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Reflectionless points:

Partially decoupled equations

€q = Wy + Z K * (aél)eb — aéQ)wb + log(1 + e_eb))
b

A. Zamolodchikov, PLB '91

|Excitations|Labels | w | q | n |0(1)|a(2)|
Breathers |B;,i=1,....,ng| Msp, cosh(0)/T 0 [+1]|+1|+1
Soliton S M cosh(0)/T — p/T |+1|+1| +1 | +1
Antisoliton | S M cosh(8)/T + p/T|—1|+1| +1 | +1

~

1

2al9) = Eeosn(@/e)

1

alt) =3 cosh(ZEt)



Partially decoupled equations

o =wat Y Ky v (e — 0wy + log(1 + 7))
b

Reflectionless points:

S
° ° ®
By B, B3 Bn,-1 Bn,
S
1 magnonic level: ¢= !
agnonic level: = T
my
B,, S\P
S)
ma
(a)u1_2
(b)l/1=3.
T m, s om \\
(c) i > 3.

A. Zamolodchikov, PLB '91

| Excitations | Labels | w L g | n|cP]ac?]
Breathers |B;,i=1,....,ng| Mp,cosh(0)/T |0 [+1|+1|+1
Soliton S M cosh(0)/T — p/T |+1|+1| +1 | +1 ¥
Antisoliton | S M cosh(8)/T + p/T|—1|+1| +1 | +1

(& € Z: B. Bertini, L. Piroli, M.K., PRB 19 )

7 + 1 lines
RN

\
a~"p

Rab = épi (t)

@y, ()

72+ 1 lines

- ~ab - Rba = épi(t)

7+ 1 lines

4

LU

a

Raa = &)ii)lf(t)

_ 1
- 2cosh(pi%-§ )

7+ 1 lines
a4

===

! b

Kab = _Rba = i)pi (t)

a

-

N\
7 + 1 lines

Raa = _(i)ggf(t)

1

2al9) = Eeosn(@/e)

1

a(t) = 2 cosh(5&t)

7+ 1 lines
a4
= ©) !
9, b

COSh((Pi —pit1)E £ )

BLe(t) =

B

Po — &,

T2 cosh(pi Z ét) cosh(p,-_,_l z it)

[a3

B ——

plzl, p2:1/l/2



Partially decoupled equations

o =wat Y Ky v (e — 0wy + log(1 + 7))
b

Reflectionless points:

A. Zamolodchikov, PLB '91

S b, (0) = !
|Excitations|Labels | w | q | n |a(1)|0(2)| a( ) fCOSh(@/f)
g ® ® Breathers |B;,i=1,....,ng| Mp,cosh(0)/T |0 [+1|+1|+1 1
By By B3 Bnp-1 Bng Soliton S Mcosh(0)/T — pu/T|+1|+1| +1 | +1 ¥ (t) L
g Antisoliton | S M cosh(8)/T + p/T|—1|+1| +1 | +1 o 2 COSh(%gt)
. 1 . o« e . . ’
1 magnonic level: ¢ = (&£ € Z: B. Bertini, L. Piroli, M.K., PRB ‘19 )
ng+1/p
my
/ i+ 1 lines i+ 1 lines 7+ 1 lines i+ 1 lines
7 ~ -~/ ~ o~/
BnB S © OE:\ 1‘ E%D E% §l\g/'
© a >~ b a > b a >~ b b
ma
(a) 11 =2 Rab = épi (t) - ~ab = f{ba = &)Pi (t) Kab = _Rba = (i)pi (t) f{ab = _&)Pi (t)
i+ 1 lines a
4
/X
a i+ 1 lines
(b) vy = 3. ~ = (i ~ =~ (i
Kaa = ¢£e)lf(t) Kaa = _Qge{f(t)
& (1) = 1 = (1) . cosh((pi—piy1) % t)
. »9 &=—o0 ... G t pl( ) 2C°Sh(pi%§ ) (I)self(t) N ZCOSh(Pigét) Cosh(pi+1%§t)
B,, S ™ \\g
My, e — e ——
E. Boulat '19 (c) v > 3. po=ca,pr=1, pp=1/1



Partially decoupled equations

€q = Wy + ZKab * (0‘151)
b

Reflectionless points:

€p — 0'152)

A. Zamolodchikov, PLB '91

wyp + log(1 + e_eb))

g 1
S Do (0) =
|Excitations|Labels | w | q | n |a( )|a( )| gCOSh((g/f)
g ® ® - Breathers |B;,i=1,....,ng| Mp,cosh(0)/T |0 [+1|+1|+1 1
By By B3 Bnp-1 Bng Soliton S Mcosh(0)/T — pu/T|+1|+1| +1 | +1 (i) (t) L
- Antisoli M cosh(0)/T T|—1|+1|+1]|+1 &% -
g ntisoliton | S cosh(0)/T + p/ +1(+1 |+ 9 COSh(%gt)
. 1 . o . . . ’
1 magnonic level: ¢ = (&£ € Z: B. Bertini, L. Piroli, M.K., PRB ‘19 )
ng+1/p
my
/ i+ 1 lines i+ 1 lines 1 + 1 lines i+ 1 lines
7 o~ ~ o~ o
BnB S N — ‘ — = ' ﬁ\e/'
o b
ma |Excita.tions |Labels | w | q ’ n | v |a(1)|a(2)|
Breathers Bi,i=1,..,n Mp, cosh(0)/T'| 0 |+1|0 [+1|+1 > =
a)v, =2 ) y--y B B; -
@) Soliton S Mcosh(0)/T | +1 [+1/ 0] 0 | 0 i (2) Kap = =y, (1)
First level intermediate magnons |m;, i = j,...v1 — 2 0 —2-7(—=1|4+1|+1| O
First level next-to-last magnon |m,,_1, (j =v1 — 1) vi-u/T —2-j|-1{+1|+1]| O
First level last magnon My, vi-p/T -2 |[+1|-1] 0 | O

my,

E. Boulat '19

7 + 1 lines

cosh((pi—piy1) % t)

e ——— \/ w,‘
\
a
Koo =39 (1) Koo = —0% (1)
aa self aa self
(i’p'(t) - . b’
t 2 cosh(pi Z -&t)

(1) _
Qself(t) T2 cosh(pi Z ét) cosh(p,-_,_l z §t)

R —

e ——

Po — &, pl:la p2:1/y2



Partially decoupled equations

o= wa+ D Kay s (e — i wy +log(1+e7))

Reflectionless points: A. Zamolodchikov, PLB '91
1
> a(0)
| Excitations | Labels | w L g | n|cP]ac?] gCOSh((g/f)
® ® ® .- Breathers |B;,1=1,...,ng| Mp, cosh(6)/T 0 |+1[+1|+1 1
By By B3 Bnp-1 Bng Soliton S Mcosh(0)/T — pu/T|+1|+1| +1 | +1 ¥ (t) L
-_— ] 3 _ a —
g Antisoliton | S Mcosh(0)/T + p/T|—1|+1| +1 | +1 2 COSh( 72r gt)
. 1 . o . . . ’
1 magnonic level: ¢ = (&£ € Z: B. Bertini, L. Piroli, M.K., PRB ‘19 )
np+1/p
my
/ i+ 1 lines i+ 1 lines 1+ 1 lines i+ 1 lines
7 ~ ~ ~ o
B, S\¢ === === === OE,\9_=I:—O
2 b
ma |Excita.tions |Labels | w | q ’ n | v |a(1)|a(2)|
—9 Breathers Bi,i=1,..,nB Mp, cosh(0)/T'| 0 |+1| 0 |+1|+1 .
@) Soliton S M cosh(0)/T | +1 [+1/ 0| 0 | O i (t) Kap = _q)pi (t)
First level intermediate magnons |m;, i = j,...v1 — 2 / 0 ~ [-2-5|-1|4+1|+1] O
First level next-to-last magnon |m,,_1, (j =v1 — 1) vi-u/T —2-j|-1{+1|+1]| O
First level last magnon My, vi-p/T / -2 |[+1|-1] 0 | O
i + 1 lines
Koo = (I)g;)lf(t) Koo = _‘I)s(;:elf(t)
my,—1
~ -~ x &
. (¢ 1 (i) 14y _ cosh((pi—pit1)F £t)
( \ pl( ) 2COSh(Pz z it) q)self(t) o 2cosh(p,§ -E*t) cosh(p,_,_l T )
My, B ————— E——

E. Boulat '19 (c) 11> 3. po=a, pr =1, po= 1/”2



Partially decoupled equations

eazwa—l—ZKab* (0
b

2 magnonic levels:

= e QO Q D e e
ml ml/1

mul +rvo—1

~

B,, S \\\\
My +v,
(b) vy > 2, vy > 2.
7+ 1 lines

Rav4

My +vy—1 N b

S o ~ ~
T e S em, \ Kap = @, (t)
My, +v,

(b) v =1, v > 2.

~

(1)

) €b — aéQ)wb + log(1 + e_eb))

72+ 1 lines
RN
===
a b

- ~ab = Rba = épi(t)

7+ 1 lines
/

LU

a

Koo = ‘i)gi)lf(t)

. 1
(ppi (t) T2 cosh(pi z -gt)

7+ 1 lines 7+ 1 lines
a4 6\’/
=== OE:E=:—O
a \\’/ b \\’/ b
a
AN
7 + 1 lines

Raa = _(i)s(;gf(t)

(i)(z) (t) = cosh((pi—pit1) % £t)
self T2 cosh(pi Z -gt) cosh(p,-_,_l z §t)

e

————————

po=a,pr=1, pp =1/



Check: high T limit



Check: high T limit

, 1
1 magnonic level:  ¢=——77



Check: high T limit

1
 np+1/p 12_/ \

.....................

1 magnonic level: 3

pri6]




1 magnonic level:

g_281:1+g327
g%l :(1+g31 1 ( +yBl+1)7

Cgfnp_l _ 62PH/T(1 + :l?mp_2),

ﬂg@p _ ezpu/T(l +§mp_2)_1

£ =

)
g%l: 1+yBl 1)( +yBl)( +g5’)7 l:nB
(

ng+ 1/p

Check: high T limit

pri6]

Pleateau values



1 magnonic level: =T 1

g2B1 :1+g327

g%l = (1+gBl 1)( +yBl—|—1)7

?j%z: 1+yBl 1)( +yBl)( +g5)a l=ng
(

(
gg’ (]‘+yBl)/ 1‘|’ym1)7 l:nB
Jry = L+ 75" )(1+72),
ﬂfnk (1‘|‘ymk 1)(1+ymk+1)
)

g%p_l _ 62PH/T(1 4 ﬂmp_2),

gg%p o ezpu/T(l +§mp_2)_1

!

Jp, = (k+1)* -1,

0 —1
| (nB+2 1
vs = npg +1 ’

2
2
gmk:(k+”3+ ) 1, k=1,....p—

ng+1
np
ng +1

gmp—l = g/’;"]}; :p -

Check: high T limit

e -
0.8 \ : .
T
= 06 : : R
04} : : )
0.2} i
0.0 | romees : : S
-10 -5 0 5 10
6
T
20
15 -
T
=
Q
10 F
5F
0 L
-10 -5 0 5 10
6
— —

Pleateau values



1 magnonic level: = m
g%, =1+9p,,

yp, = (1 4+ B, )1+ ¥B,)

U, =1 +yp_)1+9s)1+74s), l=np
g = (14 78,)/(L+Um,) , l=np

(1

(1
oy = 1+ 7511+ 72),

= (L + Uy )L+ Yy )
Imyz = (L4 Gy o)L+ Gy )+ T ) s
) _ €2p,u/T(1 + ﬂmp_2),

gg%p o ezpu/T(l +§mp_2)_1

!

yp, = (k+1)* =1,
5 -1
| (nB+2 1
Js = ng+1 ’
2
ng + 2
gmk:(k—i_ & ) _17

ng+1
gmp—l = g’l;l,]z; :p -

np
ng +1

Check: high T limit

Pleateau values

=14+ Ym,,
= (1 + Fmy )L+ Uiy )
— (14 Gy )L+ Gy ) (L Tt
_ €2pu/T(1 + gmp_2) :
_ €2pu/T(1 + gmp_2)—1



, 1
1 magnonic level: S
) _
yBl _1+yB27
g%l ( +YB,_ 1)( +yBl—|—1)7
U, = (1+7s,_,)1+7s)1+7s), l=np
g%’ (1+yBl)/(]‘+ym1)7 l:nB
g2, = (1 +ygH) (1 +12),
Ur = (L Ty ) L+ T y)
Iy s = (LA Gmy )L+ Gy ) (14 G )
ﬂzzp_l — ezpu/T(l + gmp_2) )
gg%p o ezp“/T(1+§mp_2)_1
gBk :(k:+1)2_17
2 -1
_ np + 2 _q
[(@H) ] |
_ ng + 2 2
m — k —1, k:]., 3

np
ng +1

gmp—l = g’l;l,]z; :p_

Check: high T limit

Ym
Y,

Pleateau values

- 1 + gmz 9
= (L4 mi ) A+ Gmy)

(1 + gmp_s)(l + gmp_l)(l + gm;1> )

_ 62P,U'/T(1 4 gmp—2) ,

!

k:(k+1)2_17
1:1/ymp:p_1



Check: high T limit

1

1 . 5: _ X S SO S SO
1 magnonic level np+1/p = B Pleateau values
—2 — 0.8 f : : . .
yB1 =1+ YBs \ = €
_ & o6l _ _ : . =e“
73 = U+ gm, )+ 35,,) - J
gBl ( +YB,_ 1)( —I_sz)( +g5)7 l=np - » » » V
0.2} i
g5 = 1 +98,)/ (1 + Gm,) , [=np P i
Uy = (1405 (1+72), . ; ; % Gy = 1+ Gma
~9 ~ ~
Ymy, = ( + gmk_1)(1 + gmk+1) ’ ——— <9 —— ey Ymp = (1 + ymk-l)u + ymk+1) ’
~2 . ~ ~ ~
72 s = (Lt Tmya) L+ Ty )L+ ) . | _ : Ump—o = (L Gy o)L+ Gy )L+ Gp1) s
7 _ €2p,u/T(1 43 ) | gfnpil — e2pu/T(1 + Umy_a) s
mp—1 mp—2/ 5r
72— o2pp/T - -1 T ﬂgn = ezpu/T(l + gmp—2)_1
ymp € (1 +ymp_2) Q 101 V p
of : )
U, = (]{7 i 1)2 . 17 -10 -5 0 5 10
np + 2 | — : —— gmk:(k—i_l)Q_l? k=1,...,p—2,
yS!<nB+1> _1] J gmp—lzl/ymp:p_l
_ B ng + 2 2 o
ymk_<k+n3+1) _17 k_]-v » D 27
_ _ =1 _. "B
ymp_l ymp p ng _|_ 1
) np B B MNm B _ 7T2T2
k=1 7=1
T | | 9 1
. : 1 o) og(l — =
Rogers dilogarithm L) = —= [ dy 2% ¢ sl ~y) Tl
2 1—y Y



Check: high T limit

1 magnonic level: S Bt 1p 12} -
g.281:1+gB27 __0'8\
y%l :( +YB,_ 1)( +yBl+1)7 = ‘
U5, = (1 +95_)1+78)1+7s), l=np '
72 = (1+75,)/(1+ Gm,) - | =np
0.0t i i
oy, = (L4551 +32), s 0 5 1
g?nk — ( +gmk—1)(1 +gmk+1)7 ‘
Imyz = (L4 Gy o)L+ Gy )+ T ) s
yTan 1 2pu/T(1+ymp 2)7 15[
ymp - e2p,u/T(1 +ymp—2)_1 Qg 10}
U, = (/{Z-l- 1)2 _ 17 ;10 -5 (; 5 10
B [<n3—|—2>2 ] | — ——
yS — - 1 ’
ng+1
2
ymk:<k+nB+2) _17 ]{3:1, '7p_27
np 1
_ _ =1 _. "B
ymp_l ymp p TLB‘i_l
npg B B Tm, B _
F=12 S LW5,) + LWs) = Y, [L0m,) = L(Im,)]
k=1 j=1
L /1 log(1
Rogers dilogarithm L(z)=—= [ dy(—2Y sl — )
2 l—y Y

Pleateau values

Uy = L+ s »

e = (L Gy )+ Gy )
Ty = (L Gy ) (L4 Gy )L+ G,,1)
Ty = P (1 4 Gm,,_,)

T, = €T (14 G, ) 7!

!

Tm, = (E+1)* =1, k=1,....,p—2,
gmp_l = 1/ymp =p—1
_ T v
6
1
9
“ 1+4efa



Cross-check: NLIE

Nonlinear integral equation (Destri-De Vega)  C. Destri, H. J. de Vega, NPB '95

M [ do i T do .
Z(@):Tsinhe—i/%(I)O(Q_Q/_Z’g)log (1_|_ezZ(9 +z£)>+¢/%@0(9—9/+i8)10g (1+6—2Z(9 —zs))

/ / do , , . .
921 ( zZ(@—He))
T = m 27TM sinh(f +ic)log (1 +e



Cross-check: NLIE

Nonlinear integral equation (Destri-De Vega)  C. Destri, H. J. de Vega, NPB '95

M [y y iz(0'+ie)\ | - [ o -y _iZ(0'—ie)
Z(H)—Tsth—z/%(I)O(H—Q—ze)log(1+e >+z/g<bo(9—0 +zs)10g(1+e )

— o0 — 0

[ do o
% — _2Im / oM sinh(6 + ie) log (1 + e@Z<9+w>)

Does not rely on the string hypothesis! No magnons, breathers do not appear, only the kinks!



Nonlinear integral equation (Destri-De Vega)

M

Z(0) = Tsinh@—i

Does not rely on the string hypothesis! No magnons, breathers do not appear, only the kinks!

T do

[

— o0

Cross-check: NLIE

— (0 — 0" —ic)log
s

f

o

— 0

C. Destri, H. J. de Vega, NPB '95

de’
—®o(0 — 0" + ie) log
s

(1_|_€iZ(9’—|—i6)) +i/
2

T dé : :
—21Im / 2—M sinh(6 + i¢) log (1 + GZZ(G_HS))
T

T/M §=1/3 §=1/1+3) §=3
DdV TBA DdV TBA DdV TBA
20 |[—10.4648558878 | —10.4648558858 | —10.4512155761 | —10.4512155756 | —10.3511969646 | —10.3511979842
10 |—5.22194300631 | —5.22194300532 | —5.19859206357 | —5.19859206333 | —5.10437699605 | —5.10437749589
5 |—2.59068229582 | —2.59068229533 | —2.55324704632 | —2.55324704620 | —2.47030920896 | —2.47030944780
2 |—0.98474359521 | —0.98474359502 | —0.92684324811 | —0.92684324807 | —0.87159594008 | —0.87159602002
1 |—0.41783483396 | —0.41783483387 | —0.35869323482 | —0.35869323480 | —0.33218987940 | —0.33218990576
0.5 |—0.11948181719|—0.11948181716 | —0.08847607829 | —0.08847607828 | —0.08339026939 | —0.08339027349
0.2 |—0.00386984298 | —0.00386984298 | —0.00258436645 | —0.00258436645 | —0.00256472781 | —0.002564 72782

B —————

(1 X e—iZ(O'—is))




Generalised HydroDynamics

pwht prJ pw3¢ pwn¢

De Nardis et al., IJSM '22
L>>2

2>>d

S Bertini et al. ‘6
R Castro-Alvaredo et al. '16
d

-
o 99)9%)89&?%0“0"0 0. % o%l?bo"%"@ooo
‘b%:;m" ° °6°3°°o°o°°°3’o° %832%'3%@3&‘9"%%2‘% %%,

Separation of scales

APs|Carin Cain

I. Bouchoule, J. Dubail, ISM '22



Generalised HydroDynamics

pwht prJ pw3¢ pwn¢

De Nardis et al., IJSM '22
L>>2

2>>d

S Bertini et al. ‘6
R Castro-Alvaredo et al. '16
d

-
o 99)9%)89&?%0“0"0 0. % o%l?bo"%"@ooo
‘b%:;m" ° °6°3°°o°o°°°3’o° %832%'3%@3&‘9"%%2‘% %%,

Euler scale

Separation of scales

APs|Carin Cain

I. Bouchoule, J. Dubail, ISM '22



Generalised HydroDynamics

pwl,t pw2,t p$3,t pwn>t
De Nardis et al., IJSM '22
L>>2
B Euler scale
—
Separation of scales - - .
N Bertini et al. 16
N Castro-Alvaredo et al. '16

d

->

o

° o
° S OF PO 0 00038009;0“%@ ® PP 0.2, Po 0
@750 oge%'"oooo °°3°<?°o 000°% m‘?;p%"'%%g%%%%

I. Bouchoule, J. Dubail, ISM '22

Hydro: fransport of conserved quantities



Generalised HydroDynamics

p:cl,t pwg,t ng,t pwn,t

De Nardis et al., IJSM '22

Euler scale

Separation of scales - .
Bertini et al. '16

Castro-Alvaredo et al. '16

I. Bouchoule, J. Dubail, ISM '22

Hydro: fransport of conserved quantities

a=3" [ 465 0)0.(6)a.(0)

< tot eff M. Borsi et al., PRX '20
Jqg = Z/d@pa (0)04(0)qa(0)v"" (0) B. Pozsgay, PRL '20



Generalised HydroDynamics

Pxy,t png px3¢ pwnﬁ

De Nardis et al., ISM '22
L>>2

_E Euler scale

2>>d

Separation of scales

Bertini et al. '16
Castro-Alvaredo et al. '16

I. Bouchoule, J. Dubail, ISM '22

Hydro: transport of conserved quantities

=Y / A0t (0)0, (0)a (0)
. o e M. Borsi et al., PRX '20
Jqg = Z/d@pg t(9)19a(9)qa(9)’0 ﬁ(‘9> B. Po()zl;sg;ail, ;RL '20

GHD equation Oup"(0; 2, t) + Op [ (0; 2, ) p" (0; 2,8)] = 0



Generalised HydroDynamics

Pxy,t prJ px3¢ pwnﬁ

De Nardis et al., ISM '22
L>>2

E 3 Euler scale

2>>d

Separation of scales

Bertini et al. '16
Castro-Alvaredo et al. '16

I. Bouchoule, J. Dubail, ISM '22

Hydro: transport of conserved quantities

=% [ 662 ©)0,(6)a.(0)

tot eff M. Borsi et al., PRX '20
=3 [ a0 @00 @ o oL 0
GHD equation Oup"(0; 2, t) + Op [ (0; 2, ) p" (0; 2,8)] = 0
d¢ k),dr r aea(e)
e Bk T Z / 5 M cosh 094 (0)q{™ " (0) a5 () = BRL



Generalised HydroDynamics

Pxy,t prJ px3¢ pwnﬁ

De Nardis et al., ISM '22
L>>2

E 3 Euler scale

2>>d

Separation of scales

Bertini et al. '16
Castro-Alvaredo et al. '16

d

>

Q o
ooo(so %Joo 0@%% @ooo D, stq; 0 3P Po o

0 PP Pas ® @, Q
@G 0° 0330800 ‘SDQ) 0%9%2,800 oogo%@oo%o

éP

I. Bouchoule, J. Dubail, ISM '22

Hydro: transport of conserved quantities

=% [ 662 ©)0,(6)a.(0)

tot eff M. Borsi et al., PRX '20
=3 [ a0 @00 @ o oL 0
GHD equation Oup"(0; 2, t) + Op [ (0; 2, ) p" (0; 2,8)] = 0
d¢ k),dr r aea(e)
%= g = 2 | g Macosh 0,010 af5(0) = 2o

r 1 r 2
Dressing operation Mo 0" = qa + E Kb * KU(S )~ ﬁb) g — o) )Qb}
b



Generalised HydroDynamics

pazl,t p:cg,t px3,t ,Oa:n,t

De Nardis et al., ISM '22

L>>¢
. B Euler scale

2>>d

Separation of scales

I. Bouchoule, J. Dubail, ISM '22

Hydro: transport of conserved quantities

df
q= Z / A0t ()04 (60)q.(0) _ Z / Mo cosh(0)9,(0)q " (6)
=3 [0 00,000,000 = 3 [ 5 Mo sinb@.0)a80)
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