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What is new here?

Outline

e Fermion asymmetric DM with yukawa interaction at finite
density. Going beyond non-interacting scenario pomeke & Urbano 14,
Randall et al. '16, Gresham &7urek 18, aNd Bosonic DM with effective theory
for phonons Berezhiani & Khoury '15

e Delimiting possible phases of the Yukawa theory

¢ In-medium effects and generalized 'gap equations’ and
equation of state for arbitrary mediator masses.

e Equation of state and some applications.
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Phases in the Yukawa theory
The model

_ _ _ 1 _
L= i — i+ uin® + S0,60°0 — Sl — gie .

* 4 free parameters: m,my, g and the density

e Dark particles singlets under SM. The fermion v charged
under U(1)garx global

e Fermi energy Er = ju = /m? + k%, number density
n=N/V = {$yd)
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Phases in the Yukawa theory

Scattering in the Yukawa theory

e . 6} %",, o0 @
e ® a\@ Q %
o o0 \q h %

>
BCS BEC

e The scattering length effectively captures the short distance
properties of a potential

. 1
]1912% k cot dp(k) = ——

a
Computable for dilute gases in the non-relativistic limit

e Anologous to contact interactions in low temperature physics
phases delimitted by dimenionless kra
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Phases of QCD

Alford, Schmitt, Rajagopal , Schafer '08

T

A

heavy ion
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Phases in the Yukawa theory at 7' = 0

Phases fOI’ dilute fermi—gas Wlth Yukawa RG, M.H.G Tytgat and J. Vandecasteele '22
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Phases in the Yukawa theory at 7' = 0

Phases for dilute fermi—gas with Yukawa re, M.H.G Tytgat and J. Vandecasteele '22
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Phases in the Yukawa theory at 7' = 0

Phases for dilute fermi-gas with Yukawa RG, M.H.G Tytgat and J. Vandecasteele '22
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The BCS phase

Cooper pairing and in-medium effects

(Vy)

- forward |

DM DM

¥ 7

DM DM

" backward __
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Full forward scattering

Scalar density condensate

e Tadpole # 0 when p # 0

e The scalar operator 1) has a non-zero mean, o)

ng = <1/;w> > 0 Waleck '74, Gresham et al. '18. ——=> Ng
sources the scalar field due to its Yukawa
interactions with the fermions

o =0 mi(o) +g{y) =0

e m,=m+ g(¢p) = m,=m — %ns(m*)

= the fermion mass is reduced in the medium! (similar to
NJL model of chiral symmetry breaking)
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Full forward scattering

Results for scalar density condensate RG, M.H.G Tytgat and J. Vandecasteele 22
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Full backward scattering
Cooper pairing and superfluidity: BCS argument

e Free enrgy for N particles Qy = E — uN

e Add a particle = Qny1=FEq—p(N+1) i) @
kY 4_. L

e [f attractive interactions Q.1 < Qp

e Formation of many bosonic Cooper pairs which
condensate ~ (11)) (Leon Cooper '57). Pairing
in 1S channel.

® Object that gets a vev ~ <1/Jc(y)1/;($)> a 4 x 4 quantity

Raghuveer Garani garani®fi.infn.it Condensed dark matter at galactic scales



Full backward scattering
Qualitative physics
Yukawa theory when my > m: 4—fermion interaction schmi 14

L=+~ "1 —m)p + Gy

e oy (B =m (Gde) < G\ (4
= (v ) (<wc/¢?> x Gy f—pm° - m) <¢C>

<y ) ¥
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Full backward scattering

Physical meaning

€x/u

Condensed dark matter at galactic scales
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The consistent set of gap equation

Deriving the gap equations with variational methods

® Ansatz for the Dirac structure of gap A. In BCS A = A;+°.
® Starting from the action,
S=[,, 0@ G (@) v (y) - 306 @@) D" (z,9) 6 (y)] -
91,0 (2) 6 (@) 6 ()
do Hubbard-Stratonovich transformation to introduce gaps as auxilliary
fields

1 o< [ DADA exp{~5(A ~9¥ey) 3 (A ~99) = 5 (A~ i) (A~ pey)}
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The consistent set of gap equation

Deriving the gap equations with variational methods

® Ansatz for the Dirac structure of gap A. In BCS A = A+°.
® Starting from the action,
S=[,, 0@ G (@) v (y) - 30 @@) D" (2,9) 6 (y)] -
9 [, ¥ (@) ()¢ (x)
do Hubbard-Strantanovich transformation to introduce gaps as auxilliary
fields

© S=[,,¥(@) G (z,9) ¢ (y) + ADA + AP + PAY
Z = [ DYDYDADA ¢=5

Use mean-field approximation then compute path integrals
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The consistent set of gap equation

Deriving the gap equations with variational methods

Ansatz for the Dirac structure of gap A. In BCS A = A5,

Starting from the action,

S=[,, [ @G (@) ¢ (y) — 56 (@) D7 (x,9) ¢ (y)] —

9 [, ¢ @) ()¢ (x)

do Hubbard-Strantanovich transformation to introduce gaps as auxilliary
fields

S = foy ¥ (@) Gy (z,9) ¥ (v) + ADA + A% + AT
Z = [ DYDYy DADA e o
Use mean-field approximation then compute path integrals

Obtain free energy €2 from the partition function
Q= —% log Z
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The consistent set of gap equation

Deriving the gap equations with variational methods

Raghuveer Garani garani®©fi.infn.it

Ansatz for the Dirac structure of gap A. In BCS A = A~5.

Starting from the action,

S=[,, [0 @G (@) (y) — 56 () D7 (2,9) ¢ (y)] —

9/, ¢ @)Y (2) ¢ (x)

do Hubbard-Strantanovich transformation to introduce gaps as auxilliary
fields

S= Ly ¥ (@) G (@.9)% () + ADA + Y AY + PAY
Z = [ DYyDYDADA e~

Use mean-field approximation then compute path integrals
Obtain free energy Q2 from the partition function

Q= f% log Z

Differentiate 2 w.r.t gaps, set to 0 :
R=0
OA T

Solve by iterative numerical methods. Very general setup!
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The consistent set of gap equation

Advantages of variational methods

e Introduce auxilliary fields to bring fermion bilinears to
quadratic form siatonovich ‘57, Hubbard ‘59

e Captures multi-channel condensation «icinert ‘11

e Applicable in all regimes without spurious cut-off aiord ‘01, Alford et i

'07, Kleinert '11
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The consistent set of gap equation

Gap structure and diSpel’Sion RG, M.H.G Tytgat and J. Vandecasteele '22
A has fermionic indices, respects Fermi statistics

Aop = <¢c,a () ¥s (?J)>

Ansatz for the Yukawa theory pisrsii and Rischie ‘99, Bailin and Love ‘84

A=Ay + Agy - ’23’7075 + Aszy07s

2= ) (TH " s ) ()

inverse propagator
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The consistent set of gap equation

Gap structure and diSpel’Sion RG, M.H.G Tytgat and J. Vandecasteele '22
A has fermionic indices, respects Fermi statistics

Aop = <¢C,a () ¥s (y)>

Ansatz for the Yukawa theory pisrsii and Rischie ‘99, Bailin and Love ‘84

A=Ay + Agy - ’237075 + Aszy07s

L= ¥c) (k +K7((1)<)_ " k—ﬁv(g)— m) <$C>

inverse propagator

In BCS, A < p

I 2
eiz(wip)Q—l— <A1i< A2+%A3>)

W

Like standard BCS theory but non-trivial momentum dependencg
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The consistent set of gap equation

RG, M.H.G Tytgat and J. Vandecasteele '22

m* wi + Np k R(k) An(k)
3 (0 = L = 1) -y ,
© Z/ (27r)3 ( en (k) ) nwk wp  €n(k) }

A g? * ok m? + (p+ k)*
= dk— { log ————
+(p) 722 E . gmiJr(p—k)? Fn
. Jo
2 2 2 2 2
kp 72+m¢+k +p logm¢+(p+k)
wpWwi 2kp mi +(p— k)2

o m3 + e+ k)| A, k)
og 5
Ve S mE (0 — k)2 [ en(h)

g2 Z ok mak mi + k2 +p>  mI 4+ (p+ k)’

5 dk— —n -2+ log 5 =

327 o P wpwi 2kp my + (p — k)
n

map | m3 + (0 + k)| A, k)

%(p)

og A
wpWwi mi +(p — k)2 en (k)
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The consistent set of gap equation

Solution to gap equations: moderately heavy mediators R, M.H.G Tytgat and J. Vandecasteele

‘22

A =A1ys + Aoy - kyoys + Asyos

102

10°1
é 1072
=

2 104}

I
< 106}

1081

9=3,my/m=0.5

sl il ol v T

0] 4 PRI )
103 102 10! 10° 10t 10? 103 104 107 101 10° 10! 10?
ky/m ky/m
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The consistent set of gap equation

Solution to gap equations: moderately light mediators RG, M.H.G Tytgat and J. Vandecasteele '22
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Applications
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Bullet cluster constraints

Effective range formalism

e s-wave scatterings are best understood in terms of scattering
length a, effective range r. w sethe 40, chu et al. 20

1 —1
——————  kcotd
k(cotd —i)’ cot |
N 4ra
T 14+ k2 (a2 —ar,) + Ta’r2kt

1=0 Te, o
— —k
M 2

~— +
S-wave a

2

0o

® Phase shift <» Schrodinger equation(dilute gases,
non-relativistiic)

e also gap equation <+ like Schrodinger equation but at large
density + relativistic effects
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Bullet cluster constraints
o/m = barn/GeV

101 . I 101 . —
\ n—1GevN g=3 % ' Jm=1Gevg=2

CrOssover| crossover

%

10°

BCS

10°

1073
1072
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Equation of state

Thermodynamic considerations

e Consider first the case when A = 0 but m, < m. Free
energy Kapusta and Gale '11 also Gresham and Zurek '18

Q= —QT/ (;i?s [log (1 + e—ﬁ(w*—ﬂ)) + log (1 + e—B(w*ﬂt))} + %migb%

® parameterized by C2 = %a%, and m./m=1— ¢, n=k¥/3r?
s

4 g [m 4
P:—Q:;”—2 —Q%Jr / S —
i ¢ 0 22+ (1-¢)°

k:p/m

m ¥ 2 2
e:,un—P:g? @—1-3 iy 22+ (1 — ) dx
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Equation of state

With Maxwell construction

1.10 T—T—T—T=TTTTT —T—TTTTrTT 1.03 T T
" Free R
— Ci=09 1.02F — ciooo
— =109 — C2=1.09
§ 1.05 }— 06:1.1‘23 51.01 . — 0;3:1.12
~ 3
1
0.99 | .
—— ) — ) il 1 1 I
1072 10t 10° -1.0 -0.5 0.0
-4
3rin/m3 P/m* *10
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Equation of state

as a function of coupling

C3 = ol Q,n—k 3, /3m?

1071 T T T
_ 102} 7 7
3.0 %1075, ; ; r r //é///‘
55 coexistence // /;;&/

’ [ i ) 1073 i /—/ / A
_20f {1 & |- ﬁ?/
=15k = T = é/ :
E1.5 : 104 = ///

Lor i //i/
05} £as _ 0* /7///
0.0 L I I I 106 ///
08 09 10 11 12 13 0.8 o5 n . o
T 1/00 C?
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Equation of state

Application to Halos

10° rrrrr—r—rrrr

107 |
P/m410’2 -
103 |

104 |

105 bowhad” i

Free
— C}=3
2
- C;=10 4

— C}=100

o

VAR

large galaxies

103

1072
p/m

101

10°

10!
R (kpc)

102
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Applications and consequences
Collapse to Black hole: classical

Minimize total energy per particle

e For non-interacting bosons
GNmf( 1

= + E — Ng)hosons ~ 1034 (

100GeV 2
)

My

® For non-interacting fermions

GNm2 (N\'Y?1 L (100 GeV\®
Egot ~ — Xy () = = N& 10572 220
tot R + (gf ) R fermions gf Mpar

e~ MéTij

Tij

® For fermions with Yukawa interaction: Fi,; = + Zi# o
'15, '18

GNm2 [N\Y?1 mg \° [ My\?®
Etoy ~ — R X4+ () —+Fiyw = Na =~ < ¢ ) <*p1>
gf R

Kouvaris et al
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Applications and consequences

CO”apse to Black hole: reality RG, Tytgat and Vandecasteele '22 and also Gresham and Zurek '18

e (Classical calculation fails as the system becomes more
relativistic!

e In-medium corrections very important

® Yukawa theory: attractive interaction leads to non-trivial
phases

e Collapse to blackhole impeded as interactions = additional
pressure

e True condition for collapse even in the presence of attractive

3
interactions =—> Ny, =~ (%) . The usual Chandrasekhar
X

limit holds always!

e Impact of superfluid gaps parameterically very small.
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Conclusions and Outlook

e Emergent phenomena can be realized in dark sectors due to
DM—DM interactions.

e Most important effects: finite density correction to mass and
paramteric change to the dispersion relation.

e We have delimitted phases of Yukawa theory!

e Very general framework to describe superfluidity, motivated by
DM phenomenology. For arbitrary mediator masses all the way
from non-relativistic limit to relativistic limit.

e We are at the crossroad of many areas in physics.

e Construct EoS that corectly interpolates between condensate
dominated high density regions and low density Maxwellian
regimes — realistic description of DM halos at dwarf galaxy
scales?
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Additional information

28/28‘
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Scattering length in the non-relativistic limit

ezkr

e Wave-function in CM frame ¢ = e*** + f(0)
e2i%0 _1

2ik
At k — 0 the wave function is ) =1 — ¢

Scattering length lim & cot dg(k) = —1%
k—0 a

T

e The s-wave amplitude f, =

Deutron (n-p spin triplet) a = +7 fm, whereas n-p spin singlet
a = —20 fm

e In co-ordinate space Yukawa potential is o~
e Solve
L d [ ,dRy , ll1+1)
r2dr (T dr ) i < r2 mV(r) Lk )

with boundary condition r%;;, = 0 at r = 0
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Scattering length in the non-relativistic limit
continued
° Wlth further massag'ng (See Chu, Garcia-Cely, Murayama ’19)
dél,k(’l“)
dr

which is to be solved with boundary conditions ¢, ;(0) = 0 and
5l,k — 51 at r — oo.

T T

= —kmr*V(r)Re [ei‘;”k(r)hl(l)(kr)r ,

10

® Yukawa

102 . ® Hulthén

5k
I 7
< B I W O A A A SR C Y 4 N N« S S S
10! | D s Tt
£ 3 S ol
E R S oy A & A

100 |

® >0 5
F ® a<0 I
[ = Yukawa :
-- Hulthén H
101 RTINS | . -10
101 10° 10! 101

Raghuveer Garani garani®©fi.infn.it Condensed dark matter at galactic scales



Applications and consequences

Black hole formation from DM collapse

e All particles that
intersect the celestial
body is captured if
AE > _u?

E ~ u24v2
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Applications and consequences

Black hole formation from DM collapse

e All particles that
intersect the celestial
body is captured if
AE > _u?

E ~ u24v2

e Estimate simple when
on, R, 2 1. In this
limit the rate is

independent of o
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Applications and consequences

Comparison

e Sufficiently weak, on, R, ~ 1
e Geometric cross section, o, = TR?/N

e The maximal capture rate

2
Crnax ~ WRE <1 + U;) <px> Voo
Vg my

o, [em?] | ~ My /Gyr

Sun 1073 10~ MM,
White Dwarf | 10739 1071%M,
Neutron Star | 107% 107°Mg

Condensed dark matter at galactic scales
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A cosmological dark-QCD model

The model

e Can dark matter (DM) be a baryon/pion of new confining dark
S€CtOI’S7 i com pOSIte DM Bai, Hill '10 + Boddy et.al. '14 +Gresham, Lou, Zurek

"17 + Bai, Long, Lu '18 + many more
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A cosmological dark-QCD model

The model

e Can dark matter (DM) be a baryon/pion of new confining dark
S€CtOI’S7 i com pOSIte DM Bai, Hill '10 + Boddy et.al. '14 +Gresham, Lou, Zurek
"17 + Bai, Long, Lu '18 + many more

e Cosmologically accidentally stable, like protons = dark
baryon number Antipin et.al. '15 + Niel et.al. '16 + Mitradate et.al '17 + Contino et.al. '18 + Redi

et.al '18
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A cosmological dark-QCD model

The model

e Can dark matter (DM) be a baryon/pion of new confining dark
SeCtOFS7 i com pOSIte DM Bai, Hill '10 + Boddy et.al. '14 +Gresham, Lou, Zurek
"17 + Bai, Long, Lu '18 + many more

e Cosmologically accidentally stable, like protons = dark
baryon number Antipin et.al. '15 + Niel et.al. '16 + Mitradate et.al '17 + Contino et.al. '18 + Redi

et.al '18

e Here we focus on SU(3)

O O ar.
/d4x V=9 [ﬁs _ZGZVGWQ s (P—ma) it ~SMM7#fdk
p

with possibility of both dark-pion and -baryon DM!
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A cosmological dark-QCD model
The model
e Global chiral symmetry SU(Ng)x SU(Np) — SU(NF)

2
L, = J;Tr(ﬁuU)Q—f—bTr[M Uth.c]+WZW, U = explin/f]

and  M,; = m;d;; . Resulting in N3 — 1 goldstone bosons in
the adjoint
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A cosmological dark-QCD model

The model
e Global chiral symmetry SU(Ng)x SU(Np) — SU(NF)

f2

L 1

Tr(9,U)*+bTr[MU+h.c.]+WZW, U = explin/ f]
and  M,; = m;d;; . Resulting in N3 — 1 goldstone bosons in
the adjoint

e Dark pions re, wichele Redi, Andrea Tesi: Similar to SM we choose
M, <5f
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A cosmological dark-QCD model
The model
e Global chiral symmetry SU(Ng)x SU(Np) — SU(NF)

f2

Ly 1

Tr(9,U)*+bTr[MU+h.c.]+WZW, U = explin/ f]

and  M,; = m;d;; . Resulting in N3 — 1 goldstone bosons in
the adjoint

e Dark pions re, wichele Redi, Andrea Tesi: Similar to SM we choose
M, <5f

e Stability: not absolute. Violated by

1 -. ) 1 -. f_
S PWIHP + Uiy W fot |

(0]U°V|r) = cdrf? = mixing with higgs %\H%r
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|s emergent phenomenon realized in dark-QCD

models?
Yes

e Much richer structure than the Yukawa theory

gUYd — g T b AL
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|s emergent phenomenon realized in dark-QCD

models?
Yes

e Much richer structure than the Yukawa theory

gUYd — g T b AL

e Analogous to color superconductivity in the SM QCD with 2
||ght f|aV0urS D. T. Son '98, Alford et al. '03,'04,08,"17 + many more. HOW doeS
'super’ behaviors arise??

Raghuveer Garani garani®fi.infn.it Condensed dark matter at galactic scales



|s emergent phenomenon realized in dark-QCD
models?
Yes

e Much richer structure than the Yukawa theory

gUYd — g T b AL

e Analogous to color superconductivity in the SM QCD with 2
||ght f|aV0urS D. T. Son '98, Alford et al. '03,'04,08,"17 + many more. HOW doeS
'super’ behaviors arise??

e 3 x 3 =23+6: antisymmetric channel is attractive
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|s emergent phenomenon realized in dark-QCD

models?
Yes

e Much richer structure than the Yukawa theory
gvé = ghar" Ty s Aj,

e Analogous to color superconductivity in the SM QCD with 2
light flavours o. 1. son 98, Alford et al. '03,04,08,/17 + many more. HOW doOES
'super’ behaviors arise??

e 3 x 3 =23+6: antisymmetric channel is attractive

e Pairing is most attractive in 1S : |[1]) — [{1)
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|s emergent phenomenon realized in dark-QCD

models?
Yes

e Much richer structure than the Yukawa theory

gUYd — g T b AL

Analogous to color superconductivity in the SM QCD with 2
||ght f|aV0urS D. T. Son '98, Alford et al. '03,'04,08,"17 + many more. HOW doeS
'super’ behaviors arise??

3 x 3 =3+6: antisymmetric channel is attractive v
Pairing is most attractive in 'S : [1]) — [{1)

Wavefunction has to be overall antisymmetric
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|s emergent phenomenon realized in dark-QCD

models?
Yes

e Much richer structure than the Yukawa theory

gUYd — g T b AL

Analogous to color superconductivity in the SM QCD with 2
||ght f|aV0urS D. T. Son '98, Alford et al. '03,'04,08,"17 + many more. HOW doeS
'super’ behaviors arise??

3 x 3 =3+6: antisymmetric channel is attractive v
Pairing is most attractive in 'S : [1]) — [{1)

Wavefunction has to be overall antisymmetric

Need to be also antisymmetric in flavour
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Dark-QCD model
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Dark-QCD model
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