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All field configurations

I'# 0: Compacttime A (1 + Ly, x,y,2) = A (1, x,y,2), Ly=1/T
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Thermodynamics and lattice QCD

Grand-canonical partition function
7 = tr e (Hoco—HpB—HoQ—usSIT _ J' DA, DyDye —aco — Computer

All field configurations

T # 0: COmpact time A (t+L4,x V,2) = A (t x,v,2), L,=1/T
pF 05 = —igy,A, + mf+ﬂ70
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Advantages:
e First-principle method
* Perfect for study of the phase diagram

. Nf = 2 + 1+ 1 quarks (u,d,s,c), physical parameters!

Disadvantages:
* Powerful supercomputers (typical cost: 100 years on your gaming computer)

e Infinite volume V — o0, continuum limita — 0
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 Solutions used in real simulations: A

 Jaylor expansion in yp

| Only work for small up/T < 2.5 =3
* Analytic continuation: pp — 1y
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Nature of the chiral phase transition and (pseudo)-critical temperature 7.

| M1 1 1 I rm 1 1 1 | P 1 1 | .
- - Width
100 A 4x123 I ——— S R — WB [2020]
_ 8 D 4x163 -
S0 __ E 3 O 4%x243 __
N i ] _ — HotQCD [2018]
N % —
l R : ]
40 4" s T TWEXT [2021]
_ 1 ﬁ.ﬁ -
_ 8 -
20 H T T T 140 150 160 170
5.2 5.5 5.4 5.5 T. [MeV]
TTOXYIO T aoki et al. 2006 Crossover: finite width

Different observables: different 1
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Zero i, nonzero [
Possible thresholds/phase transitions and other scenarios

® m. =139 MeV
YV m, =225 MeV
A m; =383 MeV

Yry)s = (y) —m a%/"/n )
v
| | 200 400 600 300
Universal functions T MeV] TWEXT, 2021]
I ~ 300 MeV
Scaling window: region Simple analytic behaviour
near the phase transition Same picture in the topological properties:
with universal behaviour onset of DIGA behaviour

[TWEXT, 2021]



Zero i, nonzero [
Possible thresholds/phase transitions and other scenarios

New Chiral-Spin SU(2)

symmetry: Tch S T S BTCh [Rohrhofer et al., 2020]
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Zero i, nonzero [
Possible thresholds/phase transitions and other scenarios

e IRphase: T'< 250 MeV [A.Alexandru and I. Horvath, 2019]

» Monopole condensation: 7' < 275 MeV [M.Cardinali, M.D’Elia, A. Pasqui, 2021]
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Zero i, nonzero [

» Several (lattice) indications that regions T' 2 1.and T > T, are different
[ Ty

Different
properties
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Small 1/, nonzero |
Taylor expansion

2 4

Heavy lon Collisions:

5=0, O~04B — uys= pps(kp)
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Small 1/, nonzero |

Taylor expansion

[WB, 2020]
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Small 11, nonzero [
Equation of State

e Pressure p(T, up):

] op
, Baryon density np = ——
OUp
Ent densit op
. Entropy density § = —
oT

« Energy density: ¢ = 1's — p + uzB
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Small 4 — 0O, nonzero T’
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attice QCD

Hadrons
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Large (4, nonzero [ P

oo 2n(2n — 1)y2
C E P? B _ 1 B n o — 2n
3T, ) = Z:,) Gt Zans sl TV o 5

» Jaylor expansion: convergence radius in lg
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Large (4, nonzero [ P

00 2n(2n — 1)y
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Large (4, nonzero [

2n(2n — 1)y5,

CEP? 5 © ] L
- Ta — Z 3 /T 2n r o B
X (1, ug) o) XYoo (gl T) . P
n=0
° I - Fodbr, kafz, 2004 -04 ““““““
" . " i I?atta etal, 201?{ '2 %
) Taylor expanSIOn: Convergence radlus In //tB :I: ° thisworlizlfg\?vee:sgijr?glg;;% H A + ]
OEG‘J 4 % estimator r}
[HotQCD, 2017] £°|
o2
N
° 13 140 145 150 155

T [MeV]

1/2

21



Large (4, nonzero [
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Large /1,
CEP? 600 -

: 172
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Large (4, nonzero [
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Large (1, nonzero |
CEP?

o0

1 7 X —
15 (T, pp) = Z Yoo/ T Ton

— (2n)!

» Jaylor expansion: convergence radius in lg

* | ee-Yang zeros

[HotQCD, 2017]

e Transition width from ,ué < 0Oto ,ué > ()

%  multi-point Padé, arXiv:2110.15933
[4,4] Padé, arXiv:2202.09184
|

120
T [MeV]

[Bielefeld-Parma, 2023]
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CEP
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[WB, 2020]
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Large (4, nonzero [

00 2n(2n — 1)y>
CEP . )(f(T, //tB) — Z oY Z§n+2(//‘B/T)2” ry =
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* | ee-Yang zeros [HotQCD, 2017]
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N
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« Transition width from ,ué < 0to ,ué > ()  distavored regionfor he

| location of a critical point
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Large /i, nonzero [ L
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Further prospectives

« Understanding properties (phases, thresholds) in QCD at finite 1°

» Higher order fluctuations yp 0.5 T'
Lattice Q.CD o ©

* Improving CEP estimations

Quarks & Gluons

* Approach to solve or overcome the sign problem

 Reweighting technique [wB, 2020]

 Complex Langevin [G. Aarts, 2013] [D.Sexty, 2013]

e Lefschetz thimbles [M. Cristoforetti et al., 2012]

* Density of states [K. Langfeld et al., 2012]

* Machine Learning [S. Lawrence, Y. Yamauchi et al., 2012]
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P ° Quarks & Gluons
| attice QCD °

Conclusions
QCD phase diagram on the lattice

* Precise data on the crossover at zero and small g | .oone e Color
iquid-gas

HpB

» Non-trivial properties (phases) of finite-1 QCD

» EoS of QCD at uz/T < (2.5 — 3), conserved charge fluctuations at pp = 0

o CEP, if exists, is most likely at very high u o] | F molipein ace 210 1503
) ) B i [4,4] Padé, arXiv:2202.09184
S | [
4.5 IMB/T=13)-5 T T T T T 10 A[l)/TA'l | IIJB/l|-=3I B 5600_ :
4 e Ios :
3.5 Rt el 08 fop/mt m =
| l_‘_wgﬁjs :!!: 3 O('UB/T)g- pg/T=2.5
3 F——t 2720 B srizss 0.6 |Ole/T) =

400 A i

X sEE x5 ' | ;
sfogErltt ] 0.4 pp/T=2 e
th /IJB/T=1'5 : |
7 0-2 % ug/T=10 | Sl

i 0 | | | | T[MeV] | 3 2001 i
01 !

. |

140 160 180 200 220 240 260 280

120 140 160 180 200 220 240 260 280 [HotQCD, 2023]
T MeV] [WB, 2022]
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Zero i, nonzero [
Possible thresholds/phase transitions and other scenarios

Spectrum of the Dirac operator: T — . !
D|2) = 1]4) = 45  32°x8 —&=— T=175 MeV _
Density p(A) contains a lot of IE | 0=30 MeV | ‘©© :
information about the system e 1=250 MeV ©@@‘ o
and its symmetries | . @~ :
> 0.10 3% o° —
Banks Caspooer relation: = O e D e®
—w) > | > 7p(0) S 0.05! T omE _
V Jo A% + m? —
X
Q. i |
IR phase: 000  OpmpmppTlTlODpD@gm*T 00000
1+0
() ~ A 0 100 200 300 400
Can be described by A[I\/IeV] [A.Alexandru and |. Horvath, 2019]

topological fluctuations

[T. Kovacs, 2023] T ~ 200 — 250 MeV 32




Complex Langevin method and Lefschetz thimbles

/ = [ dxe W

e Complexify:x —» z € C

» Complex Langevin: 2 = — 0,5(z) + 7

o |Lefschetz thimbles: instead of integral along real axis 7 = x € IR, deform a
contour to get milder sign problem (Machine Learning)
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Chiral-spin symmetry

(0,0) B(1n & 27 T
nN\"n bi(1,147)  SURIA (0,1~
€ Z (1/2,1/2)a @Taém%ﬁif)w — W(ﬂzsm“v)")\l’
s W — CXP l W En — {yka — i}/Syka 7/5} o p(1,177)  SU@)a_ py(0,1%7) o
2 (1/2,1/2); T(re @)l T T(Lp@yPyiy)T

[L GlOzman, 201 4] (1,0)6(0,1) Cp(1,177) SM-} a1(1’1t+)
. ! ! V(e @ y") ¥ S Y(T @YY
o Symmetry of the chromo-electric color charge
o a({11'(0@1:;)?9%(1) ﬁ]l(?é:g\y SU(2)cs

® Qa — d3qu(x) Taq(x) (1/2,1/2), bi(1,177). ;—w _ w(0,177)

SU(2) s

. (1/2,1/2), T(r9 @ vint) T T (1 p @757 U
o Larger symmetry then in the free theory(!) _ _—
LOBOY) > Frig iy T+ & o)

[L. Glozman, 2022] 34



Lee-Yang zeros

800 i % mulrti-point Padé, arXiv:2110.15933
B i [4,4] Padé, arXiv:2202.09184
o Z=Z(V,T,up)is real for up € R %600_
. i : * !
» Z=Z(V,T, ug) can have complex pp roots : *\\ %J’/ 1/*/
 Lee-Yang theorem: phase transition when ,ué — up € R 00| | l
Lee, Yang, 1952] : /1/
_ 0 IOg / . 0 B :%: 200 i i
. Lattice data: B(up) ~ at —iup € Rory, at up =0 E | |
Opp : .
0 J— o | |
 Reconstruct Pade approximation of B(up) for all uj N w riMev] - >

» Study its zeros and when they approach real axis [Bieleteld-Parma, 2023]
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Reweighting for the sign problem

Weight Observable
e p~eadetD =|e | detD[eie

.

. p ~e~% Redet D =|e=5 |Redet D ||[sign(Re det D)

. J

Weight Observable

, JdUp[U]O[U] S [dUpW[U]pO[U]O[U]

(uB/T
Polynomial fit to —10 < (ug/T)?

I
ata

)><0d
)? > 0 data

S O

(uB/T
(uB/T
for —(6m)% < (up/T)*> <0
<0

N— —r

—@—
—§—

o

» Issues with staggered fermions " L
R m
_ (15T

[WB, 2021]
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