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FIG. 6. The elastic Nd scattering differential cross section dσ
d"

at
the incoming nucleon laboratory energies E = 10, 70, 135, 190, and
250 MeV. The (red) solid lines were obtained with the SMS N4LO+

NN potential with the regularization parameter # = 450 MeV. When
that potential is supplemented with the N2LO 3NF with the strengths
of the contact terms cd = 2.0 and cE = 0.2866 (combination repro-
ducing the 3H binding energy and providing a good description of
the 70 MeV pd cross sections) predictions are displayed with the
(maroon) dotted lines. The (green) dashed lines show the results
obtained with the strengths of contact terms presented in Table III,
fixed in the multi-energy least squares fit to data at E = 10, 70, and
135 MeV (shown in Table II). The (blue) circles and (orange) squares
are 10 MeV nd data from Ref. [40] and pd data from Ref. [41],
respectively. The (blue) circles at other energies are pd data from
70 MeV [45], 135 MeV [45,47], 190 MeV [48], 250 MeV [52]. The
(orange) squares at 250 MeV are 248 MeV nd data of Ref. [51].

N3LO term in the 3NF. Therefore, the present investigation
should be repeated when this term is available.

In Figs. 6–11 we show how well the data from our basis
(the green dashed lines) are described by the 3N Hamiltonian
with fixed, in this way, strengths of contact terms. Since the
least squares fit was performed for data at the three lowest
energies, the results at 190 and 250 MeV should be consid-
ered as predictions. To assess the magnitudes of the contact
terms’ effects we show also predictions based on the NN
SMS N4LO+ potential (the red solid lines) and the results
obtained when the latter was augmented by the N2LO 3NF
with the strengths of D and E terms, cD = 2.0, cE = 0.2866,
determined from the 3H binding energy and the 70 MeV pd
cross section (the maroon dotted lines).

In nearly all cases, the fit to data improves significantly
the description of not only fitted data but also the data at the

FIG. 7. The same as in Fig. 6 but for the nucleon analyzing power
Ay. The data are from 10 MeV (blue) circles nd data [42] and (green)
squares pd data [43], 70 MeV (blue) circles pd data (at 65 MeV)
[46], 135 MeV (blue) circles pd data [49] (orange) squares pd data
[48], 190 MeV (blue) circles pd data [48], 250 MeV (blue) circles
pd data [52].

two largest energies. It is very clear, especially for the cross
section (see Fig. 6), where the discrepancy between data and
theory, found in the region of the cross-section minimum up
to the backward c.m. angles, is practically removed at 70 and
135 MeV. At 190 and 250 MeV, the inclusion of N4LO contact
terms brings the theory closer to data.

For the nucleon Ay and the deuteron vector iT11 analyzing
powers there is a significant improvement of the data descrip-
tion in the maximum of the analyzing power at 10 MeV (see
Figs. 7 and 8). That effect was also found below the deuteron
breakup threshold in Ref. [26] and supports the conclusion
of Ref. [26] that the low-energy analyzing power puzzle may
probably find its solution in the subleading N4LO 3NF con-
tact terms.

A similar picture emerges for the tensor analyzing powers
(see Figs. 9–11); here, however, at the largest energies big
discrepancies to data remain.

The large advancement in the description of the elastic
Nd scattering cross section documented in Fig. 6 at the two
largest energies prompted us to verify the situation for the
total nd scattering cross section. In Fig. 12 we show at a
few energies the SMS N4LO+ NN potential predictions (the
green circles) together with results calculated with this NN
force combined with the N2LO 3NF (blue diamonds). We
display also the total cross section data from Ref. [6] (magenta
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We use the N3LO NN interaction of [13]. We adopt the c1, c3 and c4 LEC
values as well as the value of L from the N3LO NN interaction of [13] for our local
chiral EFT N2LO NNN interaction. The regulator function was chosen in a form
consistent with that used in [11] and [13]: Fðq2;LÞ ¼ exp½%q4=L4& (11). We note
that the momentum-space N3LO NN interaction is regulated with the nucleon
momentum cutoff, while our local chiral EFT N2LO NNN interaction is regulated
with the momentum transfer cutoff. Due to the choice of the fourth power of the
momentum (11), this inconsistency is beyond the order at which our calculations
are performed. Values of the cD and cE LECs are constrained by a fit to the A ¼ 3
system binding energy [18, 14]. Obviously, additional constraints are needed to
uniquely determine values of cD and cE, see [11, 18, 14, 39] for discussions of
different possibilities. Here we are interested only in convergence properties of our

Table 1 NNN interaction parameters used in the present calculations. The regulator

function was chosen in the form Fðq2;LÞ ¼ exp½%q4=L4&

c1 [GeV%1] c3 [GeV%1] c4 [GeV%1] cD cE

%0.81 %3.2 5.4 1.0 %0.029

L [MeV] L! [MeV] M" [MeV] gA F" [MeV]

500 700 138 1.29 92.4

Fig. 6 3H ground-state energy dependence on the size of the basis. The HO frequency of

!hO ¼ 28MeV was employed. Results with (thick lines) and without (thin lines) the NNN interaction

are shown. The full lines correspond to calculations with two-body effective interaction derived from

the chiral NN interaction, the dashed lines to calculations with the bare chiral NN interaction. For

further details see the text

Local three-nucleon interaction from chiral effective field theory 135
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state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.

PRL 105, 032501 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
16 JULY 2010

032501-3

state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).

−60

−40

−20

0

8 16 2014
Neutron Number (N) Neutron Number (N)Neutron Number (N)

E
ne

rg
y 

(M
eV

)

(a)  Energies calculated  
from phenomenological
                            forces

SDPF-M
USD-B

Exp.

(b) Energies calculated 
       from G-matrix NN 
            + 3N (∆) forces

NN
NN + 3N (∆)

8 16 20148 16 2014

Exp.

(c) Energies calculated 
          from  V   NN 
    + 3N (∆,N LO) forces

low k 
2

NN

 NN + 3N (N LO)
 NN + 3N (∆)

Exp.
2 O core16

(d)  Schematic picture of two-
       valence-neutron interaction
       induced from 3N force

FIG. 4 (color online). Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16–
24 O. Energies obtained from (a) phenomenological forces SDPF-M [13] and USD-B [14], (b) a Gmatrix and including FM 3N forces
due to ! excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as well as only
due to ! excitations [25]. The changes due to 3N forces based on ! excitations are highlighted by the shaded areas. (d) Schematic
illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.

PRL 105, 032501 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
16 JULY 2010

032501-3



83NF → 3BF | Nuclear matter and neutron star

L. CORAGGIO et al. PHYSICAL REVIEW C 89, 044321 (2014)

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

 kF [fm
–1]

–28

–24

–20

–16

–12

–8

–4

0

4

8

 E
/A

 [M
eV

] E1

E2

E3
E[2|1]

1st order
2nd order
3rd order
Pade’ [2|1]

N3LO 2NF [500 MeV]

FIG. 8. (Color online) Nuclear matter energy per particle ob-
tained from the N3LO 2NF with cutoff ! = 500 MeV. The first,
second, and third order in the perturbative expansion and the
Padé approximant [2|1] are shown as a function of the Fermi
momentum kF .

from the one computed at third order, E3, for the whole range
of Fermi momenta considered. The perturbative character is
also indicated by the fact that the curve corresponding to E3 is
almost indistinguishable from the [2|1] Padé approximant one.
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FIG. 9. (Color online) Same as in Fig. 8, but including the
contribution of the N2LO 3NF.
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FIG. 10. (Color online) Same as Fig. 9, but for ! = 450 MeV.

Different considerations about the perturbative expansion
have to be drawn when including the effects of 3NF. As a
matter of fact, from inspection of Fig. 9, it can be seen that
now the curve corresponding to E3 deviates from the one given
by the [2|1] Padé approximant for kF larger than 1.6 fm−1,
indicating a worsening of the perturbative behavior. On the
other hand, using the other chiral potentials with lower cutoffs,
the perturbative behavior is satisfactory at least up to kF = 1.8
fm−1, as shown in Fig. 10 for ! = 450 MeV.

In Fig. 11 we display our predicted EOS obtained with
chiral potentials that apply different regulator functions. We
have added to each 2NF a 3NF whose LECs ci , cutoff
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FIG. 11. (Color online) Results obtained for the g.s.e. per particle
of infinite nuclear matter at third-order in perturbation theory for three
sets of chiral interactions which differ by the cutoff !.
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3NF necessary for saturation 3-baryon force ( )

necessary for 2-solar mass

ΛNN

only interact via the two-body ΛN potential. As a matter of
fact, within the AFDMC framework hypernuclei turn out to
be strongly overbound when only the ΛN interaction is
employed [34,35]. The inclusion of the repulsive three-
body force [model (I)], stiffens the EOS and pushes the
threshold density to 0.34ð1Þ fm−3. In the inset of Fig. 1 the
neutron and lambda fractions are shown for the two
HNM EOSs.
Remarkably, we find that using the model (II) for ΛNN

the appearance of Λ particles in neutron matter is ener-
getically unfavored at least up to ρ ¼ 0.56 fm−3, the largest
density for which Monte Carlo calculations have been
performed. In this case the additional repulsion provided by
the model (II) pushes ρthΛ towards a density region where
the contribution coming from the hyperon-nucleon poten-
tial cannot be compensated by the gain in kinetic energy. It
has to be stressed that (I) and (II) give qualitatively similar
results for hypernuclei. This clearly shows that an EOS
constrained on the available binding energies of light
hypernuclei is not sufficient to draw any definite conclusion
about the composition of the neutron star core.
The mass-radius relations for PNM and HNM obtained

by solving the Tolman-Oppenheimer-Volkoff equations
[62] with the EOSs of Fig. 1 are shown in Fig. 2. The

onset of Λ particles in neutron matter sizably reduces the
predicted maximum mass with respect to the PNM case.
The attractive feature of the two-body ΛN interaction leads
to the very low maximum mass of 0.66ð2ÞM⊙, while the
repulsive ΛNN potential increases the predicted maximum
mass to 1.36ð5ÞM⊙. The latter result is compatible with
Hartree-Fock and Brueckner-Hartree-Fock calculations
(see for instance Refs. [2–5]).
The repulsion introduced by the three-body force plays a

crucial role, substantially increasing the value of the Λ
threshold density. In particular, when model (II) for the
ΛNN force is used, the energy balance never favors the
onset of hyperons within the density domain that has been
studied in the present work (ρ ≤ 0.56 fm−3). It is interest-
ing to observe that the mass-radius relation for PNM up to
ρ ¼ 3.5ρ0 already predicts a NS mass of 2.09ð1ÞM⊙ (black
dot-dashed curve in Fig. 2). Even if Λ particles appear at
higher baryon densities, the predicted maximum mass will
be consistent with present astrophysical observations.
In this Letter we have reported on the first quantum

MonteCarlo calculations for hyperneutronmatter, including
neutrons andΛ particles. As already verified in hypernuclei,
we found that the three-body hyperon-nucleon interaction
dramatically affects the onset of hyperons in neutron matter.
When using a three-body ΛNN force that overbinds hyper-
nuclei, hyperons appear at around twice the saturation
density and the predicted maximum mass is 1.36ð5ÞM⊙.
By employing a hyperon-nucleon-nucleon interaction
that better reproduces the experimental separation energies
of medium-light hypernuclei, the presence of hyperons is
disfavored in the neutron bulk at least up to ρ ¼ 0.56 fm−3

and the lower limit for the predicted maximum mass is
2.09ð1ÞM⊙. Therefore, within the ΛN model that we have
considered, the presence of hyperons in the core of the
neutron stars cannot be satisfactorily established and thus
there is no clear incompatibility with astrophysical obser-
vations when lambdas are included. We conclude that in
order to discuss the role of hyperons—at least lambdas—in
neutron stars, the ΛNN interaction cannot be completely
determined by fitting the available experimental energies in
Λ hypernuclei. In other words, the Λ-neutron-neutron
component of the ΛNN force will need both additional
theoretical investigation, possibly within different frame-
works such as chiral perturbation theory [63,64], and a
substantial additional amount of experimental data, in
particular for highly asymmetric hypernuclei and excited
states of the hyperon.

We would like to thank J. Carlson, S. C. Pieper, S.
Reddy, A.W. Steiner, W. Weise, and R. B. Wiringa for
stimulating discussions. The work of D. L. and S. G. was
supported by the U.S. Department of Energy, Office of
Science, Office of Nuclear Physics, under the NUCLEI
SciDAC grant and A. L. by the Department of Energy,
Office of Science, Office of Nuclear Physics, under
Contract No. DE-AC02-06CH11357. The work of S. G.
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[19]. The grey shaded region is the excluded part of the plot due
to causality.

TABLE II. Fitting parameters for the function f defined in
Eq. (4) for different hyperon-nucleon potentials.

Hyperon-nucleon potential c1½MeV& c2½MeV&
ΛN −71.0ð5Þ 3.7(3)
ΛN þ ΛNN (I) −77ð2Þ 31.3(8)
ΛN þ ΛNN (II) −70ð2Þ 45.3(8)

PRL 114, 092301 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

6 MARCH 2015

092301-4



Femtoscopy 
and 

3-body correlation function

9



Correlation function | Tool to access strong interaction

Koonin-Pratt formula

10

Source function

→ Collision detail

Relative wave function

→ Interaction

Koonin, PRB 70, 43 (1977), Pratt, PRD 33, 1314 (1986)

FEMTOSCOPIC STUDY OF COUPLED-CHANNELS ... PHYSICAL REVIEW C 105, 014915 (2022)

FIG. 7. Experimental and theoretical correlation functions of the p!− pairs (the upper panels) and the "" pairs (the lower panels). The
blank squares are the ALICE data taken from Refs. [11,16,17]; the statistical error and systematic error are denoted by the vertical line and the
shaded bar, respectively. Solid lines are the theoretical results with statistical and systematic uncertainties represented by the shaded region.
The left (right) panels correspond to the results in pp collisions at 13 TeV (pPb collisions ar 5.02 TeV). The dotted lines show the results
with only Coulomb interaction (only quantum statistics) for the p!− ("") correlation functions. The dash-dotted lines show the correlation
function calculated with the LL formula.

The correlation functions calculated with the Lednicky-
Lyuboshits (LL) formula for identical spin-half baryon pairs
[33] are also plotted in the lower panels of Fig. 7 by the
dash-dotted line:

C(q) = 1 − 1
2

e−4q2R2 + 1
2
#C(q), (23)

#C(q) = | f (q)|2

2R2
F3

(
reff

R

)
+ 2Re f (q)√

πR
F1(2qR)

− Im f (q)
R

F2(2qR), (24)

where F1(x) =
∫ x

0 dt et2−x2
/x, F2(x) = (1 − e−x2

)/x, F3(x) =
1 − x/2

√
π , and we make the effective range expansion

of single channel "" scattering amplitude f (q) with a0 =
−0.78 fm and reff = 5.4 fm given in Table I. The same non-
femtoscopic parameters and the pair purity listed in Table II

are used. We find that the single-channel LL formula gives a
good approximation to the fully coupled-channels results for
a wide range of q in both pp and pPb collisions. It would
be interesting to see whether high precision data for C""(q)
in the future may reveal cusp structures at the n!0 and p!−

thresholds as expected from the coupled-channels effect.

C. System size dependence

The enhancement of C(q) for fixed R alone cannot con-
clude whether a bound or quasibound state is generated by
the strong interaction. This can be demonstrated by using an
analytic model for neutral and nonidentical particles C(q) =
1 + #C(q) with reff = 0, which is obtained from Eq. (24) as

#C(q) = 1
x2 + y2

[
1
2

− 2y√
π

F1(2x) − xF2(2x)
]
, (25)
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FIG. 5. The proton-deuteron correlation function Cpd(k) calculated with different interactions and approximation of the wave
function, using the PHH method. The calculations are performed using RM = 1.5 fm. See the main text for more details.

imaginary part i⌘ in the energy to regularize an on-shell singularity. For the results shown in Fig. 6, we have used
a value ⌘ = 0.1 MeV. Increasing this to ⌘ = 0.5 MeV leads to a variation of typically about 1%, which is negligible
compared to other uncertainties. Similarly, we used a regulating photon mass � = 0.2 MeV for all calculations shown
here and note that variations due to alternative choices can be be safely neglected.

FIG. 6. Proton-deuteron correlation function calculated in Pionless EFT for a source radius RM = 1.51 fm. The shaded
bands here represent the theoretical uncertainty from the EFT expansion. At LO, this is estimated by varying the EFT input
parameters for both the 3S1 two-body interaction as well as for the three-nucleon force (see text for details). At NLO, technical
restriction at present permit us to only vary the input for the three-nucleon force, while the 3S1 two-nucleon remains fixed
to reproduce the deuteron at its physical binding energy. As an additional lighter band we therefore include a blanket 10%
variation to show a crude a priori estimate of the NLO uncertainty.

For the results shown in Fig. 6 we used a regulator scale (cutoff) ⇤ = 800 MeV. In the diagrammatic framework
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FIG. 12. Top panel: The comparison of the ppp correlation
function measured by the ALICE Collaboration [5] (cyan full
squares) and the calculated correlation functions corrected
for experimental e↵ects (bands). The vertical lines on the
data points correspond to the statistical uncertainties and the
boxes to the systematic ones. Di↵erent colour bands corre-
spond to the di↵erent source sizes. For details of corrected
correlation functions we refer to the text. Lower panel: Num-
ber of standard deviations estimated for every bind for di↵er-
ent source size assumptions.

correlation function and performing a convolution with
the decay matrix which maps the Q3 of initial pp⇤
triplet to the Q3 of resulting ppp triplet after the ⇤
decay. The pp⇤ correlation function is known only
experimentally and has been measured by the ALICE
Collaboration [5]. However, the published values are
provided only up to Q3 = 0.8 GeV/c. When used to
estimate Cppp⇤(Q3) correlation function, this results in
edge e↵ects at the range Q3 > 0.55 GeV/c. For this
reason, the pp⇤ correlation function at larger values than
Q3 = 0.8 GeV/c is assumed to be equal to the projector
values published in Ref. [5] which is shown to be in good
agreement with data. The fraction of pp⇤ triplets in the
experimental sample is �pp⇤ = 0.196 [5]. In Eq. (71),
the �XCX(Q3) term includes the rest of contributions,
such as protons stemming from other hyperon decays
or misidentified proton contribution. The correlation
functions for CppH(Q3), where H denotes other hyperons
than ⇤ which decay to proton, are not known. However,
the � parameters for single channels are very small
and thus, after accounting for the decay kinematics,
CpppH

(Q3) are expected to be equal to unity. The corre-
lation function for misidentified protons is also assumed
to be equal to unity. Thus CX(Q3) in Eq. (71) is also

assumed to be equal to unity. The resulting correlation
functions C(Q3) are shown in Fig. 12 as colourful bands
for di↵erent source sizes already accounting for momen-
tum resolution e↵ects. The bands include propagated
systematic and statistical uncertainties of Cpp⇤(Q3).
As the measured correlation function was normalized
to be equal to unity in range 1.0 GeV/c < Q3 < 1.2
GeV/c [5] to which we do not have access, the calcu-
lated ppp correlation functions here are normalized to
the experimental ones at Q3 range from 0.6 to 0.8 GeV/c.

The lower panel of the figure shows the number of stan-
dard deviations defined as

n�(Q3) =
Cexp(Q3)� C(Q3)

�exp

(72)

in each bin, where Cexp(Q3) is the experimental data
and C(Q3) is the modeled correlation function shown in
Eq.(71). The denominator �exp is the sum in quadra-
ture of experimental uncertainties, including the system-
atic and statistical uncertainties of Cexp(Q3) and C(Q3).
Here, the uncertainty of C(Q3) is obtained by propagat-
ing the uncertainty of experimentally measured Cpp⇤(Q3)
correlation function following Eq.(71). The total num-
ber of deviations, estimated following the procedure de-
scribed in Ref. [5], is shown on the right side of the lower
panel, evaluated at the range Q3 < 0.6 GeV/c. From
the considered values, ⇢0 ⇡ 1.8 � 2.0 fm is in the best
agreement with the data. As mentioned above, the ⇢0

value based on two-particle source size used to model the
pp correlation function measured by the ALICE Collab-
oration [9] is expected to be 2.5 fm. However, the source
for three-particle femtoscopy has never been studied ex-
perimentally. The two-particle source size depends on
the average mT of the pairs, which might be di↵erent
if the pair is produced in a triplet. Further improve-
ments in experimental precision are necessary as well as
explicit studies of the mT distribution of pairs produced
in triplets.

VI. CONCLUSIONS

In the present work we have made a detailed anal-
ysis of the nnn and ppp correlation functions. This
study was motivated by the recent e↵ort to measure the
ppp correlation function from high-energy pp collisions
at the LHC. The main di�culties in the computation
of this observable arise from the complicate structure of
the asymptotic ppp wave function induced by the long
range Coulomb interaction and the di↵erent spatial-spin
structures needed to fulfill the Pauli principle require-
ments. In this analysis we performed a simplification
and treated the Coulomb interaction using the hyper-
central approximation. This approximation is well moti-
vated by the absence of the K = 2 term in the expansion
of the Coulomb interaction in terms of HH functions. Ac-
cordingly we can solve the associate dynamical equations
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decay. The pp⇤ correlation function is known only
experimentally and has been measured by the ALICE
Collaboration [5]. However, the published values are
provided only up to Q3 = 0.8 GeV/c. When used to
estimate Cppp⇤(Q3) correlation function, this results in
edge e↵ects at the range Q3 > 0.55 GeV/c. For this
reason, the pp⇤ correlation function at larger values than
Q3 = 0.8 GeV/c is assumed to be equal to the projector
values published in Ref. [5] which is shown to be in good
agreement with data. The fraction of pp⇤ triplets in the
experimental sample is �pp⇤ = 0.196 [5]. In Eq. (71),
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such as protons stemming from other hyperon decays
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functions for CppH(Q3), where H denotes other hyperons
than ⇤ which decay to proton, are not known. However,
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and thus, after accounting for the decay kinematics,
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(Q3) are expected to be equal to unity. The corre-
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As the measured correlation function was normalized
to be equal to unity in range 1.0 GeV/c < Q3 < 1.2
GeV/c [5] to which we do not have access, the calcu-
lated ppp correlation functions here are normalized to
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and C(Q3) is the modeled correlation function shown in
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Here, the uncertainty of C(Q3) is obtained by propagat-
ing the uncertainty of experimentally measured Cpp⇤(Q3)
correlation function following Eq.(71). The total num-
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scribed in Ref. [5], is shown on the right side of the lower
panel, evaluated at the range Q3 < 0.6 GeV/c. From
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agreement with the data. As mentioned above, the ⇢0

value based on two-particle source size used to model the
pp correlation function measured by the ALICE Collab-
oration [9] is expected to be 2.5 fm. However, the source
for three-particle femtoscopy has never been studied ex-
perimentally. The two-particle source size depends on
the average mT of the pairs, which might be di↵erent
if the pair is produced in a triplet. Further improve-
ments in experimental precision are necessary as well as
explicit studies of the mT distribution of pairs produced
in triplets.
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In the present work we have made a detailed anal-
ysis of the nnn and ppp correlation functions. This
study was motivated by the recent e↵ort to measure the
ppp correlation function from high-energy pp collisions
at the LHC. The main di�culties in the computation
of this observable arise from the complicate structure of
the asymptotic ppp wave function induced by the long
range Coulomb interaction and the di↵erent spatial-spin
structures needed to fulfill the Pauli principle require-
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Fig. 2. The S-wave N! potentials in 31S0, 13S1, 33S1 are plotted in (a), (b) and (c), respectively.

For the diagonal ""-"" potential and the off-diagonal ""-N! potential in the 11S0 channel 
shown in Fig. 1 (a, b), we consider the following fit functions,

V ""(r) =
2∑

i=1

α""
i e

− r2

β""
i

2
+ λ""

2
[
Y(ρ""

2 ,mπ , r)
]2

, (7)

V ""
N! (r) =

2∑

i=1

αie
− r2

βi
2 + λ1Y(ρ1,mK, r), (8)

where the Yukawa function with a form factor Y is defined as

Y(ρ,m, r) ≡
(

1 − e
− r2

ρ2

)
e−mr

r
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In Eqs. (7), (8), the Gauss functions describe the short range part of the potential, while the 
Yukawa functions are motivated by the meson exchange picture at medium and long range dis-
tances. In particular, the squared Yukawa function in eq. (7) represents the two-pion process in 
the "" − "" interaction whose long-range part does not exchange isospin and strangeness. 
Similarly, the Yukawa function in eq. (8) represents the longest range single-kaon process in 
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the "" − "" interaction whose long-range part does not exchange isospin and strangeness. 
Similarly, the Yukawa function in eq. (8) represents the longest range single-kaon process in 

Wiringa & Pieper, PRL 89, 182501 (2002) Sasaki +, NPA 998, 121737 (2020)
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FIG. 3. !d correlation functions for the source size R = 5 fm. Same description of curves as in Fig. 1.

doublet state to C(k) (and its uncertainty) would be drastically
reduced. It is below the lower bound of the uncertainty shown
in the figures, a situation that would be certainly beneficial
for the determination of the quartet amplitude from a mea-
surement of the !d correlation function. In fact, a recent
calculation based on /πEFT suggests also a distinctly smaller
value, namely a1/2 = 13.8+3.75

−2.03 fm [61]. However, the central
value here leads to a negative result for r1/2, when inserted
in the Bethe formula together with the 3

!H binding energy
of 0.13 MeV. There is a well-known anomaly in the cor-
responding doublet state of nd scattering, which requires a
modification of the effective range function [78]. But in case
of !d there is no indication for an unusual behavior, judging
from the plot of k cot δ in Ref. [61]. Incidentally, assuming
that r1/2 ≡ 0 leads to a1/2 = 14.6+4.1

−2.2 fm based on Eq. (4).
Since the correlation functions for small momenta are

rather large selected results are shown on a different scale in
Fig. 4 so that one can see the behavior in the region of k =
25–100 MeV/c in detail. There is a sizable effect from the
quartet state in the region of k = 25–50 MeV/c. On the other
hand, differences between the different strength of the quartet
amplitudes are rather difficult to resolve in this momentum
region. One should be aware that in the calculation of Schäfer
et al. all the effective ranges are practically the same and
about 3.6–3.8 fm. It remains unclear whether that is a realistic
range or rather a consequence of the LO treatment. Noticeably

different values of r3/2 could lead to stronger variations in
the momentum region of k = 25–100 MeV/c. In this context
let me mention that the momentum corresponding to the !d
breaking threshold is k ≈ 55 MeV/c. However, judging from
results for the elastic and total !d cross sections shown in the
works of Schick and collaborators [49,52], and by results for
the 4S3/2 nd phase shift, see, e.g., Ref. [79], drastic changes
in the !d amplitude for energies near to or above the breakup
threshold are rather unlikely, at least in the momentum region
up to 100 MeV/c, where C(k) is noticeably different from 1.

IV. CONCLUSIONS

In the present paper I have investigated the potential of !d
two-particle momentum correlation functions as an additional
and alternative source of information on the elementary !N
interaction. Since the present work is primarily an exploratory
study, intended as an illustration for what can be expected
from measuring !d correlations, it has been done on a simple
technical level. Specifically, it has been performed within
the Lednicky-Lyuboshits approach [23] and by utilizing an
effective range expansion for the relevant !d amplitudes. The
effective range parameters for the two S-wave states that can
contribute, the 2S1/2 and 4S3/2 partial waves, have been taken
from results available in the literature [56,60,62].
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FIG. 4. !d correlation functions for the source sizes R = 1.2 and 5 fm, based on the 2S1/2 effective range parameters of Cobis [56]. Same
description of curves as in Fig. 1.
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Coupled channel effect | Back coupling & nn continua
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Coupled channel effect | Back coupling & nn continua
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