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Plan of the lectures

✓Review the idea of structure functions for DIS and introduce them for semi-
inclusive DIS


✓Introduce the idea of quark-quark correlation functions 


• Parametrize correlation functions in terms of PDFs or Transverse Momentum 
Distributions (TMDs)


• Obtain the expression of structure functions for semi-inclusive DIS in terms of 
TMDs


• Discuss concept of TMD factorization and TMD evolution


• Discuss a bit of phenomenology
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Analysis of quark-quark correlation functions
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General form of correlation function
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1, �5, �µ, �µ�5, i⇥µ⇥�5

Hermiticity: �(p, P, S) = �0 �†(p, P, S) �0, (1a)

parity: �(p, P, S) = �0 �(p̃, P̃ ,�S̃) �0 (1b)

p̃⇥ = �⇥µpµ

⇥µ⇥ � i

2
[� µ, �⇥ ] .

Available vectors

Available Dirac matrices

Constraints

see, e.g., Mulders, Tangerman, NPB 461 (96) 
Goeke, Metz, Schlegel, PLB 618 (05)

p, P
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DIS: Parton Distribution Functions

6

�(p, P ) � P+ (A2 + xA3) n/+ + P+ i

2M

�
n/+, p/T

⇥
A4,

�(x) �
�

d2pT dp��(p, P ) = f1(x)
n/+

2

f1(x) = 2P+

�
d2pT dp� (A2 + xA3)

Parton Distribution Function, or standard PDF, or collinear PDF… 
It comes from the decomposition of the correlation function integrated over − and 
transverse components
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ĥµĥ⌫ + gµ⌫?

⌘
F cos 2�h

UU (xB , zh, P
2
h?, Q

2)

�

2MWµ⌫(q, P, S, Ph) =
2zh
xB

C
h
Tr(�(xB ,pT , S) �

µ �(zh,kT ) �
⌫)
i



Results for structure functions in SIDIS

13

�(x, pT ) =
1

2

⇢
f1 n/+ + ih?

1

⇥
p/T , n/+

⇤

2M

�
.

2MWµ⌫(q, P, S) =
2zh
xB


� gµ⌫? FUU,T (xB , zh, P

2
h?, Q

2) + t̂µt̂⌫FUU,L(xB , zh, P
2
h?, Q

2)

+
⇣
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2

⇢
f1 n/+ + ih?
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⇥
p/T , n/+

⇤

2M

�
.

We have kept them in Eq. (3.31) so that one can readily obtain the analogous fragmentation

correlator, where such functions do not necessarily vanish.

The fragmentation correlation function is defined as

∆ij(z, kT ) =
1

2z

∑

X

∫

dξ+d2ξT

(2π)3
eik·ξ 〈0| Un+

(+∞,ξ) ψi(ξ)|h,X〉〈h,X|ψ̄j (0)U
n+

(0,+∞)|0〉
∣

∣

∣

∣

ξ−=0

,

(3.35)

with k− = P−
h /z and the Wilson lines

Un+

(+∞,ξ) ≡ UT (∞T , ξT ; +∞+) Un+(+∞+, ξ+; ξT ), (3.36)

Un+

(0,+∞) ≡ Un+(0+,+∞+;0T ) UT (0T ,∞T ; +∞+). (3.37)

The notation Un+(a+, b+; cT ) indicates a Wilson line running along the plus direction

from [0−, a+, cT ] to [0−, b+, cT ], while UT (aT , bT ; c+) indicates a gauge link running in the

transverse direction from [0−, c+,aT ] to [0−, c+, bT ]. The definition written above naturally

applies for the correlation function appearing in e+e− annihilation. For semi-inclusive DIS

it seems more natural to replace all occurrences of +∞+ in the gauge links by −∞+ [33].

However, in Ref. [9] it was shown that factorization can be derived in such a way that

the fragmentation correlators in both semi-inclusive DIS and e+e− annihilation have gauge

links pointing to +∞+.

The fragmentation correlation function (for a spinless or an unpolarized hadron) can

be parameterized as

∆(z, kT ) =
1

2

{

D1 n/− + iH⊥
1

[

k/T , n/−
]

2Mh

}

+
Mh

2P−
h

{

E + D⊥ k/T

Mh
+ iH

[

n/−, n/+
]

2
+ G⊥γ5

ερσ
T γρkTσ

Mh

}

, (3.38)

where the functions on the r.h.s. depend on z and k2
T . To be complete, they should all

carry also a flavor index, and the final hadron type should be specified. The correlation

function ∆ can be directly obtained from the correlation function Φ by changing3

n+ ↔ n−, εT → −εT , P+ → P−
h , M → Mh, x → 1/z, (3.39)

and replacing the distribution functions with the corresponding fragmentation functions

(f is replaced with D and all other letters are capitalized).

The correlator integrated over transverse momentum reads

∆(z) = z2
∫

d2kT ∆(z, kT ) = D1
n/−
2

+
Mh

2P−
h

{

E + iH

[

n/−, n/+
]

2

}

, (3.40)

where the functions on the r.h.s. are defined as

D1(z) = z2
∫

d2kT D1(z, k2
T ) (3.41)

3The change of sign of the tensor εT is due to the exchange n+ ↔ n− in its definition (3.2).
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t̂µĥ⌫ + t̂⌫ ĥµ
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vi Notations and conventions

Amsterdam [?] Description

p k momentum of parton in distribution function

pT k? parton transverse momentum in distribution function

k p momentum of fragmenting parton

kT p? trans. momentum of fragmenting parton w.r.t. final hadron

KT P? trans. momentum of final hadron w.r.t. fragmenting parton

Ph? PhT transverse momentum of final hadron w.r.t. virtual photon

Amsterdam Seattle (arXiv:1108.1713)

http://arxiv.org/abs/arXiv:1108.1713
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What about polarization?
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TMDs in black survive transverse-momentum integra6on 
TMDs in red are T-odd
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Results for polarized SIDIS
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Unpolarized sector
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Longitudinally pol. beam or/and target
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Transversely polarized target
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� ĥ ·pT

M
f⇥1T D1

⌃
,

F sin(�h��S)
UT,L = O

⇤
M2

Q2
,
q2
T

Q2

⌅
,

F sin(�h+�S)
UT = C

⇧
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Trasversely pol. target and long. pol. beam
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