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• Supermassive Black Hole (SMBH) Puzzle


• SMBHs from Self-interacting Dark Matter (SIDM)


• Dynamical (Relativistic) Instability


• Summary & Future Plans
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SMBH Puzzle
Cosmic History

• SMBHs with mass  are found at 
the centers of the most of massive galaxies.


• The early formation of SMBHs in re-
ionization era ( ) has puzzled 
astrophysicists for decades.


• More recently, around a hundred of 
distant SMBHs are found in 800 Myr after 
the Big Bang (redshift ).

≳ 108M⊙

6 < z < 20

z ≳ 7

Banados et al., Nature, 553, 473 (2018); 
Wang et al., ApJ, 869, L9 (2018);
Matsuoka et al., ApJ, 883, 183 (2019); 872, L2 (2019)
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SMBH Puzzle
Merger Scenario
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Rees, ARA&A, 22, 471 (1984)

• Mergers of stellar-mass BHs from dead stars.


• Super-Eddington accretion is required to 
reach SMBHs.


• Usually taking too long to reach SMBHs
.


• It is hard to explain the high redshift  
SMBHs. 

∼ 108M⊙

z ≳ 7



SMBH Puzzle
Direct Collapse Scenario
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• An efficient way is through the direct collapse 
from dense gas cloud.


• Temperature should be sufficiently high to 
prevent the gas cloud from fragmentation.


• The main challenge for these models is the 
disposal of angular momentum.

Begelman, Volonteri & Rees, MNRAS, 370, 289 (2006)

Rees, ARA&A, 22, 471 (1984)



SMBHs from SIDM

Wikipedia



SMBHs from SIDM
Observational Constraints of SIDM

• What if DM has self-interaction? 


• Core-cusp, diversity,…


• Observational constraints on self-interaction strength 
 from dwarf galaxies


• Elastic collisions or with dissipations…

σ/m ∼ 𝒪(1) cm2/g

Spergel & Steinhardt, PRL, 84, 3760 (2000)

Essig, Mcdermott, Yu & Zhong, PRL, 123, 121102 (2019)

Kamada, Kaplinghat, Pace & Yu, PRL, 119, 111102 (2017)
Ren, Kwa, Kaplinghat & Yu, PRX, 9, 031020 (2019)

Kaplinghat, Tulin & Yu, PRL, 116, 041302 (2016)

Kaplinghat, Ren & Yu, JCAP, 06, 027 (2020)

Tulin & Yu, Phys. Rept. 730, 1-57 (2018)



SMBHs from SIDM
Direct Collapse from SIDM

• Early works by Ostriker (2000), Balberg & Shapiro (2002)…


• Gravitationally bound & thermodynamic system  Gravothermal evolution


• Gravitationally bound system  Negative heat capacity


 Getting hotter & hotter as heat is transported out !


• Gravothermal contraction  Catastrophic core collapse !


• Too slow to have early SMBHs given 

→

→

→

→

σ/m ∼ 𝒪(1) cm2/g

Balberg & Shapiro, PRL, 88, 101301 (2002); 
Balberg, Shapiro & Inagaki, ApJ, 568, 475 (2002)

Ostriker, PRL, 84, 5258 (2000)

Sameie, Yu, Sales, Vogelsberger & Zavala, PRL, 124, 141102 (2020)



Gravothermal Evolution of SIDM Dark Halos
Baryon Distribution for Protogalaxies

• We adopt a single power law of baryonic gas 
from simulation by Wise et al.


• ,  and 
 

ρb,s = 0.19M⊙/pc3 ρs = 2.6M⊙/pc3

rs = 73pc ⇒ Mb(r) ≃ 0.1M0 (r/rs)0.6
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A. The gas density profile

To model the gas distribution of protogalaxies, we

adopt simulation results in [1] (simulation B). Their sim-

ulated gas and dark matter distributions are fitted with

a single power law of ⇢b ⇠ r
�2.4

and the NFW profile,

respectively. We find the following ansatz works well for

the gas.

⇢b(r) = ⇢b,s

✓
r

rs

◆�2.4

, (1)

where ⇢b,s is the scale density of the gas and rs is the

scale radius of the simulated halo. The corresponding

mass profile is

Mb(r) = 1.67 ⇥ ⇢b,s

⇢s
(4⇡⇢sr

3

s)

✓
r

rs

◆0.6

(2)

We use simulation data shown in Fig. 4 (right, panel

b) in [1] to fix the model parameters, rs = 73pc,

⇢s = 2.6 M�/pc
3
, and ⇢b,s = 0.19 M�/pc

3
; see Fig. 1

for comparison. Since 1.67 ⇥ ⇢b,s/⇢s ⇡ 0.1, we take

Mb(r) = 0.1M0(r/rs)
0.6

for the static baryon distribution

in our semi-analytical simulations, shown as the dash-

dotted line in the left panel of Fig. 2.
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FIG. 1: Dark matter (red) and gas (black) density profiles
after fitting to the simulated ones in [1]; see their Fig. 4
(right, panel b).

B. The numerical procedure

The procedure of our semi-analytical simulations is

largely based on the treatment given in [2, 3]. We first

translate a relevant physical quantity x to a dimension-

less one x̂ as x̂ = x/x0, where x0 is its corresponding

fiducial value built from the halo parameters ⇢s and rs,

as shown in Table I.

M0 = 4⇡⇢sr
3

s (�/m)0 = (rs⇢s)
�1

⌫0 = (4⇡G⇢s)
1/2rs L0 = (4⇡)5/2G3/2⇢5/2s r5s

t0 = (4⇡G⇢s)
�1/2

TABLE I: Fiducial quantities used in our numerical simula-
tions.

The self-gravitating halo is segmented to N =

182 evenly log-spaced concentric shells in radius

{r̂1, r̂2, · · · , r̂N} with r̂1 = 10
�4

and r̂N = 100. The

halo is assumed to be in a quasi-hydrostatic equilibrium

and each shell is assumed to be in its local thermal equi-

librium. The values of extensive quantities (M̂i, L̂i) and

intensive quantities (⇢̂i, ⌫̂i) are taken as the value at r̂i

and the average between values at r̂i and r̂i�1, respec-

tively. We fix the baryon mass profile M̂b,i as

M̂b,i = M̂b(r̂i) = 0.1 ⇥ r̂
0.6
i . (3)

Consequently, we only use one set of Lagrangian zone

radius for the halo through the simulations and dy-

namically update the enclosed baryon mass according

to Eq. (3). The workflow is as follows:

1. Compute the initial 1D velocity dispersion profile

⌫̂�,i based on the input r̂i, ⇢̂�,i, and ⇢̂b,i under the

hydrostatic equilibrium condition,

@(⇢̂�⌫̂
2

�)

@r̂
= � (M̂� + M̂b)⇢̂�

r̂2
. (4)

2. Compute the luminosity profile L̂�,i based on r̂i,

⇢̂�,i, ⌫̂�,i and �̂ according to Eq. (2) of the main

text.

3. Allow a small passage of time �t̂ and compute the

specific energy change �û�,i, û�,i ⌘ 3⌫̂
2

�,i/2, due

to heat conduction,

�û�,i

�t̂
= �

 
@L̂�

@M̂�

!

i

, (5)
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Wise et al., ApJ 682 745 (2008)



Baryonic Content Speeds up the Collapse

The central density diverges in finite time (gravotheramal catastrophe) !

Gravothermal Evolution of SIDM Dark Halos

Feng, Yu & Zhong, Astrophys. J. Lett. 914, L26 (2021)

2

where M�, ⇢�, ⌫�, L� and T� are dark matter mass, den-
sity, 1D velocity dispersion, luminosity, and temperature
profiles, respectively, and they are dynamical variables
and evolve with time; Mb is the baryon mass profile in
the host galaxy; G is the Newton constant and Dt de-
notes the Lagrangian time derivative. Heat conductiv-
ity of the dark matter fluid  can be expressed as  =
(�1

lmfp
+ 

�1

smfp
)�1, where lmfp ⇡ 0.27C⇢�⌫

3

��k/(Gm
2)

and smfp ⇡ 2.1⌫�k/� denote conductivity in the long-
and short-mean-free-path regimes, respectively, and k is
the Boltzmann constant. In the long- and short-mean-
free-path regimes, Kn ⌘ �/H > 1 and < 1, respectively,
where � = m/⇢�� is the self-interaction mean free path
and H = (⌫2

�/4⇡G⇢�)1/2 is the scale height. We set the
numerical factor C as C ' 0.75 based on calibrations
with N-body simulations [51, 52].

We assume the initial halo follows a Navarro-Frenk-
White (NFW) profile [53] with rs and ⇢s as its scale ra-
dius and density, respectively. The boundary conditions
are M� = 0 at r = 0, M� = M200 and L� = 0 at r = r200,
where M200 and r200 are the virial halo mass and ra-
dius, respectively. We adopt the baryon mass profile
Mb(r) ⇡ 0.1(4⇡⇢sr

3

s)(r/rs)0.6, based on cosmological hy-
drodynamical simulations of protogalaxies at z ⇠ 17 [54];
see Supplemental Material. As an approximation, we as-
sume the baryon mass profile is static and it does not
evolve with time. In SIDM, the baryon profile may be-
come more di↵use because of halo core formation [55, 56].
However, if baryon infall occurs early before a large core
forms, the distribution can be as compact as the one in
the collisionless limit [57]. In addition, since the baryons
would further contract as the collapse starts, our approx-
imation could be conservative.

We recast the fluid equations with dimensionless vari-
ables and solve them numerically using the method as
in [51, 52]. The fiducial quantities relevant for later
discussions are M0 = 4⇡⇢sr

3

s , t0 = 1/
p

4⇡G⇢s and
(�/m)0 = 1/(rs⇢s); hence Mb(r) = 0.1M0(r/rs)0.6. We
then map dimensionless outputs from the simulations to
physical ones assuming Planck cosmology, i.e., h = 0.67,
⌦m = 0.315, and ⌦⇤ = 0.685 [58].
Roles of baryons. Fig. 1 shows the gravothermal evo-
lution of the dark matter density vs. enclosed mass
(solid) in the presence of the baryons (dash-dotted),
where we fix (�/m)(rs⇢s) = 0.2. The insert panel il-
lustrates the average inner density vs. evolution time
with (solid) and without (dashed) including the baryon
mass. The average inner density h⇢�,ini is calculated
within the central region where the enclosed mass equals
to that of the seed black hole, as we will explain later.
With the baryons, the halo does not form a large den-
sity core and it quickly evolves into the collapse phase;
see also [59]. Its density keeps increasing and eventu-
ally becomes super-exponential in the end. The collapse
timescale is tc = 8.41t0, a factor of ⇠ 100 shorter than the
one predicted in the SIDM-only case with the same in-
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FIG. 1: Gravothermal evolution of the dark matter density vs.
enclosed mass in the presence of the baryonic potential (solid),
as well as the fixed baryon profile (dash-dotted). Each dark
matter profile is labeled with its corresponding evolution time,
and the vertical dotted line indicates the mass of the central
halo that would eventually collapse into a seed black hole.
The insert panel illustrates the evolution of the averaged dark
matter density of the central halo with (solid) and without
(dashed) including the baryons.

teraction strength. We have also considered a Hernquist
profile [60] to model the baryon distribution and obtained
a similar result if the baryon distribution is compact.

We also see that as the central density increases for
t & 8.4t0, the enclosed mass for a central region remains
almost a constant Min ⇡ 1.8⇥10�3

M0. This is the region
where the halo is in the short-mean-free-path regime. A
similar phenomenon also occurs without including the
baryons [35, 36]. For the SIDM-only case we consider,
the corresponding Min/M0 value is 4.2 ⇥ 10�2, which
is larger than the one with the baryons. As the halo
evolves further, the density continues increasing and the
central halo (Kn . 1) would eventually collapse into a
singular state, a seed black hole. We assume the seed
mass Mseed = Min, suggested by numerical studies of
collapsed massive stars [61–65].
Seeding SMBHs. To explain the origin of high-z
SMBHs, the initial halo must be su�ciently heavy and
collapse fast enough. We first check the scaling re-

lations Min / M0 / M200, and tc / r
�1

s ⇢
�3/2
s /

M
�1/3
200

c
�7/2
200

(1 + z)�7/2 [52], where c200 = r200/rs is the
halo concentration. Apparently, tc is very sensitive to
c200. There is a tight correlation between c200 and M200

for halos at z . 5, but the c200 distribution at higher red-
shifts is less known. There is a trend that c200 gradually
becomes independent of M200 and its median asymptote
to c200 ⇠ 3 at z ⇠ 5–10 [66, 67]. We fix c200 = 3, and
leave with two parameters M200 and z to vary.

Fig. 2 shows benchmarks (red) that could explain the
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mass Mseed = Min, suggested by numerical studies of
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Gravothermal Evolution of SIDM Dark Halos
Solving High Redshift SMBH Puzzle

• Press-Schechter formalism for halo 
mass function


• SIDM halos with redshift  and 



• With baryons, it takes ; in 
contrast, it takes  for pure 
SIDM halos. ( )

z ≳ 10
σ/m ∼ 𝒪(1) cm2/g

≃ 126 Myr
≳ 10 Gyr

t0 = 15Myr

assuming Salpeter time  Myr for Eddington accretiontSal = 50

Feng, Yu & Zhong, Astrophys. J. Lett. 914, L26 (2021)
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Dynamical (Relativistic) Instability 
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Dense central region

Outer envelope
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Direct Collapse of the Inner Core?

 We need the treatment of GR !!→



Dynamical Instability
Truncated MB - Distribution with Cutoff w = βϵc

• For a gravitationally bound system, the DM particles with sufficient high energy will 
evaporate and leave the core.


• The energy of particles in the distribution function cannot extend indefinitely, a 
radially dependent cutoff energy  is required to describe the equation of state of 
the gaseous sphere.


• This cutoff energy  is thus correlated with the gravitational potential.


• This type of model has been applied to globular clusters.

ϵc(r)

ϵc(r)

King, AJ, 67, 471 (1962); 70, 376 (1965); 71, 64 (1966)
Michie, MNRAS, 125, 127; 126, 331 (1963)

Ruffini & Stella, A&A, 119, 35 (1983)
Merafina & Ruffini, A&A, 221, 4 (1989); 227, 415 (1990)
Feng, Yu, Zhong JCAP 05 (2022) 036



Dynamical Instability
Truncated MB - Distribution with Cutoff w = βϵc

to describe the EoS in the core. The MK type models were first introduced to describe the

globular clusters and galactic halos [62–65], and actually can be derived from the Fokker-

Planck equation [66]. More recently, it is shown that they can describe the profiles of dark

matter halos [67, 68] from first principles.

II. THE TRUNCATED MODEL

For a general quantum phase-space distribution function with a cuto↵ W ⌘ �✏c [64, 65]

f⌘(✏  ✏c) =
1� e�✏�W

e�✏�↵ � ⌘
, f⌘(✏ > ✏c) = 0, (1)

where ⌘ = ±1 (+1 for bosons ; �1 for fermions; 0 for classical particles), ✏ =
p

p2c2 +m2c4�

mc2 is the particle kinetic energy with ✏c the cuto↵ in it; � = 1/kBT and ↵ = �µ with

µ = ✓ �m the chemical potential with the particle rest mass subtracted o↵. The fugacity

e↵ characterizes the degree of degeneracy for the gas. For a dilute gas of classical particles

(non-degenerate gas) e�✏ � e↵ (or ✏� µ � kBT ), the distributions reduce to the Maxwell-

Boltzmann form (⌘ = 0)

f0(✏  ✏c) = e↵(e��✏
� e�W ), f(✏ > ✏c) = 0. (2)

We note that the cuto↵ function W = W (r) varies as function of position due to gravity, and

obtain the following equation of state (EoS), number density n, energy density ⇢c2, internal

energy e, and pressure p, through (b,W,m,↵R) as

8
>>>>>>>><

>>>>>>>>:

n = 4
p
2⇡gm3(c3/h3)e↵RIn(b,W ) ⌘ gm3(c3/h3)e↵Rn̄ = (c2/Gm⇣2)n̄,

⇢ = 4
p
2⇡gm4(c3/h3)e↵RI⇢(b,W ) ⌘ gm4(c3/h3)e↵R ⇢̄ = (c2/G⇣2)⇢̄,

e = 4
p
2⇡gm4(c5/h3)e↵RIe(b,W ) ⌘ gm4(c5/h3)e↵R ē = (c4/G⇣2)ē,

p = (8/3)
p
2⇡gm4(c5/h3)e↵RIp(b,W ) ⌘ gm4(c5/h3)e↵R p̄ = (c4/G⇣2)p̄

(3)

where

⇣ = �C

⇣mPl

m

⌘✓
8⇡3

ge↵R

◆1/2

(4)

determines the typical scale of the sphere, and mPl = (~c/G)1/2 the Planck mass, �C =

~/mc the Compton wavelength of the particle, and ↵R ⌘ ↵(r = R) the degeneracy, the

temperature parameter b = kBT (r = R)/mc2 ⌘ kBTR/mc2 on the sphere, respectively. The

4

to describe the EoS in the core. The MK type models were first introduced to describe the

globular clusters and galactic halos [62–65], and actually can be derived from the Fokker-

Planck equation [66]. More recently, it is shown that they can describe the profiles of dark

matter halos [67, 68] from first principles.

II. THE TRUNCATED MODEL

For a general quantum phase-space distribution function with a cuto↵ W ⌘ �✏c [64, 65]

f⌘(✏  ✏c) =
1� e�✏�W

e�✏�↵ � ⌘
, f⌘(✏ > ✏c) = 0, (1)

where ⌘ = ±1 (+1 for bosons ; �1 for fermions; 0 for classical particles), ✏ =
p
p2c2 +m2c4�

mc2 is the particle kinetic energy with ✏c the cuto↵ in it; � = 1/kBT and ↵ = �µ with

µ = ✓ �m the chemical potential with the particle rest mass subtracted o↵. The fugacity

e↵ characterizes the degree of degeneracy for the gas. For a dilute gas of classical particles

(non-degenerate gas) e�✏ � e↵ (or ✏� µ � kBT ), the distributions reduce to the Maxwell-

Boltzmann form (⌘ = 0)

f0(✏  ✏c) = e↵(e��✏
� e�W ), f(✏ > ✏c) = 0. (2)

We note that the cuto↵ function W = W (r) varies as function of position due to gravity, and

obtain the following equation of state (EoS), number density n, energy density ⇢c2, internal

energy e, and pressure p, through (b,W,m,↵R) as

8
>>>>>>>><

>>>>>>>>:

n = 4
p
2⇡gm3(c3/h3)e↵RIn(b,W ) ⌘ gm3(c3/h3)e↵Rn̄ = (c2/Gm⇣2)n̄,

⇢ = 4
p
2⇡gm4(c3/h3)e↵RI⇢(b,W ) ⌘ gm4(c3/h3)e↵R ⇢̄ = (c2/G⇣2)⇢̄,

e = 4
p
2⇡gm4(c5/h3)e↵RIe(b,W ) ⌘ gm4(c5/h3)e↵R ē = (c4/G⇣2)ē,
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( : chemical potential)μ
( : temperature)T

 (+1 for bosons ; 1 for fermions; 0 for classical particles)η = ± 1

 (kinetic energy of a particle)ϵ = p2c2 + m2c4 − mc2

M = 2M� and radius R = 12 km is still stable with C ' 0.25. However, as we will see in
Sec. III C, an ideal gaseous sphere of mass ⇠ 109M� becomes unstable as Ccr ' 10�2. That
is because the average density of a sphere h⇢i ⇠ M/R3

⇠ 1/M2 (as R / GM/c2) decreases
as M increases. And if M & 109M�, h⇢i can be much lower than density of water as the
instability is triggered such that the gaseous sphere can collapse without overcoming the
nuclear repulsive force. By contrast, counteracting the strong interaction of nuclear force
is inevitable for a NS to collapse into BH. In brief, the EoS of a self-gravitating system is
determined by its typical scale, and the heavier the mass the easier the collapse to occur.

A more reliable way to determine the post-Newtonian instability is by checking the adi-
abatic index of the sphere as derived in the seminal works of Chandrasekhar (1964) [52].
The dynamical instability in Newtonian gravity, first derived by Ritter (1879) [53], requires
the (pressure-averaged) adiabatic index 1 of the core h�i  �cr = 4/3, whereas this is hardly
achieved as 4/3  �  5/3 for an ideal gas [55–57]. However, in general relativity (GR), the
pressure p and energy density ⇢c2 are treated on an equal footing and both contribute to the
gravitational energy such that �cr = 4/3 +O(p/⇢c2) making the system even more unstable
if p ⇠ 0.1⇢c2. As a result, well before the particles become radiation-like (ultra-relativistic
h�i ! 4/3 as p ! ⇢c2/3) the sphere can reach the dynamical instability condition h�i  �cr.
However, this criterion is su�cient but not necessary for the instability to set in. As we will
see in Sec. III, the instability might be triggered even for h�i > �cr by using the turning-point
criterion [58–68].

II. THE TRUNCATED MODEL

For a general quantum phase-space distribution function with a cuto↵ w ⌘ �✏c [47, 48]

f⌘(✏  ✏c) =
1� e�✏�w

e�✏�↵ � ⌘
, f⌘(✏ > ✏c) = 0, (1)

where ⌘ = ± (+ for bosons ; � for fermions; 0 for classical particles), ✏ =
p
p2c2 +m2c4�mc2

is the particle kinetic energy with ✏c the cuto↵ in it; � = 1/kBT and ↵ = �µ with µ =
✓ � m the chemical potential with the particle rest mass subtracted o↵. The fugacity e↵

characterizes the degree of degeneracy for the gas. For a dilute gas of classical particles
(non-degenerate gas) e�✏ � e↵ (or ✏�µ � kBT ), it reduces to the Maxwell-Boltzmann form
(⌘ = 0)

f0(✏  ✏c) = e↵(e��✏
� e�w), f(✏ > ✏c) = 0. (2)

We note that the cuto↵ function w = w(r) varies as function of position due to gravity, and
serves as “degeneracy contrast”

w(r) = ↵(r)� ↵R (3)

of the gas inside the sphere to its boundary radius R (see App. E), where ↵R ⌘ ↵(r = R).
Then we obtain the following equation of state (EoS), number density n, energy density ⇢c2,
thermal energy e, and pressure p, through (b, w,m,↵R) as

8
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n = 4
p
2⇡gm3(c3/h3)e↵RIn(b, w) ⌘ (c2/Gm⇣2)n̄,

⇢ = 4
p
2⇡gm4(c3/h3)e↵RI⇢(b, w) ⌘ (c2/G⇣2)⇢̄,

e = 4
p
2⇡gm4(c5/h3)e↵RIe(b, w) ⌘ (c4/G⇣2)ē,

p = (8/3)
p
2⇡gm4(c5/h3)e↵RIp(b, w) ⌘ (c4/G⇣2)p̄

(4)

1 Its applicability is still valid even for non-adiabatic perturbations, see Ref. [54] and references therein.
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A more reliable way to determine the post-Newtonian instability is by checking the adi-
abatic index of the sphere as derived in the seminal works of Chandrasekhar (1964) [52].
The dynamical instability in Newtonian gravity, first derived by Ritter (1879) [53], requires
the (pressure-averaged) adiabatic index 1 of the core h�i  �cr = 4/3, whereas this is hardly
achieved as 4/3  �  5/3 for an ideal gas [55–57]. However, in general relativity (GR), the
pressure p and energy density ⇢c2 are treated on an equal footing and both contribute to the
gravitational energy such that �cr = 4/3 +O(p/⇢c2) making the system even more unstable
if p ⇠ 0.1⇢c2. As a result, well before the particles become radiation-like (ultra-relativistic
h�i ! 4/3 as p ! ⇢c2/3) the sphere can reach the dynamical instability condition h�i  �cr.
However, this criterion is su�cient but not necessary for the instability to set in. As we will
see in Sec. III, the instability might be triggered even for h�i > �cr by using the turning-point
criterion [58–68].

II. THE TRUNCATED MODEL

For a general quantum phase-space distribution function with a cuto↵ w ⌘ �✏c [47, 48]

f⌘(✏  ✏c) =
1� e�✏�w

e�✏�↵ � ⌘
, f⌘(✏ > ✏c) = 0, (1)

where ⌘ = ± (+ for bosons ; � for fermions; 0 for classical particles), ✏ =
p
p2c2 +m2c4�mc2

is the particle kinetic energy with ✏c the cuto↵ in it; � = 1/kBT and ↵ = �µ with µ =
✓ � m the chemical potential with the particle rest mass subtracted o↵. The fugacity e↵

characterizes the degree of degeneracy for the gas. For a dilute gas of classical particles
(non-degenerate gas) e�✏ � e↵ (or ✏�µ � kBT ), it reduces to the Maxwell-Boltzmann form
(⌘ = 0)

f0(✏  ✏c) = e↵(e��✏
� e�w), f(✏ > ✏c) = 0. (2)

We note that the cuto↵ function w = w(r) varies as function of position due to gravity, and
serves as “degeneracy contrast”

w(r) = ↵(r)� ↵R (3)

of the gas inside the sphere to its boundary radius R (see App. E), where ↵R ⌘ ↵(r = R).
Then we obtain the following equation of state (EoS), number density n, energy density ⇢c2,
thermal energy e, and pressure p, through (b, w,m,↵R) as

8
>>><

>>>:

n = 4
p
2⇡gm3(c3/h3)e↵RIn(b, w) ⌘ (c2/Gm⇣2)n̄,

⇢ = 4
p
2⇡gm4(c3/h3)e↵RI⇢(b, w) ⌘ (c2/G⇣2)⇢̄,

e = 4
p
2⇡gm4(c5/h3)e↵RIe(b, w) ⌘ (c4/G⇣2)ē,

p = (8/3)
p
2⇡gm4(c5/h3)e↵RIp(b, w) ⌘ (c4/G⇣2)p̄

(4)

1 Its applicability is still valid even for non-adiabatic perturbations, see Ref. [54] and references therein.

3

• For a general quantum phase-space distribution function


• In classical limit  (or  ), it tends to the truncated MB 
distribution

eβϵ ≫ eα ϵ − μ ≫ kBT
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Dynamical Instability
Adiabatic Index (NG)

• A Newtonian star is balanced by pressure-buoyancy & counterbalancing gravity 


• By linear perturbation of a Newtonian star of radius , we have


• The dynamical instability in Newtonian gravity requires the (pressure-averaged) 
adiabatic index of the core , whereas  for an ideal gas.


• For ideal gas, it could hardly occur in the Newtonian scenario!

R

⟨γ⟩ ≤ γcr. = 4/3 4/3 ≤ γ ≤ 5/3

III. DYNAMICAL INSTABILITY

The dynamical instability of a sphere is associated with the adiabatic index of the gas

sphere. Following Ch. 24, Box. 24.2 of Ref. [4], we start by presenting a simple derivation

of the critical adiabatic index �cr. = 4/3 of a Newtonian star. The idea is to obtain the

pulsation equation of a Newtonian star of mass M and radius R with spherical symmetry,

M�R̈ = �k�R, and determine the e↵ective “spring constant” k of the star. The mean

adiabatic index of the star is defined by h�i ⌘ (d lnhpi/d lnhni)adiabatic

=
hni

hpi

✓
@hpi

@hni

◆

adiabatic

=
h⇢i+ hpi

hpi

✓
@hpi

@h⇢i

◆

adiabatic

!
h⇢i

hpi

✓
@hpi

@h⇢i

◆

adiabatic

(Newtonian limit),

where h⇢i = const. ⇥ hni. Considering a Newtonian star in equilibrium by balancing the

pressure-buoyancy and counterbalancing gravity (G = 1 for simplicity),

hfpi = hpi/R (up to some unimportant const factor) = hfgi = h⇢iM/R2 =
4⇡

3
h⇢i2R.

If M is fixed under the radial perturbation R ! R + �R, we have

�h⇢i =
3

4⇡
M�

�
R�3

�
=

3

4⇡
(�3)R�4�R = �3 (h⇢i/R) �R,

and

�hpi =
hpi

h⇢i
h�i�h⇢i = �3 (h�ihpi/R) �R,

where we have used the definition of adiabatic index (Newtonian limit) above. These lead

to the perturbations in the “forces”

�hfpi =
�hpi

R
�

hpi

R2
�R = � (3h�i+ 1)

hpi

R

✓
�R

R

◆
= � (3h�i+ 1) hfpi

✓
�R

R

◆
,

and

�hfgi =
4⇡

3

�
2h⇢iR�h⇢i+ h⇢i2�R

�
=

✓
4⇡

3
h⇢i2R

◆✓
�5

�R

R

◆
= �5hfgi

✓
�R

R

◆
.

Now the restoring force becomes

�hfgi � �hfpi = 3

✓
h�i �

4

3

◆
hfgi

✓
�R

R

◆
= 3

✓
h�i �

4

3

◆✓
4⇡

3

◆
h⇢i2�R

and causes an acceleration �R̈: �hfgi � �hfpi = �h⇢i�R̈. Hence we obtain

�R̈ = �3

✓
h�i �

4

3

◆✓
4⇡

3

◆
h⇢i�R = �!2�R.
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Now the restoring force becomes

�hfgi � �hfpi = 3

✓
h�i �

4

3

◆
hfgi

✓
�R

R

◆
= 3

✓
h�i �

4

3

◆✓
4⇡

3

◆
h⇢i2�R

and causes an acceleration �R̈: �hfgi � �hfpi = �h⇢i�R̈. Hence we obtain

�R̈ = �3

✓
h�i �

4

3

◆✓
4⇡

3

◆
h⇢i�R = �!2�R.

we identify !2 = 4⇡ (h�i � 4/3) h⇢i and k = M!2 is the “spring constant”. The perturbation
undergoes an exponential growth/decay as !2 < 0. As a result, h�i > 4/3 corresponds to
stable oscillations; h�i < 4/3 corresponds to unstable collapse or explosion; and h�i = 4/3
is marginal stable.

Appendix B: Chandrasekhar instability (1964) & adiabatic indices

For a perfect fluid Tµ⌫ = (⇢+p)uµu⌫+pgµ⌫ in a spherically symmetric and static spacetime,
the metric is given (G = c = 1) by

ds2 = gµ⌫dx
µdx⌫ = �e2�(r)dt2 + e2⇤(r)dr2 + r2(d✓2 + sin2 ✓ d�2). (B1)

Solving Einstein equations with this metric, we obtain the TOV equations
(

dp
dr = �(⇢+ p)4⇡pr

3+M
r(r�2M) ,

dM
dr = 4⇡r2⇢

(B2)

and the solutions (
e2�(r) = exp

⇣
2
R1
r

dp/dr̃
⇢+p dr̃

⌘

e2⇤(r) =
�
1� 2M

r

��1
,

(B3)

with the boundary condition �(R)+⇤(R) = 0. By perturbing this equilibrium solution, the
pulsation equation is derived as [52]:

!2e2(⇤��)(⇢+ p)⇠ =
4

r

dp

dr
⇠ � e�(2�+⇤)


e3�+⇤�p

r2
(r2e��⇠)0

�0

+ 8⇡e2⇤p(⇢+ p)⇠ �
1

⇢+ p

✓
dp

dr

◆2

⇠, (B4)

where ⇠ is the Lagrangian displacement and the “prime” denotes the derivative w.r.t. r.
By integration over r with ⇠ with the proper measure r2e�+⇤, we obtain

!2

Z R

0

e3⇤��(⇢+ p)r2⇠2dr = 4

Z R

0

e�+⇤r
dp

dr
⇠2dr

�

Z R

0

(r2e��⇠)
h
e3�+⇤�p

r2
(r2e��⇠)0

i0
dr �

Z R

0

e�+⇤

✓
dp

dr

◆2 r2⇠2

⇢+ p
dr

+ 8⇡

Z R

0

e3⇤+�p(⇢+ p)r2⇠2dr. (B5)
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Dynamical Instability
Adiabatic Index (GR)

• By linear perturbation of a perfect fluid in Schwarzschild spacetime


• In GR, the pressure plays a role in gravitational energy such that 

Appendix A: Chandrasekhar Instability (1964) & Adiabatic Index

For a perfect fluid Tµ⌫ = (⇢+p)uµu⌫+pgµ⌫ in a spherically symmetric and static spacetime,

the metric is given (G = c = 1) by

ds2 = gµ⌫dx
µdx⌫ = �e2�(r)dt2 + e2⇤(r)dr2 + r2(d✓2 + sin2 ✓ d�2). (A1)

Solving Einstein equations with this metric, we obtain the TOV equations
8
><

>:

dp
dr = �(⇢+ p)4⇡pr

3+M
r(r�2M) ,

dM
dr = 4⇡r2⇢

(A2)

and the solutions 8
><

>:

e2�(r) = exp
⇣
2
R1
r

dp/dr̃
⇢+p dr̃

⌘

e2⇤(r) =
�
1� 2M

r

��1
,

(A3)

with the boundary condition �(R)+⇤(R) = 0. By perturbing this equilibrium solution, the

pulsation equation is derived as [1]:

!2e2(⇤��)(⇢+ p)⇠ =
4

r

dp

dr
⇠ � e�(2�+⇤)


e3�+⇤�p

r2
(r2e��⇠)0

�0

+ 8⇡e2⇤p(⇢+ p)⇠ �
1

⇢+ p

✓
dp

dr

◆2

⇠, (A4)

where ⇠ is the Lagrangian displacement and the “prime” denotes the derivative w.r.t r.

By integration over r with ⇠ with the proper measure r2e�+⇤, we obtain

!2

Z R

0

e3⇤��(⇢+ p)r2⇠2dr = 4

Z R

0

e�+⇤r
dp

dr
⇠2dr

�

Z R

0

(r2e��⇠)


e3�+⇤�p

r2
(r2e��⇠)0

�0
dr �

Z R

0

e�+⇤

✓
dp

dr

◆2 r2⇠2

⇢+ p
dr

+ 8⇡

Z R

0

e3⇤+�p(⇢+ p)r2⇠2dr. (A5)

Integration by parts gives

!2

Z R

0

e3⇤��(⇢+ p)r2⇠2dr = 4

Z R

0

e�+⇤r
dp

dr
⇠2dr

+

Z R

0

e3�+⇤�p

r2
⇥
(r2e��⇠)0

⇤2
dr �

Z R

0

e�+⇤

✓
dp

dr

◆2 r2⇠2

⇢+ p
dr

+ 8⇡

Z R

0

e3⇤+�p(⇢+ p)r2⇠2dr. (A6)

16

>
4
3

Chandrasekhar, ApJ, 140, 417 (1964)
 is possible !→ ⟨γ⟩ < γcr.

= �4

Z R

0

e�+⇤(⇠2 + 2r⇠⇠0)pdr � 16⇡

Z R

0

e3⇤+�p(⇢+ p)r2⇠2dr

where we have used 2
re

�2⇤(�0 + ⇤0) = 8⇡(⇢+ p).
(ii) Replacing the third term with

dp

dr
= �(⇢+ p)


M+ 4⇡pr3

r(r � 2M)

�
= �(⇢+ p)


1

2r
(e2⇤ � 1) + 4⇡pre2⇤

�

on the RHS,

�

Z R

0

e�+⇤

✓
dp

dr

◆2 r2⇠2

⇢+ p
dr = �

Z R

0

e�+⇤(⇢+p)


1

4
(e2⇤�1)2+4⇡pr2(e2⇤�1)e2⇤+16⇡2p2r4e4⇤

�
⇠2dr

(iii) Using ⇠(r) = re� as the trial function and 2
r�

0e�2⇤
�

1
r2 (1� e�2⇤) = 8⇡p,

⇠2 + 2r⇠⇠0 = r2e2� + 2r2(1 + r�0)e2� = (3r2 + 2r3�0)e2�

= 3r2e2� + 2r3

4⇡pre2⇤ +

1

2r
(e2⇤ � 1)

�
e2� =

⇥
3r2 + 8⇡pr4e2⇤ + r2(e2⇤ � 1)

⇤
e2�.

Thus

!2

Z R

0

e3⇤+�(⇢+ p)r4dr = 9

Z R

0

e3�+⇤�pr2dr

�4

Z R

0

e3�+⇤[3r2 + 8⇡pr4e2⇤ + r2(e2⇤ � 1)]pdr � 8⇡

Z R

0

e3(�+⇤)p(⇢+ p)r4dr

�

Z R

0

e3�+⇤


r2

4
(e2⇤ � 1)2 + 4⇡pr4(e2⇤ � 1)e2⇤ + 16⇡2p2r6e4⇤

�
(⇢+ p)dr

=

Z R

0

e3�+⇤(9� � 12)pr2dr �
1

4

Z R

0

e3�+⇤[16p+ (e2⇤ � 1)(⇢+ p)](e2⇤ � 1)r2dr

�4⇡

Z R

0

e3(�+⇤)[8p+ (e2⇤ + 1)(⇢+ p)]pr4dr � 16⇡2

Z R

0

e3�+5⇤(⇢+ p)p2r6dr.

when RHS=0, we define the critical adiabatic index 5

�cr ⌘
4

3
+

1

36

R R

0 e3�+⇤[16p+ (e2⇤ � 1)(⇢+ p)](e2⇤ � 1)r2dr
R R

0 e3�+⇤pr2dr
(B9)

+
4⇡

9

R R

0 e3(�+⇤)[8p+ (e2⇤ + 1)(⇢+ p)]pr4dr
R R

0 e3�+⇤pr2dr
+

16⇡2

9

R R

0 e3�+5⇤(⇢+ p)p2r6dr
R R

0 e3�+⇤pr2dr

and

h�i ⌘

R R

0 e3�+⇤�pr2dr
R R

0 e3�+⇤pr2dr
(B10)

being the “e↵ective” (pressure-averaged) adiabatic index of the sphere.

5 A similar derivation can also be found in Ref. [70].
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GR instability

h∞i
∞cr (GR)

∞cr (Newtonian)

• When the pressure starts to dominate the 
energy density, , it tends to 
destabilize the core and the dynamical instability 
can be triggered.


• This occurs well before the gas becomes ultra-
relativistic, 


• When , if central velocity dispersion of 
the gas system reaches , the core 
becomes dynamically unstable and evolves 
adiabatically to a BH.

p ∼ 0.1ρc2

⟨γ⟩ → 4/3

b ≳ 0.1
(0.56 − 0.57)c

Dynamical Instability
Adiabatic Index (truncated MB in GR)

b = kBTR/mc2 = 0.1

Feng, Yu & Zhong, Astrophys. J. Lett. 914, L26 (2021)



Angular Momentum Loss
Angular Momentum of the Inner Core

• To reach the direct collapse into a BH, the angular 
momentum of the inner core must satisfy


• For a typical halo, the specific angular momentum of 
the halo central region is  times larger than 
the max value of the corresponding BH

102 − 105 Liao, Chen & Chu, ApJ, 844, 86 (2017)

maximal angular momentum a BH can carry

DM halo

Seed BH
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Angular Momentum Loss
Angular Momentum Dissipations through LMFP Viscosity

Feng, Yu & Zhong, Astrophys. J. Lett. 914, L26 (2021)

• DM self-interactions introduce viscosity between the 
halo shells, 

                                   


• The bulk angular momentum can be transported out 
through the shear pressure due to viscosity


• The central region becomes non-rotational soon after 
the gravothermal evolution starts
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Summary & Future Plans

NASA



Summary
• The origins of SMBHs & the nature of DM are two important problems in physics.


• Gravothermal evolution of SIDM dark halos ( ) usually takes  Gyr 
to reach a singular state (gravothermal catastrophe). 


• Baryonic potential can reduce the collapse time by a factor of .


• Direct collapse of SIDM core halos of  by redshift  is possible !


• The sufficient condition for the inner core to collapse into a BH is .


• The angular momentum of SIDM halos can be transported out within the collapse time.

σ/m ∼ 𝒪(1) cm2/g ≳ 10

10 ∼ 103

104 − 109M⊙ z = 7

v(0) = (0.56 − 0.57)c



Future Plans

• Low frequency ( Hz) GWs of SMBH 
binary mergers back to  is detectable from 
Laser Interferometer Space Antenna (LISA).


• How does the quantum statistics ( ) change 
the instabilities ?


• How do the DM pair production & annihilation 
( ) affect the instabilities ?


• Co-evolution of galaxies & SMBHs in this 
scenario is worth examining from James Webb 
Space Telescope (JWST)

10−4 − 1
z ≃ 15

α > 0

b ≳ 1

(http://gwplotter.com)

http://gwplotter.com
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