0

• The magnons can have nonzero dressed momentum and energy!
• The breathers can have nonzero dressed topological charge.

Note:



ve↵a (✓) =
(@✓ea)dr(✓)

(@✓pa)dr(✓)
=

(@✓ea)dr(✓)

2⇡⇢tota (✓)
<latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="Osbwue7uNXkiYBKnNqtiS1u7+aU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odhu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx85C4o5</latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="oK2lchZiZ7A65X1EBNyx96twcx0="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit>

Effective velocity

Generalised HydroDynamics

<latexit sha1_base64="8S/EdMXsEqty1OEFtfuLQzDPSKY=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe8kqI0QsLERIuRMIDnC3mYvWbK7d+zuCSHcb7DV2k5s/TGW/hM3yRUm8cHA470ZZuaFCWfauO63U1hb39jcKm6Xdnb39g/Kh0dPOk4VoT6JeazaIdaUM0l9wwyn7URRLEJOW+Hobuq3nqnSLJZNM05oIPBAsogRbKzkNy8ebr1eueJW3RnQKvFyUoEcjV75p9uPSSqoNIRjrTuem5hggpVhhNOs1E01TTAZ4QHtWCqxoDqYzI7N0JlV+iiKlS1p0Ez9OzHBQuuxCG2nwGaol72p+J/XSU10E0yYTFJDJZkvilKOTIymn6M+U5QYPrYEE8XsrYgMscLE2HwWtoQis5l4ywmskqfLqndVrT3WKvVank4RTuAUzsGDa6jDPTTABwIMXuAV3pzMeXc+nM95a8HJZ45hAc7XL1hdlHs=</latexit>

T/M = 1

<latexit sha1_base64="Mvp2cd3uMVuSQjrLcS7wbIcUCPU="></latexit>

⇢tota =

✓
p0a
2⇡

◆dr

<latexit sha1_base64="Qn+IOsCLkSUNDkvemHeUxrrptvk="></latexit>

@t⇢
r(✓;x, t) + @x[v

e↵(✓;x, t)⇢r(✓;x, t)] = 0

• The magnons can have nonzero dressed momentum and energy!
• The breathers can have nonzero dressed topological charge.
• At zero chemical potential, only the last two magnons have nonzero dressed charge!

Note:



ve↵a (✓) =
(@✓ea)dr(✓)

(@✓pa)dr(✓)
=

(@✓ea)dr(✓)

2⇡⇢tota (✓)
<latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="Osbwue7uNXkiYBKnNqtiS1u7+aU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odhu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx85C4o5</latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="mYWk3I5qB89k66+gdJGT4ZNyLBA="></latexit><latexit sha1_base64="oK2lchZiZ7A65X1EBNyx96twcx0="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit><latexit sha1_base64="YlKVMCLMoN502bTeLFo94u/GQYw="></latexit>

Effective velocity

Generalised HydroDynamics

<latexit sha1_base64="8S/EdMXsEqty1OEFtfuLQzDPSKY=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe8kqI0QsLERIuRMIDnC3mYvWbK7d+zuCSHcb7DV2k5s/TGW/hM3yRUm8cHA470ZZuaFCWfauO63U1hb39jcKm6Xdnb39g/Kh0dPOk4VoT6JeazaIdaUM0l9wwyn7URRLEJOW+Hobuq3nqnSLJZNM05oIPBAsogRbKzkNy8ebr1eueJW3RnQKvFyUoEcjV75p9uPSSqoNIRjrTuem5hggpVhhNOs1E01TTAZ4QHtWCqxoDqYzI7N0JlV+iiKlS1p0Ez9OzHBQuuxCG2nwGaol72p+J/XSU10E0yYTFJDJZkvilKOTIymn6M+U5QYPrYEE8XsrYgMscLE2HwWtoQis5l4ywmskqfLqndVrT3WKvVank4RTuAUzsGDa6jDPTTABwIMXuAV3pzMeXc+nM95a8HJZ45hAc7XL1hdlHs=</latexit>

T/M = 1

<latexit sha1_base64="Mvp2cd3uMVuSQjrLcS7wbIcUCPU="></latexit>

⇢tota =

✓
p0a
2⇡

◆dr

<latexit sha1_base64="Qn+IOsCLkSUNDkvemHeUxrrptvk="></latexit>

@t⇢
r(✓;x, t) + @x[v

e↵(✓;x, t)⇢r(✓;x, t)] = 0

• The magnons can have nonzero dressed momentum and energy!
• The breathers can have nonzero dressed topological charge.
• At zero chemical potential, only the last two magnons have nonzero dressed charge!

Note:



Partitioning protocol

wa =

(
wa,L =

P
b �

b
LQ

(b)
a , x < 0 ,

wa,R =
P

b �
b
RQ

(b)
a , x > 0 .

<latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit>

⇣ = x/t
<latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit>

Bertini et al., RMP '21



Partitioning protocol

#a(⇣, ✓) = ⇥
�
ve↵a (⇣, ✓)� ⇣

�
#a,L(✓) +⇥

�
⇣ � ve↵a (⇣, ✓)

�
#a,R(✓)

<latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit>

wa =

(
wa,L =

P
b �

b
LQ

(b)
a , x < 0 ,

wa,R =
P

b �
b
RQ

(b)
a , x > 0 .

<latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit>

⇣ = x/t
<latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit>

Bertini et al., RMP '21



Partitioning protocol

#a(⇣, ✓) = ⇥
�
ve↵a (⇣, ✓)� ⇣

�
#a,L(✓) +⇥

�
⇣ � ve↵a (⇣, ✓)

�
#a,R(✓)

<latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit>

wa =

(
wa,L =

P
b �

b
LQ

(b)
a , x < 0 ,

wa,R =
P

b �
b
RQ

(b)
a , x > 0 .

<latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit>

Charge and current density profiles

⇣ = x/t
<latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit>

Bertini et al., RMP '21

<latexit sha1_base64="e7CJUCimpC+M1y2TVUvnkRgt6Rw=">AAACB3icbZDLSsNAFIYn9VbrpVGXbgaL4KokUtSNUHDjsoK9QBvKZDpph04mYeZErCEP4DO41bU7cetjuPRNnLZZ2NYfDvz85xzO4fNjwTU4zrdVWFvf2Nwqbpd2dvf2y/bBYUtHiaKsSSMRqY5PNBNcsiZwEKwTK0ZCX7C2P76Z9tsPTGkeyXuYxMwLyVDygFMCJurb5d4TA3LdCxSh6WMGfbviVJ2Z8Kpxc1NBuRp9+6c3iGgSMglUEK27rhODlxIFnAqWlXqJZjGhYzJkXWMlCZn20tnjGT41yQAHkTIlAc/SvxspCbWehL6ZDAmM9HJvGv7X6yYQXHkpl3ECTNL5oSARGCI8pYAHXDEKYmIMoYqbXzEdEcMADKuFK36YGSbuMoFV0zqvuhfV2l2tUq/ldIroGJ2gM+SiS1RHt6iBmoiiBL2gV/RmPVvv1of1OR8tWPnOEVqQ9fULKWSZ+w==</latexit>

⇣ =
x

t



Partitioning protocol

#a(⇣, ✓) = ⇥
�
ve↵a (⇣, ✓)� ⇣

�
#a,L(✓) +⇥

�
⇣ � ve↵a (⇣, ✓)

�
#a,R(✓)

<latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit><latexit sha1_base64="rkMzUOmCg3NBWwAOD50PxqHKRFo="></latexit>

wa =

(
wa,L =

P
b �

b
LQ

(b)
a , x < 0 ,

wa,R =
P

b �
b
RQ

(b)
a , x > 0 .

<latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit><latexit sha1_base64="MsCZ2MOeIDixTAlPTlW9ZmYEiM8="></latexit>

Charge and current density profiles

⇣ = x/t
<latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit><latexit sha1_base64="rHaK8zrOP9quFfexNLauCbinr64=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKe5KQC9CwIvHCOYhyRJmJ51kyMzuMtMrxiVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIEUIdRQooRVrYCqQ0AxG11O/+QDaiCi8w3EMvmKDUPQFZ2il+84TILt6PMNuseSW3RnoMvEyUiIZat3iV6cX8URBiFwyY9qeG6OfMo2CS5gUOomBmPERG0Db0pApMH46O3hCT6zSo/1I2wqRztTfEylTxoxVYDsVw6FZ9Kbif147wf6ln4owThBCPl/UTyTFiE6/pz2hgaMcW8K4FvZWyodMM442o4INwVt8eZk0zsueV/ZuK6VqJYsjT47IMTklHrkgVXJDaqROOFHkmbySN0c7L8678zFvzTnZzCH5A+fzB4v7kC8=</latexit>

Bertini et al., RMP '21

Cusps at maximal velocities of various excitations.         See L. Piroli et al., PRB '17

<latexit sha1_base64="e7CJUCimpC+M1y2TVUvnkRgt6Rw=">AAACB3icbZDLSsNAFIYn9VbrpVGXbgaL4KokUtSNUHDjsoK9QBvKZDpph04mYeZErCEP4DO41bU7cetjuPRNnLZZ2NYfDvz85xzO4fNjwTU4zrdVWFvf2Nwqbpd2dvf2y/bBYUtHiaKsSSMRqY5PNBNcsiZwEKwTK0ZCX7C2P76Z9tsPTGkeyXuYxMwLyVDygFMCJurb5d4TA3LdCxSh6WMGfbviVJ2Z8Kpxc1NBuRp9+6c3iGgSMglUEK27rhODlxIFnAqWlXqJZjGhYzJkXWMlCZn20tnjGT41yQAHkTIlAc/SvxspCbWehL6ZDAmM9HJvGv7X6yYQXHkpl3ECTNL5oSARGCI8pYAHXDEKYmIMoYqbXzEdEcMADKuFK36YGSbuMoFV0zqvuhfV2l2tUq/ldIroGJ2gM+SiS1RHt6iBmoiiBL2gV/RmPVvv1of1OR8tWPnOEVqQ9fULKWSZ+w==</latexit>

⇣ =
x

t



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)

B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

GHD:

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)

B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

Dq =
@

@�µ

Z
d⇣ j (⇣)

����
�µ=0

<latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit>

Partitioning protocol with infinitesimal bias:
GHD:

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)

B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

Dq =
@

@�µ

Z
d⇣ j (⇣)

����
�µ=0

<latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit>

Partitioning protocol with infinitesimal bias:
GHD:

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

Integral expression with dressed quantities:

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)

B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

Dq =
@

@�µ

Z
d⇣ j (⇣)

����
�µ=0

<latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit>

Partitioning protocol with infinitesimal bias:
GHD:

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

Integral expression with dressed quantities:

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)

B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

Dq =
@

@�µ

Z
d⇣ j (⇣)

����
�µ=0

<latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit>

Partitioning protocol with infinitesimal bias:
GHD:

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

Integral expression with dressed quantities:

Fractal (popcorn) dependence on the coupling!

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)

B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

Dq =
@

@�µ

Z
d⇣ j (⇣)

����
�µ=0

<latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit>

Partitioning protocol with infinitesimal bias:
GHD:

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

Integral expression with dressed quantities:

Fractal (popcorn) dependence on the coupling!

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)
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Dq/M

B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17



Drude weight

<latexit sha1_base64="uFeKF0F1nzUbicqO7zys8tFLNIQ="></latexit>

Dik = lim
⌧!1

1

2⌧

⌧Z

�⌧

dt

Z
dx hj(i)(x, t)j(k)(0, 0)ic

Dq =
@

@�µ

Z
d⇣ j (⇣)

����
�µ=0

<latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit><latexit sha1_base64="SDFNEveEtnHhKyi5SW+gM6ZBf7M="></latexit>

Partitioning protocol with infinitesimal bias:
GHD:

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

Integral expression with dressed quantities:

Fractal (popcorn) dependence on the coupling!

<latexit sha1_base64="Xsux3IVH6n4A/Dtb1GspZk2/tNU="></latexit>

Re�ik(!) = 2⇡D̃ik�(!) + �reg
ik (!)
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B. Doyon, H. Spohn ’17

E. Ilievski, J. De Nardis '17

XXZ:

T. Prosen, E. Ilievski '13

E. Ilievski, J. De Nardis '17



Drude weight, low T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>



Drude weight, low T

<latexit sha1_base64="eOhY5b+3UozqOshiH1IaCbRz1XU="></latexit>

Dlow-T
q = 2

Z
d✓

2⇡

M cosh ✓ e�M cosh ✓/T

�
1+e�M cosh ✓/T

�2 tanh2 ✓

Reflectionless points: the source terms dominate, dressing can be neglected

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>



Drude weight, low T

<latexit sha1_base64="eOhY5b+3UozqOshiH1IaCbRz1XU="></latexit>

Dlow-T
q = 2

Z
d✓

2⇡

M cosh ✓ e�M cosh ✓/T

�
1+e�M cosh ✓/T

�2 tanh2 ✓

Reflectionless points: the source terms dominate, dressing can be neglected

Repulsive regime (1 level,         ): magnonic fillings are constant, only last two magnons contribute
<latexit sha1_base64="iEXcLuYStunrSkM+8KjrXn3Z37Q=">AAACCHicbVDLSgMxFM34rPU16tJNsAiuyowUdVlw47KCfWBnKEmaaUOTzJBkimXoD/gNbnXtTtz6Fy79EzPtLGzrgQuHc+7lHg5OONPG876dtfWNza3t0k55d2//4NA9Om7pOFWENknMY9XBSFPOJG0aZjjtJIoigTlt49Ft7rfHVGkWywczSWgo0ECyiBFkrNRz3eCJBUwGApkhxtnjtOdWvKo3A1wlfkEqoECj5/4E/ZikgkpDONK663uJCTOkDCOcTstBqmmCyAgNaNdSiQTVYTZLPoXnVunDKFZ2pIEz9e9FhoTWE4HtZp5QL3u5+J/XTU10E2ZMJqmhkswfRSmHJoZ5DbDPFCWGTyxBRDGbFZIhUogYW9bCFyzyTvzlBlZJ67LqX1Vr97VKvVa0UwKn4AxcAB9cgzq4Aw3QBASMwQt4BW/Os/PufDif89U1p7g5AQtwvn4B8VaaaA==</latexit>

⇠ 2 Z

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>



Drude weight, low T

<latexit sha1_base64="eOhY5b+3UozqOshiH1IaCbRz1XU="></latexit>

Dlow-T
q = 2

Z
d✓

2⇡

M cosh ✓ e�M cosh ✓/T

�
1+e�M cosh ✓/T

�2 tanh2 ✓

Reflectionless points: the source terms dominate, dressing can be neglected

Repulsive regime (1 level,         ): magnonic fillings are constant, only last two magnons contribute
<latexit sha1_base64="iEXcLuYStunrSkM+8KjrXn3Z37Q=">AAACCHicbVDLSgMxFM34rPU16tJNsAiuyowUdVlw47KCfWBnKEmaaUOTzJBkimXoD/gNbnXtTtz6Fy79EzPtLGzrgQuHc+7lHg5OONPG876dtfWNza3t0k55d2//4NA9Om7pOFWENknMY9XBSFPOJG0aZjjtJIoigTlt49Ft7rfHVGkWywczSWgo0ECyiBFkrNRz3eCJBUwGApkhxtnjtOdWvKo3A1wlfkEqoECj5/4E/ZikgkpDONK663uJCTOkDCOcTstBqmmCyAgNaNdSiQTVYTZLPoXnVunDKFZ2pIEz9e9FhoTWE4HtZp5QL3u5+J/XTU10E2ZMJqmhkswfRSmHJoZ5DbDPFCWGTyxBRDGbFZIhUogYW9bCFyzyTvzlBlZJ67LqX1Vr97VKvVa0UwKn4AxcAB9cgzq4Aw3QBASMwQt4BW/Os/PufDif89U1p7g5AQtwvn4B8VaaaA==</latexit>

⇠ 2 Z

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

B. Bertini, L. Piroli, M.K., PRB '19can be calculated
<latexit sha1_base64="vGbOn5y+4dIaYfbNZE2YBCGDX68=">AAACCXicbVDLSsNAFJ3UV62vVJdugkVwVRIp6rLgxmUF+4Amhsl00g6dZMLMjVpCvsBvcKtrd+LWr3Dpnzhts7CtBy4czrmXczlBwpkC2/42SmvrG5tb5e3Kzu7e/oFZPewokUpC20RwIXsBVpSzmLaBAae9RFIcBZx2g/H11O8+UKmYiO9gklAvwsOYhYxg0JJvVl05Evcu0CfIQEDuY9+s2XV7BmuVOAWpoQIt3/xxB4KkEY2BcKxU37ET8DIsgRFO84qbKppgMsZD2tc0xhFVXjZ7PbdOtTKwQiH1xGDN1L8XGY6UmkSB3owwjNSyNxX/8/ophFdexuIkBRqTeVCYcguENe3BGjBJCfCJJphIpn+1yAhLTEC3tZASRLnuxFluYJV0zuvORb1x26g1G0U7ZXSMTtAZctAlaqIb1EJtRNAjekGv6M14Nt6ND+NzvloyipsjtADj6xclzZsZ</latexit>

⇢tota



Drude weight, low T

<latexit sha1_base64="N6ZSGVS4HZv7wrn2OP2pIlHGD10="></latexit>

Dlow-T
q = e�M/T

p
2T 5/2

⇡3/2M3/2

2⇡/⇠ � sin(2⇡/⇠)

⇠ sin2(⇡/⇠)

<latexit sha1_base64="eOhY5b+3UozqOshiH1IaCbRz1XU="></latexit>

Dlow-T
q = 2

Z
d✓

2⇡

M cosh ✓ e�M cosh ✓/T

�
1+e�M cosh ✓/T

�2 tanh2 ✓

Reflectionless points: the source terms dominate, dressing can be neglected

Repulsive regime (1 level,         ): magnonic fillings are constant, only last two magnons contribute
<latexit sha1_base64="iEXcLuYStunrSkM+8KjrXn3Z37Q=">AAACCHicbVDLSgMxFM34rPU16tJNsAiuyowUdVlw47KCfWBnKEmaaUOTzJBkimXoD/gNbnXtTtz6Fy79EzPtLGzrgQuHc+7lHg5OONPG876dtfWNza3t0k55d2//4NA9Om7pOFWENknMY9XBSFPOJG0aZjjtJIoigTlt49Ft7rfHVGkWywczSWgo0ECyiBFkrNRz3eCJBUwGApkhxtnjtOdWvKo3A1wlfkEqoECj5/4E/ZikgkpDONK663uJCTOkDCOcTstBqmmCyAgNaNdSiQTVYTZLPoXnVunDKFZ2pIEz9e9FhoTWE4HtZp5QL3u5+J/XTU10E2ZMJqmhkswfRSmHJoZ5DbDPFCWGTyxBRDGbFZIhUogYW9bCFyzyTvzlBlZJ67LqX1Vr97VKvVa0UwKn4AxcAB9cgzq4Aw3QBASMwQt4BW/Os/PufDif89U1p7g5AQtwvn4B8VaaaA==</latexit>

⇠ 2 Z

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

B. Bertini, L. Piroli, M.K., PRB '19can be calculated
<latexit sha1_base64="vGbOn5y+4dIaYfbNZE2YBCGDX68=">AAACCXicbVDLSsNAFJ3UV62vVJdugkVwVRIp6rLgxmUF+4Amhsl00g6dZMLMjVpCvsBvcKtrd+LWr3Dpnzhts7CtBy4czrmXczlBwpkC2/42SmvrG5tb5e3Kzu7e/oFZPewokUpC20RwIXsBVpSzmLaBAae9RFIcBZx2g/H11O8+UKmYiO9gklAvwsOYhYxg0JJvVl05Evcu0CfIQEDuY9+s2XV7BmuVOAWpoQIt3/xxB4KkEY2BcKxU37ET8DIsgRFO84qbKppgMsZD2tc0xhFVXjZ7PbdOtTKwQiH1xGDN1L8XGY6UmkSB3owwjNSyNxX/8/ophFdexuIkBRqTeVCYcguENe3BGjBJCfCJJphIpn+1yAhLTEC3tZASRLnuxFluYJV0zuvORb1x26g1G0U7ZXSMTtAZctAlaqIb1EJtRNAjekGv6M14Nt6ND+NzvloyipsjtADj6xclzZsZ</latexit>

⇢tota



Drude weight, low T

<latexit sha1_base64="N6ZSGVS4HZv7wrn2OP2pIlHGD10="></latexit>

Dlow-T
q = e�M/T

p
2T 5/2

⇡3/2M3/2

2⇡/⇠ � sin(2⇡/⇠)

⇠ sin2(⇡/⇠)

<latexit sha1_base64="eOhY5b+3UozqOshiH1IaCbRz1XU="></latexit>

Dlow-T
q = 2

Z
d✓

2⇡

M cosh ✓ e�M cosh ✓/T

�
1+e�M cosh ✓/T

�2 tanh2 ✓

Reflectionless points: the source terms dominate, dressing can be neglected

Repulsive regime (1 level,         ): magnonic fillings are constant, only last two magnons contribute
<latexit sha1_base64="iEXcLuYStunrSkM+8KjrXn3Z37Q=">AAACCHicbVDLSgMxFM34rPU16tJNsAiuyowUdVlw47KCfWBnKEmaaUOTzJBkimXoD/gNbnXtTtz6Fy79EzPtLGzrgQuHc+7lHg5OONPG876dtfWNza3t0k55d2//4NA9Om7pOFWENknMY9XBSFPOJG0aZjjtJIoigTlt49Ft7rfHVGkWywczSWgo0ECyiBFkrNRz3eCJBUwGApkhxtnjtOdWvKo3A1wlfkEqoECj5/4E/ZikgkpDONK663uJCTOkDCOcTstBqmmCyAgNaNdSiQTVYTZLPoXnVunDKFZ2pIEz9e9FhoTWE4HtZp5QL3u5+J/XTU10E2ZMJqmhkswfRSmHJoZ5DbDPFCWGTyxBRDGbFZIhUogYW9bCFyzyTvzlBlZJ67LqX1Vr97VKvVa0UwKn4AxcAB9cgzq4Aw3QBASMwQt4BW/Os/PufDif89U1p7g5AQtwvn4B8VaaaA==</latexit>

⇠ 2 Z

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

B. Bertini, L. Piroli, M.K., PRB '19can be calculated
<latexit sha1_base64="vGbOn5y+4dIaYfbNZE2YBCGDX68=">AAACCXicbVDLSsNAFJ3UV62vVJdugkVwVRIp6rLgxmUF+4Amhsl00g6dZMLMjVpCvsBvcKtrd+LWr3Dpnzhts7CtBy4czrmXczlBwpkC2/42SmvrG5tb5e3Kzu7e/oFZPewokUpC20RwIXsBVpSzmLaBAae9RFIcBZx2g/H11O8+UKmYiO9gklAvwsOYhYxg0JJvVl05Evcu0CfIQEDuY9+s2XV7BmuVOAWpoQIt3/xxB4KkEY2BcKxU37ET8DIsgRFO84qbKppgMsZD2tc0xhFVXjZ7PbdOtTKwQiH1xGDN1L8XGY6UmkSB3owwjNSyNxX/8/ophFdexuIkBRqTeVCYcguENe3BGjBJCfCJJphIpn+1yAhLTEC3tZASRLnuxFluYJV0zuvORb1x26g1G0U7ZXSMTtAZctAlaqIb1EJtRNAjekGv6M14Nt6ND+NzvloyipsjtADj6xclzZsZ</latexit>

⇢tota



Drude weight, high T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>



Drude weight, high T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p



Drude weight, high T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p



Drude weight, high T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="h+/WU5SCI0Gt8+bITXxn2B89hA0=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1IwH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1C31pk4U=</latexit>p

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p



Drude weight, high T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="h+/WU5SCI0Gt8+bITXxn2B89hA0=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1IwH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1C31pk4U=</latexit>p

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p

<latexit sha1_base64="A5vV1bu0zUnMAmwEq9vgXQhngSw="></latexit>

⇢ra(✓) =
T

2⇡
✏0a(✓)#a(✓)



Drude weight, high T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="h+/WU5SCI0Gt8+bITXxn2B89hA0=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1IwH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1C31pk4U=</latexit>p

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p

<latexit sha1_base64="A5vV1bu0zUnMAmwEq9vgXQhngSw="></latexit>

⇢ra(✓) =
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<latexit sha1_base64="wJh7IcAX+9wDARjeBSRazEwjXhc="></latexit>
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q =

T
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Drude weight, high T

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="h+/WU5SCI0Gt8+bITXxn2B89hA0=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1IwH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1C31pk4U=</latexit>p

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p

<latexit sha1_base64="A5vV1bu0zUnMAmwEq9vgXQhngSw="></latexit>

⇢ra(✓) =
T

2⇡
✏0a(✓)#a(✓)

<latexit sha1_base64="wJh7IcAX+9wDARjeBSRazEwjXhc="></latexit>

Dhigh-T
q =

T

⇡
p2 2

1Z

0

d✓#0
p�1(✓) =

2T

⇡
p2(#̃p�1 � #̄p�1) =

2T

⇡

⇠

⇠ + 1
=

2T

⇡

�2

8⇡



Drude weight, high T

The           and          limits do not commute!<latexit sha1_base64="gybB4Fm7h+yOIqUTiFNRfrHtyjs=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe4kqGXAxjJCvjB3hL3NXrJkb/fYnROOkMbfYKu1ndj6Tyz9J26SK0zig4HHezPMzAsTwQ247rdT2Njc2t4p7pb29g8Oj8rHJ22jUk1ZiyqhdDckhgkuWQs4CNZNNCNxKFgnHN/N/M4T04Yr2YQsYUFMhpJHnBKw0mPTB+VzGUHWL1fcqjsHXideTiooR6Nf/vEHiqYxk0AFMabnuQkEE6KBU8GmJT81LCF0TIasZ6kkMTPBZH7xFF9YZYAjpW1JwHP178SExMZkcWg7YwIjs+rNxP+8XgrRbTDhMkmBSbpYFKUCg8Kz9/GAa0ZBZJYQqrm9FdMR0YSCDWlpSxhPbSbeagLrpH1V9a6rtYdapV7L0ymiM3SOLpGHblAd3aMGaiGKJHpBr+jNeXbenQ/nc9FacPKZU7QE5+sXn0SXiA==</latexit>

T ! 1
<latexit sha1_base64="+q5xW/MpqpbsvuhO1RSLUMltwCs=">AAACAnicbVC7SgNBFJ31GeMramkzGASrsCtBLQM2lhHMA7JLmJ3MJkNmZ5aZu+KypPMbbLW2E1t/xNI/cZJsYRIPXDiccy/ncsJEcAOu++2srW9sbm2Xdsq7e/sHh5Wj47ZRqaasRZVQuhsSwwSXrAUcBOsmmpE4FKwTjm+nfueRacOVfIAsYUFMhpJHnBKwku8/cR+Uz2UEWb9SdWvuDHiVeAWpogLNfuXHHyiaxkwCFcSYnucmEOREA6eCTcp+alhC6JgMWc9SSWJmgnz28wSfW2WAI6XtSMAz9e9FTmJjsji0mzGBkVn2puJ/Xi+F6CbIuUxSYJLOg6JUYFB4WgAecM0oiMwSQjW3v2I6IppQsDUtpITxxHbiLTewStqXNe+qVr+vVxv1op0SOkVn6AJ56Bo10B1qohaiKEEv6BW9Oc/Ou/PhfM5X15zi5gQtwPn6BWGamIU=</latexit>

⇠ ! 1

Dq =
X

a

Z
d✓⇢tota (✓)#a(✓)[1� #a(✓)]

⇥
ve↵a (✓)qdra (✓)

⇤2

<latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit><latexit sha1_base64="Blr8HR/q5BOajwd0b3kl/GxzkAI="></latexit>

<latexit sha1_base64="0MTs28V0eQRGwI2hnKImWVrE/eQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1PQG5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1Cxo8k0Y=</latexit>

1
<latexit sha1_base64="h+/WU5SCI0Gt8+bITXxn2B89hA0=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqGXAxjIB8wHJEfY2k2TJ7t2xuyccR36BrdZ2YuvPsfSfuEmuMIkPBh7vzTAzL4gF18Z1v53C1vbO7l5xv3RweHR8Uj49a+soUQxbLBKR6gZUo+Ahtgw3AruxQioDgZ1g+jD3O8+oNI/CJ5PG6Es6DvmIM2qs1IwH5YpbdRcgm8TLSQVyNAbln/4wYonE0DBBte55bmz8jCrDmcBZqZ9ojCmb0jH2LA2pRO1ni0Nn5MoqQzKKlK3QkIX6dyKjUutUBrZTUjPR695c/M/rJWZ072c8jBODIVsuGiWCmIjMvyZDrpAZkVpCmeL2VsImVFFmbDYrWwI5s5l46wlskvZN1but1pq1Sr2Wp1OEC7iEa/DgDurwCA1oAQOEF3iFNyd13p0P53PZWnDymXNYgfP1C31pk4U=</latexit>p

<latexit sha1_base64="WiOc7f+M/w09x4zgWL0uaj4w0Mw=">AAACC3icbZDLSsNAFIYnXmu9Rbt0EyyCINSkFHUjFN24rGAv0IQwmU7aoTOTMDMRQ+gj+Axude1O3PoQLn0TJ20WtvWHAz//OYdz+IKYEqls+9tYWV1b39gsbZW3d3b39s2Dw46MEoFwG0U0Er0ASkwJx21FFMW9WGDIAoq7wfg273cfsZAk4g8qjbHH4JCTkCCodOSbFfeJXLuhgMjJuH9z5pzHE9+s2jV7KmvZOIWpgkIt3/xxBxFKGOYKUShl37Fj5WVQKIIonpTdROIYojEc4r62HDIsvWz6/MQ60cnACiOhiytrmv7dyCCTMmWBnmRQjeRiLw//6/UTFV55GeFxojBHs0NhQi0VWTkJa0AERoqm2kAkiP7VQiOoSSjNa+5KwHImziKBZdOp15yLWuO+UW3WCzolcASOwSlwwCVogjvQAm2AQApewCt4M56Nd+PD+JyNrhjFTgXMyfj6BZWZmp0=</latexit>

⇠ =
1

nB + 1/p

<latexit sha1_base64="A5vV1bu0zUnMAmwEq9vgXQhngSw="></latexit>

⇢ra(✓) =
T

2⇡
✏0a(✓)#a(✓)

<latexit sha1_base64="wJh7IcAX+9wDARjeBSRazEwjXhc="></latexit>

Dhigh-T
q =

T

⇡
p2 2

1Z

0

d✓#0
p�1(✓) =

2T

⇡
p2(#̃p�1 � #̄p�1) =

2T

⇡

⇠

⇠ + 1
=

2T

⇡

�2

8⇡
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Energy Drude weight 

The energy Drude weight is continuous.
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Energy Drude weight 

T = 1.
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The energy Drude weight is continuous.
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Ballistic Fluctuation Theory

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>

↵ = 0

J. Myers et al., ’20; Doyon, Myers '20
<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)



Ballistic Fluctuation Theory

<latexit sha1_base64="2MnBiM/mUdrja/uDsu5D6cz0qwA="></latexit>D
e�

R
dtj(x,t)�dxq(x,t)

E
⇣ e`F↵(�)

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2

<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>

F↵(�)

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>

↵ = 0

J. Myers et al., ’20; Doyon, Myers '20
<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)



Ballistic Fluctuation Theory

<latexit sha1_base64="2MnBiM/mUdrja/uDsu5D6cz0qwA="></latexit>D
e�

R
dtj(x,t)�dxq(x,t)

E
⇣ e`F↵(�)

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2

<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>

F↵(�)

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>

↵ = 0

J. Myers et al., ’20; Doyon, Myers '20

<latexit sha1_base64="v1kZdcTTY5qv/vKQ4ATHVDKHb8c="></latexit>D
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sine-Gordon: fluctuations of the phase difference

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>
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<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2

<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>

F↵(�)

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>
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<latexit sha1_base64="v1kZdcTTY5qv/vKQ4ATHVDKHb8c="></latexit>D
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<latexit sha1_base64="jSXDD94Y6gLOIdkSfm6qByUBodw="></latexit>
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cumulants:

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>
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<latexit sha1_base64="2MnBiM/mUdrja/uDsu5D6cz0qwA="></latexit>D
e�

R
dtj(x,t)�dxq(x,t)

E
⇣ e`F↵(�)

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>
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<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>
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<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>
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<latexit sha1_base64="v1kZdcTTY5qv/vKQ4ATHVDKHb8c="></latexit>D
e�

�
2⇡�'(x,t)

E
⇣ e`F↵(�)

sine-Gordon: fluctuations of the phase difference

<latexit sha1_base64="jSXDD94Y6gLOIdkSfm6qByUBodw="></latexit>

cn(↵) =
1

`

⌧✓
�

2⇡
�'(x, t)

◆n�

c

=
dnF↵(�)

d�n

����
�=0

cumulants:

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)

BFT:
<latexit sha1_base64="e1F4aVz5VJ7qDaDLvpNYNDVbYsc="></latexit>

F↵(�) =

Z �

0
d�̄ (cos↵ j�̄ � sin↵ q�̄)

<latexit sha1_base64="yXcQkI7UJ4s1H64cIJnEVNeSabE="></latexit>

@�̄✏�̄(✓) = sgn
�
sin↵� cos↵ ve↵�̄ (✓)

�
qdr�̄ (✓)



Ballistic Fluctuation Theory

<latexit sha1_base64="2MnBiM/mUdrja/uDsu5D6cz0qwA="></latexit>D
e�

R
dtj(x,t)�dxq(x,t)

E
⇣ e`F↵(�)

<latexit sha1_base64="RDMRf+2l3T2CBVvDhW+igKGJziA=">AAACDXicbVDLSsNAFJ3UV62vqLhyM1gEQShJKepGKLhxWcE+oE3LZDpph04eztyIJfQb/Aa3unYnbv0Gl/6JkzYL23rgwuGcezmX40aCK7CsbyO3srq2vpHfLGxt7+zumfsHDRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd0U3qNx+ZVDwM7mEcMccng4B7nBLQUs886jAh8DXuqAcJyVO3fA7d8qRnFq2SNQVeJnZGiihDrWf+dPohjX0WABVEqbZtReAkRAKngk0KnVixiNARGbC2pgHxmXKS6fsTfKqVPvZCqScAPFX/XiTEV2rsu3rTJzBUi14q/ue1Y/CunIQHUQwsoLMgLxYYQpx2gftcMgpirAmhkutfMR0SSSjoxuZSXD/txF5sYJk0yiX7olS5qxSrlaydPDpGJ+gM2egSVdEtqqE6oihBL+gVvRnPxrvxYXzOVnNGdnOI5mB8/QIjoJt5</latexit>

` =
p

x2 + t2

<latexit sha1_base64="5Ocn275WVWJjF0hj7dabVAMNHjQ=">AAACDHicbZDJSgNBEIZ74hbjNi43L4NB8BRmJKgXIeDFYwSzQCaEmk5P0qSnZ+iuEeOQV/AZvOrZm3j1HTz6JnaWg0n8oeDnryqq+IJEcI2u+23lVlbX1jfym4Wt7Z3dPXv/oK7jVFFWo7GIVTMAzQSXrIYcBWsmikEUCNYIBjfjfuOBKc1jeY/DhLUj6Ekecgpooo595CNIH0TSh2s/VECzxxF27KJbcidylo03M0UyU7Vj//jdmKYRk0gFaN3y3ATbGSjkVLBRwU81S4AOoMdaxkqImG5nk+9HzqlJuk4YK1MSnUn6dyODSOthFJjJCLCvF3vj8L9eK8Xwqp1xmaTIJJ0eClPhYOyMUThdrhhFMTQGqOLmV4f2wTBAA2zuShCNDBNvkcCyqZ+XvItS+a5crJRndPLkmJyQM+KRS1Iht6RKaoSSJ/JCXsmb9Wy9Wx/W53Q0Z812DsmcrK9fEz6cHg==</latexit>

tan↵ =
x

t: Full Counting Statistics (FCS), scaled cumulant generating function
<latexit sha1_base64="Yyc22ktwmXuVkqbkgYm1iBSJQUY=">AAACCXicbVDLSsNAFJ3UV62vVJduBotQNyWR4mNXEMRlBfuAJoSb6aQdOnkwM1FK6Bf4DW517U7c+hUu/ROnbRa29cCFwzn3cC/HTziTyrK+jcLa+sbmVnG7tLO7t39glg/bMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fijm6nfeaRCsjh6UOOEuiEMIhYwAkpLnlm+9RzgyRCqDtepPpx5ZsWqWTPgVWLnpIJyND3zx+nHJA1ppAgHKXu2lSg3A6EY4XRSclJJEyAjGNCephGEVLrZ7PUJPtVKHwex0BMpPFP/JjIIpRyHvt4MQQ3lsjcV//N6qQqu3IxFSapoROaHgpRjFeNpD7jPBCWKjzUBIpj+FZMhCCBKt7VwxQ8nuhN7uYFV0j6v2Re1+n290rjO2ymiY3SCqshGl6iB7lATtRBBT+gFvaI349l4Nz6Mz/lqwcgzR2gBxtcvXbSaAA==</latexit>

F↵(�)

<latexit sha1_base64="VvghsSquI0WQ+SxQJVgYoLE8M/4=">AAAB/nicbVA9SwNBEJ3zM8avqKXNYhCswp0EtRECNpYRzAckR5jb7CVL9vaO3T0hHAF/g63WdmLrX7H0n7hJrjCJDwYe780wMy9IBNfGdb+dtfWNza3twk5xd2//4LB0dNzUcaooa9BYxKodoGaCS9Yw3AjWThTDKBCsFYzupn7riSnNY/loxgnzIxxIHnKKxkrtLopkiLdur1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbvhJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ70uWLUiLElSBW3txI6RIXU2IgWtgTRxGbiLSewSpqXFe+qUn2olmvVPJ0CnMIZXIAH11CDe6hDAygIeIFXeHOenXfnw/mct645+cwJLMD5+gVG7ZYq</latexit>

↵ = 0

J. Myers et al., ’20; Doyon, Myers '20

<latexit sha1_base64="v1kZdcTTY5qv/vKQ4ATHVDKHb8c="></latexit>D
e�

�
2⇡�'(x,t)

E
⇣ e`F↵(�)

sine-Gordon: fluctuations of the phase difference

<latexit sha1_base64="jSXDD94Y6gLOIdkSfm6qByUBodw="></latexit>

cn(↵) =
1

`

⌧✓
�

2⇡
�'(x, t)

◆n�

c

=
dnF↵(�)

d�n

����
�=0

cumulants:

2nd cumulant:
<latexit sha1_base64="yTUdi3X0zOVHQcbDaeALpocUuUw="></latexit>

c2 =
X

a

Z
d✓⇢r(✓)(1� #a(✓))

��ve↵a (✓) cos↵� sin↵
�� qdra (✓)2

<latexit sha1_base64="EUmAbKVAGl5Xg9pYfOO/qNAd6Mw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3fH7pwQjvwCW63txNafY+k/cZNcoYkPBh7vzTAzL0ikMOi6X05ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCki3kaBkvcSzakKJO8G0/uF333i2og4esRZwn1Fx5EIBaNopRYOyxW36i5BNomXkwrkaA7L34NRzFLFI2SSGtP33AT9jGoUTPJ5aZAanlA2pWPetzSiihs/Wx46J1dWGZEw1rYiJEv190RGlTEzFdhORXFi1r2F+J/XTzG88zMRJSnyiK0WhakkGJPF12QkNGcoZ5ZQpoW9lbAJ1ZShzebPlkDNbSbeegKbpFOrejfVeqteadTydIpwAZdwDR7cQgMeoAltYMDhGV7g1Zk5b86787FqLTj5zDn8gfP5A4Mbk4c=</latexit>

t

<latexit sha1_base64="fc8wIKqqlc4I4wtnnGJoCHyff/k=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUC5gOSI+xt9pIlu3vH7p54HPkFtlrbia0/x9J/4ia5wiQ+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dHxSfn0rKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML2f+90nqjSL5KNJY+oLPJYsZAQbK7Weh+WKW3UXQJvEy0kFcjSH5Z/BKCKJoNIQjrXue25s/Awrwwins9Ig0TTGZIrHtG+pxIJqP1scOkNXVhmhMFK2pEEL9e9EhoXWqQhsp8Bmote9ufif109MeOdnTMaJoZIsF4UJRyZC86/RiClKDE8twUQxeysiE6wwMTablS2BmNlMvPUENkmnVvVuqvVWvdKo5ekU4QIu4Ro8uIUGPEAT2kCAwgu8wpuTOu/Oh/O5bC04+cw5rMD5+gWJZ5OL</latexit>x

<latexit sha1_base64="7i6t5e3eENbp+wNRFWAq2fPYuSY=">AAAB/HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUMuAjWUE8wHJEeY2m2TN7t2xuyeEI/4GW63txNb/Yuk/cZNcYRIfDDzem2FmXhALro3rfju5jc2t7Z38bmFv/+DwqHh80tRRoihr0EhEqh2gZoKHrGG4EawdK4YyEKwVjG9nfuuJKc2j8MFMYuZLHIZ8wCkaKzW7KOIR9oolt+zOQdaJl5ESZKj3ij/dfkQTyUJDBWrd8dzY+Ckqw6lg00I30SxGOsYh61gaomTaT+fXTsmFVfpkEClboSFz9e9EilLriQxsp0Qz0qveTPzP6yRmcOOnPIwTw0K6WDRIBDERmb1O+lwxasTEEqSK21sJHaFCamxAS1sCObWZeKsJrJNmpexdlav31VKtkqWThzM4h0vw4BpqcAd1aACFR3iBV3hznp1358P5XLTmnGzmFJbgfP0CS7CVpw==</latexit>↵

<latexit sha1_base64="KLl2dFtS4xXEF2iQ4qnnBzTrDvo=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkFPVY8OKxgmkLbSib7aZdupuE3Y1YQn6DVz17E6/+GI/+E7dtDrb1wcDjvRlm5vkxZ0rb9rdV2Njc2t4p7pb29g8Oj8rHJ20VJZJQl0Q8kl0fK8pZSF3NNKfdWFIsfE47/uRu5neeqFQsCh/1NKaewKOQBYxgbSS3+nylLwflil2z50DrxMlJBXK0BuWf/jAiiaChJhwr1XPsWHsplpoRTrNSP1E0xmSCR7RnaIgFVV46PzZDF0YZoiCSpkKN5urfiRQLpabCN50C67Fa9Wbif14v0cGtl7IwTjQNyWJRkHCkIzT7HA2ZpETzqSGYSGZuRWSMJSba5LO0xReZycRZTWCdtOs157rWeGhUmvU8nSKcwTlUwYEbaMI9tMAFAgxe4BXerMx6tz6sz0VrwcpnTmEJ1tcvm5SUpA==</latexit>

(x, t)

BFT:
<latexit sha1_base64="e1F4aVz5VJ7qDaDLvpNYNDVbYsc="></latexit>

F↵(�) =

Z �

0
d�̄ (cos↵ j�̄ � sin↵ q�̄)

<latexit sha1_base64="yXcQkI7UJ4s1H64cIJnEVNeSabE="></latexit>

@�̄✏�̄(✓) = sgn
�
sin↵� cos↵ ve↵�̄ (✓)

�
qdr�̄ (✓)



Phase Fluctuations in sG
G. Del Vecchio , MK, A. Bastianello, B. Doyon, arXiv:2305.104952

Classical limit (see the next talk by Alvise)



Phase Fluctuations in sG
G. Del Vecchio , MK, A. Bastianello, B. Doyon, arXiv:2305.104952

Classical limit (see the next talk by Alvise)

<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>

↵ = ⇡/2Equal time (         )



Phase Fluctuations in sG
G. Del Vecchio , MK, A. Bastianello, B. Doyon, arXiv:2305.104952

Classical limit (see the next talk by Alvise)

<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>

↵ = ⇡/2Equal time (         ) Space-time direction (  ) dependence<latexit sha1_base64="fNNSYIDrGsjO8vZ8YUcm9XxaiQ8=">AAAB/HicbVA9SwNBEJ3zM8avqKXNYhCswp0EtQzYWEYwH5AcYW6zl6zZ2zt294RwxN9gq7Wd2PpfLP0nbpIrTOKDgcd7M8zMCxLBtXHdb2dtfWNza7uwU9zd2z84LB0dN3WcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo9up33piSvNYPphxwvwIB5KHnKKxUrOLIhlir1R2K+4MZJV4OSlDjnqv9NPtxzSNmDRUoNYdz02Mn6EynAo2KXZTzRKkIxywjqUSI6b9bHbthJxbpU/CWNmShszUvxMZRlqPo8B2RmiGetmbiv95ndSEN37GZZIaJul8UZgKYmIyfZ30uWLUiLElSBW3txI6RIXU2IAWtgTRxGbiLSewSpqXFe+qUr2vlmvVPJ0CnMIZXIAH11CDO6hDAyg8wgu8wpvz7Lw7H87nvHXNyWdOYAHO1y9MSpWp</latexit>↵



Phase Fluctuations in sG
Generic coupling

(in progress)

<latexit sha1_base64="yTUdi3X0zOVHQcbDaeALpocUuUw="></latexit>

c2 =
X

a

Z
d✓⇢r(✓)(1� #a(✓))

��ve↵a (✓) cos↵� sin↵
�� qdra (✓)2



Phase Fluctuations in sG
Generic coupling

(in progress)
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<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>

↵ = ⇡/2

<latexit sha1_base64="yTUdi3X0zOVHQcbDaeALpocUuUw="></latexit>

c2 =
X

a

Z
d✓⇢r(✓)(1� #a(✓))

��ve↵a (✓) cos↵� sin↵
�� qdra (✓)2



Phase Fluctuations in sG
Generic coupling

(in progress)
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c2e(�=� /2)

T=0.5 M

Energy

<latexit sha1_base64="n3w6hlPRHYUXVQYuEz6QAYNCYB8=">AAACAnicbVC7SgNBFL3rM8ZX1NJmMAhWcTcEtRECNpYRzAOyS5idzCZDZnaHmVkhLOn8Blut7cTWH7H0T5wkW5jEAxcO59zLuZxQcqaN6347a+sbm1vbhZ3i7t7+wWHp6Lilk1QR2iQJT1QnxJpyFtOmYYbTjlQUi5DTdji6m/rtJ6o0S+JHM5Y0EHgQs4gRbKzk+5jLIb71Jbus9kplt+LOgFaJl5My5Gj0Sj9+PyGpoLEhHGvd9Vxpggwrwwink6KfaioxGeEB7VoaY0F1kM1+nqBzq/RRlCg7sUEz9e9FhoXWYxHaTYHNUC97U/E/r5ua6CbIWCxTQ2MyD4pSjkyCpgWgPlOUGD62BBPF7K+IDLHCxNiaFlJCMbGdeMsNrJJWteJdVWoPtXK9lrdTgFM4gwvw4BrqcA8NaAIBCS/wCm/Os/PufDif89U1J785gQU4X78c+Ze4</latexit>

↵ = ⇡/2
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• topological charge and current fluctuations (BFT)

Thank you for your attention!
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