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Outline

« Why Amplitudes?

* How to compute them..

 What can we learn from them?

* Infrared physics

* Regge Iimit
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Dealing with the complexity:

Numerically Analytically

e once and for all
e full information
* Infinities are regulated

 faster
e manageable complexity

» subtraction of infinities * more complex structures
* has to be repeated



Harmonic Oscillator

Quantum Mechanics

Scattering Amplitudes




N=4 super Yang-Mills

Non-Abelian

Gauge theory gluon 4 fermions 3 scalars

Dual  Supersymmetric Gerny
Conformal Ward Unjitarity
Invariant Identities at alf orders

UV finite Conformal
Invariant

Real World (QCD)

Non-Abelian

Gauge theory gluon 5 fermions NO ¥palars

D997



“Easy”

“Hard”

N=4 super Yang-Mills

|

N=2 super Yang-Mills

|

N=1 super Yang-Mills

|

Real World (QCD)






 Amplitudes =» Phenomenology and Formal QFT
* There is a “simple” model: N=4 sYM
* Can it help in QCD?

* We need analytic data !!
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= Z Feynman Diagrams

Colour Spin Kinematics
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Colour Decomposition
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Colour
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Adihddy = ZAC
c=1

Spin Kinematics
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Explicitly...
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Tancredi, Peraro: 1906.03298, 2012.00820
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Non-perturbative !!

Spin Kinematics
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Kinematics

P1 P4
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d{k;} - N({p}, {k})

F //Sdl Dnl D’nz DnN

(ky - pi)ky - k3) + (k- po)(ks - p3) + ...
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Henn, Mistlberger, V.A. Smirnov, Wasser: 2002.09492
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IBP reduction

d _ Feynman Integrals
J d%k aﬂf M(k) = 0 — form a finite dimensional vector space
Rd

Master Integrals
T J1x )
| € basis H

(major bottleneck...) g |
- Algebraic geometry ‘

* Physics

0]

computed with the
Differential Equations
method..
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Infrared Structure
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IR physics does not care about the UV

IR “renormalisation”

|
H ren(€, 1}) = 2(€ 1P}, 1)

* IR-divergent * IR-finite

Gardi, Magnea: 0901.1091, 0908.3273; Becher, Neubert: 0903.1126
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H ren(€, 1P}) = Z2(€, 10}, 1) H anlp, 10})

Universal across all gauge theories
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Dipole

p Ny
Laipole({P}, 1) = ) T T P () log( — ) + Z 7' ()

1<1<3<4

Catani: 9802439


https://arxiv.org/abs/hep-ph/9802439

Dipole

4
Laipole({P}, 1) = ) T T P () log( “ . ) + Z 7 (as)

1<1<9<4

Catani: 9802439


https://arxiv.org/abs/hep-ph/9802439

Quadrupole
AL = 128 fape feae | T T§ T4 T Di(2) — T T} T§ T4 Da(a)

4
_160fabe fcde Z Z {T'?’T’il} Tg z’

i=1 1<j<k<4
J,k#i Almelid, Duhr, Gardi: 1507.00047

Henn, Mistlberger: 1608.00850

Now confirmed in QCD: Chakraborty, Caola, Gambuti, Tancredi, von Manteuffel:
2207.03503, 2112.11097
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High Energy Limit



u=(py+py)°

P4

Regge Limit: s> |u|
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H in(p) = lim Z_1(67 p) H ren(€)
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- —-4$ Harmonic Polylogarithms (HPLs)
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Reggeized gluon

Regge Trajectory
T.(a) = 2 al O A, = €L Cy7 () Alree
8 LL
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Three-loop exactresults — Tg at three loops



Regge Pole + Impact Factor Regge cut
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Regge cut Regge cut



Regge limit as a check & constraint




Conclusion



Conclusion

 High-precision phenomenology
 Connection with formal QFT

* Intrinsic mathematical beauty

 General method in gauge theories
* All 4-point 3-loop QCD amplitudes

 Confirmation of quadrupole IR
radiation

 Extraction of 3-loop gluon Regge
trajectory
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Colour Decomposition



A SU(N) graphical game..

Tr1 = N,

Trt* =0

Trtot® = Tpd®




Colour Decomposition

6
A =‘%Ai%144%4 + (perms)
=1

@, = Tr(TYT“T%T%) + Tr(T“T4T%T%)
€, = Tr(T“T“T“T%) + Tr(T“T4TT%)
€, = Tr(TYT“T%T%) + Tr(TST4T%T%)
€, = Tr(TT®) Tr(TT%)
G = Tr(T“T%) Tr(T“T%)
G, = Tr(T“T%) Tr(T“T%)



Tensor Projection



Example

QED vacuum polarisation

A 2 / Ak 4(k*(p¥ — k) + Kk (p* — k) — g* (k- p — k7))
B (

27 )4 (k2 +i€)((k — p)* + t€)
[T KV
Tensor basis: TV = ¢g"” P 229 15" = & Z;
p P
/>» Lorentz
yZ / Indices are

ARV — FlTl'“V —+ FQTZM Y now outside

the integrals!

1 PuPv p'p
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General Case

* 't Hooft-Veltman scheme

N
_ Z F,TX

AX
i=1 K
P T 5 7 Only contain scalar

P A F integrals!

Computed in Dim. Reg.

K - Ward |dentities/gauge fixing

u(p) - u(p) = y,p*
e*(p) - €"(p) = — "' +



Quarks Example



qQ = gQ




. u(ps)

in d=4

Vi Vo Vs W(D1) X U(pa) Y Y2y u(ps)
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L. Tancredi, T. Peraro: arXiv:1906.03298, arXiv:2012.00820



https://arxiv.org/abs/1906.03298
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Orthogonal
&
zero in d=4 !

i From 138 to 8 tensors!

L. Tancredi, T. Peraro: arXiv:1906.03298, arXiv:2012.00820
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Integration by Parts



Integration by Parts

I(da {p}) — J' ddkl ddkf f(kla '--9kf9pla apn)
(R)”

Invariance: k; - A;k; + By, p, (ky = ky + ky — k3 + p,)
: | | | (k; — ky + aky)
Generators: k — k; + ag; &= &t ap)

(gl ----- ql+n)= (kla'“aklap]a---apn)

Id,{p}) — J

0
d'k;...(1+ads, ) d%;...d%, (f + ag;- —f>
(R ok;



Integration by Parts

I(da {p}) — J' ddkl ddkf f(kla '--9kf9pla apn)
(R)”

Invariance: k; — A,k + By, p,

Generators: Lk — k + a g

(gl ----- ql+n)= (kla'“aklap]a---apn)

Id, {p}) — Id, {p}) + [

0
d%;...d%, \ adé, f+ ag-—f
"y j ok;



Integration by Parts

I(da {p}) — J' ddkl ddkf f(kla '--9kf9pla apn)
(R)”

Invariance: k; — A,k + By, p,

Generators: Lk — k + a g

(ql ..... ql+n)=(k1"“’kl’p1’“"

0
I, {p}) = Itd, {p}) + aj &y A% ()
(R4)? 0kl



Integration by Parts

dk dk _d (qg.f) = 0
.-y (q;1)
(R)”

ok,
/

0 ki - P — 0
. | —
ok, kz(kl —P1— P2)2
ki, - ki, - ki -p (k> =k -p, —k -
(d+1)2 1° P> 2_22 1° P> 2_21192(2 1" P1 41 P2)=O
k“(ky — p1 — p2) ki(ky — p1 — p2) k=(ky — p1 — p2)

Feynman Integrals

Linear system! —
form a vector space



Differential Equations

I(d, xl, “ . ,X4n_10) — Z Ci Ml(da xla .« . 9x4n—1())

dM = A(d;x)- M
T
Canonical basis:  dM, = (d — 4) Aj,(x) - M,

)
[% — lix 0 ] 1 — <dlog(x) — dlog(1 + x) 0 )

1 dlog(x) dlog(1 + x)

X 1 +x




