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Introduction



ODE/IM correspondence

[Dorey-Tateo 9812211, Bazhanov-Lukyanov-Zamolodchikov 9812247, ...]

• a relation between spectral analysis approach of ordinary

differential equation (ODE), and the “functional relations”

approach to 2d quantum integrable model (IM).

• non-trivial correspondence between classical and quantum

integrable models.
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ODE/IM (2)

the Schrödinger equation with centrifugal potential term[
− d2

dx2
+
`(`+ 1)

x2
+ x2M − E

]
y(x,E, `) = 0

ODE XXZ

order of the potential 2M anisotropy parameter η

angular momentum ` twist parameter φ

energy E spectral parameter θ

η =
πM

2M + 2
, φ =

π(2`+ 1)

2M + 2
, E = e

2Mθ
M+1
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ODE/IM (3)

[
− d2

dx2
+
`(`+ 1)

x2
+ x2M − E

]
y(x,E, `) = 0

x = 0: regular singularity

x = ∞: irregular singularity

ODE IM

Connection coefficients between 0 and ∞ Q-function (T-Q relation)

Stokes coefficients =Wronskians T-functions

Plücker relation T-system

Voros symbols (exact WKB periods) Y-functions

DDP discontinuity formula Y-system, TBA equation
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exact WKB method

the Schrödinger equation (m = 1/2)

−ℏ2ψ′′(q) + (V (q)− E)ψ(q) = 0.

WKB solution: ψ(q) = exp
[
i
ℏ
∫ q
Q(q′)dq′

]
.

Riccati equation:

Q2(q)− iℏ
dQ(q)

dq
= p2(q), p(q) = (E − V (q))1/2,

Q(q) =

∞∑
k=0

Qk(q)ℏk = Qeven +Qodd

P (q) = Qeven =
∑
n≥0

pn(q)ℏ2n, Qodd =
iℏ
2

d

dq
logP (q)

p0(q) = p(q) and pn(q) are determined recursively.
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WKB periods and Voros symbols

potential: polynomial in q

V (q) = qr+1 + u1q
r + · · ·+ urq

the WKB curve: ΣWKB : y2 = E − V (q).

WKB periods (quantum periods)

Πγ(ℏ) =
∮
γ

P (q)dq =

∞∑
n=0

ℏ2nΠ(n)
γ , Π(n)

γ =

∮
γ

pn(q)dq γ ∈ H1(ΣWKB).

• Π
(n)
γ ∼ (2n)!, Πγ(ℏ): asymptotic series in ℏ.

• exact WKB periods: s(Πγ): Borel resummation of Πγ

• Voros symbol Vγ = exp
(
i
ℏs(Πγ)

)
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Borel resummation

[Ecalle, Voros, Delabaere-Pham, Dillinger-Delabaere-Pham,

Sato-Kawai-Aoki-Takei, ...]

asymptotic series analytic function

Borel transf.

φ(z) =

∞∑
n=0

cnz
−n−1 −→ φ̃(ξ) =

∞∑
n=0

cn
ξn

n!

Asym. exp. ↖ ↙ Laplace transf.

s[φ](z) =

∫ ∞

0
dξe−ξzφ̃(ξ)

Borel resummation
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Voros symbols and Y-functions

Vγ = exp

(
i

ℏ
s(Πγ)

)
⇔ Yγ(θ) = exp(εγ(θ))

• the WKB periods s(Πγ)(θ) show the discontinuity in

θ(= − log ℏ)-plane [Delabaere-Dillinger-Pham, Iwaki-Nakanishi]

• In the limit θ → ∞, s(Πγ)(θ) → Π0
γ : classical WKB period

• Introducing pseudo energies εγ(θ) =
i
ℏs(Πγ)(θ), εγ(θ) is

shown to obey the Non-linear Integral equation (TBA

equation).[I-Mariño-Shu]

• T/Y-functions are generating function of the quantum

integrals of motion.
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TBA and 4d SUSY gauge theory

• ODE also appears in the context of 4-dim N = 2 SUSY gauge

theories in the 1
2Ω-background [Nekrasov-Shatashivili] as the

quantum SW curve [Mironov-Morozov]. The WKB periods

satisfies the TBA equations [Gaiotto-Moore-Neitzke, Gaiotto].

• In particular, the linear system for MATFT is regarded as the

quantum SW curve for the Argyres-Douglas theories. [I-Shu].

• A class of AD theories is classified by (G,G′)

[Cecotti-Neitzke-Vafa,Xie,Wang-Xie], where linear system

associated with G and degree N +1 polynomial p corresponds

to (G,AN )-type AD theory.

• Y-functions Yγ are associated with the basis of the BPS

states, or the set of cycles on the SW curve.

• Wall-crossing phenomena, which changes the basis of the BPS

states, introduces the change of TBA system.
10



exact WKB for higher order ODE

exact WKB periods and IM for higher order ODE?

• Higher order ODE appears naturally in the context of SW

theory.

• The exact WKB analysis for higher order ODE has been

started by Berk-Nevins-Roberts and Aoki-Kawai-Takei, where

the turning points are simple (first order zero).

• In the context of the ODE/IM correspondence, there are many

examples of higher order ODE [Dorey-Dunning-Tateo, Suzuki,

Dorey-Dunning-Masoero-Suzuki-Tateo] and the 1st order linear

differential systems [Sun, I-Locke,Masoero et al. ] associated

with affine Lie algebras. These turning points are non-simple.
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affine Toda field equation and linear problem

affine Toda field equation: ϕ(z, z̄): r-component scalar fields

∂a∂z̄ϕ(z, z̄) +
m2

β2

r∑
i=0

exp(βαi · ϕ(z, z̄)) = 0

⇐⇒Lax form [∂z +Az, ∂z̄ +Az̄] = 0

Az =
β

2
∂ϕ ·H +meλ

r∑
i=0

Eαie
β
2
αi·φ

Az̄ = −β
2
∂z̄ϕ ·H −me−λ

r∑
i=0

E−αie
β
2
αi·φ

λ: spectral parameter

⇐⇒ compatibility condition of the linear problem

(∂z +Az)ψ = 0, (∂z̄ +Az̄)ψ = 0
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modified affine Toda field equation

conformal transformation z → f(z), ϕ→ ϕ̃ = ϕ− 1
β ρ

∨ log
(
∂zf∂z̄ f̄

)
modified affine Toda field equation

∂a∂z̄ϕ+
m2

β2

{
r∑

i=1

exp(βαi · ϕ) + p(z)p̄(z̄)α0e
βα0·φ

}
= 0

linear problem (∂z +Az)ψ = 0, (∂z̄ +Az̄)ψ = 0

A =
β

2
∂φ ·H +meλ

{
r∑

i=1

Eαie
β
2 αiϕ + p(z)Eα0e

β
2 α0ϕ

}
,

Ā = −β
2
∂̄φ ·H −me−λ

{
r∑

i=1

E−αi
e

β
2 αiϕ + p̄(z̄)E−α0

e
β
2 α0ϕ

}
.

• p(z) = (∂f)h: a polynomial in z p(z) = zhM − shM

• boundary condition of ϕ

ϕ ∼Mρ∨ log |z|2 + · · · for large |z|
ϕ ∼ g log |z|2 + · · · for small |z| 13



Linear differential equation for affine Lie algebra

conformal limit: z, z̄ → 0, x = (meλ)
1

M+1 z,E = shM (meλ)
hM
M+1 fixed

linear problem LΨ = 0

L =
d

dx
− 1

x
g ·H +

r∑
a=1

√
n∨aEαa +

√
n∨0 p(x,E)Eα0

• p(x,E) = xhM − E (h: Coxeter number )

• Ψ takes values in a representation V of g.

• x = 0 (regular sing.) , x = ∞ (irregular sing.)

• invariant under the Sibuya rotation (x,E) → (ωkx,ΩkE)

If Ψ(x,E, g) is a solution,

Ψ[k](x,E, g) = ω−kρ∨·HΨ(ωkx,ΩkE, g)

is also a solution. ω = exp
(

2πi
h(M+1)

)
, Ω = exp

(
2πiM
M+1

)
14



Example

• A
(1)
1 [(

d
dx − l1

x 0

0 d
dx + l1

x

)
+

(
0 1

p(x,E) 0

)](
ψ1

ψ2

)
= 0 .

[
− d2

dx2
+
l1(l1 − 1)

x2
+ x2M − E

]
ψ1 = 0.

15



Asymptotic solution around the singularities

x = ∞, gauge transformation Ψ′(x) = U(x)Ψ(x), L′ = ULU−1

L′ =
d

dx
+ p(x)

1
hΛ+ + · · · , Λ+ =

r∑
a=1

Eαa + ζEα0

ΨWKB(x) =

n=dimV∑
i=1

Ci exp

(
−νi

∫ x

p
1
h (x′)dx′ − 1

h
log p(x)ρ∨ ·H

)
νi

Subdominant solution

Ψ = ∼ C exp

(
−µ
∫ x

p
1
h (x′)dx′ − 1

h
log p(x)ρ∨ ·H

)
ν

Λ+νi = νiνi, µ: eigenvalue with the largest real part
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Asymptotic solution around the singularities (2)

x = 0, regular singularity

L = d
dx − g·H

x + · · ·

Xi = x−hi·gei + · · ·

ei: weight vector of V with weight hi

(e1: highest weight vect., en: lowest weight vect.)
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Q-function

Fix a representation V = V (a): a-th fundamental representation

with highest weight ωa:

{Ψ[k]}: a basis of the solutions around x = ∞

{Xi}: a basis of the solutions around x = 0

Ψ(x,E, g) =

dimV∑
i=1

Q(a)
i (E, g)Xi(x,E, g)

Q(a)(E, g) = Q(a)
1 (E, g): Q-function (associated with the

representation V (a))
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ψ-system and BAE

Ar: V
(a) = V (1) ∧ · · · ∧ V (1)

V (a) ∧ V (a) ↪→ V (a−1) ⊗ V (a+1) =
⊗r

b=1(V
(b))2δab−Cab

• ψ-system[Dorey-Dunning-Masoero-Suzuki-Tateo, Sun,. . . ]

Ψ
(a)

[− 1
2
]
∧Ψ

(a)

[− 1
2
]
=

r⊗
b=1

(Ψ(b))2δab−Cab

• quantum Wronskian relations

ω
− 1

2

(
λ
(a)
1 −λ(a)

2

)
Q(a)

1[−1/2]Q
(a)

2[1/2]−ω
1
2

(
λ
(a)
1 −λ(a)

2

)
Q(a)

1[1/2]Q
(a)

2[−1/2] =
r∏
b=1

[
Q(b)

1

]2δab−Cab

.

• Bethe Ansatz equation for the Langlands dual ĝ∨

r∏
b=1

ΩCabγb/2
Q

(b)
[Cab/2]

Q
(b)
[−Cab/2]

∣∣∣∣∣∣
E

(a)
i

= −1, i = 0, 1, . . . ,

γa = 2
hM ωa(g − ρ∨)
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dual representation and the Q-function

Ψ(x,E, g) =

n∑
i=1

Qi(E, g)Xi(x,E, g)

• Wronskian type formula V (a) = V (1) ∧ · · · ∧ V (1)

Qi(E, g) =
det(X1, . . . ,Ψ, . . . ,Xn)

det(X1, . . . ,Xn)

• inner product formula [I-Kondo-Kuroda-Shu]

V ∗: dual representation, LdualΨ̄ = 0, Ldual = ∂ + Ā

⟨Ψ̄,Ψ⟩ is x-independent
X̄i: the basis of the solutions of the dual problem around

x = 0 such that ⟨X̄i,Xj⟩ = δij .

Qi(E, g) = ⟨X̄i,Ψ⟩
20



NLIE and ODE

Q-function from ODE

ĝ and the representation V (a)

• Q(a)(E, g) = ⟨X̄1,Ψ
(a)⟩

• Solve the dual problem X (a)
i around the origin (Cheng’s

algorithm)

• Ψ
(a)
WKB = (ψ1, . . . , ψn): most divergent component is the

lowest weight component ψn

• Use truncated solution and evaluate the Q-function at

x = xfixed ≫ 1

Qi(E, l) ∼ χ̄i,n(xfixed, E, l) ψn(xfixed) for xfixed ≫ 1.

the lowest weight component of (X1)
(a)
n (xfixed, E) = 0 =⇒

solution to Q(a)(E, g) = 0, E
(a)
i
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NLIE [Zinn-Justin]

counting function

a(a)(E) :=

r∏
b=1

Ω−Cabγb/2
Q

(b)
[−Cab/2]

(E)

Q
(b)
[Cab/2]

(E)
, a = 1, . . . , r.

BAE eq. a(a)(E
(a)
k ) = −1.

ln a(a)(θ) = iπα̂a − ib0Mae
θ +

r∑
b=1

∫
C1

dθ′ ϕab(θ − θ′) ln
(
1 + a(b)(θ′)

)
−

r∑
b=1

∫
C2

dθ′ ϕab(θ − θ′) ln

(
1 +

1

a(b)(θ′)

)
,

ϕab(θ) =

∫ ∞

−∞

dk

2π
eikθ

(
δab −

sinh(µπk)

sinh((hµ− 1)πk/h) cosh(πk/h)

)
C−1

ab (k)),

Cab(k) :=


2, a = b,

Cab

cosh(πk/h)
, a ̸= b,
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Numerical Test

Bethe roots for E
(1)
6 P = x2 − E,

g = (5/12, 1/3, 0,−1/3,−5/12, 1/10).

ODE

i E
(1)
i E

(2)
i E

(3)
i E

(4)
i E

(5)
i E

(6)
i

0 26.16492 19.04286 16.95324 19.98072 29.04567 21.54848

1 76.14709 37.06396 28.48668 38.50821 80.49209 52.00437

2 146.8766 64.52501 44.61201 66.15524 152.5322 93.90413

3 236.0037 95.98720 63.83908 97.97408 242.8648 145.7213

IM

i E
(1)
i E

(2)
i E

(3)
i E

(4)
i E

(5)
i E

(6)
i

0 26.16452 19.04232 16.95299 19.98020 29.04519 21.54807

1 76.14715 37.06297 28.48688 38.50782 80.49126 52.00351

2 146.8773 64.52390 44.61186 66.15433 152.5313 93.90137

3 236.0021 95.98496 63.83727 97.97372 242.8597 145.7216
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Effective central charge and 2d/4d correspondence

• effective central charge

ceff = 2× 3

π2

r∑
a

ib0Ma

[∫
C1

dθ eθ log
(
1 + a(a)(θ)

)
−

∫
C2

dθ eθ log

(
1 +

1

a(a)(θ)

)]
= r − 12

(M + 1)h2
(−g + ρ∨)2

• g = 0, p = x2 − E, ceff = r − dimg
h+2

• (A2n, A1) ceff = 2n
2n+3

• (E6, A1) ceff = 6
7

• (E8, A1) ceff = 1
2

ceff agrees with that from the Schur index of (G,A1)-type

AD theory [Cordova-Shao] through c4d = − 1
12c2d. [Beem et

al.]
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WKB analysis of the linear problem

for the modfied ATFT equations



A
(1)
r -type linear problem and its abelianization

Lmψ = 0
∂z +



∂zϕ1 λ

(∂zϕ2 − ∂zϕ1) λ

. . .

(∂zϕr − ∂zϕr−1) λ

λp(z) −∂zϕr







ψ1

ψ2

...

ψr

ψr+1

 = 0.

ODE for ψ1:

(−λ)−h(∂z−∂zϕr)(∂z+∂zϕr−∂zϕr−1) . . . (∂z+∂zϕ2−∂zϕ1)(∂z+∂zϕ1)ψ1 = p(z)ψ1

with h = r + 1.
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D
(1)
r -type linear problem



∂z +



∂ϕ1 λ

∂ϕ1 λ

. . .

∂ϕr−1 λ λ

∂ϕr λ

−∂ϕr λ

−∂ϕr−1 λ

. . .

λp(z) −∂ϕ2 λ

λp(z) −∂ϕ1





ψ = 0

λ−hD(−ϕ1) · · ·D(−ϕr)∂
−1
z D(ϕr) · · ·D(ϕ1)ψ1 − 4

√
p(z)∂z

√
p(z)ψ1 = 0,

h = 2r − 2.
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A
(1)
r D(h)ψ = (−meλ)hp(z)ψ

D
(1)
r D(h†)∂−1D(h)ψ = 2r−1(meλ)h

√
p(z)∂

√
p(z)ψ

B
(1)
r D(h†)∂D(h)ψ = 2r(meλ)h

√
p(z)∂

√
p(z)ψ

A
(2)
2r−1 D(h†)D(h)ψ = −2r−1(meλ)h

√
p(z)∂

√
p(z)ψ

C
(1)
r D(h†)D(h)ψ = (meλ)hp(z)ψ

D
(2)
r+1 D(h†)∂D(h)ψ = 2r+1(meλ)2hp(z)∂−1p(z)ψ

A
(2)
2r D(h†)∂D(h)ψ = −2r

√
2(meλ)hp(z)ψ

G
(1)
2 D(h†)∂D(h)ψ = 8(meλ)h

√
p(z)∂

√
p(z)ψ

D
(3)
4

D(h†)∂D(h)ψ + (ω + 1)2
√
3(meλ)4D(h†)p(z)

−(ω + 1)2
√
3(meλ)4pD(h)− 8

√
3ω(meλ)3D(−h1)

√
p∂

√
pD(h1)

+(ω − 1)312(meλ)8p∂−1p
}
ψ = 0

D(h) = D(hr) · · ·D(h1), D(h†) = D(−h1) · · ·D(−hr) for h = (hr, · · · , h1)

D(h) := ∂ + h
x .
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abelianization vs diagonalization

linear problem in a representation V of g

• abelianization ODE for the the highest state component ψ1

It can contain the pseudo-differential operator ∂−1

For exceptional Lie algebra, the abelianized ODE is highly

complicated.

• diagonalization Diagonalization of the linear problem in the

eigenspace of Λ. [I-Zhu]

The linear problem can be diagonalized and the diagonal elements

are classical conserved currents [Zakharov-Shabat 1974,Drinfeld-Sokolov

(1984)].

L = ∂z + q(z, λ) + λΛ,

L0 = TLT−1 = ∂z + λΛ +

∞∑
i=0

λ−iIi(z)Λ
−i

28



Diagonalization of the Lax operator

εLm = ε∂z +A(z) = ε∂z + ε

r∑
i=1

∂zφi(z)Hi +

r∑
i=1

Eαi + p(z)Eα0 .

step-by-step gauge transformation: [Babelon-Bernard-Talon]

GauT [A(z)] = T−1(z)A(z)T (z) + εT−1(z)∂zT (z).

T (z) = TdTd−1 . . . T3T2T1,

Ti(z) =



1

. . .

gi,1 gi,2 . . . 1 gi,i+1 . . . gi,d
. . .

0 1


29



Diaginalization (2)

GauTd [A(z)] =


GauTd [A(z)]d,1 . . . GauTd [A(z)]d,d−1 GauTd [A(z)]d,d


Eliminate gd,1, . . . , gd,d−1 by solving

GauTd [A(z)]d,1 = · · · = GauTd [A(z)]d,d−1 = 0

Adiag(z) = GauT1 ◦ GauT2 . . .GauTd−2
◦ GauTd−1

◦ GauTd [A(z)].

In the diagonalized form, the linear problem

(ε∂ +Adiag(z))Ψ(z) = 0 can be solved exactly:

Ψ(z) = diag

[
exp

(
−1

ε

∫
dzAdiag(z)

)]
.
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diagonalization of A(1)
1 linear problem

Lm = ε∂z + ε∂zφ(z)H + Eα + p(z)E−α

with

H =

(
1 0

0 −1

)
, Eα =

(
0 1

0 0

)
, E−α =

(
0 0

1 0

)
.

Gauge transformation L → L′ ≡ T−1LT by T (z) = T1T2:

T2(z) =

(
1 0

g2,1(z, ε) 1

)
, T1(z) =

(
1 g1,2(z, ε)

0 1

)
.

T2(z) is determined to diagonalize the second row

GauT2 [A(z)] =

(
g2,1 + φ′ 1

−2εg2,1εφ
′ + εg′2,1 − g22,1 + p −g2,1 − εφ′

)
.

g22,1(z, ε) + 2εg2,1(z, ε)φ
′(z, z̄)− εg′2,1(z, ε)− p(z) = 0.
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The diagonal element f(z, ε) := −g2,1(z, ε)− εφ′(z) satisfies

f2(z, ε) + εf ′(z, ε)− ε2u2(z)− p(z) = 0

with u2(z) = φ′(z)2 − φ′′(z). After the diagonalization of the
second row, the second gauge transformation T1(z) gives

Adiag(z) = GauT1◦GauT2 [A(z)] =

(
−f(z, ε) 1− 2g1,2(z, ε)f(z, ε)(= 0)

0 f(z, ε)

)
.

• f(z, ε) =
∑∞

i=0 ε
ifi(z)

fodd(z) total derivative

Adiag(z) =

(
−f(z,−ε) + d(∗) 0

0 f(z, ε)

)
,

• f(z, ε) is the Riccati equation for the ODE:(
ε2∂2z + ε2∂2zφ(z)− ε2(∂zφ)

2 − p(z)
)
ψ(z, ε) = 0.
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Conserved charges vs WKB periods

conformal transformation:

dw =
√
p(z)dz, û2

(
w(z)

)
=

1

p(z)

[
u2(z) +

4pp′′ − 5p′2

16p2

]
,

f̂(z, ε)dw = f(z, ε)dz

f̂2(w) =
û2(w)

2
,

f̂4(w) =
∂2wû2(w)− û22(w)

8
, . . .

These are the classical conserved current densities of the

sine-Gordon models.

Πi ≡
∮
dz fi(z) =

∮
dz
√
p(z)f̂i =

∮
dw f̂i ≡ Qi.

The quantum period is the generating function of the

classical/quantum conserved charges. The classical/quantum

correspondence 33



A
(1)
r

• diagonalization

Adiag(z) = Diag{e−
2πi
h f(z, e

2πi
h ϵ) + d(∗), . . . , e−

2πir
h f(z, e

2πir
h ϵ) + d(∗), f(z, ϵ)}.

h = r + 1

• The traceless condition
h−1∑
n=0

e−
2πin
h f(x, e

2πin
h ε) = d(∗),

the (1 + hk)-th term (k ∈ Z) is the total derivative.
• f(z, ε) satisfies the Riccati equation for :

(−ε)h(∂z−∂zφ1)(∂z−∂zφ2+∂zφ1) · · · (∂z+∂zφr)ψ(z, ε) = p(z)ψ(z, ε),

which is the adjoint ODE of the abelianization problem:

(−λ)−h(∂z−∂zϕr)(∂z+∂zϕr−∂zϕr−1) . . . (∂z+∂zϕ2−∂zϕ1)(∂z+∂zϕ1)ψ1 = p(z)ψ1

The diagonalization procedure is also applied to other classical

affine Lie algebras D
(1)
r , B

(1)
r , D

(2)
r+1, and A

(2)
2r−1. 34



WKB analysis of 3rd order ODE

[
ε3∂3x + p(x)

]
ψ(x) = 0

ψ(x) = exp

(
1

ε

∫ x

P (x′; ε)dx′
)
, P (x; ε) =

∞∑
n=0

εnpn(x).

Riccati equation:

ε2∂2P + 3εP∂P + P 3 + p(x) = 0

p0 = (−p)1/3,

p1 = −p
′
0

p0
,

p2 = − (p′0)
2

p30
+

2

3

p′′0
p20
,

p3 = −2(p′0)
3

p50
+

2p′0p
′′
0

p40
− 1

3

p
(3)
0

p30
,

p4 = −4(p′0)
4

p70
+

16

3

(p′0)
2p′′0
p60

− 2

3

(p′′0)
2

p50
− 10

9

p′0p
(3)
0

p50
+

1

9

p
(4)
0

p40
.
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• podd: total derivative

• p6n+4 = p4, p10, . . . : total derivative

p4 = ∂

(
2
3
(p′0)

3

p60
− 2

3
p′0p

(2)
0

p50
+ 1

9
p
(3)
0

p40

)
This is consistent with the TBA equations and also order of

the integral of motions in IM.
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WKB periods

WKB periods

Πγ(ε) =

∞∑
n=0

εnΠ(n)
γ , Π(n)

γ =

∫
γ

pn(x)dx

WKB curve: super elliptic curve

y3 = −p(x), p(x) = u0x
N+1 + · · ·+ uN+1

classical WKB period

Π(0)
γ =

∫
γ

ydx

classical SW periods

γa,k:1-cycles on the WKB curve y3 = u0(x− x0) . . . (x− xN )

x0x1· · ·
xk−2xk−1

xk
xk+1· · ·

xN−1
xN

γa,k

Figure 2.1: The choice of the branch cuts and the definition of the cycle γa,k, where the
solid and dotted lines are on the a-th and a+ 1-th sheet respectively.

Here ∆ is the discriminant of the curve

∆ = u2
1u

2
2u

2
3 − 4u0u

3
2u

2
3 − 4u3

1u
3
3 + 18u0u1u2u

3
3 − 27u2

0u
4
3 − 4u2

1u
3
2u4

+ 16u0u
4
2u4 + 18u3

1u2u3u4 − 80u0u1u
2
2u3u4 − 6u0u

2
1u

2
3u4 + 144u2

0u2u
2
3u4

− 27u4
1u

2
4 + 144u0u

2
1u2u

2
4 − 128u2

0u
2
2u

2
4 − 192u2

0u1u3u
2
4 + 256u3

0u
3
4.

(2.36)

Higher order corrections can be calculated in a similar way.

2.2 Classical period
We have seen that the WKB periods are expressed as the linear combinations of the
period integrals of the meromorphic differentials defined in (2.19), that are expressed
by the first-order derivatives of the classical SW periods (2.22). The periods are also
specified by one-cycles on the WKB curve, which are determined by the branch points
xk (k = 0, 1, . . . , N), i.e. p(xk) = 0. In this paper, we consider the WKB curve whose
branch points are distinct. The classical SW periods (2.22) are then given by

(Π̂a)γ =

∫

γ

u
a
3
0

N∏

k=0

(x− xk)
a
3dx, a = 1, 2. (2.37)

To specify the cycle γ, we have to choose the branch cut. We label the branch points
such that Re(x0) ≥ Re(x1) ≥ · · · ≥ Re(xN) when all the points align on the real axis.
Then we choose the branch cut to be as in figure 2.1. We introduce the one-cycle γl,k
(l = 1, 2, 3, k = 1, . . . , N) on Σ, where γl,k encircles the branch points xk−1 anticlockwise
and xk clockwise, respectively, on l-th and (l + 1)-th sheets. Here we defined the sheet l

on which y = yl:
yl := e

2πi
3 lp(x)

1
3 , l = 1, 2, 3. (2.38)

8

(Π̂a)γl,k =
(
e

2πi
3 l − e

2πi
3 (l+1)

)∮

γl,k

p(x)
a
3 dx

= −2ie
πi
3 (2l+1)au

a
3
0 sin

πa

3

∫ xk−1

xk

N∏

i=0

(x− xi)
a
3 dx,
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龜
The SW differentials ydx and y2dx and their periods:

(Π̂a)γ =

∫
γ

yadx (a = 1, 2).

SW differentials are generating functions of the basis of the meromorphic

differentials on the WKB curve:

∂uay = −1

3

xN+1−a

y2
, ∂uay

2 = −2

3

xN+1−a

y
, 37



classical SW periods

γa,k:1-cycles on the a and (a+ 1)-th sheets of the WKB curve

y3 = u0(x− x0) . . . (x− xN )

x0x1· · ·
xk−2xk−1

xk
xk+1· · ·

xN−1
xN

γa,k

Figure 2.1: The choice of the branch cuts and the definition of the cycle γa,k, where the
solid and dotted lines are on the a-th and a+ 1-th sheet respectively.

Here ∆ is the discriminant of the curve

∆ = u2
1u

2
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2
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3
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2
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3
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4
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2
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2
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2
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2
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2
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2
1u2u

2
4 − 128u2

0u
2
2u

2
4 − 192u2

0u1u3u
2
4 + 256u3

0u
3
4.

(2.36)

Higher order corrections can be calculated in a similar way.

2.2 Classical period
We have seen that the WKB periods are expressed as the linear combinations of the
period integrals of the meromorphic differentials defined in (2.19), that are expressed
by the first-order derivatives of the classical SW periods (2.22). The periods are also
specified by one-cycles on the WKB curve, which are determined by the branch points
xk (k = 0, 1, . . . , N), i.e. p(xk) = 0. In this paper, we consider the WKB curve whose
branch points are distinct. The classical SW periods (2.22) are then given by

(Π̂a)γ =

∫

γ

u
a
3
0

N∏

k=0

(x− xk)
a
3dx, a = 1, 2. (2.37)

To specify the cycle γ, we have to choose the branch cut. We label the branch points
such that Re(x0) ≥ Re(x1) ≥ · · · ≥ Re(xN) when all the points align on the real axis.
Then we choose the branch cut to be as in figure 2.1. We introduce the one-cycle γl,k
(l = 1, 2, 3, k = 1, . . . , N) on Σ, where γl,k encircles the branch points xk−1 anticlockwise
and xk clockwise, respectively, on l-th and (l + 1)-th sheets. Here we defined the sheet l

on which y = yl:
yl := e

2πi
3 lp(x)

1
3 , l = 1, 2, 3. (2.38)

8

(Π̂a)γl,k =
(
e

2πi
3

l − e
2πi
3

(l+1)
)∮

γl,k

p(x)
a
3 dx

= −2ie
πi
3
(2l+1)au

a
3
0 sin

πa

3

∫ xk−1

xk

N∏
i=0

(x− xi)
a
3 dx,
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Quantum corrections

a basis of meromorphic differential

dx

y
,
xdx

y
, . . . ,

xN−1dx

y
,

dx

y2
,
xdx

y2
, . . . ,

xN−1dx

y2

pndx defines the meromorphic 1-form on the WKB curve:

pndx =
2∑

a=1

N−1∑
i=1

B
(n)
ai

xi−1

ya
dx+ d(∗),

For p(x) = u0x
3 + u1x

2 + u2x+ u3,

B
(2)
21 =

1

18

D0

∆

u1
3
, B

(2)
22 =

1

18

D0

∆
u0,

B
(6)
11 = − 1

174960

D0

∆4

(
21983D4

0 − 823446u20D
2
0∆+ 6633171u40∆

2
)
.

∆ = −u21u22 + 4u3u
3
1 + 4u0u

3
2 − 18u0u2u3u1 + 27u20u

2
3,

D0 = 2u31 − 9u0u2u1 + 27u20u3.
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Borel resummation

Formal WKB expansions

Πγ(ε) =

2∑
a=1

N−1∑
i=1

Bai(ε)(Πai)γ ,

Bai(ε) =
∞∑
n=0

B
(n)
ai ε

n, (Πai)γ =

∫
γ

xi−1dx

ya
.

-1.5 -1.0 -0.5 0.5 1.0 1.5

-2

-1

1

2

Singularity of Πγ1,1 (blue) and

Πγ3,2 (yellow) in the Borel plane

for p(x) = −x3 + 7x+ 6
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Integrals of motion and quantum periods

eigenvalue of the T -operator of the (W3)p,p′ -minimal model with

c = 50− 24(g + g−1) (g = p/p′) [Bazhanov-Hibberd-Khoroshkin]

logT(t) ∼ mt
1

3(1−g) I− 2

∞∑
n=1

C2n cos
(πn

3

)
t−

2n
3(1−g) I2n

+ 2i

∞∑
n=1

C2n−1 sin

(
π(2n− 1)

6

)
t−

2n−1
3(1−g) I2n−1.

On the module V∆2,∆3

I
(vac)
1 = ∆2 −

c

24
, I

(vac)
2 = ∆3, I

(vac)
3 = ∆3(∆2 −

c+ 6

24
),

I
(vac)
4 = ∆3

2 +
4∆2

3

3
− c+ 8

8
∆2

2 +
(c+ 2)(c+ 15)

192
∆2 −

c(c+ 23)(7c+ 30)

96768
.

p(x) = u0x
2 + u2 corresponds to g = 3/5, ∆2 = −1/5, ∆3 = 0.

Πγ1 = Π(0)
γ1 e

θ +Π(2)
γ1 e

−θ +Π(6)
γ1 e

−5θ + · · · ,

log T (t) = Πγ1 , t =
(−1)

4
5 u2

5
6
5Γ

(
2
5

)3
u

3
5
0

e
6θ
5
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exact WKB periods and TBA

equations



minimal chamber

Schrödinger equation with a generic polynomial potential V (q)

with order r + 1.(
−ℏ2∂2q + qr+1 −

∑r
a=1 uaq

r−a
)
ŷ(q, ua, ζ) = 0.

all the turning points are real and distinct ( minimal chamber)
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· · ·

γ2i−1: allowed cycle, m2i−1 = Π
(0)
γ2i−1 = 2

∫ q2i
q2i−1

ydx

γ2i: forbidden cycle m2i = iΠ
(0)
γ2i = 2i

∫ q2i+1

q2i
ydx,

ma are real and positive.

exact WKB periods s(Πγa)(ℏ) 42



Exact WKB periods and TBA equations

• the subdominant solution on the positive real axis and their

Sibuya rotations yk

• discontinuity formula

• cross-ratio of the Wronskians W [yk, yk′ ]

• ℏ = e−θ, asymptotics ℏ → 0 s(Πγa)(ℏ) → Π
(0)
γa

• analyticity

TBA equations in the minimal chamber

εa(θ) = mae
θ −K ∗ La−1 −K ∗ La+1, K =

1

2π

1

cosh θ

La(θ) = log
(
1 + e−ϵa(θ)

)
ε2i−1

(
θ +

iπ

2
± iδ

)
=
i

ℏ
s±
(
Πγ2i−1

)
(ℏ), ε2i (θ) =

i

ℏ
s (Πγ2i) (ℏ),

Y-function: Ya(θ) = e−ϵa(θ)
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Wall-crossing of TBA equations

In general, turning points can be complex:

ma = |ma|eiϕa , ε̃a(θ) = εa(θ − iφa), L̃a(θ) = La(θ − iφa).

ε̃a = |ma|eθ −Ka,a−1 ? L̃a−1 −Ka,a+1 ? L̃a+1, Kr,s = K(θ + i(φs − φr)

• TBA is valid for φa satisfying |φa − φa±1| < π
2

• φa − φa±1 = ±π
2 , Π

(0)
γa ∝ Π

(0)
γa±1 marginal stability condition

• Introducing new Y-functions for the cycle γa + γa+1, the TBA

system is modified Wall-crossing of the TBA equations

• TBA kernels correspond to the S-matrices in IM

Kab(θ) = −i d
dθ logSab(θ).

• For each BPS chamber, we can associate S-matrix theory.

• at special pt in a chamber, some Y-functions are identified.

enhanced symmetry 44



2nd order ODE with (r + 1)-th order potential

• minimal chamber

• r-term TBA-system for Homogeneous sine-Gordon model

SU(r + 1)2/U(1)r [Castro-Alvaredo-Fring-Korff-Miramontes]

• effective central charge

ceff =
r(r + 1)

r + 3
.

• maximal chamber r(r + 1)/2-term TBA, at the monomial

potential pt. reduced to

V (x) = x2n+1, A
(2)
2n -TBA, M2,2n+3

V (x) = x2n, A2n−1/Z2-TBA, Zn+1-parafermions

[Al. B. Zamolodchikov, Klassen-Meltzer,Ravanini-Tateo-Valleriani]

• enhanced symmetry occurs when V (x)−E = (xhM/K −E′)K

SU(2)K × SU(2)L/SU(2)K+L [DDMST]
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r-th order ODE with (N + 1)-th order potential

minimal chamber[
(−1)rεr+1∂r+1

x +
(
u0x

N+1 + · · ·+ uN+1

)]
ψ(x) = 0.

• (Ar, AN )-type Y-system

Y
[+1]
a,l Y

[−1]
a,l =

(1 + Ya+1,l)(1 + Ya−1,l)

(1 + Y −1
a,l+1)(1 + Y −1

a,l−1)
.

[F.Ravanini, 1992]

• ceff = rN(N+1)
N+r+1 , CFT SU(N+1)r+1

U(1)N
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Wall-crossing of TBA (arXiv:2111.11047)

maximal chamber

• (A2, A2)

minimal chamber 2-TBA =⇒ maixmal chamber 4-term TBA

For the monomial potential, D4-type TBA appears (ceff = 1:

sine-Gordon model at reflectionless point) [Al. Zamolodchikov,

Klassen-Meltzer]

• (A2, A3)

minimal chamber 3-TBA =⇒ maixmal chamber 12-term TBA

For the monomial potential E6-type TBA appears (ceff = 6
7
: tri-critical

3-state Potts model) [Al. Zamolodchikov, Klassen-Meltzer]

• Duality of AD theories (Ar, A1) ∼ (A1, Ar), (A2, A2) ∼ (D4, A1),

(A2, A3) ∼ (E6, A1) [Cecotti-Neitzke-Vafa]
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Outlook



Outlook

• ODE= the linear problem of the classical integrable equation

massive ODE/IM, RG flow, T − T̄ deformation

[Lukyanov-Zamolodchikov, Gaiotto-Lee-Vicedo-Wu,

Aramini-Brizio-Negro-Tateo,...]

• make a (complete) dictionary

Construct BAE, T-Q relation, Y-system for an ODE

Identifying CFT, quantum Integrable model

• Integrable model with SUSY [I-Zhu 2206.08024]

osp(2|2)(2) linear problem ↔ N = 1 SCFT

• ODE/IM for effective potential V0 + ℏV1 + ℏ2V2 + · · ·
[work in progress w/ H.Shu]

• application to the Stark effect [I-Yang 2307.03504 ]

• mathematical proof (Riemann-Hilbert problem)
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