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“Many years later, as he faced the firing squad, Colonel Aureliano
Buendia was to remember that distant afternoon when his father took
him to discover ice.”

Gabriel Garcia Marquez, One Hundred Years of Solitude
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Abstract

We examine the connection between the non-linear integral equation (NLIE) derived from light-
cone latiice and sine-Gordon quantum field theory, considered as a perturbed ¢ = I conformal ficld
theory. Afier clarifying some delicate points of the NLIE deduction from the lattice, we compare
both analytic and numerical predictions of the NLIE to previously known results in sine-Gordon
theory. To provide the basis for the numerical comparison we use data from Truncated Conformal
Space method. Together with results from analysis of infrared and ultraviolet asymptotics, we find
evidence that it is necessary (o change the rule of quantization proposed by Destri and de Vega
10 a new one which includes as a special case that of Fioravanti et al. This way we find strong
evidence for the validity of the NLIE as a description of the finite size effects of sinc-Gordon
theory. © 1999 Elsevier Science B.V.
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The sine-Gordon equation is the theory of a massless scalar field in one space and one time

i ion with i density p; i to cosBe, where B is a real parameter. I show that if
B? exceeds 87, the energy density of the theory is unbounded below; if B2 equals 4ar, the theory is
equivalent to the zero-charge sector of the theory of a free massive Fermi field; for other values of 8,
the theory is equivalent to the zero-charge sector of the massive Thirring model.
is identified with the fundamental fermion of the Thirring model.

The sine-Gordon soliton
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Chang Duality



Coleman 1975

Sine-Gordon Model:
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All divergences that occur in any order of perturbation theory can be
removed by normal-ordering the Hamiltonian.

o Multiplicative renormalization of «y

2
m2\ 7 /8m
@= w0\ pz

o Additive renormalization of ~yq

/dk: 2k2 + m?
V=W [ o
8T k2 + m?

o 3 does not renormalize

S. Coleman - Phys. Rev. D 11, 2088 (1975)



Coleman 1975
1 2
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N, [Ho] = N [Ho] + i(m2 —u?)
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S. Coleman - Phys. Rev. D 11, 2088 (1975)



4 QFT in (1 + 1) dimensions
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Regularization
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Change of ordering

1
H =N, |Ho+ 5m2¢2 + go*



Change of ordering

1 ‘
H = A\Yﬂ H() —+ §TTL2¢2 + g¢4 + ?



Change of ordering: Coleman’s prescription

H=N, [HO + %m?qﬁ + g¢4} +?
A\v/z [HO] = Nn [HU] + —

2\ B%/8m
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Change of ordering: Coleman’s prescription

1
H=N, [HO + 5m2¢2 + g¢4} +?

. 1
N, [HU] = Nn, [HU] + 8771-(m2 _ MQ)
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Change of ordering: Coleman’s prescription
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H and H’ equivalence




H and H’ equivalence
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S-J. Chang - Phys. Rev. D 13, 2778 (1976)

Yo & — 0

,LLQ g/m?—o0
A strong-coupling theory in
terms of H is identical to
a weak-coupling theory in
terms of H'.
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Test of Chang Duality
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S. Rychkov, L. G. Vitale - Phys. Rev. D 93, 065014 (2016)



Extension to Ginzburg-Landau
Theories




Back to Coleman
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Given Zy symmetric Ginzburg-Landau Theory ¢?":

H = Nm, [HO] aty ZQQkaJf
k=1

H' = N, [Ho] +Zh2k¢u,
k=1

what is the analogue of Chang’s relation in order to have the
equivalence of H and H'?



GL: H and H' equivalence
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GL: H and H' equivalence

For a ¢?" theory
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Chang Duality in GL ¢°




Duality in GL ¢°

Class of universality of the Tricritical Ising Model (My, ¢ = 1—70)
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BROKEN PHASE SYMMETRIC PHASE

second order

2
m
H = Nm [HO] +7¢3n+g4¢;1n+g¢?n
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H' = N, [Ho]+9(¢7+a%) (¢ —c)?
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Duality in GL ¢°
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Duality in GL ¢°% masses equation

m? 1-27 /1 n m? 45 0
g AlT+1) o 2r+1 g e e
1.50 7 7
Lo r=1/10 / r=4/5 ) r=5/2/
(il | T -——— =32/ ——— =5
Loof J / /
/ /7 /
o / 7/ 7/
= 0.75 4 7, ’
= l, // /
050 F / / /
/ he >0 W, hy <0 / hy <0
0.25F / hy <0 / hy <0 / hy >0
~ ., . L2 N ’_! N .
0.00 2 1 2 2 1
g/m? g/m? g/m

G. Mussardo,
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Duality in GL ¢° change of variables

After setting z = g/m? and y = g/u*:

u =

é&:\@

v =

Polynomial equation in v:
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Duality in GL ¢° change of variables
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which approaches zero when u — 0, provided that
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Duality i
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The g4 equation:
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Duality in GL ¢°
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Thanks for the attention!



Chang Duality: general
approach



Duality in GL ¢® and General approach

H' = N,[Ho] + N,[V] = Nu[Ho] + g(¢, + a®) (42 + b°)(¢7, — ¢*)?
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Duality in GL ¢® and General approach
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For Ginzburg-Landau ¢2" theory:
n—1
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