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Why Modified Gravity? 

Original Motivation was that it could potentially ‘explain’ dark energy. 
Despite our best efforts this is still, at best, an open question. 

Modified Gravity theories allow one to test General Relativity 
against one of the simplest extensions over a variety of 

ranges. This could either constrain the model parameters or 
give a hint of new physics and where to look for it in detail.

We consider scalar-tensor gravity with the most general coupling 
to matter, containing both conformal and disformal couplings. 
This extends the programme of Damour and collaborators. For 

example Damour & Deruelle Annales de l’IHP Physique Theorique 
43 (1985) 107; Damour 2010.01641, Juli and Deruelle 1703.0536



The Action

This is the action of scalar-tensor gravity. The scalar field is coupled to matter 
with the most general coupling containing a conformal and disformal coupling 

probes [17–28]. It can influence the dynamics of compact bodies as a one loop e↵ective

interaction similar to the Casimir-Polder force can be generated between such objects [29].

It can also have e↵ects on the atomic energy levels or even the burning rate of stars in

astrophysics [30]. Finally, as a four-body interaction, it can be tested at accelerators such as

the LHC [31]. In this paper, we will focus on the gravitational physics of such a disformal

coupling [25, 26], in conjunction with a conformal coupling, in the presence of celestial

bodies. We will derive an e↵ective one body metric which describes the dynamics of two

such interacting bodies at leading order in GN . This will allow us to consider the disformal

e↵ects on the classical tests such as the advance of perihelion or the time delay of radio-

wave signals. The e↵ective one body metric may also eventually allow us to consider the

inspiralling emission of gravitational wave by two rotating bodies, although we leave it for

further work.

We find that the Shapiro time delay as probed by the Cassini experiment does not

depend (or extremely weakly) on the disformal coupling. On the other hand, the perihelion

advance of a light body in the presence of a heavy object is non vanishing. We find that it

varies quadratically with the mass of the heavy object and quartically with the size of the

orbit. This may have consequences for the dynamics of stars in the vicinity of astrophysical

black holes [32] or during the inspiralling phase of neutron star mergers.

In section 2 we study the solutions to the Klein-Gordon equation involving a conformal

and disformal coupling to matter for point sources. In section 3 we consider the case of

two interacting bodies whilst in section 4 we consider the dynamics of a light particle

close to a heavy body. We discuss possible consequences for the dynamics of stars close to

astrophysical black holes and binary systems of neutron stars in section 5.

2 Disformal radiation

2.1 Ladder expansion

In this section we consider the scalar emission from a moving body when the coupling

between matter and the scalar field is mediated by the metric

gµ⌫ = A
2(�)gEµ⌫ +

2

M4
@µ�@⌫� (2.1)

where the conformal factor

A(�) = e
��/mPl (2.2)

is characterised by the constant coupling � and the disformal interaction is specified by the

suppression scale M . We could have chosen more complex function [33] such as a quadratic

function A(�), e.g. as for the environmentally dependent dilaton [34] and symmetron [35].

Here we consider the simplest case of a field independent coupling �. Similarly the disformal

part could be more complex with 1/M4
! B(�, (@�)2). In the following we focus on the

simplest case where the disformal coupling depends only on the constant coupling scale M .

Matter couples minimally to gµ⌫ such that the total action reads
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Z
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The Approximations

We work consistently to leading order in 

and in the conformal and disformal couplings
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To proceed one uses Einstein and Klein-Gordon equations, which contains the 
conformal coupling to matter. The disformal coupling is added perturbatively

<latexit sha1_base64="DhOiLpQRCZddWpVya4Skh0VWb5Q="></latexit>
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The Two Body System

For two bodies, A 
and B we have

<latexit sha1_base64="2q5kHDy3DI+k2oI5Wf+Xy4A3BK0="></latexit>

⇤�(0) = ��
TA + TB

mPl

<latexit sha1_base64="WUWTcGruTOAEsIdq89PGbSosLA8=">AAACEHicbZBNS8MwGMfT+TbnW9Wjl+AQJ8JoZagXYc6LxwnuBbZa0izdwtK0JKkwyj6CF7+KFw+KePXozW9juhWc0z8Efvk/z0Py/L2IUaks68vILSwuLa/kVwtr6xubW+b2TlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAqrbfuiZA05LdqFBEnQH1OfYqR0pZrHnajAb1LStbR+AL+sHt5PHurFVyzaJWtieBfsDMogkx11/zs9kIcB4QrzJCUHduKlJMgoShmZFzoxpJECA9Rn3Q0chQQ6SSThcbwQDs96IdCH67gxJ2dSFAg5SjwdGeA1EDO11Lzv1onVv65k1AexYpwPH3IjxlUIUzTgT0qCFZspAFhQfVfIR4ggbDSGaYh2PMr/4XmSdk+LVduKsVqLYsjD/bAPigBG5yBKrgGddAAGDyAJ/ACXo1H49l4M96nrTkjm9kFv2R8fAPKzZqJ</latexit>

�(0) = �(0)
A + �(0)

B

diagrammatically

Figure 1: Feynman diagram corresponding to the first disformal correction to the conser-

vative dynamics (it should also be included with its symmetric counterpart). The upper

vertex is the disformal one in eq. (2.34).

2.4 Equivalence with the diagrammatic approach

The previous result obtained using the Fokker method, i.e. calculating the field and re-

placing it into the action, can be recovered using a field theory approach along the lines of

Non-Relativistic General Relativity [29, 30]. A generalisation of this formalism including

scalar fields can be found in [31]. Here we use the fact that the action of a point-particle

↵ can be written as

Sm,↵ = �m↵

Z
d⌧↵ (2.32)

where d⌧2↵ = �gµ⌫dx
µ
↵dx⌫↵, and gµ⌫ is the Jordan frame metric, given in eq. (2.2). Expand-

ing the conformal factor for weak field values in �/mPl, the Jordan frame proper time d⌧↵
becomes related to the Einstein proper time d⌧E↵ via

d⌧↵ = d⌧E↵

✓
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µ
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where uµ↵ is the four-velocity of the point-particle. We have expanded the conformal factor

A only to first order in �, as the higher-order contributions will not be relevant. By using

this expression in the action, we find that the interaction vertices are

Sm,↵ � �
�m↵

mPl

Z
d⌧↵�+

m↵

⇤2m2
Pl

Z
d⌧↵ (@µ�u

µ
↵)

2 . (2.34)

We can now use these two vertices to build Feynman diagrams. We refer the reader to

[31] for a thorough discussion of the methodology used in this field theory approach to the

problem of motion in scalar-tensor theories. A quick summary of the Feynman rules is

given in App. A. The lowest-order contribution of the disformal vertex to the two-body

Lagrangian is given by the diagram of Figure 1, which can be calculated to be

Fig 1 =
4�2G2

NmAmB(mA +mB)

⇤2

(~nAB · (~vA � ~vB))2

|~xA � ~xB|4
. (2.35)

See the App. A for the explicit calculation. This is exactly the same interaction term as

the one calculated using the Fokker method and the equations of motion.

2.5 Energy for elliptic orbits

In Newtonian mechanics, the two body problem is easily solved and trajectories in the

centre of mass frame become elliptical for bound systems with planar trajectories param-

eterised as

r( ) =
a(1� e2)

1 + e cos 
(2.36)
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with the disformal vertex insertion.  

this gives us the ladder approximation with each insertion 
bringing in the energy-momentum tensor and a suppression of 
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In the centre of mass frame the effective Lagrangian is
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where we have 
introduced the reduced 

and total mass

this is actually equivalent to having the effective metric as 

the conformal part is familiar and provides the exact, post Minkowski 
limit, ie leading order in G. here we include the disformal term as well.
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The Effective Action



Let us now consider the effect of a light body moving in the background of a heavier 
body. For example this could be a planet moving in orbit around the sun.

The effective metric is not the same as the metric followed by photons. The disformal coupling 
involves both perpendicular and parallel velocities whilst the metric for photons only involves parallel 
velocities. Thus the equivalence principle is violated between photons and matter.  This could have an 

effect on the Shapiro time delay and the perihelion advance. In fact to this order the disformal 
coupling doesn’t affect the Shapiro time delay, but does effect the perihelion advance, which is.
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so the perihelion advance 
of Mercury gives 

<latexit sha1_base64="IlFbDUYCgEGA96rWOXG68NfGoWo=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBjSWRoi6LbtwUKtgHNLFMppN26MwkzEyEErJx46+4caGIW//BnX/jtM1CWw9cOJxzL/feE8SMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHo+uJ334gUtFI3OlxTHyOBoKGFCNtpJ59WPcG2tgcus59elrNoAdTT3JYJ62sZ5edijMFXCRuTsogR6Nnf3n9CCecCI0ZUqrrOrH2UyQ1xYxkJS9RJEZ4hAaka6hAnCg/nX6RwWOj9GEYSVNCw6n6eyJFXKkxD0wnR3qo5r2J+J/XTXR46adUxIkmAs8WhQmDOoKTSGCfSoI1GxuCsKTmVoiHSCKsTXAlE4I7//IiaZ1V3PNK9bZarl3lcRTBATgCJ8AFF6AGbkADNAEGj+AZvII368l6sd6tj1lrwcpn9sEfWJ8/X6qXOg==</latexit>

M & 10�4 MeV



<latexit sha1_base64="FicERWeDWo9U1UAD+e7lBc5w8Fk=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwY0mkqBuh1I3LCn1BE8NkOmmHziRhZiKWkB9w46+4caGIW/fu/BunbRbaeuDC4Zx7ufceP2ZUKsv6NgpLyyura8X10sbm1vaOubvXllEiMGnhiEWi6yNJGA1JS1HFSDcWBHGfkY4/up74nXsiJI3CphrHxOVoENKAYqS05JlHTj16cOIhvbPgFTx1fKIQdAKBcNrMUu6lMcsyzyxbFWsKuEjsnJRBjoZnfjn9CCechAozJGXPtmLlpkgoihnJSk4iSYzwCA1IT9MQcSLddPpNBo+10odBJHSFCk7V3xMp4lKOua87OVJDOe9NxP+8XqKCSzelYZwoEuLZoiBhUEVwEg3sU0GwYmNNEBZU3wrxEOkolA6wpEOw519eJO2zin1eqd5Wy7V6HkcRHIBDcAJscAFq4AY0QAtg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5A8KCm2o=</latexit>

⇤�0 = ��
T

mpl

<latexit sha1_base64="Z8LmycuAOD8Xjur4Ens7UiXBUTk=">AAACAnicbVDLSgMxFM34rPU16krcBIsgCGVGiroRim5cVrAP6Iwlk7nThmYeJBmhDMWNv+LGhSJu/Qp3/o2ZdhbaeiDk5Jx7ubnHSziTyrK+jYXFpeWV1dJaeX1jc2vb3NltyTgVFJo05rHoeEQCZxE0FVMcOokAEnoc2t7wOvfbDyAki6M7NUrADUk/YgGjRGmpZ+47yYDhS5xf9xY+cXzgiuSvnlmxqtYEeJ7YBamgAo2e+eX4MU1DiBTlRMqubSXKzYhQjHIYl51UQkLokPShq2lEQpBuNllhjI+04uMgFvpECk/U3x0ZCaUchZ6uDIkayFkvF//zuqkKLtyMRUmqIKLTQUHKsYpxngf2mQCq+EgTQgXTf8V0QAShSqdW1iHYsyvPk9Zp1T6r1m5rlfpVEUcJHaBDdIxsdI7q6AY1UBNR9Iie0St6M56MF+Pd+JiWLhhFzx76A+PzB4XalkE=</latexit>

� = �0 + ��

Resumming the Ladder Expansion Melville and ACD - 1910.08831

So far we have treated the 
disformal coupling perturbatively 
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Figure 2. Resummation of the ladder expansion shown diagrammatically. The first two diagrams
on the top line correspond to '

p0q
1 and '

p1q
1 (given in (3.18) and (3.19)), namely the field sourced by

particle 1 at leading and next-to-leading order in the ladder expansion. The two sums on the second
line correspond to the two terms in (3.25), and denote an even/odd number of disformal insertions
respectively. The fraction on the third line corresponds to the 1{p1 ´ D̂1D̂2q resummation.

ity in the Borel resummation of the ladder series (due to the so-called Stokes phe-

nomenon). Physically, they represent a non-perturbative correction to the ladder se-

ries (e.g. a contribution like e
´r2), which is naively invisible to perturbation theory

(e.g. e
´r2 “ 0 ` 0r´2 ` 0r´4 ` ... at large r), but which arises from our resummed

equation via resurgence. The fact that our perturbative resummation can access this

non-perturbative information is remarkable, and can be traced to instanton-like contri-

butions from other saddle points in the e↵ective action. We will discuss these features

further in Section 4.1, with the aid of a fully worked example.

Di↵erent regimes: The equation (3.28) is very di�cult to solve in general due to its

functional nature. However, there are two limiting cases in which we can make some analytic

progress:

(i) In the ladder expansion regime, r3 " v
2
R

3
V , then the disformal terms in (3.28) are small

and can be treated perturbatively, leading to,

G
p0q
1 p⌧̄1q “ 1 , G

p1q
1 p⌧̄1q “ d̄ ⌫

B2
⌧̄1

ẽ
2
1

«
R

3
V1

R̄2px̄1q

�
, etc. (3.31)

which reproduces the ladder expansion '
p0q ` '

p1q ` ... derived above.
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The ladder approximation breaks down when corrections are O(1)

corrections from subsequent ladder 
diagrams become O(1) when
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L ⇠ v2R3
V

r3
and we define the ladder parameter as

so the perturbative expansion is only valid for L <<1, ie low velocity and 
large distances. Otherwise we need to resum the ladder expansion

Note L is very important as it marks the change from the pertubative to resummed 
regimes. For L>>1 the disformal effects are summed and become screened
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Figure 2. Resummation of the ladder expansion shown diagrammatically. The first two diagrams
on the top line correspond to '

p0q
1 and '

p1q
1 (given in (3.18) and (3.19)), namely the field sourced by

particle 1 at leading and next-to-leading order in the ladder expansion. The two sums on the second
line correspond to the two terms in (3.25), and denote an even/odd number of disformal insertions
respectively. The fraction on the third line corresponds to the 1{p1 ´ D̂1D̂2q resummation.

ity in the Borel resummation of the ladder series (due to the so-called Stokes phe-

nomenon). Physically, they represent a non-perturbative correction to the ladder se-

ries (e.g. a contribution like e
´r2), which is naively invisible to perturbation theory

(e.g. e
´r2 “ 0 ` 0r´2 ` 0r´4 ` ... at large r), but which arises from our resummed

equation via resurgence. The fact that our perturbative resummation can access this

non-perturbative information is remarkable, and can be traced to instanton-like contri-

butions from other saddle points in the e↵ective action. We will discuss these features

further in Section 4.1, with the aid of a fully worked example.

Di↵erent regimes: The equation (3.28) is very di�cult to solve in general due to its

functional nature. However, there are two limiting cases in which we can make some analytic

progress:

(i) In the ladder expansion regime, r3 " v
2
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V , then the disformal terms in (3.28) are small

and can be treated perturbatively, leading to,
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which reproduces the ladder expansion '
p0q ` '

p1q ` ... derived above.
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In the ladder resummation regime we obtain the correction to the force
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⇢ = r(t)/awhere

The conformal and disformal forces are of the same order and suppressed like 1/L for L>>1

In this regime with L>>1 there is an efficient screening mechanism. This 
is for the two-body case and is distinct from Vainshtein screening 

a the semi-major axis and e the eccentricity
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Figure 6. The precision with which we can account for orbital precession of each planet in the solar
system is shown as a black error bar. The relativistic corrections predicted by GR are resolvable for the
innermost planets (Mercury, Venus, Earth and Mars). The precession predicted here due a disformally
coupled scalar field is shown for two fiducial values of the couplings, c̄2�{d̄ “ 1 and c̄

2
�{d̄ “ 105. The

ladder screening is less e↵ective for the outermost planets, and they experience the largest disformal
e↵ects. Saturn has lower than expected error bars thanks to the Cassini measurements, and so as
c̄
2
�{d̄ increases it is Saturn’s orbit which first reveals the presence of a disformally coupled scalar. The
region of pc̄�{d̄q parameter space ruled out by our observations of Mercury, Mars and Saturn is also
shown (i.e. c̄

2
�{dis “ 1 is not currently resolvable in any planetary orbit, but c̄2�{d̄ “ 105 would have

been observed already in measurements of Saturn and so is ruled out), together with the improvement
forecast by the BepiColombo mission to Mercury.

e↵ective one-body scheme would be required33, since the subleading forces do not obey (3.60)

(see e.g. [81] for a useful review). While it would be interesting to extend existing one-body

techniques to this disformally coupled case (and potentially very relevant for comparable-mass

black hole/neutron star binaries), we will instead take our computed GAptq (valid for any m1

and m2) and focus on the limit34 ⌫ ! 1, since then we can work entirely in the rest frame

of particle 1 (its motion relative to particle 2 is suppressed by powers of ⌫) and compute

the orbital corrections straightforwardly. Another simplification in this is that the conformal

force �F
pc̄�q r
' 2 is suppressed relative to the disformal force �F

pd̄q r
' 2 by a factor of ⌫, so we need

only follow the e↵ects of �F pd̄q r
' 2 .

33 This can be understood as replacing mAvA with the modified momenta,

pAµp⌧q “ ´ẽA
BSA

B 9xµ
Ap⌧q “ mA

ˆ
⌘µ⌫ 9x⌫

A ` hµ⌫pxAq
MP

9x⌫
A ` d̄

M4

B'pxAq
Bxµ

A

B⌧'pxAq
˙

. (5.1)

and accounting for the resulting mixing between m1v1 ` m2v2 and x12 perturbatively.
34 As with the velocity and the eccentricity previously, we treat a4

RS1
R3

V1

! ⌫ ! 1 in the ladder resummation

regime so that the leading two-body e↵ects are still present even though ⌫ is small.

– 38 –

Precession of the planets due to ladder screening



Spin  Effects

Jacobson, astro-ph/9905303, in a time dependent background a black hole can support scalar ‘hair’.  We, 
(Melville, Wong, Brax, ACD) 2107.10841, used the EFT approach of Goldberger and Rothstein, hep-th/

0409156, to compute the effect of spinning bodies in scalar-tensor theories. 

Model the inspiral phase by an EFT with point particles coupled to ( )g, ϕ

Seff = Sfields[g, ϕ] +
2

∑
κ=1

Spp,κ

Sfields[g, ϕ] = 1
16π ∫ −g d4x (R − 2(∂ϕ)2 + (interaction terms))

GR Massless 
scalar

Not needed at 
leading PN order

As this regime is perturbative, we can write



Seff = Sfields[g, ϕ] +
2

∑
κ=1

Spp,κ

Effective theory for the binary

Nonrelativistic, weak-field expansion

Feynman rules



Figure 1. The general pipeline for computing the phase of the gravitational-wave signal emitted by
a compact binary in the e↵ective field theory approach. This figure makes allusions to the need for
additional steps if one wishes to incorporate nonlinearities like tail e↵ects in the radiative sector, but the
linear e↵ects that are the focus of this paper will su�ce at low orders in the post-Newtonian expansion.
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In nearly circular binaries, spin-orbit effects can be better at 
probing disformal interactions than purely orbital effects.disformal
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Gravity Probe B, launched 20 April 2004, is a space experiment testing two fundamental predictions of

Einstein’s theory of general relativity (GR), the geodetic and frame-dragging effects, by means of

cryogenic gyroscopes in Earth orbit. Data collection started 28 August 2004 and ended 14

August 2005. Analysis of the data from all four gyroscopes results in a geodetic drift rate of !6601:8"
18:3 mas=yr and a frame-dragging drift rate of !37:2" 7:2 mas=yr, to be compared with the

GR predictions of !6606:1 mas=yr and !39:2 mas=yr, respectively (‘‘mas’’ is milliarcsecond; 1 mas ¼
4:848$ 10!9 rad).

DOI: 10.1103/PhysRevLett.106.221101 PACS numbers: 04.80.Cc

Introduction.—In 1960, Schiff [1] showed that an ideal
gyroscope in orbit around Earth would undergo two
relativistic precessions with respect to a distant inertial
frame: (1) a geodetic drift in the orbit plane due to motion
through the space-time curved by Earth’s mass and (2) a
frame-dragging due to Earth’s rotation. The geodetic term
matches the curvature precession of the Earth-Moon sys-
tem around the Sun given by de Sitter in 1916 [2]. The
Schiff frame dragging is related to the dragging of the orbit
plane of a satellite around a rotating planet computed by
Lense and Thirring in 1918 [3]. Frame dragging has im-
portant implications for astrophysics; it has been invoked
as a mechanism to drive relativistic jets emanating from
galactic nuclei [4].

The measurement requires one or more gyroscopes ref-
erenced to a remote star by an onboard telescope. In the
642 km polar orbit of Gravity Probe B (GP-B), the two
effects are at right angles, as in Fig. 1. The predicted
geodetic drift rate is !6606:1 mas=yr; the frame-dragging
drift rate with the chosen star IM Pegasi is !39:2 mas=yr.

GP-B was conceived as a controlled physics experiment
having submas=yr stability (106 times better than the best
modeled navigation gyroscopes) with numerous built-in
checks and methods of treating systematics. Three prin-
ciples guided the design: (1) make Newtonian gyro drifts
much less than the predicted GR effects; (2) add sensors so
that modeling hinges on physical understanding as against
the ad hoc observational modeling used in navigation
gyroscopes; (3) exploit natural effects such as stellar aber-
ration in calibrating the instrument. Meeting the many
mechanical, optical, and electrical requirements rested on
a conjunction of two technologies, space and cryogenics.

Operation in space separates the two effects, increases
the geodetic effect 12.4 times as compared to a gyroscope

at the equator, eliminates ‘‘seeing’’ in the measurement to
the guide star, and vastly reduces torques from suspending
the gyroscope against 1g gravity. Cryogenics brings new
levels of magnetic shielding, thermal isolation, ultrahigh
vacuum operation, and a uniquely effective gyro readout
based on the London moment in a spinning superconduc-
tor. The two together give the instrument ultimate me-
chanical stability: in zero g, there is no sag; at zero K,
there is no thermal distortion.
Essential to GP-B as a controlled physics experiment

was the calibration phase, a 46-day period following the
main science phase designed to set limits on a range of
potential disturbing effects and quantify any that might
prove larger than expected.
Experiment description.—The heart of the instrument

was a 0.92 m long fused silica structure containing four
gyroscopes and a star-tracking telescope mounted in a
2440 l superfluid helium Dewar operating at 1.8 K. Each

FIG. 1 (color). Predicted drift rates of GP-B gyroscopes. See
[17] for definitions of WE and NS inertial directions.

PRL 106, 221101 (2011)

Selected for a Viewpoint in Physics
PHY S I CA L R EV I EW LE T T E R S

week ending
3 JUNE 2011

0031-9007=11=106(22)=221101(5) 221101-1 ! 2011 American Physical Society



Cassini

Solar System constraints

10−6 10−4 10−2 1 102 104 106 108 1010

−2

−4

−6

−8

lo
g 1

0|
α 0

|

Λ |β0 |1/2 / pc

Gravity Probe B 

(This work)

Mercury

Saturn

Perihelion precessionSpin-orbit precession



Two important pulsar events

• Hulse Taylor Pulsar PSR B1913+16.

• The double pulsar PSR J0737-3039.
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Dark Energy Interactions constraints



In general there are two effects to take into account for 
binaries - the geodesic effect and the Lens-Thirring effect

The geodesic effect arises from the curvature of 
space-time in general relativity whilst the Lens-

Thirring Effect arises from the spin of the central body

2

FIG. 1. Comparison of the geodetic and the frame dragging

measurements from different data sets that are discussed in

this paper: we give the accuracy of the experiment vs. the

orbital frequency.

possible candidates for dark matter [30]. The coupling of
such dark matter fields to matter is also crucial for their
dynamics and their eventual detection [31–33].

These theories can be tested using gravitational meth-
ods as shown by earlier studies which focused on two
bodies in an orbital motion [34–41] a well studied exam-
ple in GR, from which similar properties can be inferred
for light scalars with conformal and disformal couplings
[6, 15, 42–48].

We will focus on tests of the geodetic and the FD ef-
fects. The geodetic effect (or de-Sitter) follows from the
curvature of spacetime predicted by general relativity,
and the way it acts on a vector carried along with an
orbiting body [49, 50]. The FD, or Lense-Thirring, ef-
fect is one of the main predictions of Einstein’s theory of
gravitation in the limit of weak field and slow motion, i.e.
it represents a tiny relativistic precession of the orbital
plane of a satellite produced by the angular momentum
of the primary object [51–57]. The difference between
the geodetic and FD effects is that the de-Sitter one is
due simply to the presence of a central mass, whereas FD
precession is due to the rotation of the central mass. The
total precession is calculated by combining the de-Sitter
precession with the FD precession. The precessions read
in GR

⌦dS =
3Gnb

2ac2 (1� e2)

m2 (4m1 + 3m2)

(m1 +m2)
4/3

, (2a)

⌦FD =
3GS

2ac2 (1� e2)
3/2

, (2b)

where G is the Newtonian Constant, nb = 2⇡/Pb is the
orbital frequency, a is the semi-major axis, c is the speed
of light, e is the eccentricity, S is the spin of the cen-
tral body and m1,2 are the masses of the bodies. The
directions of the vectors are

~⌦dS = ⌦dS
~k, ~⌦FD = ⌦FD(~s

0
� 3(~k · ~s

0
)~k), (3)

where where ~k = ~J/J is the unit vector along the orbital
angular momentum, ~J is the orbital angular momentum
and ~s is the spin vector of the companion body.

Ref [15] has extended the leading order calculations in
GR to include both conformal and disformal couplings to
matter in scalar-tensor theories applied to the two body
problem in the Post Newtonian expansion. This enables
one to test these theories in new regimes, such as the
galactic centre where stars and the supermassive black
hole orbit around each other [58]. [6] derives the cor-
responding Post Keplerian Parameters and the influence
of the conformal and disformal couplings. The higher
derivative nature of the disformal interaction is parame-
terised using the dimensionless quantity ✏⇤ which relates
the disformal coupling interaction to the frequency

✏⇤ =
(� · nb/⇤)

2

(1� e2)
3 , (4)

where nb = 2⇡/Pb is the frequency of the motion and Pb

is the period of the motion. ✏⇤ parameterises the contri-
butions of the disformal interaction to the Post Keplerian
Parameters (PKP). As we will see, this parameter also
appears naturally in the geodetic and in the FD terms.
Fig. 1 compares the experiment that we discuss in this
paper and in particular the relative error of the preces-
sion rate vs. the orbital period. For larger nb with lower
errors the bound on the disformal coupling is expected
to be the strongest.

Notice that the bounds derived here from satellite ex-
periments are not as strong as the ones obtained in par-
ticle physics [16] or even with pulsar timings [6]. The
particle physics and pulsar timing results involve energies
and environments which differ from the ones in the solar
system tests. As such the results presented here comple-
ment the known bounds on the conformal and disformal
couplings and are environment specific2.

The structure of this paper is as follows: Section II
calculates the geodesic and the frame-dragging effects for
scalar tensor theories with conformal and disformal inter-
actions. Section III describes the constraints on the in-
teractions from current and future satellites experiments.
Section IV discusses the GINGER experiment in details.
Section V considers the binary pulsars and their current
and future constraints. Section VI discusses the possi-
ble detection of effects in the galactic centre, and finally
section VII summarises current and future results.

2 This is particularly relevant for models where the couplings are
environment dependent such as symmetrons [11] for instance.
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where S is the spin,  the orbital frequency

To proceed take the spin evolution equation and from this the total precession, 
separate out the geodesic/de Sitter term and the Lens-Thirring/frame dragging 

term, including both the GR and modified gravity terms



Defining 
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C. Spin-Orbit precession

In the following, we will compare the corrections to the
spin-orbit and spin-spin precessions using diverse projec-
tions of the time-averaged precession vectors over a pe-
riod. Defining by h·i this averaging procedure, we obtain

h�⌦
i
i = �

2
Gm

2
2 ✏

ijk

✓
�

1

m1 +m2
L
jk
3 +

4G

⇤2
L
jk
6

◆
(26)

where we have defined the tensors

L
ij
n = h

r
i
v
j

rn
i. (27)

The angular momentum always points in the normal di-
rection ~n to the orbital plane and we obtain

h�~⌦i = �⌦ ~n (28)

where

�⌦ = �
2
Gm

2
2

✓
�

1

m1 +m2
L3 +

4G

⇤2
L6

◆
. (29)

We set the normal vector ~n along the z-axis and using
Ln for the time-average of the magnitude of the angular
momentum (i.e. L

ij
= ✏

ijk
Lk). We can choose the or-

bital plane to be at z = 0. As a result, the component of
the angular momentum along the z direction is given by

Ln = h
r
x
v
y
� r

y
v
x

rn
i. (30)

The Keplerian solution reads

r

a
=

1� e
2

1 + e cos ✓
, ✓̇ = nb

p
(1� e2)

(r/a)
2 ,

where ✓ is the true anomaly. Using this, we can get the
velocities as a function of ✓

v
x
= ṙ cos ✓ + r✓̇ sin ✓ =

nba
p
1� e2

sin ✓ (2e cos ✓ + 1) ,

v
y
= ṙ sin ✓ � r✓̇ cos ✓,= �

nba
p
1� e2

(e cos 2✓ + cos ✓) .

(31)

We obtain the value of Ln by the average over the un-
perturbed trajectories

hAi =
1

2⇡

Z 2⇡

0
d✓

(1� e
2
)
3/2

(1 + ec)2
A,

that gives
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1� e2
, L6 =
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1 + 3e
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+

3
8e

4

(1� e2)
4 .

In the case of circular orbits we have the explicit expres-
sion

Ln =
v

rn�1
=

nba

rn�1/2
. (32)

The general solution for the spin-orbit precession contri-
bution gives

h�⌦dSi = �
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where ✏⇤ quantifies the disformal strength, as in Eq. 4.
The disformal strength is affected by the frequency of
the orbital motion, where higher frequencies give larger
disformal contributions. This follows from the higher
derivative nature of the disformal interaction. In the cor-
responding astronomical units
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where m ⌘ m/M� is the mass of the object in solar mass
units and T� = GM�/c

2 is the scale of the period. In
order to compare the contribution of the conformal and
the disformal coupling to the GR one, we calculate the
ratio between the de-Sitter precession with the conformal
and disformal interactions �dS := �⌦dS/⌦

(GR)
dS to get

�dS = �
2m1

3m1 + 4m2


�
2
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✓
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2
+
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8
e
4
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The upper panel of fig 2 shows a contour plot of the
geodetic effect. The contour shows the logarithm of the
modification of the geodetic effect for different values of
conformal and disformal interactions, with e ! 0 and
m1 � m2. For the limit m2 ⌧ m1 the pre-factor in
the previous expression becomes 2/3 and for the case
m2 ⇠ m1 it is 2/7.

Let us comment on the PN corrections to this result
compared to the disformal effect. In (35), the term in
�
2 should be corrected at the next PN order by a term

in �
2
v
2 where v ⌧ 1 is a typical velocity of the gyro-

scope. This term is negligible compared to the �
2 contri-

bution but could compete with disformal effect in ✏⇤. If
�
2
v
2
⌧ ✏⇤, the disformal effect dominates over the con-

formal effect at the next PN order. On the other hand
when ✏⇤ . �

2
v
2, the disformal effect is negligible com-

pared to the leading �
2 contribution. In all cases, we

can trust formulae like (35) as the next PN order in �
2
v
2

does not play a significant role.

D. Frame-Dragging precession

Similarly for the FD (or spin-spin) precession we in-
troduce the tensor T

ij
= v

i
v
j
/r

6 such that

h�⌦
i
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2
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where ✏⇤ quantifies the disformal strength, as in Eq. 4.
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For circular orbits e ⌘ 0 this reduces to

hT
ij
i =

G(m1 +ms)

2r7
(�

ij
� n

i
n
j
), (39)

where ~n is perpendicular to the orbit. This implies that
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With the ansatz for the spin vector ~S = S~z, we obtain
the FD contribution from the disformal coupling
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This can be rewritten as
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where  is the angle between the two spin vectors. There-
fore, the modification for the frame-dragging precession
rate �FD := �⌦FD/⌦

(GR)
FD gives
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with the potential �s = Gms/
�
ac

2
�

of the satellite or the
companion mass. Note the increased sensitivity on the
conformal and disformal interactions for large eccentrici-
ties. The right panel of fig 2 shows a contour plot of the
FD effect. The contour shows the logarithm of the mod-
ification of the FD effect for different values of conformal
and disformal interactions with e ! 0 and m1 � m2.

E. The prior

We perform a full Markov-Chain Monte-Carlo
(MCMC) analysis for different experiments. The param-
eter ✏⇤ quantifies the contribution of the disformal inter-
action and depends on the orbital frequency of the body.
Our prior is a flat prior with �2

2 [0, 1] and ⇤
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2 [0, n
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b ]

where nb is the orbital period of the system. We use an
affine-invariant MCMC sampler for the minimisation of
our likelihoods via the implementation of the open-source
package Polychord [64].

The geodetic modification effect includes the conformal
and the disformal couplings in two different parts, while
the FD modification includes the conformal and the dis-
formal contributions as a multiplicative factor. The FD
experiments constrain the ratio �/⇤ directly. In order to
find a lower bound on ⇤, we combine the FD results with
the strong bound from the Cassini experiment taken as
a Gaussian prior [8]. The bound reads
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where radio signals were sent from the Earth to the
Cassini satellite and the Shapiro time delay was anal-
ysed. In this case we take the conformal coupling � to
be the same in the binary system environment and in the
solar system. In the geodetic case the bound on � is inde-
pendent of the Cassini bound. Similarly, in the analysis
of Gravity probe B, the experiment is embedded in the
solar system so the bounds on � from this experiment
can be compared directly to that of Cassini.
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III. SATELLITE EXPERIMENTS

In this section we discuss the bounds from current and
future satellite experiments. Since the periods of these
systems are in the same range, we expect to get simi-
lar bounds on the disformal coupling. As these exper-
iments are all within the solar system, the bounds ob-
tained here are on the couplings in this particular envi-
ronment. In particular, when constraining the couplings
using FD experimental results, we will complement the
measurements with the Cassini bound to deduce solar
system constraints on the disformal coupling.

A. Gravity Probe B

Gravity Probe B (GPB) was a satellite-based exper-
iment designed to test the geodetic and the FD ef-
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FIG. 1. Comparison of the geodetic and the frame dragging

measurements from different data sets that are discussed in

this paper: we give the accuracy of the experiment vs. the

orbital frequency.

possible candidates for dark matter [30]. The coupling of
such dark matter fields to matter is also crucial for their
dynamics and their eventual detection [31–33].

These theories can be tested using gravitational meth-
ods as shown by earlier studies which focused on two
bodies in an orbital motion [34–41] a well studied exam-
ple in GR, from which similar properties can be inferred
for light scalars with conformal and disformal couplings
[6, 15, 42–48].

We will focus on tests of the geodetic and the FD ef-
fects. The geodetic effect (or de-Sitter) follows from the
curvature of spacetime predicted by general relativity,
and the way it acts on a vector carried along with an
orbiting body [49, 50]. The FD, or Lense-Thirring, ef-
fect is one of the main predictions of Einstein’s theory of
gravitation in the limit of weak field and slow motion, i.e.
it represents a tiny relativistic precession of the orbital
plane of a satellite produced by the angular momentum
of the primary object [51–57]. The difference between
the geodetic and FD effects is that the de-Sitter one is
due simply to the presence of a central mass, whereas FD
precession is due to the rotation of the central mass. The
total precession is calculated by combining the de-Sitter
precession with the FD precession. The precessions read
in GR

⌦dS =
3Gnb

2ac2 (1� e2)

m2 (4m1 + 3m2)

(m1 +m2)
4/3

, (2a)

⌦FD =
3GS

2ac2 (1� e2)
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where G is the Newtonian Constant, nb = 2⇡/Pb is the
orbital frequency, a is the semi-major axis, c is the speed
of light, e is the eccentricity, S is the spin of the cen-
tral body and m1,2 are the masses of the bodies. The
directions of the vectors are

~⌦dS = ⌦dS
~k, ~⌦FD = ⌦FD(~s

0
� 3(~k · ~s

0
)~k), (3)

where where ~k = ~J/J is the unit vector along the orbital
angular momentum, ~J is the orbital angular momentum
and ~s is the spin vector of the companion body.

Ref [15] has extended the leading order calculations in
GR to include both conformal and disformal couplings to
matter in scalar-tensor theories applied to the two body
problem in the Post Newtonian expansion. This enables
one to test these theories in new regimes, such as the
galactic centre where stars and the supermassive black
hole orbit around each other [58]. [6] derives the cor-
responding Post Keplerian Parameters and the influence
of the conformal and disformal couplings. The higher
derivative nature of the disformal interaction is parame-
terised using the dimensionless quantity ✏⇤ which relates
the disformal coupling interaction to the frequency

✏⇤ =
(� · nb/⇤)

2

(1� e2)
3 , (4)

where nb = 2⇡/Pb is the frequency of the motion and Pb

is the period of the motion. ✏⇤ parameterises the contri-
butions of the disformal interaction to the Post Keplerian
Parameters (PKP). As we will see, this parameter also
appears naturally in the geodetic and in the FD terms.
Fig. 1 compares the experiment that we discuss in this
paper and in particular the relative error of the preces-
sion rate vs. the orbital period. For larger nb with lower
errors the bound on the disformal coupling is expected
to be the strongest.

Notice that the bounds derived here from satellite ex-
periments are not as strong as the ones obtained in par-
ticle physics [16] or even with pulsar timings [6]. The
particle physics and pulsar timing results involve energies
and environments which differ from the ones in the solar
system tests. As such the results presented here comple-
ment the known bounds on the conformal and disformal
couplings and are environment specific2.

The structure of this paper is as follows: Section II
calculates the geodesic and the frame-dragging effects for
scalar tensor theories with conformal and disformal inter-
actions. Section III describes the constraints on the in-
teractions from current and future satellites experiments.
Section IV discusses the GINGER experiment in details.
Section V considers the binary pulsars and their current
and future constraints. Section VI discusses the possi-
ble detection of effects in the galactic centre, and finally
section VII summarises current and future results.

2 This is particularly relevant for models where the couplings are
environment dependent such as symmetrons [11] for instance.
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FIG. 3. Bounds on the conformal and the disformal couplings

from the Gravity Probe B experiment which tests the geodetic

and the FD effects and therefore gives a bound on the confor-

mal coupling (2.963± 2.045) ·10�3
and the disformal coupling

⇤ > 3.92 · 10�19eV.

FIG. 4. The limit on the disformal coupling from the satellite

experiments complemented with the Cassini bound on the con-

formal coupling. The range is compatible with ⇤ > 10�19 eV.

precisely tiny changes in the direction of the spin of
four gyroscopes contained in an Earth-orbiting satel-
lite at 650km. Ref. [65] reports that analyses of the
data from all four gyroscopes result in a geodetic drift
rate of �6601.8 ± 18.3mas/yr

3 and a FD drift rate of
�37.2 ± 7.2mas/yr, in good agreement with the gen-

3 mas stands for milli-arc-second.

eral relativity predictions of �6606.1 ± 0.28mas/yr and
�39.2± 0.19mas/yr, respectively.

This provided a way to test different theories of grav-
ity such as Yukawa type potentials [66], Horava-Lifshitz
gravity [67] and the first constraints on conformal and
disformal interactions [28]. Since the orbital radius of
the satellite is 7027.4 km, the orbital period is 0.0107Hz =
7 · 10

�19
eV. The posterior distribution of GPB is pre-

sented in Fig 3. The complete MCMC yields a fit of

�
2
= (2.963± 2.045) · 10

�3 (45)

on the conformal coupling, giving ⇤ > 1.06 · 10
�19

eV

on the disformal coupling. The result is compatible with
GR at the 2� level. Taking the Cassini bound on the �

parameter gives a bound of ⇤ > 5.33 · 10
�21

eV on the
disformal coupling. Notice that this is much higher than
the Hubble rate now H0 ' 10

�33 eV which would corre-
spond to a suppression scale of the disformal coupling at
the dark energy scale.

B. LARES, LAGEOS and GRACE

The Laser Relativity Satellite (LARES)4 was launched
to measure the FD effect with an accuracy of about 10�2

[66, 68–70]. The body of this satellite has a diameter of
about 36.4 cm and weighs about 400 kg. The satellite was
set on an orbit with an altitude of 1450km, an inclination
of 69.5± 1 degrees and eccentricity 9.54 · 10

�4. Tests of
the FD precession consist of small secular precessions of
the orbit of a test particle in motion around a central ro-
tating mass. For example, this has been performed with
the LAGEOS satellites [71] where the satellite acts as
the particle moving around the earth. The orbital pe-
riod of these systems is about 9 · 10

�4
Hz = 6 · 10

�19
eV.

Since these experiments constrain the FD effect we com-
plement them with the Cassini bound on the conformal
coupling, and from these satellite experiments we get a
range of ⇤ > 10

�20
eV on the disformal coupling. Fig 4

summarises the different satellite experiments with the
different constraints. Notice that all these experiments
do not exclude the dark energy scale as a suppression
scale for the disformal interaction.

C. Gravity Probe Spin

In [72] was suggested that future measurements of rel-
ativistic FD and geodetic precessions should use the in-
trinsic spin of the electron, hence called Gravity Probe
Spin (GPS). Such a measurement would be possible by
using mm scale ferromagnetic gyroscopes in orbit around
the Earth. Fig 5 shows the lower bound on the disformal
coupling vs. the future measurement error of the GPS
experiment which is order of 10�18 eV.

4 https://www.asi.it/scienze-della-terra/lares/
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FIG. 5. The limit on the disformal coupling from the future

GINGER and the Gravity Probe Spin experiments in addition

to the Cassini bound on the conformal coupling. The range is

about ⇤ > 10�17 eV for GINGER and ⇤ > 10�18 eV for the

Gravity Probe Spin.

FIG. 6. The mass-mass diagram of the double pulsars

PSR J0737-3039 A/B with the post Keplerian Parameters.

The contour describes the Post Keplerian Parameters and the

width of each curve indicates the measurement uncertainty of

the corresponding parameter.

be strongly disfavoured as a suppression scale for the dis-
formal coupling. Fig 5 shows the lower bound on the dis-
formal coupling vs. the future measurement error of the
GINGER experiment. This scaling assumption is com-
patible with the ladder expansion since the velocity we
discuss here is much lower then the speed of light.

V. PULSARS

So far we have only considered satellites in the Earth’s
atmosphere. We change environment and consider pre-
cession effects further in the Milky Way where signals
from pulsars have been observed. A pulsar is a highly
magnetised rotating neutron star that emits radiation
from its magnetic poles. This radiation can be observed
only when a beam of emission is pointing towards the
Earth (similar to the way a lighthouse can be seen only
when the light points in the direction of an observer), and
is responsible for the pulsed appearance of emissions. Bi-
nary pulsars are one of the best systems in astronomy in
order to measure the Post Keplerian Parameters (PKP)
such as the orbital period decay Ṗ and the periastron ad-
vance !̇. Ref. [6] constrains light scalars with conformal
and disformal interactions from the PKP. In the follow-
ing we will assume that the conformal coupling in the
pulsar’s environment is the same as in the solar system.
This will allow us to impose the Cassini bound on the
conformal coupling when computing the posterior distri-
bution of the conformal and disformal couplings.

The PKP which are accessible from the pulsar timings
are the Einstein �E parameter accounting for the time
delay due to the time dilation and the gravitational red-
shift of the pulsar signal in the solar system, the Shapiro
time delays due to the crossing by the signal of the po-
tential well of the solar system (this includes both the
Shapiro delay shape s and the Shapiro delay range r, see
[6] for their definition):
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Here mp is the pulsar mass, mc is the companion mass,
m = mp +mc is the total mass of the system and xp is
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Here mp is the pulsar mass, mc is the companion mass,
m = mp +mc is the total mass of the system and xp is

10

�2 ⇤ (MeV ) >

Current (1.94± 0.72) · 10�5 1.62
Forecast (1.16± 1.84) · 10�7 2.1

future telescopes (0.99± 1.53) · 10�7 3.0

FIG. 7. The posterior probability distribution for the confor-

mal and the disformal couplings (with 1� and 2� contours)

after taking into account the measurements from PSR J0737-

3039 A/B (grey). The forecast for future constraints on the

conformal and the disformal interactions are given from PSR

J0737-3039 A/B (red) and including future telescopes (blue).

For future measurements, the covered area reduces and the up-

per bound on the conformal coupling and the lower bound on

the disformal coupling change.

the projected semi-major axis. These PKP provide a sig-
nificant test of the conformal and disformal interactions
leading to stringent constraints on the couplings of light
scalars to matter.

In this paper we are interested in precession effects. It
turns out that relativistic geodetic effects were detected
and constrained using different binary pulsars. For in-
stance the pulsar PSR J1141-6545 gives results for the
geodetic effect [82, 83]. PSR J0737-3039 is a double pul-
sar [84] that gives a direct value for the geodetic pre-
cession [85, 86]. We include the geodetic precession in
the likelihood analysis that we perform in order to con-
strain the masses mp and mc together with the couplings
� and ⇤. The PKP involve the four unknown quantities
mp,mc,�,⇤ which should be extracted from the observ-
ables nb, e, xp, r, s, Ṗb. This can be achieved from the
likelihood:

�2 ln L (mp,mc,�,⇤) =

NPSRX

i=1

✓
⇠(mp,mc,�,⇤)� ⇠ob

�⇠ob

◆2

(62)

where ⇠ is one of the corresponding PKP taken from the
list ⇠ 2 [!̇, Ṗ , �E , r, s, q,⌦dS ] with the error �⇠. Here q

is the ratio of the masses q = mp/mc. The prior we
consider for the PKP are Gaussian priors as reported in
the original papers. For the masses we put a uniform
prior of [0, 3]M�. Since the conformal interaction could
be present without the disformal interaction, we test two
different cases: only the conformal interaction and the
the conformal with the disformal interaction.

Fig 7 shows the posterior probability distribution for
the conformal and the disformal interactions from two
different analyses. As the PKP depend on the masses
of the pulsars and the companion star, the conformal
and the disformal interactions, one has to use at least
four PKP to extract constraints from data. The table
and Fig 7 shows the resulting constraints for the scalar
interactions. We include in our analysis the de-Sitter
precession ⌦dS . One can see that the resulting bounds
are strong and comparable to the Cassini bound (the
grey line): �

2
= (1.939± 0.724) · 10

�5 and ⇤ > 1.62

MeV. This result is compatible with GR at the 2� level.
Fig 6 shows the mass-mass diagram of the double pul-

sar. Any two lines give the contour of the corresponding
PKP (with a 1� error) for different masses (the pulsar
mass vs. the companion star). In this case of coupled
scalars, we include the best values of the conformal and
the disformal interactions. Since the contours intersect
at the same point in the mass-mass diagram, the model
predicts the masses of the two pulsars and bounds the
conformal and the disformal interactions up to the limit
of the posterior values.

Ref. [87] states that with additional years of timing
measurements and new telescopes like the Square Kilo-
metre Array (SKA) and others, the precision of these
tests will increase and new effects like the FD precession
of the orbit will become measurable. In this way, one
could distinguish between the precession !̇ and the FD
precession !̇FD giving stronger constraints on the con-
formal and the disformal interactions.

Fig 7 shows the future constraint on the interactions
using the forecast from Ref. [87]. Ref. [87] uses simu-
lations for future constraints with or without other tele-
scopes to reduce current uncertainties. We use the future
error that Ref. [87] estimates to be within reach in 2030

for different PKP. Future constraints should improve the
bounds on the conformal and the disformal interactions,
i.e. the conformal interaction upper bound will be at the
10

�6 level and 10
�7 when other telescopes are taken into

account. The bound on the disformal interaction will
be of the same order (⇠ MeV) but stronger when other
telescopes are taken into account.

VI. S STARS IN THE GALACTIC CENTRE

The centre of the Milky Way hosts the closest super-
massive black hole, Sgr A*. The stars orbiting SgrA

⇤

are called S-stars [58, 88–97] with decades of monitoring



Summary

We have shown the effects of modified gravity on the dynamics of the 
two-body system, including both conformal and disformal couplings.

We have constrained the parameters using solar system constraints

We include spin producing constraints from Gravity 
Probe B and pulsars. We have made predictions for the 
Lens Thirring Effect which could be probed in future

We have shown how the ladder expansion can be resumed to 
uncover a new screening mechanism in the two-body case 


