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✴Luciano has been my master thesis and PhD advisor (in Bicocca from 2004)

✴Mentor for physics and science

✴Luciano has been inspirational for a generation of "young" physicists

✴We all remember his fascinating (and very soft) QFT lectures

✴Many quotes of him that we still remember:
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"No emotional comments", "Non danno premi Nobel a caso", ....
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✴Grateful to Luciano for his guiding and mentoring, Luciano guided me to 

supersymmetry and supergravity

✴Passion for dynamical SUSY breaking

✴Luciano: "Look at this paper (ISS '06), it is very interesting"

✴Last years of scientific publications of Luciano with Antonio Amariti, 

Davide Forcella, Massimo Siani, Gabriele Tartaglino-Mazzucchelli ...
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Why cosmological first order PT?

Impurities in FOPT

★In the Standard Model, QCD and EW PT are not first order

✴First order EW PT can lead to electroweak baryogenesis
✴New first order PT in dark matter sectors
✴FOPT are powerful sources of stochastic GW signal

New physics in 

Higgs sector

Luciano Memorial

★Probe of Early Universe cosmology

First Order Phase Transition would be signal of BSM physics

fig. from arXiv:1705.01783 D. Weir 

FOPT proceeds

through bubble

formation

Target for current and future
GW experiments
✦ Ligo Virgo Kagra
✦ NANOGrav
✦ LISA
✦ Einstein Telescope
✦ Cosmic explorer
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First order phase transition

★Nucleation condition in homogeneous Universe

Impurities in FOPTLuciano Memorial

✴Phase transition described by effective potential
✴Thermal fluctuation induces nucleation of bubbles
✴Nucleation rate/volume set by O(3) bounce action

�V (T ) ⇠ T 4e�S3(T )/T

✴Nucleation condition sets nucleation temperature �V (Tn) ⇠ H(Tn)
4of bubbles. Indeed, bubbles of the true vacuum (broken phase) will expand in a sea

of false vacuum (symmetric phase), converting false vacuum into true vacuum. This is
depicted in Fig. 6.

Figure 6: Illustration of the creation of bubbles. The true vacuum lies inside the bubble,
whereas the false vacuum is outside.

To describe such a process, the tunneling probability per unit volume is introduced:

�

V
= A(T )e�S(T ), (2.27)

where A(T ) is a proportionality constant and S(T ) is the Euclidean action [40–42]. Here,
a few comments need to be made about this action. At zero temperature, one starts with
the Minkowskian action in four dimensions, which, after a Wick rotation, i.e. ⌧ = it,
yields the Euclidean action:

SE =

Z
d4x

✓
1

2
(@µ�)

2 + V (�)

◆
, (2.28)

where (@µ�)2 = (@�/@⌧)2+(@i�)2. It makes sense to look for a solution which possesses
the O(4) symmetry of Euclidean space [14]. Thus, a radial coordinate ⇢ =

p
⌧2 + x2 is

defined and a solution � = �(⇢) is searched for. With this in mind, the action now takes
the form

SE(�) = 2⇡2

Z
d⇢ ⇢3

 
1

2

✓
d�

d⇢

◆
2

+ V (�)

!
, (2.29)

such that the equation of motion reads

d2�

d⇢2
+

3

⇢

d�

d⇢
� @V

@�
(�) = 0. (2.30)

However, when tunneling at finite temperature, a few modifications need to be made.
The potential will now be replaced by the e↵ective potential at finite temperature. With-
out too many details, it is mentioned that the integration over Euclidean time ⌧ in

17

Tc

T = 0

Tn

T > TcV (�)

h�i

★First Order Phase transition (FOPT) proceeds with bubble nucleation

Homogeneous Universe in false vacuum

h�i = 0
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... however ... impurities

★Impurities drastically modify the nucleation process

Impurities in FOPTLuciano Memorial



The nature of impurities
• Compact objects, (not only) gravitational effects

• Primordial density fluctuations

• Topological defects (strings and monopoles)

Fig. from Jinno, 
Konstandin, Rubira, 
van de Vis, 
[2108.11947], JCAP

Fig. from Lee et al., 
[1310.3005], PRD

(Haberichterb et al. [1506.05838], Dupuis et al. [1506.05091])

Fig. from Oshita, 
Yamada, Yamaguchi 
[1808.01382], PLB

• What about domain walls?

This talk:
• Higgs + Singlet (xSM)

• Thermal history

• New method for bounce

Hiscock, PRD, 1987;
Burda, Gregory, Moss 
[1501.04937], PRL

Yajnik, PRD, 1986

Agrawal and Nee, 
[2202.11102]

…

(Coleman-de Luccia, PRD, 1980)

5

SB & Mariotti, [2203.16450]
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... however ... impurities

★Impurities drastically modify the nucleation process

Impurities in FOPTLuciano Memorial

... also in cosmological phase transitions ...

✴ "Monopole and Vortex dissociation and decay of the false vacuum" 
Steinhardt 1981

✴ "Impurities in the Early Universe" Hosotani 1982
✴ "Cosmic separation of phases" Witten 1984
✴ "Phase transitions induced by cosmic strings" Yajnik 1986

★The nature of impurities for cosmological PT
✴ High energy collisions

✴ Compact objects like BH, 
gravitational effects

✴ Topological defects  
(strings, monopoles ...)

E.g. Affleck, De Luccia '79, --- Selivanov,Voloshin '85, --- Kuznetsov, Tinyakov '97 --- Strumia '23

2

II. BUBBLE NUCLEATION AROUND A
COMPACT OBJECT

A. Formalism

We consider a nucleation of a thin wall vacuum bubble
around a spherical object. If we assume that the system
is static, the metric inside and outside of the bubble can
be written as

ds2 = −C±(r±)dt
2
± +D±(r±)dr

2
± + r2±dΩ

2
2, (1)

where C± and D± are determined by the Einstein equa-
tion and will be specified later. The quantities associated
with the outer and inner region are labeled by the suffix
“+” and by “−”, respectively.
The thin wall vacuum bubble can be characterized by

its energy density, σ, and pressure, p. The ratio of p to
σ, w ≡ p/σ (equation-of-state parameter), is assumed
to be a constant. We here choose the scale of radial
coordinates r± so that r+ = r− ≡ R on the wall. A
schematic picture showing the vacuum decay process we
here assume is depicted in Fig. 1.
Introducing the extrinsic curvature on the outer (in-

ner) surface of the wall, K(+)
AB (K(−)

AB ), the energy-
momentum tensor (EMT) of wall, SAB, and the induced
metric on the wall, hAB, the dynamics of the thin wall
with ξA = (τ, θ,φ) is described by the Israel junction
conditions as

K(+)
AB −K(−)

AB = −8πG

(

SAB −
1

2
hABS

)

, (2)

√

C±D±K
(±)
AB = diag

(

−
dβ±

dR
,β±R,β±R sin2 θ

)

, (3)

SA
B ≡ diag (−σ, p, p) , hAB ≡ diag

(

−1, R2, R2 sin2 θ
)

,
(4)

where

β± ≡ ϵ±
√

C± + C±D±(dR/dτ)2, (5)

and τ is the proper time of the wall and ϵ± is the sign of
spatial components of extrinsic curvature. We here sim-
ply neglect the interaction between the horizonless object
and the bubble except for their gravitational interaction.
The case with such an interaction being taken into ac-
count will be discussed elsewhere (see also Refs. [85–87]
in the context of Q-ball in supersymmetric models with-
out taking gravity effects into account).
We are interested in the decay of Higgs vacuum, where

the metastable vacuum has a negligibly small vacuum en-
ergy and the true vacuum has a negative vacuum energy
ρv < 0. We also introduce a compact object at the origin
of the spatial coordinate, which modifies the metric be-
cause of the nonzero mass density ρc(r). For simplicity,
we here assume the EMT of the object which gives the
following static solutions of the Einstein equation:

C± = D−1
± = f±(r±) ≡ 1−2GM±(r±)/r±+H2

±r
2
±, (6)

catalyzing object

false vacuum true vacuum

wall σ, p

ρv

R

FIG. 1. A schematic picture showing a vacuum decay cat-
alyzed by a static and spherical object.

with

H+ = 0, H2
− ≡ −

8πG

3
ρv, (7)

M±(r±) ≡
∫ r±

0
dr̄±4πr̄

2
±ρ

(±)
c (r̄±). (8)

If we use an arbitrary mass density, ρ(±)
c (r), the compact

object does not satisfy the static Einstein equation un-

less an appropriate EMT for the chosen ρ(±)
c (r) exists.

Although in this case the metric (1) cannot be used, we
expect that we can use it to capture a qualitative re-
sult. To be more rigorous, in the Appendix, we calculate
the vacuum decay rate around a gravastar-like object,
which is constructed to be (approximately) static. We
specify its interior EMT and use the metrics consistent
with the specified EMT. Then one could find that the
aforementioned assumption for the metrics, (1), does not
qualitatively change our results and main conclusions.
Equation (2) now reduces to the following equations

d

dR
(β− − β+) = −8πG (σ/2 + p) , (9)

(β− − β+) = 4πGσ(R)R. (10)

One obtains σ = m1−2wR−2(1+w) by solving (9), where
m is the typical energy scale of the wall, and we can
rewrite (10) as

(

dz

dτ ′

)2

+ V (z) = −1, (11)

V (z) ≡ −
a+
z

−
z2

4

[

∆am̄2w−1z2w−1

4πH̄2w+1

+
z2(1+w)m̄2w−1

4πH̄2w+1
−

4πH̄2w+1

z2(1+w)m̄2w−1

]2

≤ 0,

(12)

where we re-defined the following non-dimensional vari-
ables and parameters:

z ≡ H−R, τ ′ ≡ H−τ, a± ≡ 2GM±H−,

∆a ≡ 2G(M+ −M−)H−, m̄ ≡ m/MPl, H̄ ≡ H−/MPl.
(13)

E.g. Hiscock '87, -- Gregory, Moss, Withers  '14, -- 
Grinstein, Murphy '15, -- El-Menoufi, Huber, Manuel '20, 
Balkin et al '21, Strumia '22

Fig. from Oshita et al.1808.01382

E.g. Steinhardt '81, Hosotani '82, Witten '84, Yajnik 
'86, Preskill Vilenkin '92, --- Kumar et at '10, --
Agrawal, Nee '22

Fig. from Lee et al.1310.3005



Topological defects
Relics of PTs depending on topology of vacuum manifold M, not on the strength

Defect Dimension Homotopy
Domain walls 2 𝜋0(𝑀)

Strings 1 𝜋1(𝑀)
Monopoles Point-like 𝜋2(𝑀)

Textures - 𝜋3(𝑀)

[Zel’dovich et al. 74, Kibble 76]

Fig. from Ringeval
2010

𝑈 1 strings

Cosmic strings and other 
topological defects, 
Vilenkin & Shellard

𝑉 𝜙

𝜙

+𝑣−𝑣

z

x
y

−𝑣

+𝑣

𝜙(𝑧)

𝑍2 domain walls

DW ∈ 𝑥 − 𝑦
6
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Why Topological defects as impurities

★Remnants of PT depending on vacuum manifold topology

Impurities in FOPTLuciano Memorial

Their dynamics can 

source gravitational 

waves

[Zel'dovich et al. '74, Kibble '76]

★They can be present if EW symmetry breaking is final step of a  
multi-step breaking of larger symmetry group

★What is the origin of the topological defects?

Can the EW phase transition occur through impurities?

Blasi, AM 2203.16450
Minimal realization of seeded EW via topological defects?

Typical in  

unified theories



The extended SM (xSM)
Electroweak phase transition

The EWPT (2.) is first order already 
in the leading high-T approximation

m2
ϕ → m2

ϕ − cT2
S 

se
lf 

qu
ar

tic

mS = 300 GeV

2nd order

Wrong vacuum

2step fails

2step

S-Higgs portal

Fig. adapted from Kurup, Perelstein [1704.03381] PRD
4
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Simplest model for EW FOPT
★Higgs (h) plus Singlet S with a 

Impurities in FOPTLuciano Memorial

The electroweak PT in the SM + scalar singlet
• Probably simplest new physics scenario with 

strong first order EWPT, tree-level barrier

• When 𝑍2 symmetry  𝑆 → −𝑆 imposed difficult 
to test at colliders (nightmare scenario)

• One of most popular benchmarks for 
gravitational wave signals

• Minimal mechanism for EW baryogenesis
when 𝑍2 = CP

• New confining group as possible UV 
completion, next-to-miniml Composite Higgs

Gripaios, Pomarol, Riva, Serra  [0902.1483]  JHEP

Espinosa, Gripaios, Konstandin, Riva [1110.2876] JCAP

Espinosa, Konstandin, Riva [1107.5441] NPB

Caprini et al. [1512.06239] JCAP 

Curtin, Meade, Yu [1409.0005] JHEP

8

Two-step electroweak
phase transition

h

S

1.
2.

𝑉 = −
1
2
(𝜇2−𝑐ℎ𝑇2)ℎ2 +

1
4
𝜆 ℎ4

−
1
2
(𝑚2−𝑐𝑠𝑇2)𝑆2 +

1
4
𝜂 𝑆4

+
1
2
𝜅 ℎ2𝑆2★The electroweak phase transition occurs in two steps

★Many pheno studies on Higgs Singlet EWPT

✴ Simplest new physics scenario with strong EW FOPT

✴ Minimal mechanism for EW baryogenesis

✴ Benchmark for gravitational wave signals

✴ Singlet is challenging to detect at colliders

Z2 : S ! �S

GEW ⇥ Z2 �! GEW �! U(1)em ⇥ Z21. 2.

[Espinosa, Konstandin, Riva 1107.5441]

[Curtin, Meade, Yu 1409.0005]

✦ Order 1000 papers on this model in last 10 years

[Espinosa, Gripaios, Konstandin, Riva 1110.2876]

[Caprini et al 1512.06239]
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... but ...

★Domain walls are formed in first step!

Impurities in FOPTLuciano Memorial

✴ Disconnected vacuum manifold after first step
✴ Walls are formed at boundaries between different domains

What about domain walls?
Vacuum manifold is disconnected after the first step: two 
vacua  related by 


Walls are formed at the boundaries between different domains, 
with tension 


After EWSB true vacuum has , domain walls will 
eventually decay: no issue with cosmology

±vS S → − S

σw ∼ v3
S

⟨S⟩ = 0

Transient defects

“Cosmic strings and other topological 
defects”, Vilenkin and Shellard

See e.g. Espinosa, 
Gripaios, Konstandin, Riva 
[1110.2876] JCAP

5

★They can act as seed for the second step of the PT, when EW 
symmetry is broken

What about domain walls?
Vacuum manifold is disconnected after the first step: two 
vacua  related by 


Walls are formed at the boundaries between different domains, 
with tension 


After EWSB true vacuum has , domain walls will 
eventually decay: no issue with cosmology

±vS S → − S

σw ∼ v3
S

⟨S⟩ = 0

Transient defects

“Cosmic strings and other topological 
defects”, Vilenkin and Shellard

See e.g. Espinosa, 
Gripaios, Konstandin, Riva 
[1110.2876] JCAP

5

1.

1.

2.

2.

Blasi, AM 2203.16450

Minimal realization of seeded EW phase transition
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Seeded vs homogeneous nucleation

Impurities in FOPTLuciano Memorial

★Nucleation probability enhanced at the DW location

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

DW

DW

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

Geometry of seeded critical bubble

O(2) symmetry on the DW plane

DW

�S ⇠ T 3e�S2/T

⇠�S ⇠ H3

✴Nucleation rate/surface set by O(2) bounce action

✴Seeded nucleation condition

Blasi, AM 2203.16450



13

Alberto Mariotti (VUB)

Seeded vs homogeneous nucleation

Impurities in FOPTLuciano Memorial

★Nucleation probability enhanced at the DW location

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

DW

DW

Seeded vs homogeneous tunneling

• Nucleation prob. no longer the same everywhere, 
enhanced at DW location (𝑆 = 0)

# of domain 
walls per Hubble  
𝜉 ∼ 𝑂(1)

+𝑣𝑠

−𝑣𝑠

+𝑣𝑠

Hubble 
volume

hom

seed

• Seeded, or inhomogeneous, tunneling probability per unit
surface:  

[𝑆3/𝑇 ∼ 140]𝑆2/𝑇 ∼ 100 + log 𝜉

• Stricter nucleation condition (only on submanifold)

Lazarides, Shafi, Kibble 1982, PRD
Perkins, Vilenkin 1992, PRD

𝛾𝑆 ∼ 𝑣𝑆3 exp(−𝑆2/𝑇) [𝛾V ∼ 𝑇4exp(−𝑆3/𝑇)]

z

r

• Critical bubble will have only
O(2) symmetry on the 
domain wall plane

h
S DW

Geometry of seeded critical bubble

O(2) symmetry on the DW plane

DW

�S ⇠ T 3e�S2/T

⇠�S ⇠ H3

✴Nucleation rate/surface set by O(2) bounce action

✴Seeded nucleation condition
✦Bounce action for the O(2) 

symmetric seeded bubble
✦How to compute it?

Blasi, AM 2203.16450
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Thin wall approximation

Impurities in FOPTLuciano Memorial

Seeded tunneling rate: thin wall limit

• Geometrical approach to estimate the energy of the critical
bubble configuration

𝐸 𝑅 ≃ 4𝜋𝑅2 𝜎B −
4
3
𝜋𝑅3𝜖 − 𝜋𝑅2𝜎DW

Gain by eating up 
domain wall surface

−𝑣𝑠 +𝑣𝑠𝝈𝐃𝐖

𝝈𝐁
(Valid at 𝑇 ∼ 𝑇𝑐) • Domain walls do catalyze the phase transition

S2/T ∼ ΔE/T

★Domain walls catalyze phase transition

E(R) ' 4⇡R2�B � 4

3
⇡R3�V � ⇡R2�DW

Surface tension 
of the bubble

Potential 
energy 

difference
Tension of 

the DW

Seeded tunneling rate: thin wall limit

• Geometrical approach to estimate the energy of the critical
bubble configuration

𝐸 𝑅 ≃ 4𝜋𝑅2 𝜎B −
4
3
𝜋𝑅3𝜖 − 𝜋𝑅2𝜎DW

Gain by eating up 
domain wall surface

−𝑣𝑠 +𝑣𝑠𝝈𝐃𝐖

𝝈𝐁
(Valid at 𝑇 ∼ 𝑇𝑐) • Domain walls do catalyze the phase transition

S2/T ∼ ΔE/T

Assume bubble on DW O(3) 
spherical for simplicity★Thin wall approximation to estimate energy of critical 

bubble

Gain of eating 
DW inside 

bubble

Blasi, AM 2203.16450

As in Homogeneous PT

Rate ⇠ e��E/T
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Kaluza Klein reduction method

Impurities in FOPTLuciano Memorial

★Study 3-dimensional theory on the domain wallSeeded phase transition: Kaluza-Klein decomposition

• Expand the fields around the domain wall background, 
and integrate over the orthogonal direction

𝑆 = 𝑆DW 𝑧 +෍
𝑘

𝑠𝑘 𝑥𝜇 𝜎𝑘 𝑧

ℎ =෍
𝑘

ℎ𝑘 𝑥𝜇 𝜙𝑘 𝑧

𝑥𝜇 = 𝑡, 𝑥, 𝑦

z

𝒔𝒌, 𝒉𝒌

• Study the 3d theory on the DW plane, 
interaction from overlap integrals with 𝑉(ℎ, 𝑆)

−𝜙𝑘′′ 𝑧 + 𝜅 𝑆DW2 𝑧 − 𝜇2 𝜙𝑘 𝑧 = 𝜔𝑘
2 𝜙𝑘(𝑧)

−𝜎𝑘′′ 𝑧 + 3𝜂 𝑆DW2 𝑧 − 𝑚2 𝜎𝑘 𝑧 = 𝑚𝑘
2𝜎𝑘(𝑧)

• Profiles are chosen in order to have canonical 3d fields:

• Take advantage of the gap to integrate 
continuum states out in favor of EFT for ℎ0, 𝑠0

ℎ0

𝑠0

13

✴ KK spectrum contains massive localized states gapped to a continuum
✴ Bound states correspond to localized profiles in the z-direction
✴ Scattering states correspond to continuum

4

is the typical curvature radius) equals the vacuum pres-
sure due to the bias, ✏ ⇠ c v5s/MPl

with c a O(1) coe�-
cient. We then obtain

T
ann

vs
⇠ 0.5

c1/2

⇠1/2⌘1/4
, (11)

where the Planck scale drops out from the calculation as
this sets both the typical curvature radius through Hub-
ble and the size of the bias. We then conclude that a Z

2

explicit breaking due to gravity is generically not enough
to make the domain walls collapse before the electroweak
phase transition, as T

ann

in (11) can easily be below the
nucleation temperature.

We nevertheless note that the model can have a vi-
able phenomenology also with an exact Z

2

symmetry:
even though scalar singlet dark matter with large portal
coupling to the Higgs boson is almost excluded for the
mass range of interest, S needs not to be the lightest
state charged under this symmetry. In addition, domain
walls are anyways collapsed at the end of the electroweak
phase transition ensuring no contradiction with standard
cosmology.

IV. FORMALISM FOR THE SEEDED PHASE
TRANSITION

The seeded phase transition can be described as a pro-
cess in which the unperturbed domain wall is modified
by the onset of a Higgs vev at its core eventually filling
up the whole space. As mentioned in Sec. II, this can
occur either via a classical instability of the unperturbed
domain wall profile (rolling), or, if this configuration is
metastable, via thermal or quantum tunneling.

Both these scenarios can be captured by analyzing the
lower–dimensional e↵ective theory obtained by perform-
ing a KK decomposition along the direction orthogonal to
the domain wall. This strategy is discussed in Sec. IVA.
In addition, we can gain further physical intuition by re-
sorting to a thin wall approximation in which the role of
the pre–exhisting domain wall becomes manifest in facil-
itating the tunneling to the true vacuum. This will be
the topic of Sec. IVB.

Interestingly, these two formalisms can actually de-
scribe the tunneling process in complementary temper-
ature ranges, namely far from Tc (KK decomposition),
and close to Tc (thin wall), as we shall discuss in detail
in Sec. V.

A. Kaluza–Klein decomposition

The starting point is to make an ansatz for the singlet
and the Higgs field in the background of the unperturbed
domain wall as

S = S
DW

(z)+
X

k

sk(x)�k(z), h =
X

k

hk(x)�k(z) (12)

m0

mKK

ω0

ωKK

...

Singlet Higgs

3d
sp
ec
tru
m

Figure 1. A cartoon of the spectrum of the 3d theory ac-
cording to the eigenvalue equations (13) and (14). The singlet
modes consist of a single bound state (neglecting the massless
mode from the breaking of translational invariance) with mass
m

2
0 > 0 indicated by the solid line, together with a sketch of its

localized profile. On top of this there is a gapped continuum of
KK states shown by the upper gray region, with plane–wave
asymptotic behaviour. The Higgs spectrum is qualitatively
the same besides the fact that more discrete modes can in
principle be present, and that the mass of the lightest state
!

2
0 needs not to be positive.

where S
DW

(z) is the profile given in Eq. (9), which is a
solution to the equations of motion together with h = 0,
and we have denoted by x the remaining three space-
time coordinates. The sum runs over a complete set of
eigenfunctions, �k(z) and �k(z). The ansatz (12) can
be plugged into the 4d action of the Higgs–singlet model
in order to obtain a theory for the 3d modes sk(x) and
hk(x), which will allow us to study the occurrence of
classical instabilities, and furthermore to calculate the
seeded tunneling rate as a standard homogeneous pro-
cess in three spacetime dimensions.
The 4d potential (7) is of course temperature depen-

dent. This means that in principle a new decomposition
needs to be performed at each temperature of interest.
As we shall see, however, in some limits such as the lead-
ing high temperature expansion this is not necessary. We
will then first present our procedure at T = 0 and then
discuss a simple way to extend it at finite temperature.
In order to diagonalize the quadratic part of the 3d

action, the profiles �k and �k are taken to be solutions
to the eigenvalue equations

� �00
k + (3⌘S2

DW

(z)�m2)�k = m2

k�k, (13)

� �00
k + (S2

DW

(z)� µ2)�k = !2

k�k, (14)

which correspond to a Pösch–Teller potential and can
be solved exactly in terms of Legendre polynomials. A
cartoon of the spectrum for the Higgs and singlet states
is shown in Fig. 1.

The singlet spectrum consists of a discrete mode, �
0

,
corresponding to a bound state, and a tower of scattering
states, �k, with plane–wave asymptotic behaviour. The
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Kaluza Klein reduction method

Impurities in FOPTLuciano Memorial

★Study 3-dimensional theory on the domain wall
✴ KK spectrum contains massive localized states gapped to a continuum
✴ Bound states correspond to localized profiles in the z-direction
✴ Scattering states correspond to continuum

✦Metastability of DW controlled by the 3d h mass

Unperturbed 
domain wall
No bubble Bubble nucleated

inside DW

V e↵
3d (h0, s0)

Seeded phase transition: Kaluza-Klein decomposition

• Expand the fields around the domain wall background, 
and integrate over the orthogonal direction

𝑆 = 𝑆DW 𝑧 +෍
𝑘

𝑠𝑘 𝑥𝜇 𝜎𝑘 𝑧

ℎ =෍
𝑘

ℎ𝑘 𝑥𝜇 𝜙𝑘 𝑧

𝑥𝜇 = 𝑡, 𝑥, 𝑦

z

𝒔𝒌, 𝒉𝒌

• Study the 3d theory on the DW plane, 
interaction from overlap integrals with 𝑉(ℎ, 𝑆)

−𝜙𝑘′′ 𝑧 + 𝜅 𝑆DW2 𝑧 − 𝜇2 𝜙𝑘 𝑧 = 𝜔𝑘
2 𝜙𝑘(𝑧)

−𝜎𝑘′′ 𝑧 + 3𝜂 𝑆DW2 𝑧 − 𝑚2 𝜎𝑘 𝑧 = 𝑚𝑘
2𝜎𝑘(𝑧)

• Profiles are chosen in order to have canonical 3d fields:

• Take advantage of the gap to integrate 
continuum states out in favor of EFT for ℎ0, 𝑠0

ℎ0

𝑠0
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is the typical curvature radius) equals the vacuum pres-
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with c a O(1) coe�-
cient. We then obtain
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2
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symmetry:
even though scalar singlet dark matter with large portal
coupling to the Higgs boson is almost excluded for the
mass range of interest, S needs not to be the lightest
state charged under this symmetry. In addition, domain
walls are anyways collapsed at the end of the electroweak
phase transition ensuring no contradiction with standard
cosmology.
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The seeded phase transition can be described as a pro-
cess in which the unperturbed domain wall is modified
by the onset of a Higgs vev at its core eventually filling
up the whole space. As mentioned in Sec. II, this can
occur either via a classical instability of the unperturbed
domain wall profile (rolling), or, if this configuration is
metastable, via thermal or quantum tunneling.

Both these scenarios can be captured by analyzing the
lower–dimensional e↵ective theory obtained by perform-
ing a KK decomposition along the direction orthogonal to
the domain wall. This strategy is discussed in Sec. IVA.
In addition, we can gain further physical intuition by re-
sorting to a thin wall approximation in which the role of
the pre–exhisting domain wall becomes manifest in facil-
itating the tunneling to the true vacuum. This will be
the topic of Sec. IVB.
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ature ranges, namely far from Tc (KK decomposition),
and close to Tc (thin wall), as we shall discuss in detail
in Sec. V.
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Figure 1. A cartoon of the spectrum of the 3d theory ac-
cording to the eigenvalue equations (13) and (14). The singlet
modes consist of a single bound state (neglecting the massless
mode from the breaking of translational invariance) with mass
m
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0 > 0 indicated by the solid line, together with a sketch of its

localized profile. On top of this there is a gapped continuum of
KK states shown by the upper gray region, with plane–wave
asymptotic behaviour. The Higgs spectrum is qualitatively
the same besides the fact that more discrete modes can in
principle be present, and that the mass of the lightest state
!

2
0 needs not to be positive.

where S
DW

(z) is the profile given in Eq. (9), which is a
solution to the equations of motion together with h = 0,
and we have denoted by x the remaining three space-
time coordinates. The sum runs over a complete set of
eigenfunctions, �k(z) and �k(z). The ansatz (12) can
be plugged into the 4d action of the Higgs–singlet model
in order to obtain a theory for the 3d modes sk(x) and
hk(x), which will allow us to study the occurrence of
classical instabilities, and furthermore to calculate the
seeded tunneling rate as a standard homogeneous pro-
cess in three spacetime dimensions.
The 4d potential (7) is of course temperature depen-

dent. This means that in principle a new decomposition
needs to be performed at each temperature of interest.
As we shall see, however, in some limits such as the lead-
ing high temperature expansion this is not necessary. We
will then first present our procedure at T = 0 and then
discuss a simple way to extend it at finite temperature.
In order to diagonalize the quadratic part of the 3d

action, the profiles �k and �k are taken to be solutions
to the eigenvalue equations
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which correspond to a Pösch–Teller potential and can
be solved exactly in terms of Legendre polynomials. A
cartoon of the spectrum for the Higgs and singlet states
is shown in Fig. 1.

The singlet spectrum consists of a discrete mode, �
0

,
corresponding to a bound state, and a tower of scattering
states, �k, with plane–wave asymptotic behaviour. The
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Classical instability of DW!2
0(T ) < 0

!2
0(T ) > 0

✦The O(2) seeded bubble profile can be obtained
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Bounce action

Impurities in FOPTLuciano Memorial

Seeded tunneling: 𝜔0
2 > 0 at 𝑇 < 𝑇𝑐

17

ℎ0
𝑠0 tunneling

Release 
point

• Tunneling occurs before the would-be 
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• Seeded bounce action from 
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Classical instability 
of the DW

Homogeneous nucleation 
would happen here

Seeded nucleation
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★PT via nucleation on the DW always dominates
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Impact 
Seeded transition faster than homogeneous 
in all the two-step parameter space!


New viable regions of parameter space 
thanks to the seeded nucleation

8

high-T approximation
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Bounce action

Impurities in FOPTLuciano Memorial

Seeded tunneling: 𝜔0
2 > 0 at 𝑇 < 𝑇𝑐

17

ℎ0
𝑠0 tunneling

Release 
point

• Tunneling occurs before the would-be 
classical instability

• Seeded bounce action from 
CosmoTransition (adjusting for 3d)

Classical instability 
of the DW

Homogeneous nucleation 
would happen here

Seeded nucleation
occurs here

★PT via nucleation on the DW always dominates
★Completely new phenomenology of EW PT
★Strong impact on parameter space
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Conclusions

Impurities in FOPTLuciano Memorial

★Impurities (topological defects) play a role in cosmological PT

★Topological defects emerge in multi-step phase transitions

★         The EW phase transition can be seeded by topological defects

★Minimal realization with DW in Higgs Singlet model

★It can impact several well-known models

★Phenomenological implications for baryogenesis and GW

✴ E.g. Other Minimal extensions of Higgs sector,  2HDM, ...
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