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Wave equations for 𝜙" and 𝜙#

The solution is the sum of an outgoing and an incoming wave
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*
𝑅F: are the SQUID critical current capacitance and resistance

We start with Ei and Er set to zero
The values of Ei and Er are updated during the integration according to:
𝐸= 𝑡 = − 2𝑣% 𝑡 + 𝐸> 𝑡 − 𝜏
𝐸> 𝑡 = − 2𝑣* 𝑡 + 𝐸= 𝑡 − 𝜏



For Vout we have to decide how to simulate the circulator:
Assuming that the reflected wave do not see the signal source, its component 
at the signal frequency will see an RC circuit
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Alternatively, we can take the voltage at that the input of the coupling capacitor:
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Simulation results

The effects of the SQUID load  depend strongly on the critical current

As parameter values the experimental data from LNF are used:

Resonator Length 2.62mm
Substrate silicon eps_eff=6.346
Bare resonator frequency 11.3 GHz
Impedance Z0=50 Ohm
Coupling capacitor 14-18 fF
S=12 μm e w=7 μm

SQUID Parameters:
Junction area 0.3-0.6 μm2
Junction Ic=0.47 μA (quella misurata)
Junction Cj<0.5 pF
Junction freq fjj>> 10 GHz
DC SQUID
Area 4x4 μm2
M=70 fH (misurata)



fpump=2 fsignal

Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 Ohm
I0 = 2.0 uA Cj = 0.5 pF   Rj = 100000 Ohm  
Fplasma = 110.24538380186623 GHz

Lambda/4 Resonator frequency = 11.3 GHz   Time 
delay = 22.12 ps

input RF signal = 0.1 uV = -130.0 dBm

Fstart = 7.0 GHz   Fend = 9.0 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.29 Phi0  RF = 0.15 
Phi0   Frequency = 10.2 GHz

Integration time = 20.0 ns   time step = 0.1 ps
integrating 200000 time steps with 221 lag steps

increase of dc flux bias

Scan of pump frequency with fpump = 2 fsignal

The effects of the SQUID load  depend strongly
on the critical current

A resonance occurs for fsignal near 8 Ghz



fpump=2 fsignal

Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 Ohm
I0 = 2.0 uA Cj = 0.5 pF   Rj = 100000 Ohm

Fplasma = 110 GHz

Lambda/4 Resonator frequency = 11.3 GHz   Time delay 
= 22.12 ps

input RF signal = 0.1 uV = -130.0 dBm

Fstart = 7.0 GHz   Fend = 9.0 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.3 Phi0  RF = 0.15 Phi0   
Frequency = 10.2 GHz
Integration time = 20.0 ns   time step = 0.1 ps
integrating 200000 time steps with 221 lag steps

Effect of dc flux bias



fpump=2 fsignal

Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 Ohm
I0 = 2.0 uA Cj = 0.5 pF   Rj = 100000 Ohm   

Fplasma = 110.24 GHz

Lambda/4 Resonator frequency = 11.3 GHz   Time delay = 
22.12 ps

input RF signal = 0.1 uV = -130.0 dBm

Fstart = 7.0 GHz   Fend = 9.0 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.31 Phi0  RF = 0.15 Phi0   
Frequency = 10.2 GHz

Integration time = 20.0 ns   time step = 0.1 ps
integrating 200000 time steps with 221 lag steps

Effect of dc flux bias

Ic=2uA



fpump=2 fsignal

Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 Ohm
I0 = 1.0 uA Cj = 0.5 pF   Rj = 100000 Ohm   
Fplasma = 77.95 GHz

Lambda/4 Resonator frequency = 11.3 GHz   Time delay = 22.12 
ps

input RF signal = 0.1 uV = -130.0 dBm

Fstart = 5.0 GHz   Fend = 7.0 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.33 Phi0  RF = 0.25 Phi0 
Frequency = 10.2 GHz

Integration time = 20.0 ns   time step = 0.1 ps
integrating 200000 time steps with 221 lag steps

Now we reduce the SQUID critical current:  
Ic=1uA

It is necessary more pump power

The resonance moves to lower frequency



fpump=2 fsignal

Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 Ohm I0 = 0.5 uA Cj = 
0.5 pF   Rj = 100000 Ohm   

Fplasma = 55.12 GHz

Lambda/4 Resonator frequency = 11.3 GHz   Time delay = 
22.12 ps

input RF signal = 0.1 uV = -130.0 dBm

Fstart = 2.5 GHz   Fend = 4.5 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.33 Phi0  RF = 0.3 Phi0
Frequency = 10.2 GHz

Integration time = 20.0 ns   time step = 0.1 ps
integrating 200000 time steps with 221 lag steps

Reducing furtherthe SQUID critical current: 
Ic=0.5uA

More pump power is necessary

The resonance frequency is further reduced



Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 Ohm
I0 = 1.0 uA Cj = 0.5 pF   Rj = 100000 Ohm   
Fplasma = 77.95 GHz

Lambda/4 Resonator frequency = 11.3 GHz   Time delay = 
22.12 ps
input RF signal = 0.1 uV = -130.0 dBm

Fstart = 5.0 GHz   Fend = 7.0 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.33 Phi0  RF = 0.25 Phi0   
Frequency = 11.8 GHz

Integration time = 20.0 ns   time step = 0.1 ps
integrating 200000 time steps with 221 lag steps

Back to Ic=1uA

Fix the pump frequency to 11.8 GHz
and sweep the signal frequency

After 20 ns the system is not stationary



Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 Ohm
I0 = 1.0 uA Cj = 0.5 pF   Rj = 100000 Ohm   

Fplasma = 77.95 GHz

Lambda/4 Resonator frequency = 11.3 GHz   Time delay = 
22.12 ps
input RF signal = 0.1 uV = -130.0 dBm

Fstart = 5.0 GHz   Fend = 7.0 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.33 Phi0  RF = 0.25 Phi0   
Frequency = 11.8 GHz

Integration time = 50.0 ns   time step = 0.1 ps
integrating 500000 time steps with 221 lag steps

Increase to 50 ns



Zi = 50 Ohm   Cc = 0.015 pF   Z0 = 50 OhmI0 = 1.0 uA Cj = 0.5 
pF   Rj = 100000 Ohm   

Fplasma = 77.95 GHz
Lambda/4 Resonator frequency = 11.3 GHz   Time delay = 
22.12 ps
input RF signal = 0.01 uV = -150.0 dBm

Fstart = 5.0 GHz   Fend = 7.0 GHz  Fstep = 100.0 MHz

Magnetic flux amplitude DC = 0.33 Phi0  RF = 0.25 Phi0   
Frequency = 11.8 GHz

Integration time = 50.0 ns   time step = 0.1 ps
integrating 500000 time steps with 221 lag steps

Lowering the signal does not change the 
result

The system is self oscillating, triggered by 
the signal



Fdc=0.25 Fac=0.3

Fdc=0.25 Fac=0.35

Fdc=0.25 Fac=0.40

Fdc=0.30 Fac=0.25

Fdc=0.30 Fac=0.3

Fdc=0.30 Fac=0.35

Fdc=0.30 Fac=0.40

GHz

Fdc=0.25 Fac=0.25

dBm
Fpump = 2 Fsignal Asignal = -150dBm

Scan of different dc and rf amplitudes of magnetic flux



Zi = 50 Ohm Cc = 0.015 pF Z0 = 50 Ohm I0 = 1.0 uA Cj = 0.5 pF Rj = 100000 Ohm 

Fplasma = 77.95525848081317 GHz 

Lambda/4 Resonator frequency = 11.3 GHz Time delay = 22.123893805309738 ps

input RF signal = 0.01 uV = -150.0 dBm 

Fstart = 2.0 GHz Fend = 10.0 GHz Fstep = 100.0 MHz 

Magnetic flux amplitude DC = 0.30 Phi0 RF = 0.25 Phi0 Frequency = 11.3 GHz 

Integration time = 50.0 ns time step = 0.1 ps

integrating 500000 time steps with 221 lag steps

Effect of increasing the dc magnetic flux

Fdc = 0.30



Zi = 50 Ohm Cc = 0.015 pF Z0 = 50 Ohm I0 = 1.0 uA Cj = 0.5 pF Rj = 100000 Ohm 

Fplasma = 77.95525848081317 GHz 

Lambda/4 Resonator frequency = 11.3 GHz Time delay = 22.123893805309738 ps

input RF signal = 0.01 uV = -150.0 dBm 

Fstart = 2.0 GHz Fend = 10.0 GHz Fstep = 100.0 MHz 

Magnetic flux amplitude DC = 0.31 Phi0 RF = 0.25 Phi0 Frequency = 11.3 GHz 

Integration time = 50.0 ns time step = 0.1 ps

integrating 500000 time steps with 221 lag steps

Effect of increasing the dc magnetic flux

Fdc = 0.31



Zi = 50 Ohm Cc = 0.015 pF Z0 = 50 Ohm 
I0 = 1.0 uA Cj = 0.5 pF Rj = 100000 Ohm 
Fplasma = 77.95 GHz 

Lambda/4 Resonator frequency = 11.3 GHz Time delay = 22.123893805309738 ps

input RF signal = 0.01 uV = -150.0 dBm 

Fstart = 2.0 GHz Fend = 10.0 GHz Fstep = 100.0 MHz 

Magnetic flux amplitude DC = 0.32 Phi0 RF = 0.25 Phi0 Frequency = 11.3 GHz 

Integration time = 50.0 ns time step = 0.1 ps

integrating 500000 time steps with 221 lag steps

Effect of increasing the dc magnetic flux

Fdc = 0.32



Zi = 50 Ohm Cc = 0.015 pF Z0 = 50 Ohm 
I0 = 1.0 uA Cj = 0.5 pF Rj = 100000 Ohm 

Fplasma = 77.95 GHz 

Lambda/4 Resonator frequency = 11.3 GHz Time delay = 22.123893805309738 ps

input RF signal = 0.01 uV = -150.0 dBm 

Fstart = 5.0 GHz Fend = 7.0 GHz Fstep = 100.0 MHz 

Magnetic flux amplitude DC = 0.33 Phi0 RF = 0.25 Phi0 Frequency = 11.8 GHz 

Integration time = 50.0 ns time step = 0.1 ps

integrating 500000 time steps with 221 lag steps

Effect of increasing the dc magnetic flux

Fdc = 0.33



GHz

GHz GHz

GHz

ns

ns

ns

ns

Scan of signal frequency
Fpump=12.4 GHz   Asignal = -150 dBm

fixed signal frequency at 6.18 GHz
Fpump=12.4 GHz   Asignal = -150 dBm

Scan of signal frequency for fixed pump Detail of dynamics



Conclusions (for now)

1) the numerical model seems to work

2) Extension to a real SQUID is in progress

3) The value of experimental parameters are important (Cc and Io)

4) The JPA simulation show expected responses but not amplifications

5) Self oscillations are triggered by input signal

6) More tests are necessary to fully validate the model

7) The role of circulator needs to be clarified


