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AdS / CFT duality

Much recent progress in string theory has been 
related to AdS/CFT duality

AdS5 � S5
superstrings on SU(N) super Yang-Mills   

 theory in 4 dimensions=

4d non-abelian gauge 
theory similar to that 
appearing in the standard 
model of particle physics.

[Maldacena ’97, ...]



AdS/CFT correspondence

The relation between the parameters of string theory 
on AdS and the dual CFT is schematically

AdS radius in 
string units 

‘t Hooft  
parameter

string coupling 
constant

<latexit sha1_base64="pRY71d4TtlkGpkvDCz+Y/ftdqBQ=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJKUom6Eohs3ShXbKk0Mk+mkHTqThJmJUEI+wo2/4saFIm5duPNvnLZZaOuBC4dz7p259/gxo1JZ1rdRmJtfWFwqLpdWVtfWN8zNrZaMEoFJE0csErc+koTRkDQVVYzcxoIg7jPS9gdnI7/9QISkUXijhjFxOeqFNKAYKS155oETCITT6yxlnsygIymHPS91BId3F9l9FV7CE+gw/WAXeWbZqlhjwFli56QMcjQ888vpRjjhJFSYISk7thUrN0VCUcxIVnISSWKEB6hHOpqGiBPppuOjMrinlS4MIqErVHCs/p5IEZdyyH3dyZHqy2lvJP7ndRIVHLspDeNEkRBPPgoSBlUERwnBLhUEKzbUBGFB9a4Q95FOSekcSzoEe/rkWdKqVuzDSu2qVq6f5nEUwQ7YBfvABkegDs5BAzQBBo/gGbyCN+PJeDHejY9Ja8HIZ7bBHxifP1MZnbY=</latexit>

R

ls
⇠ g2YMN = �



AdS/CFT correspondence

largesmall
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For example, in the large N limit of gauge theory 
at large ‘t Hooft coupling

supergravity (point particle) approximation is good 
for AdS description. This is interesting since it gives  
insights into strongly coupled gauge theories using  
supergravity methods.



Strategy for a proof

There is very good evidence that at least the original  
duality is correct. However, we have not yet succeeded  
in proving it (and we therefore also do not know to  
which extent it generalises).

In order to make progress in this direction, our  
strategy will be as follows:

‣ Consider tensionless regime  
‣ Lower dimensional version (AdS3) 
‣ Generalise AdS3 to AdS5



Weakly coupled gauge theory

smallsmall
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The tensionless regime arises in another corner of  
parameter space where the gauge theory is weakly 
coupled

ls �⇥ `tensionless strings’ [Sundborg ’01] [Witten ’01] 
[Sezgin,Sundell ’01]



Tensionless limit

This is the regime where AdS/CFT becomes  
perturbative:

tensionless strings 
on AdS

weakly coupled/free 
SYM theory

very stringy (far from sugra) 
higher spin symmetry 
maximally symmetric phase of 
string theory



Tensionless limit
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Lower dimensions

The other key ingredient is to consider the  
lower-dimensional case, in particular, string  
theory on AdS3.  

The advantage of going to the 3d case is that 

‣ Solvable world-sheet theory for strings 
on AdS3 exists [sl(2,R) WZW model]

‣ Much better control over 2d CFTs

[Maldacena, (Son), Ooguri ’00 - ’01] 
[Berkovits, Vafa, Witten ’99]



AdS3

It has long been suspected that the CFT dual of  
string theory on

[Maldacena ’97], …. see e.g. [David et.al. ’02]

is on the same moduli space of CFTs that also contains  
the symmetric orbifold theory 

AdS3 ⇥ S3 ⇥ T4
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SymN (T4) ⌘ (T4)N/SN
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AdS3

However, it was not known what precise string background 
is being described by the symmetric orbifold theory itself.

[Larsen, Martinec ’99]

Conversely, it was not known what the precise CFT dual 
of the explicitly solvable worldsheet theory for strings   
in terms of an sl(2,R) WZW model is.

[Maldacena, (Son), Ooguri ’00 & ‘01]

?

string moduli space

CFT moduli space



AdS3

In fact, the only consensus was that the actual symmetric  
orbifold theory cannot be dual to the WZW model…

The basic reason for 
this is that the WZW 
model describes the 
background with pure 
NS-NS flux, which is 
known to have long 
string solutions. 

[Seiberg, Witten ’99], [Maldacena, Ooguri ’00]

Long and short strings

Short string solution

t

Long string solution

I These long strings live close to the boundary and give rise to a
continuum of excitations that are not present in the symmetric
orbifold theory. So the spectrum cannot possibly match.

13
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A concrete proposal

Since the symmetric orbifold theory has a higher  
spin symmetry algebra, it should be dual to string  
theory at the tensionless point. 

The tensionless limit arises when the spacetime geometry  
is of string size, i.e. in the deeply stringy regime.

In the context of the WZW description, this should be  
the situation where the level of the sl(2,R) affine theory 
takes the smallest possible value, i.e. k=1. 

[MRG, Gopakumar ’14]



WZW model
This led us to study the spacetime spectrum of the  
k=1 sl(2,R) WZW model systematically. 

We have shown that this worldsheet description is  
indeed exactly dual to the symmetric orbifold. 

An exact AdS/CFT duality  
[MRG, Gopakumar ’18] 
[Eberhardt, MRG, Gopakumar ’18] 
[Eberhardt, MRG, Gopakumar ’19]     
[Dei, MRG, Gopakumar, Knighton ’20]

k=1
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1. Introduction and Motivation 
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3.  Matching correlators in AdS3/CFT2  

4. Conclusions
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Hybrid formalism

World-sheet theory is best described in terms of the 
hybrid formalism: for pure NS-NS flux WZW model  
based on

together with the (topologically twisted) sigma model  
for T4. For generic k, this description agrees with the  
NS-R description a la Maldacena-Ooguri. 

psu(1, 1|2)k
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[Troost ’11], [MRG, Gerigk ’11] 
[Gerigk ’12] 

[Berkovits, Vafa, Witten ’99] 



Hybrid formalism

For the following it will be important to understand 
the representation theory of 

psu(1, 1|2)1
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The bosonic subalgebra of this superaffine algebra is 

sl(2)1 � su(2)1
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Thus only n=1 and n=2 are allowed for the highest 
weight states.



Short representations

A generic representation of the zero mode algebra  
                 has the form psu(1, 1|2)
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Thus for k=1 need 
a short rep!
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Short representations

In fact, the only representations that are allowed are  
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and the shortening condition actually implies that this  
is only possible provided that  

j =
1

2
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NO CONTINUUM!

[Eberhardt, MRG, Gopakumar ’18]



Free field realisation

The level k=1 theory has a free field realisation 

In order to reduce this to                     one has to  
gauge by the `diagonal’ u(1) field 

with
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Generators of               are bilinears in these free fields. 
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4 symplectic bosons ⇠± , ⌘±

4 real fermions  ± , �±
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R sector representation

The ground states of the above short representation  
arise from the `R-sector’ where the zero modes act as

The relevant charges are then 
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Spectral flow

The full worldsheet spectrum consists of this R-sector 
representation, together with its spectrally flowed images.  
Here spectral flow comes from

consider above  
R sector rep. for  

tilde modes

interpret in terms 
of `untilde’ 

modes

For w>1: not highest weight representation any longer.  

[Henningson et.al. ’91] 
[Maldacena, Ooguri ’00]
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Spectral flow

The full worldsheet spectrum consists of this R-sector 
representation, together with its spectrally flowed images.  
Here spectral flow comes from [Henningson et.al. ’91] 

[Maldacena, Ooguri ’00]

In particular, the various Cartan generators transform as 
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Physical states (bosons)

Bosonic oscillators: 
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T4 : 4 bosons

su(1, 1|2)1 : 4 symplectic bosons

Physical state conditions: 

Thus only the 4 torus bosons, say, survive.  
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Physical states (bosons)

Consider thus the state 

Zero mode conditions:  

Thus spacetime conformal dimension is   
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<latexit sha1_base64="khSxBnFchZDUEE02I77cRaZ98zI=">AAACL3icbVBbS8MwFE7nbc7b1EdfgkMQBqOdor4IQ0FkDzLBXWCbJU3TLSxNS5Iqo/Qf+eJf2YuIIr76L8y6PczNA4Hvcg4n53NCRqUyzXcjs7S8srqWXc9tbG5t7+R39xoyiAQmdRywQLQcJAmjnNQVVYy0QkGQ7zDSdAbXY7/5RISkAX9Qw5B0fdTj1KMYKS3Z+Zvq44ltwkvYUZS5JK4mKS9q7gmE4+ckLiepndK7RCszbtFK/ZydL5glMy24CKwpKIBp1ez8qOMGOPIJV5ghKduWGapujISimJEk14kkCREeoB5pa8iRT2Q3Tu9N4JFWXOgFQj+uYKrOTsTIl3LoO7rTR6ov572x+J/XjpR30Y0pDyNFOJ4s8iIGVQDH4UGXCoIVG2qAsKD6rxD3kU5C6YjHIVjzJy+CRrlknZXK96eFytU0jiw4AIfgGFjgHFTALaiBOsDgBYzAB/g0Xo0348v4nrRmjOnMPvhTxs8v06KnKQ==</latexit>
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<latexit sha1_base64="k5MoEpdGASRk5n+jmgc1QFP8p7Y=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURfGwKRRe6kgr2AU0Mk+m0HTqZhJmJUGL2bvwRF25cKOLWH3Dn3zhpu9DWAxcO59zLvff4EaNSWda3kVtYXFpeya8W1tY3NrfM7Z2mDGOBSQOHLBRtH0nCKCcNRRUj7UgQFPiMtPzheea37oiQNOQ3ahQRN0B9TnsUI6Ulzyw6Pu2z8hWsQkfGgZfQqp3eJiyF3GOZJw48s2RVrDHgPLGnpFS7gE+Od9+ve+aX0w1xHBCuMENSdmwrUm6ChKKYkbTgxJJECA9Rn3Q05Sgg0k3Gv6RwXytd2AuFLq7gWP09kaBAylHg684AqYGc9TLxP68Tq96pm1AexYpwPFnUixlUIcyCgV0qCFZspAnCgupbIR4ggbDS8RV0CPbsy/OkeVixjytH1zqNMzBBHuyBIigDG5yAGrgEddAAGDyAZ/AK3oxH48V4Nz4mrTljOrML/sD4/AFvEp0E</latexit>
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fixes 
<latexit sha1_base64="TSwVO/wPIGW//djXfDy6IeyjOk4=">AAAB7nicbVDJSgNBEK2JW4xbVPDipTEIghBmAi7HEC8eEzALJMPQ0+lJmnT3DN09Qgj5CC8eFPHqxb/wC7x58VvsLAdNfFDweK+Kqnphwpk2rvvlZFZW19Y3spu5re2d3b38/kFDx6kitE5iHqtWiDXlTNK6YYbTVqIoFiGnzXBwM/Gb91RpFss7M0yoL3BPsogRbKzUFIF3LoJSkC+4RXcKtEy8OSmUj2rf7L3yUQ3yn51uTFJBpSEca9323MT4I6wMI5yOc51U0wSTAe7RtqUSC6r90fTcMTq1ShdFsbIlDZqqvydGWGg9FKHtFNj09aI3Ef/z2qmJrv0Rk0lqqCSzRVHKkYnR5HfUZYoSw4eWYKKYvRWRPlaYGJtQzobgLb68TBqlondZvKjZNCowQxaO4QTOwIMrKMMtVKEOBAbwAE/w7CTOo/PivM5aM8585hD+wHn7AThyko0=</latexit>

m1 +m2



Physical states (bosons)

Thus we have the correspondence  

<latexit sha1_base64="khSxBnFchZDUEE02I77cRaZ98zI=">AAACL3icbVBbS8MwFE7nbc7b1EdfgkMQBqOdor4IQ0FkDzLBXWCbJU3TLSxNS5Iqo/Qf+eJf2YuIIr76L8y6PczNA4Hvcg4n53NCRqUyzXcjs7S8srqWXc9tbG5t7+R39xoyiAQmdRywQLQcJAmjnNQVVYy0QkGQ7zDSdAbXY7/5RISkAX9Qw5B0fdTj1KMYKS3Z+Zvq44ltwkvYUZS5JK4mKS9q7gmE4+ckLiepndK7RCszbtFK/ZydL5glMy24CKwpKIBp1ez8qOMGOPIJV5ghKduWGapujISimJEk14kkCREeoB5pa8iRT2Q3Tu9N4JFWXOgFQj+uYKrOTsTIl3LoO7rTR6ov572x+J/XjpR30Y0pDyNFOJ4s8iIGVQDH4UGXCoIVG2qAsKD6rxD3kU5C6YjHIVjzJy+CRrlknZXK96eFytU0jiw4AIfgGFjgHFTALaiBOsDgBYzAB/g0Xo0348v4nrRmjOnMPvhTxs8v06KnKQ==</latexit>
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2

Analysis for fermions is similar, and we thus get exactly  
the (single-particle) spectrum of 

SymN (T4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[Eberhardt, MRG, Gopakumar ’18]in the large N limit. 

<latexit sha1_base64="Wk36D6boe8tXUupcdVVuNhObbcQ="></latexit>
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Symmetric orbifold basics

<latexit sha1_base64="U9xmZNvAFS0BDSKGqUOMiRoGupI=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYmUtFl0Y2rUrEvaNMwmU7aoZNJmJkIJXbhr7hxoYhbf8Odf+OkzUKrBwYO59zLPXO8iFGpLOvLyC0tr6yu5dcLG5tb2zvm7l5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t74OvXb90RIGvKGmkTECdCQU59ipLTkmgelXoDUyPOSxrRfOenX4Cm8c2uuWbTK1gzwL7EzUgQZ6q752RuEOA4IV5ghKbu2FSknQUJRzMi00IsliRAeoyHpaspRQKSTzPJP4bFWBtAPhX5cwZn6cyNBgZSTwNOTaVi56KXif143Vv6lk1AexYpwPD/kxwyqEKZlwAEVBCs20QRhQXVWiEdIIKx0ZQVdgr345b+kdVa2z8vWbaVYvcrqyINDcARKwAYXoApuQB00AQYP4Am8gFfj0Xg23oz3+WjOyHb2wS8YH9+935Sf</latexit>

(T4)N/SN

untwisted sector: permutation invariant combinations 

twisted sectors: associated to conjugacy classes of 
<latexit sha1_base64="/1D37NguaYXPgNJ9KwTl9xdIqaY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRiyep1H5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkRwbVz3yymsrK6tbxQ3S1vbO7t75f2Dlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81g+mEmCfkSHkoecUWOlRqN/1y9X3Ko7B/lLvJxUIEe9X/7sDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUpOrDIgYaxsSUPm6s+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWX/5LWWdW7qLr355XadR5HEY7gGE7Bg0uowS3UoQkMhvAEL/DqCOfZeXPeF60FJ585hF9wPr4BAJiNnA==</latexit>

SN

labelled by cycle shapes, i.e. partitions of N

concentrate on single cycle sectors analogue of  
single trace

Recall basic structure of symmetric orbifold



Symmetric orbifold basics

In the w-cycle twisted sector the operators that  
transform diagonally under the mondromy are 

with eigenvalue 
<latexit sha1_base64="vTAKMd7YQLkz9w68RGsD033zdy4="></latexit>

(1 · · ·w)S[p] = e�2⇡i p
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<latexit sha1_base64="lhwXQ7PLqr10j52XVZGjyN1aySk="></latexit>
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Symmetric orbifold basics

As a consequence they have the mode expansion

with fractional mode numbers of the form

<latexit sha1_base64="3VQG9hRdHo4Egj5QUb9jmYPLb7A="></latexit>

S[p](z) =
wX

`=1

e2⇡i
p`
w S`(z) =

X

n+h2Z
S[p]
n+ p

w
z�n� p

w�h

<latexit sha1_base64="75YTSdkvpBHKEVf9pLoSN0lC7y0="></latexit>
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Symmetric orbifold basics

Their excitation spectrum is hence
<latexit sha1_base64="L6uNsdilwEnhvQ0hNBE30MHIPmw=">AAACEXicbVDLSgMxFM3UV62vUZdugkUoFMpM8bURim5cScW+oFNLJs20oZkHScZSwvyCG3/FjQtF3Lpz59+YtrPQ1gMXTs65l9x73IhRIS3r28gsLa+srmXXcxubW9s75u5eQ4Qxx6SOQxbylosEYTQgdUklI62IE+S7jDTd4dXEbz4QLmgY1OQ4Ih0f9QPqUYyklrpmYXCvHO7Du1oCL6DjcYTVTaJGCSymr1HRTlQ56Zp5q2RNAReJnZI8SFHtml9OL8SxTwKJGRKibVuR7CjEJcWMJDknFiRCeIj6pK1pgHwiOmp6UQKPtNKDXsh1BRJO1d8TCvlCjH1Xd/pIDsS8NxH/89qx9M47igZRLEmAZx95MYMyhJN4YI9ygiUba4Iwp3pXiAdI5yB1iDkdgj1/8iJplEv2aenk9jhfuUzjyIIDcAgKwAZnoAKuQRXUAQaP4Bm8gjfjyXgx3o2PWWvGSGf2wR8Ynz8FE5yH</latexit>

hST =
N

w
+

w + 1

2

fractional 
modes

conf dim of
BPS state

which matches worldsheet spectrum from above:

<latexit sha1_base64="khSxBnFchZDUEE02I77cRaZ98zI=">AAACL3icbVBbS8MwFE7nbc7b1EdfgkMQBqOdor4IQ0FkDzLBXWCbJU3TLSxNS5Iqo/Qf+eJf2YuIIr76L8y6PczNA4Hvcg4n53NCRqUyzXcjs7S8srqWXc9tbG5t7+R39xoyiAQmdRywQLQcJAmjnNQVVYy0QkGQ7zDSdAbXY7/5RISkAX9Qw5B0fdTj1KMYKS3Z+Zvq44ltwkvYUZS5JK4mKS9q7gmE4+ckLiepndK7RCszbtFK/ZydL5glMy24CKwpKIBp1ez8qOMGOPIJV5ghKduWGapujISimJEk14kkCREeoB5pa8iRT2Q3Tu9N4JFWXOgFQj+uYKrOTsTIl3LoO7rTR6ov572x+J/XjpR30Y0pDyNFOJ4s8iIGVQDH4UGXCoIVG2qAsKD6rxD3kU5C6YjHIVjzJy+CRrlknZXK96eFytU0jiw4AIfgGFjgHFTALaiBOsDgBYzAB/g0Xo0348v4nrRmjOnMPvhTxs8v06KnKQ==</latexit>
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Correlators in sym orbifold

An efficient method to actually calculate correlation  
functions of (twist) fields is in terms of covering maps.  

[Lunin, Mathur ’00] 
[Pakman, Rastelli, Razamat ’09]

Locally, the effect of a w-cycle  
twist field is to introduce a 
w-fold covering.

z 7! �(z) = x0 + a(z � z0)
w + · · ·

<latexit sha1_base64="L688UOgx+E/fRe1SDRV45mB5sH8="></latexit>

z
<latexit sha1_base64="a4LGIF4Dc1oGU+aBV80S4/evi1Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9RI4kXjxCIo8ENmR26IWR2dnNzKwJEr7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekSleSzvzThBP6IDyUPOqLFS/alXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1Y8SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77J8Xb8qVStZHHk4gVM4Bw9uoAp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AeiDjPs=</latexit>

x = �(z)
<latexit sha1_base64="HM6s1E/x19/lY1RHUSvmczWXsNU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJez6wFyEgAc9RjAPSJYwO5lNhszMrjOzwRjyHV48KOLVj/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0sLa+srq1nNrKbW9s7u7m9/ZqOEkVolUQ8Uo0Aa8qZpFXDDKeNWFEsAk7rQf964tcHVGkWyXszjKkvcFeykBFsrOQ/oivUusFC4MLTSTuXd4vuFGiReCnJQ4pKO/fV6kQkEVQawrHWTc+NjT/CyjDC6TjbSjSNMenjLm1aKrGg2h9Njx6jY6t0UBgpW9Kgqfp7YoSF1kMR2E6BTU/PexPxP6+ZmLDkj5iME0MlmS0KE45MhCYJoA5TlBg+tAQTxeytiPSwwsTYnLI2BG/+5UVSOy16Z8WLu/N8uZTGkYFDOIICeHAJZbiFClSBwAM8wyu8OQPnxXl3PmatS046cwB/4Hz+ABEekPg=</latexit>



Correlators in sym orbifold

To describe the full correlator combine these local 
coverings into a global covering surface. 

Then use the 
covering map 
to lift correlator to  
covering surface.

covering map: 
conformal map from 
covering surface to  

base surface.



Correlators in sym orbifold

The situation is particularly simple if the w-cycle twist 
field describes the ground state of the twisted sector: 
then the correlator on the covering surface is just the  
vacuum correlator.   

In this case, the correlator is completely determined by  
the conformal factor that comes from the covering map. 
In turn this is described by a Liouville term

SL[�] =
c

48⇡

Z
d2z

p
g
�
2@�@̄�+R�

�
<latexit sha1_base64="0cXSXMFX1YmymwKXwL415HIF6os="></latexit>

with e� = |@z�|2
<latexit sha1_base64="ZVYhVi5+AwNmfCOA8M4HiR3pSLQ=">AAACCXicbVC7TsMwFHV4lvIqMLJYVEhMVVJAsCBVMMBYJPqQmjS6cd3Wqp1EtoNU2q4s/AoLAwix8gds/A1umwFajnSlo3Pute89QcyZ0rb9bS0sLi2vrGbWsusbm1vbuZ3dqooSSWiFRDyS9QAU5SykFc00p/VYUhABp7WgdzX2a/dUKhaFd7ofU09AJ2RtRkAbyc9h2nTjLsMXeIjdGKRmwP0H7F6DEICHzaKfy9sFewI8T5yU5FGKsp/7clsRSQQNNeGgVMOxY+0Nxk8TTkdZN1E0BtKDDm0YGoKgyhtMLhnhQ6O0cDuSpkKNJ+rviQEIpfoiMJ0CdFfNemPxP6+R6Pa5N2BhnGgakulH7YRjHeFxLLjFJCWa9w0BIpnZFZMuSCDahJc1ITizJ8+TarHgHBdOb0/ypcs0jgzaRwfoCDnoDJXQDSqjCiLoET2jV/RmPVkv1rv1MW1dsNKZPfQH1ucPvBmZGA==</latexit>

covering map 

[Lunin, Mathur ’00]



Correlators

<latexit sha1_base64="d7aETds/+CT/BLpaRPl0KPcy8hQ="></latexit>
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hi
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Here          is a holomorphic  covering map              
<latexit sha1_base64="UpwSB5Ho7f4IdeqXqYkYXzBV/cM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquinosetBjBfsh7VKyabYNTbJLkhXq0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWl5ZXcuvFzY2t7Z3irt7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4fXEbz5SpVkk780opr7AfclCRrCx0kPnBguBy0/H3WLJrbhToEXiZaQEGWrd4lenF5FEUGkIx1q3PTc2foqVYYTTcaGTaBpjMsR92rZUYkG1n04PHqMjq/RQGClb0qCp+nsixULrkQhsp8BmoOe9ifif105MeOmnTMaJoZLMFoUJRyZCk+9RjylKDB9Zgoli9lZEBlhhYmxGBRuCN//yImmcVLzzyundWal6lcWRhwM4hDJ4cAFVuIUa1IGAgGd4hTdHOS/Ou/Mxa8052cw+/IHz+QMCqI/m</latexit>

�(z)

<latexit sha1_base64="ppD/0SZHOxgLrIQBY+uR0g54rP4="></latexit>

�(z) = xi + ai(z � zi)
wi + · · · (z ⇠ zi)

<latexit sha1_base64="y1LRm1Zxnyo0iUT480O3ahOV9J4=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIKnsKui4knMQY8RjArZEHons8ngzOwy06uEZb/Di7/ixYMi3sSLf+PkcfBV0FBUddPdFaVSWPT9T29icmp6ZnZuvrSwuLS8Ul5du7RJZhhvsEQm5joCy6XQvIECJb9ODQcVSX4V3dQG/tUtN1Yk+gL7KW8p6GoRCwbopHY5CE9BKaBHNA8ZSForaGhEt4dgTHJHQwXYi6K8VrTzUOgY+0W7XPGr/hD0LwnGpELGqLfL72EnYZniGpkEa5uBn2IrB4OCSV6UwszyFNgNdHnTUQ2K21Y+fK2gW07p0DgxrjTSofp9IgdlbV9FrnNwqv3tDcT/vGaG8WErFzrNkGs2WhRnkmJCBznRjjCcoew7AswIdytlPTDA0KVZciEEv1/+Sy53qsF+dfd8r3J8Mo5jjmyQTbJNAnJAjskZqZMGYeSePJJn8uI9eE/eq/c2ap3wxjPr5Ae8jy8oW6EE</latexit>

� : C ! C1

Riemann
surface of 
genus g

with the property that 

The symmetric orbifold sphere correlators (of the ground 
states) thus have the schematic form 

[Lunin, Mathur ’00]



Correlators in sym orbifold

The covering surface has, in general, a non-trivial genus, 
i.e. it is not necessarily a sphere. The genus captures the 
1/N corrections of the symmetric orbifold correlators since   

[Lunin, Mathur ’00] 
[Pakman, Rastelli, Razamat ’09]

Since string coupling is related to 1/N via   

gs ⇠
1p
N

<latexit sha1_base64="TW2hZLPXjWoDmg0uQlPxfhh1+RY=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiQ+0GXRjSupYB/QhDCZTtqhM5M4MxFKyMKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPmDCqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOriZ+54FIRWNxp8cJ8TkaCBpRjLSRArs6CBT0FOXQiyTCmZtnnrqXOrvJ88CuOXVnCrhI3ILUQIFmYH95/RinnAiNGVKq5zqJ9jMkNcWM5BUvVSRBeIQGpGeoQJwoP5s+kcNDo/RhFEtTQsOp+nsiQ1ypMQ9NJ0d6qOa9ifif10t1dOFnVCSpJgLPFkUpgzqGk0Rgn0qCNRsbgrCk5laIh8iEoU1uFROCO//yImkf192T+tntaa1xWcRRBlVwAI6AC85BA1yDJmgBDB7BM3gFb9aT9WK9Wx+z1pJVzOyDP7A+fwAQ2Jhj</latexit>

this suggests that covering surface = world-sheet.  

hO1 · · · Oni ⇠ N1�g�n
2

<latexit sha1_base64="kyruxdUTcIVmf3dvbEhdVhsOhig="></latexit>

[Pakman, Rastelli, Razamat ’09]



Covering maps

In order for the world-sheet to play the role of the  
covering surface, a surprising localisation property  
must hold. 

This is consequence of the fact that for a specified  
configuration of 

a covering map typically does not exist (for            ). 

<latexit sha1_base64="NO+rjt6iVnfkhjW/SWM/b3rbico=">AAACKHicbVDLSsNAFJ34rPUVdelmsAguSklE0Y1YdOOygn1AE8JkMm2HTibpzEStpZ/jxl9xI6JIt36JkzaIbb0wcB73cuceP2ZUKssaGQuLS8srq7m1/PrG5ta2ubNbk1EiMKniiEWi4SNJGOWkqqhipBELgkKfkbrfvU79+j0Rkkb8TvVj4oaozWmLYqS05JmXTx6FDixCp9dLUAAfp+nDL00ZpBd20WFBpGQR8rHhmQWrZI0LzgM7AwWQVcUz350gwklIuMIMSdm0rVi5AyQUxYwM804iSYxwF7VJU0OOQiLdwfjQITzUSgBbkdCPKzhW/04MUChlP/R1Z4hUR856qfif10xU69wdUB4ninA8WdRKGFQRTFODARUEK9bXAGFB9V8h7iCBsNLZ5nUI9uzJ86B2XLJPS9btSaF8lcWRA/vgABwBG5yBMrgBFVAFGDyDV/ABPo0X4834MkaT1gUjm9kDU2V8/wADDKI8</latexit>

zi , xi , wi , i = 1, . . . , n ,

<latexit sha1_base64="Qtzm3ukNx5ZRwQRupPmawau7rp4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUlr0hPpJav1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7ulJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jsZcIXMiIkllClubyVsRBVlxiZUsiF4yy+vktZF1busuve1Sv0mj6MIJ3AK5+DBFdThDhrQBAZjeIZXeHMS58V5dz4WrQUnnzmGP3A+fwCpdo8f</latexit>

n � 4



Covering maps

For example, for the case of a 4-point function with    

wi = 1 , i = 1, 2, 3, 4 ,
<latexit sha1_base64="lbto2goTWESJTBFnm2I192/vln8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgIpSkrdiNUHDjsoJ9QBPCZDJth04ezkyUErpz46+4caGIW3/BnX/jNM1CWw9cOHPOvcy9x4sZFdI0v7XCyura+kZxs7S1vbO7p+8fdESUcEzaOGIR73lIEEZD0pZUMtKLOUGBx0jXG1/N/O494YJG4a2cxMQJ0DCkA4qRVJKrHz+49NKCNjSgfZcgH6qXUTVqRj3TXL1sVswMcJlYOSmDHC1X/7L9CCcBCSVmSIi+ZcbSSRGXFDMyLdmJIDHCYzQkfUVDFBDhpNkdU3iqFB8OIq4qlDBTf0+kKBBiEniqM0ByJBa9mfif10/koOGkNIwTSUI8/2iQMCgjOAsF+pQTLNlEEYQ5VbtCPEIcYamiK6kQrMWTl0mnWrFqlfObernZyOMogiNwAs6ABS5AE1yDFmgDDB7BM3gFb9qT9qK9ax/z1oKWzxyCP9A+fwDYTJVs</latexit>

the covering map is just a Moebius transformation.  
However, this only maps the 4 points to each other  
provided that the cross-ratios agree  

(x1 � x2)(x3 � x4)

(x1 � x3)(x2 � x4)
=

(z1 � z2)(z3 � z4)

(z1 � z3)(z2 � z4)
<latexit sha1_base64="Kq4tPaUNRgdsQgte++xHClTdvao="></latexit>



Covering maps

Thus the world-sheet correlator should be of  
the form 

<latexit sha1_base64="DrTj5lAZWtBfI+cC9+mYlFii5M8="></latexit>D 4Y

i=1

V 1
hi
(xi; zi)

E
⇠ �

⇣
(x1�x2)(x3�x4)
(x1�x3)(x2�x4)

� (z1�z2)(z3�z4)
(z1�z3)(z2�z4)

⌘
.

so that 
<latexit sha1_base64="Y7lSaiDZsPxo50vfq0B/ySrFR4s="></latexit>Z

dz4 h
4Y

i=1

V 1
hi
(xi; zi)i = contr. of Moebius covering



Covering maps

More generally, worldsheet correlator should satisfy
<latexit sha1_base64="XUG4YLkTedYQdmRKV9uU+CTCBJc="></latexit>
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hi
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↵
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=

X

�g

c(�g) �
�
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�

so that worldsheet modular integral leads to the  
sum 
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X
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O
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hi
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Correlators from worldsheet
We can now test this idea from worldsheet perspective   

see also [Kutasov, Seiberg ’99]

worldsheet 
coordinate

spacetime CFT 
coordinate

identify fields 
and states

The relevant vertex operators on the world-sheet 
have the general form    

<latexit sha1_base64="b5yGNP9qUmFcHdPIrgajTPkIQRM="></latexit>

V w
h (x; z) = exJ

+
0 ezL�1 V (|j,mi(w), 0; 0)e�zL�1 e�xJ+

0

affine primary
in w-flowed

sector
(ground state)

[Eberhardt, MRG, Gopakumar, ’19]

<latexit sha1_base64="rWXL5dr8OMgC3WZsxiiDYY4d7zU="></latexit>
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↵
=
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M
dµ(zi)
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i=1

V wi
hi

(xi; zi)
↵

spacetime conformal dimension
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h = m+ wk
2



Covering maps

Their correlation functions are constrained by the  
Ward identities, i.e. by considering the correlators 

say on the sphere.

<latexit sha1_base64="KdgrTKY0eydjZCmyQDKUw0vUKIM="></latexit>D
Ja(z)

nY

i=1

V wi
hi

(xi; zi)
E

The analysis is a bit subtle since the vertex operators 
do not describe highest weight states (because of  
spectral flow).  



OPE behaviour
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E.g., all singular terms in the OPE with       are proportional 
to x since usual OPE is regular because of                   .  

usual action of 
zero mode
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In fact, because of the x-dependence of the vertex  
operators, the OPEs are of the form



Correlation functions

[Eberhardt, MRG, Gopakumar, ’19]

ji =
1
2
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However, can still deduce recursion relations from these 
OPEs. The resulting equations are quite complicated, but  
very remarkably, the ansatz 

that reproduces the Lunin-Mathur answer and that  
involves delta-functions for the relevant cross-ratios, 
solves all of these relations provided that k=1 and  
all          .

<latexit sha1_base64="t/3m2bgsQ+xGapk3epUg1RKihLc="></latexit>
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(x1 = z1 = 0, x2 = z2 = 1, x3 = z3 = 1)



Correlation functions

Using the free field realisation of 

we have also shown that this delta-function localised  
solution is in fact the only solution at k=1; this can be  
deduced from 

[Dei, MRG, Gopakumar, Knighton ’20]

<latexit sha1_base64="ejAQEnIH1aXpct/d1M/l+f9jlr0="></latexit>
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covering map
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Conclusions and Outlook

We have given strong evidence that the symmetric  
orbifold theory is exactly dual to string theory with  
one unit of NS-NS flux (k=1): 

SymN (T4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

AdS3 ⇥ S3 ⇥ T4
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

1 unit of NS-NS flux

In particular, the spectrum agrees precisely, and the 
structure of the symmetric orbifold correlators is  
reproduced from the worldsheet.



Conclusions and Outlook

SymN (T4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

AdS3 ⇥ S3 ⇥ T4
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

1 unit of NS-NS flux

In particular, this relation implies that the duality  
actually works to all orders in 1/N!

The worldsheet plays the role of the covering surface  
of the symmetric orbifold, thus making the duality  
manifest in this way.

see also [Eberhardt, ’20] 
               [Knighton, ’21]



Conclusions and Outlook

SymN (T4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

AdS3 ⇥ S3 ⇥ T4
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=

1 unit of NS-NS flux

The world-sheet theory exhibits signs of a topological 
string theory:

‣ only short representations of psu(1,1|2) appear 
‣ correlation functions localise to isolated points

cf [Aharony, David, Gopakumar, Komargodski, Razamat ’07] 
[Razamat ’08], [Gopakumar ’11], [Gopakumar, Pius ’12] 
[Gopakumar Mazenc ’22]



Outlook

It would be interesting to understand how much of 
this structure generalises to 

In particular, there is a natural generalisation of the  
free field description to the higher dimensional setting,  
and it leads to the correct spectrum of free N=4 SYM  
in D=4, using a natural postulate for which degrees of 
freedom survive the physical state condition.

<latexit sha1_base64="RQwildCialvoo3Lt9FCPdTIi+Xg=">AAACBXicbVC7SgNBFJ2Nrxhfq4KNFoNBsFp2hahljI1lQswDsnGZnZ1Nhsw+mJkVwpLGxl+xSaGIrY1fYGfjtzjZpNDEAxcO59zLvfe4MaNCmuaXlltaXlldy68XNja3tnf03b2miBKOSQNHLOJtFwnCaEgakkpG2jEnKHAZabmD64nfuidc0Ci8lcOYdAPUC6lPMZJKcvSj1OYBvPLqI6dkSxoQATOlProrGY5eNA0zA1wk1owUywe1bzqufFQd/dP2IpwEJJSYISE6lhnLboq4pJiRUcFOBIkRHqAe6SgaIrWvm2ZfjOCJUjzoR1xVKGGm/p5IUSDEMHBVZ4BkX8x7E/E/r5NI/7Kb0jBOJAnxdJGfMCgjOIkEepQTLNlQEYQ5VbdC3EccYamCK6gQrPmXF0nzzLDOjVJNpVEBU+TBITgGp8ACF6AMbkAVNAAGD+AJPIMX7VEba6/a27Q1p81m9sEfaO8/+z6bTg==</latexit>

AdS5 ⇥ S5.

[MRG, Gopakumar, ’21] 

[However, we have so far not managed to `derive’ this physical state  
condition from first principles. Also, the structure of the resulting correlators 
does not quite match up with N=4 SYM yet.]



Outlook

Part of the difficulty is that the superconformal symmetry 
of N=4 SYM is                 , whereas for          it is    
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psu(2, 2|4)
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psu(1, 1|2)� psu(1, 1|2)

<latexit sha1_base64="L8VoaYNxWl4Xq1nwMsWZbk2yTzs=">AAAB8nicbVDLTsMwEHTKq5RXgSMXiwqJU5XwPha4cCyCPqQ0qhzHba06dmRvkKqon8GFAwhx5Wu48Te4bQ7QMtJKo5ld7e6EieAGXPfbKSwtr6yuFddLG5tb2zvl3b2mUammrEGVULodEsMEl6wBHARrJ5qROBSsFQ5vJ37riWnDlXyEUcKCmPQl73FKwEp+1tExvo4ext3TbrniVt0p8CLxclJBOerd8lcnUjSNmQQqiDG+5yYQZEQDp4KNS53UsITQIekz31JJYmaCbHryGB9ZJcI9pW1JwFP190RGYmNGcWg7YwIDM+9NxP88P4XeVZBxmaTAJJ0t6qUCg8KT/3HENaMgRpYQqrm9FdMB0YSCTalkQ/DmX14kzZOqd1E9vz+r1G7yOIroAB2iY+ShS1RDd6iOGogihZ7RK3pzwHlx3p2PWWvByWf20R84nz+UtJDP</latexit>

AdS3

Left-movers both on 
ws & in target space  

Right-movers both on 
ws & in target space  

Suggests that for string theory dual to free N=4 SYM  
in 4D, the left- and right-movers on the worldsheet must 
be somehow coupled. 



Outlook

We suspect that this is a consequence of presence of 
RR-flux (vs pure NS-NS flux) for          . 
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AdS3

In order to understand this aspect in more detail have 
recently started to study RR-flux deformation of  
from dual symmetric orbifold perspective. 
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AdS3

2-cycle twisted  
sector perturbation  

It seems that this perturbation can be described in terms 
of a `dynamical spin chain’, very similar to what happened 
for N=4 SYM. 

[MRG, Gopakumar, Nairz, in progress] 

cf. [Beisert ’05]



Outlook

We suspect that this is a consequence of presence of 
RR-flux (vs pure NS-NS flux) for          . 
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AdS3

It seems that this perturbation can be described in terms 
of a `dynamical spin chain’, very similar to what happened 
for N=4 SYM. 

[MRG, Gopakumar, Nairz, in progress] 

cf. [Beisert ’05]

In fact, the perturbation also induces a non-trivial  
anti-commutator between left- and right-moving  
supercharges….

cf. [Gava Narain ’02]



Future directions

Finally, from the CFT perspective it would be  
very interesting to understand the structure of   
the `x-dependent’ fusion rules:

‣ what is appropriate math description? 
‣ Verlinde formula? 
‣ ….



Thank you!




