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One Main Message

The average geodesic distance is not a geodesic distance.
It is generally non-additive
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The metric is not enough!



In this talk: Quantum gravity      UV≠

Ψ[hij(x), …]
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I just want to consider a superposition of metrics 

One known difficulty (gauge invariance) 
is that we need to establish which 
point corresponds to which within the 
elements of the statistical ensemble
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Asymptotically AdS: lim
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r → ∞

AdS

boundary
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𝒜 ∼ ⟨out | in⟩Asymptotically flat:

Asymptotically AdS: lim
r→∞

⟨ϕ(x1)…ϕ(xn)⟩

δgμν → 0

r → ∞

x1
Prescription: start from  and move 
orthogonally inside AdS. 

Follow the geodesic for 3.5 Km

x1

Venturing inside the bulk

AdS

boundary

I will use timelike geodesics



Invitation: free falling into a  GW superposition 

Minkowski space is traversed by a gravitational wave at  x0 = x3
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Invitation: free falling into a  GW superposition 

Minkowski space is traversed by a gravitational wave at  x0 = x3

Classical solution    coherent state   ≃ |ψ1⟩

Wave with different polarization |ψ2⟩

Quantum superposition   
|ψ⟩ = c1 |ψ1⟩ + c2 |ψ2⟩ + …

x0

x3



Brinckmann coordinates: positions undetermined

Minkowski

x0

x1

Observer initially at rest



Use Observers to define position!! (Rosen coord.) 
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~x

Minkowski

xμ = (x0, ⃗x )

Label the observer with its 

initial Minkowski coordinate 

Use its proper time 
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x0

Gedanken experiments!
—  sends a photon at time  

— What’s the probability that  detects it at time ?  

⃗x x0

⃗y y0
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Gedanken experiments!
Geometrical optics approx: photons follow geodesics
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d̄(x, y) = 0``Average light cone structure”
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x0

d̄(x, y) = 0``Average light cone structure”

(1)   is well approximated by 


(2)   vanishes across 

⟨y0⟩ d̄(x, y) = 0

⟨[A(x), B(y)]⟩ d̄(x, y) = 0

Assumptions/hope:



A proxy for causality:
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i

``physical coordinates”

<latexit sha1_base64="/7rucRqYRlWCIppSkiq92UrLzB8=">AAACFHicdVDLSgMxFM3UV62vqks3wSK4KjNSq+6KblxWsA9oh5LJZNrYTDIkmWIZ+g+uBP0Wd+LWvZ/izkw7Qlv0QOBwzr3ck+NFjCpt219WbmV1bX0jv1nY2t7Z3SvuHzSViCUmDSyYkG0PKcIoJw1NNSPtSBIUeoy0vOFN6rdGRCoq+L0eR8QNUZ/TgGKkjdTsjgiGj71iyS7bU8A5cm47V1UHOplSAhnqveJ31xc4DgnXmCGlOo4daTdBUlPMyKTQjRWJEB6iPukYylFIlJtM007giVF8GAhpHtdwqs5vJChUahx6ZjJEeqCWvVT80/M8wfyF44mv0htLgXRw6SaUR7EmHM/yBDGDWsC0IehTSbBmY0MQltR8CeIBkghr02PBdPVbCPyfNM/KTrVcuauUatdZa3lwBI7BKXDABaiBW1AHDYDBA3gCL+DVerberHfrYzaas7KdQ7AA6/MH44afcA==</latexit>

~x

<latexit sha1_base64="UwWyqz5EOzRcDbGZ1CTeQgn/ZgE=">AAACFHicdVDNSgMxGMzWv1r/qh69BIvgqexKrXorevFYwdZCu5RsNtvGZpMlyRaWpe/gSdBn8SZevfso3sy2K7RFBwLDzPfxTcaLGFXatr+swsrq2vpGcbO0tb2zu1feP2grEUtMWlgwITseUoRRTlqaakY6kSQo9Bh58EY3mf8wJlJRwe91EhE3RANOA4qRNlK7NyYYJv1yxa7aU8A5cm47V3UHOrlSATma/fJ3zxc4DgnXmCGluo4daTdFUlPMyKTUixWJEB6hAekaylFIlJtO007giVF8GAhpHtdwqs5vpChUKgk9MxkiPVTLXib+6XmeYP7C8dRX2Y2lQDq4dFPKo1gTjmd5gphBLWDWEPSpJFizxBCEJTVfgniIJMLa9FgyXf0WAv8n7bOqU6/W7mqVxnXeWhEcgWNwChxwARrgFjRBC2DwCJ7AC3i1nq036936mI0WrHznECzA+vwB5TGfcQ==</latexit>

~y

<latexit sha1_base64="TbzHNwJzOmSZuEaIUcsiLpqg9qc=">AAACFnicdVDLSgMxFM3UV62vqks3wSK4GjKlre2u6MZlBfuAdiyZTKYNzTxIMmIZ+hOuBP0Wd+LWrZ/izkw7gi16IHA4517uyXEizqRC6NPIra1vbG7ltws7u3v7B8XDo44MY0Fom4Q8FD0HS8pZQNuKKU57kaDYdzjtOpOr1O/eUyFZGNyqaURtH48C5jGClZZ68OEuGaIZHBZLyKwiq1GzIDLRHJqUq6hRR9DKlBLI0BoWvwZuSGKfBopwLGXfQpGyEywUI5zOCoNY0giTCR7RvqYB9qm0k3neGTzTigu9UOgXKDhXf28k2Jdy6jt60sdqLFe9VPzTc5yQu0vHE1emN1YCKa9uJyyIYkUDssjjxRyqEKYdQZcJShSfaoKJYPpLkIyxwETpJgu6q59C4P+kUzatmlm5qZSal1lreXACTsE5sMAFaIJr0AJtQAAHj+AZvBhPxqvxZrwvRnNGtnMMlmB8fAMLEKAH</latexit>

x0

d̄(x, y) = 0``Average light cone structure”

(1)   is well approximated by 


(2)   vanishes across 

⟨y0⟩ d̄(x, y) = 0

⟨[A(x), B(y)]⟩ d̄(x, y) = 0

Assumptions/hope:
More precisely, we should consider 

e.g.      

⟨ f(d2(x, y))⟩

⟨Gret(x, y)⟩



A proxy for causality:
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i

``physical coordinates”

<latexit sha1_base64="/7rucRqYRlWCIppSkiq92UrLzB8=">AAACFHicdVDLSgMxFM3UV62vqks3wSK4KjNSq+6KblxWsA9oh5LJZNrYTDIkmWIZ+g+uBP0Wd+LWvZ/izkw7Qlv0QOBwzr3ck+NFjCpt219WbmV1bX0jv1nY2t7Z3SvuHzSViCUmDSyYkG0PKcIoJw1NNSPtSBIUeoy0vOFN6rdGRCoq+L0eR8QNUZ/TgGKkjdTsjgiGj71iyS7bU8A5cm47V1UHOplSAhnqveJ31xc4DgnXmCGlOo4daTdBUlPMyKTQjRWJEB6iPukYylFIlJtM007giVF8GAhpHtdwqs5vJChUahx6ZjJEeqCWvVT80/M8wfyF44mv0htLgXRw6SaUR7EmHM/yBDGDWsC0IehTSbBmY0MQltR8CeIBkghr02PBdPVbCPyfNM/KTrVcuauUatdZa3lwBI7BKXDABaiBW1AHDYDBA3gCL+DVerberHfrYzaas7KdQ7AA6/MH44afcA==</latexit>

~x

<latexit sha1_base64="UwWyqz5EOzRcDbGZ1CTeQgn/ZgE=">AAACFHicdVDNSgMxGMzWv1r/qh69BIvgqexKrXorevFYwdZCu5RsNtvGZpMlyRaWpe/gSdBn8SZevfso3sy2K7RFBwLDzPfxTcaLGFXatr+swsrq2vpGcbO0tb2zu1feP2grEUtMWlgwITseUoRRTlqaakY6kSQo9Bh58EY3mf8wJlJRwe91EhE3RANOA4qRNlK7NyYYJv1yxa7aU8A5cm47V3UHOrlSATma/fJ3zxc4DgnXmCGluo4daTdFUlPMyKTUixWJEB6hAekaylFIlJtO007giVF8GAhpHtdwqs5vpChUKgk9MxkiPVTLXib+6XmeYP7C8dRX2Y2lQDq4dFPKo1gTjmd5gphBLWDWEPSpJFizxBCEJTVfgniIJMLa9FgyXf0WAv8n7bOqU6/W7mqVxnXeWhEcgWNwChxwARrgFjRBC2DwCJ7AC3i1nq036936mI0WrHznECzA+vwB5TGfcQ==</latexit>

~y

<latexit sha1_base64="TbzHNwJzOmSZuEaIUcsiLpqg9qc=">AAACFnicdVDLSgMxFM3UV62vqks3wSK4GjKlre2u6MZlBfuAdiyZTKYNzTxIMmIZ+hOuBP0Wd+LWrZ/izkw7gi16IHA4517uyXEizqRC6NPIra1vbG7ltws7u3v7B8XDo44MY0Fom4Q8FD0HS8pZQNuKKU57kaDYdzjtOpOr1O/eUyFZGNyqaURtH48C5jGClZZ68OEuGaIZHBZLyKwiq1GzIDLRHJqUq6hRR9DKlBLI0BoWvwZuSGKfBopwLGXfQpGyEywUI5zOCoNY0giTCR7RvqYB9qm0k3neGTzTigu9UOgXKDhXf28k2Jdy6jt60sdqLFe9VPzTc5yQu0vHE1emN1YCKa9uJyyIYkUDssjjxRyqEKYdQZcJShSfaoKJYPpLkIyxwETpJgu6q59C4P+kUzatmlm5qZSal1lreXACTsE5sMAFaIJr0AJtQAAHj+AZvBhPxqvxZrwvRnNGtnMMlmB8fAMLEKAH</latexit>

x0

d̄(x, y) = 0``Average light cone structure”

(1)   is well approximated by 


(2)   vanishes across 

⟨y0⟩ d̄(x, y) = 0

⟨[A(x), B(y)]⟩ d̄(x, y) = 0

Assumptions/hope:

Anomalous geometry/causal structure: 

 is non-additive d̄(x, y)



A theory for the observers: pressure-less fluid
Dubovsky, Gregoire, Nicolis, Rattazzi, 2006

<latexit sha1_base64="oYqbTQxKFo6h3oV0+mv6pRnYfn4="></latexit>

S =
1

16⇡G

Z
d4x

p
�gR � µ4

Z
d4x

p
�g

q
det(gµ⌫@µxI@⌫xJ) + Sm[�] + . . .

— The three scalar fields  label the observers. 

— const. is a geodesic on each classical solution

— : unitary gauge.  

— If no vorticity initially  proper time of the observers

x1, x2, x3

xI =
XI = xI Ψ[hij(Xi), xi(Xk), …] → ΨU[hij(xI), …]

→ Ni = 0, x0

<latexit sha1_base64="zMwkHWpmDuNXaZZdUpG5sKquUl0="></latexit>

gµ⌫dx
µdx⌫ = �dt2 + �ijdx

idxj



Additivity and lack thereof
Basic idea: geodesic distances are integrals of a line element




Additivity and lack thereof
Basic idea: geodesic distances are integrals of a line element

Third point problem (Euclidean signature): 

given  and : Find a third point y s.t.
d(x, z) 0 < R < d(x, z)

d(x, y) = R, d(y, z) = d(x, z) − R



Additivity and lack thereof
Basic idea: geodesic distances are integrals of a line element

Third point problem (Euclidean signature): 

given  and : Find a third point y s.t.
d(x, z) 0 < R < d(x, z)

d(x, y) = R, d(y, z) = d(x, z) − R

<latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z

Additive:

only one solution


<latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z <latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z

<latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x <latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x <latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x

Subadditive:

no solution


Superadditive:

infinite solutions




Additivity and lack thereof
Basic idea: geodesic distances are integrals

Third point problem (Euclidean signature): 

given  and : Find a third point y s.t.
d(x, z) 0 < R < d(x, z)

d(x, y) = R, d(y, z) = d(x, z) − R

<latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z

Additive:

only one solution


<latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z <latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z

<latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x <latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x <latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x

Subadditive:

no solution


Superadditive:

infinite solutions


Similar to chordal distances



Let me give you a distance d(x, y)

d(x, y) → gμν(x) Always possible 

<latexit sha1_base64="PlK1qA3O92fcAFIp1gqlIbvqEaI="></latexit>

gµ⌫(x) ⌘ �1

2
lim
y!x

@

@xµ

@

@y⌫
d2(x, y)

gμν(x) → d(x, y)               Only if  is additived(x, y)

Chordal distance analogy 

 intrinsic geometry. But need more to calculate gμν ≈ d(x, y)



The Third-Point-Problem: differential version
<latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z

<latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x

y
R → 0

Additivity = the gradient of  in  has unit normd(x, z) z



A measure of non-additivity

<latexit sha1_base64="CHdJu+Cmi9Du19RjUrEu11Uhgcg="></latexit>

C(x, y) ⌘ 1

4

@ d2(x, y)

@yµ
@ d2(x, y)

@y⌫
gµ⌫(y)� d2(x, y)

Additive:

C = 0

Subadditive:

C < 0

Superadditive:

C > 0









Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
�

1

12

�
g↵��

↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
�

1

12

�
g↵��

↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion

We want to evaluate 
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
�

1

12

�
g↵��

↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

We want to evaluate 
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i

The unitary gauge coordinates  drop from averagesx

⟨ ⟨ ⟨ ⟨ ⟨⟩ ⟩ ⟩ ⟩ ⟩

Geodesic distance can be expressed in a coordinate expansion



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
�

1

12

�
g↵��

↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

We want to evaluate 
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i

The unitary gauge coordinates  drop from averagesx

⟨ ⟨ ⟨ ⟨ ⟨⟩ ⟩ ⟩ ⟩ ⟩

Geodesic distance can be expressed in a coordinate expansion

Terms higher than linear cannot be reproduced by an average metric 
<latexit sha1_base64="PIJ/5qYdSMm5lERdbqAWllJ4jbM="></latexit>

C(0, x) =
1

4

�
ḡ↵�h�↵µ⌫ih��⇢�i � hg↵��

↵
µ⌫�

�
⇢�i

�
xµx⌫x⇢x� +O(x5)



Result in Euclidean signature:

Average distances always subadditive

Similar to chordal distances



<latexit sha1_base64="w+GkmhZ8DXGHmJ1vGTy8E6yBYOw="></latexit>

C =
1

4


1

4
(h�̇ij �̇lki � h�̇ijih�̇lki)xixjxkxl

� (h�pq�̇pi�̇qji � �̄pqh�̇piih�̇qji) t2xixj

� 2
�
h�p

ij �̇pki � �̄pqh�pijih�̇qki
�
t xixjxk

� (h�pq�pij�qkli � �̄pqh�pijih�qkli)xixjxkxl
⇤
,

Lorentz signature (unitary gauge)

— No non-additivity along time ( ).
⃗x = 0

<latexit sha1_base64="zMwkHWpmDuNXaZZdUpG5sKquUl0="></latexit>

gµ⌫dx
µdx⌫ = �dt2 + �ijdx

idxj



<latexit sha1_base64="w+GkmhZ8DXGHmJ1vGTy8E6yBYOw="></latexit>

C =
1

4


1

4
(h�̇ij �̇lki � h�̇ijih�̇lki)xixjxkxl

� (h�pq�̇pi�̇qji � �̄pqh�̇piih�̇qji) t2xixj

� 2
�
h�p

ij �̇pki � �̄pqh�pijih�̇qki
�
t xixjxk

� (h�pq�pij�qkli � �̄pqh�pijih�qkli)xixjxkxl
⇤
,

— No non-additivity along time ( ).
⃗x = 0
— Negative definite pieces


<latexit sha1_base64="zMwkHWpmDuNXaZZdUpG5sKquUl0="></latexit>

gµ⌫dx
µdx⌫ = �dt2 + �ijdx

idxj

Lorentz signature (unitary gauge)



<latexit sha1_base64="w+GkmhZ8DXGHmJ1vGTy8E6yBYOw="></latexit>

C =
1

4


1

4
(h�̇ij �̇lki � h�̇ijih�̇lki)xixjxkxl

� (h�pq�̇pi�̇qji � �̄pqh�̇piih�̇qji) t2xixj

� 2
�
h�p

ij �̇pki � �̄pqh�pijih�̇qki
�
t xixjxk

� (h�pq�pij�qkli � �̄pqh�pijih�qkli)xixjxkxl
⇤
,

— No non-additivity along time ( ).
⃗x = 0
— Negative definite pieces


— Positive definite


<latexit sha1_base64="zMwkHWpmDuNXaZZdUpG5sKquUl0="></latexit>

gµ⌫dx
µdx⌫ = �dt2 + �ijdx

idxj

Lorentz signature (unitary gauge)



Examples:

— Superposition of plane waves:   
C < 0

— Fluctuations around homogeneous background:   
C < 0

Thermal state of gravitons:  


— FRW:     if    
C < 0 w > −
1
3

<latexit sha1_base64="Mix5QcR1kVZK2bnp9lTZQxIT1ew="></latexit>

C(0, x) ' T 4

M2
P

�x4

 effect important at   ℓ ∼
MP

T2



Causality

Given  one can define a metric tensor . ⟨d2(x, y)⟩ ⟨gμν⟩ = ḡμν

But there is more to  than  !⟨d2(x, y)⟩ ⟨gμν⟩

<latexit sha1_base64="YTga9KNDQVBrWmBpMm2MuzWjoGI="></latexit>

ḡµ⌫(x) ⌘ �1

2
lim
y!x

@

@xµ

@

@y⌫
hd2(x, y)i

: where we expect the photon to be detected 

in the immediate vicinity of the emission. 
⟨gμν⟩ΔxμΔxν = 0

Further away: see where   ⟨d2(x, y)⟩ = 0



Subadditive causality ( )C < 0

d̄(x, y) = 0

x

ḡµ⌫

ḡµ⌫

<latexit sha1_base64="CHdJu+Cmi9Du19RjUrEu11Uhgcg="></latexit>

C(x, y) ⌘ 1

4

@ d2(x, y)

@yµ
@ d2(x, y)

@y⌫
gµ⌫(y)� d2(x, y)



Subadditive causality ( )C < 0

d̄(x, y) = 0

x

ḡµ⌫

ḡµ⌫

Two causal structures at play. One rigid defined at each point. One 
dependent on the two extremes  and . 


Photons are ``prompt” wrt the rigid structure given by  
x y

ḡμν

<latexit sha1_base64="CHdJu+Cmi9Du19RjUrEu11Uhgcg="></latexit>

C(x, y) ⌘ 1

4

@ d2(x, y)

@yµ
@ d2(x, y)

@y⌫
gµ⌫(y)� d2(x, y)



Subadditive causality ( )C < 0

d̄(x, y) = 0

x

ḡµ⌫

ḡµ⌫

This is not the trajectory

of any light ray. 


It is just where the ensemble

of events where we expect


to receive it 

Two causal structures at play. One rigid defined at each point. One 
dependent on the two extremes  and . 


Photons are ``prompt” wrt the rigid structure given by  
x y

ḡμν

<latexit sha1_base64="CHdJu+Cmi9Du19RjUrEu11Uhgcg="></latexit>

C(x, y) ⌘ 1

4

@ d2(x, y)

@yµ
@ d2(x, y)

@y⌫
gµ⌫(y)� d2(x, y)



Superadditive causality ( )C > 0

<latexit sha1_base64="RHxAdVRzT0zVs+3wkAN2HBmS9Cg=">AAACMHicbZA9T8MwEIad8lXKV4CRxaJCYqoShICxgoWxSPRDaqLKcZzWquNEtgOEqCu/hgkJfgtMiJV/wIaTZqAtJ1l6/N6d7u71YkalsqwPo7K0vLK6Vl2vbWxube+Yu3sdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6XrjqzzfvSNC0ojfqjQmboiGnAYUI6WlgQkfHF2PYQod6NwTf0g06E8hPmoemHWrYRUBF8EuoQ7KaA3MH8ePcBISrjBDUvZtK1ZuhoSimJFJzUkkiREeoyHpa+QoJNLNiksm8EgrPgwioR9XsFD/dmQolDINPV0ZIjWS87lc/DfneRHzZ4ZnvsxnzC2kggs3ozxOFOF4uk+QMKgimLsHfap9USzVgLCg+iSIR0ggrLTHNe2VPe/MInROGvZZ4/TmtN68LF2rggNwCI6BDc5BE1yDFmgDDJ7AM3gFb8aL8W58Gl/T0opR9uyDmTC+fwGcBKjp</latexit>

x � y ^ y � z <latexit sha1_base64="91VDWhj+0E8AtofjonUDUUTWnO4=">AAACGnicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4AmlMlk0g6dTMLMRKyhv+FK0G9xJ27d+CnunLRZ2NYDA4dz7uWeOX7CmdK2/W2VVlbX1jfKm5Wt7Z3dver+QVvFqSS0RWIey66PFeVM0JZmmtNuIimOfE47/ugm9zsPVCoWi3s9TqgX4YFgISNYG8l9dM00QU/IRahfrdl1ewq0TJyC1KBAs1/9cYOYpBEVmnCsVM+xE+1lWGpGOJ1U3FTRBJMRHtCeoQJHVHnZNPMEnRglQGEszRMaTdW/GxmOlBpHvpmMsB6qRS8X//V8P+bB3PEsUPmNhUA6vPIyJpJUU0FmecKUIx2jvCcUMFOM5mNDMJHMfAmRIZaYaNNmxXTlLDazTNpndeeifn53XmtcF62V4QiO4RQcuIQG3EITWkAggWd4hTfrxXq3PqzP2WjJKnYOYQ7W1y9siKE4</latexit>

x � z

<latexit sha1_base64="6ARlOL9oGG0skmiFk2t2W2OZrMo="></latexit>

h[A(x),A(y)]i 6= 0, h[A(y),A(z)]i 6= 0, h[A(x),A(z)]i ⇡ 0

Conjecture: Subadditivity the outcome of evolution

from relatively ``standard” initial conditions



Aside: Special Relativity 2.0
<latexit sha1_base64="/7rucRqYRlWCIppSkiq92UrLzB8=">AAACFHicdVDLSgMxFM3UV62vqks3wSK4KjNSq+6KblxWsA9oh5LJZNrYTDIkmWIZ+g+uBP0Wd+LWvZ/izkw7Qlv0QOBwzr3ck+NFjCpt219WbmV1bX0jv1nY2t7Z3SvuHzSViCUmDSyYkG0PKcIoJw1NNSPtSBIUeoy0vOFN6rdGRCoq+L0eR8QNUZ/TgGKkjdTsjgiGj71iyS7bU8A5cm47V1UHOplSAhnqveJ31xc4DgnXmCGlOo4daTdBUlPMyKTQjRWJEB6iPukYylFIlJtM007giVF8GAhpHtdwqs5vJChUahx6ZjJEeqCWvVT80/M8wfyF44mv0htLgXRw6SaUR7EmHM/yBDGDWsC0IehTSbBmY0MQltR8CeIBkghr02PBdPVbCPyfNM/KTrVcuauUatdZa3lwBI7BKXDABaiBW1AHDYDBA3gCL+DVerberHfrYzaas7KdQ7AA6/MH44afcA==</latexit>

~x

Minkowski

<latexit sha1_base64="hbjQFuIGHnafYKBzvLXWfjFTvv0=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy5bsA9oh5LJZNrQTDIkGaEM/QJXgn6LO3HrJ/gp7sy0XdjWA4HDOfdyT06QcKaN6347hY3Nre2d4m5pb//g8Kh8fNLWMlWEtojkUnUDrClngrYMM5x2E0VxHHDaCcb3ud95okozKR7NJKF+jIeCRYxgY6WmGZQrbtWdAa0Tb0EqsEBjUP7ph5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LBY6p9rNZ0Cm6sEqIIqnsEwbN1L8bGY61nsSBnYyxGelVLxf/9YJA8nDpeBbq/MZKIBPd+hkTSWqoIPM8UcqRkSgvB4VMUWL4xBJMFLNfQmSEFSbGVliyXXmrzayT9lXVu67WmrVK/W7RWhHO4BwuwYMbqMMDNKAFBCg8wyu8OS/Ou/PhfM5HC85i5xSW4Hz9AhoDnWo=</latexit>

t

<latexit sha1_base64="uVP2siba8y3374ymv2ZUYkbXSwg=">AAACFXicdVDLSgMxFM34rPVVdekmWERXQ6a0td0V3bisYB/QDiWTybShmQdJpliGfoQrQb/Fnbh17ae4M9OOYIseCBzOuZd7cpyIM6kQ+jTW1jc2t7ZzO/ndvf2Dw8LRcVuGsSC0RUIeiq6DJeUsoC3FFKfdSFDsO5x2nPFN6ncmVEgWBvdqGlHbx8OAeYxgpaVOf0IJfLgYFIrIrCCrXrUgMtEcmpQqqF5D0MqUIsjQHBS++m5IYp8GinAsZc9CkbITLBQjnM7y/VjSCJMxHtKepgH2qbSTedwZPNeKC71Q6BcoOFd/byTYl3LqO3rSx2okV71U/NNznJC7S8cTV6Y3VgIpr2YnLIhiRQOyyOPFHKoQphVBlwlKFJ9qgolg+kuQjLDAROki87qrn0Lg/6RdMq2qWb4rFxvXWWs5cArOwCWwwBVogFvQBC1AwBg8gmfwYjwZr8ab8b4YXTOynROwBOPjG3L9n7k=</latexit>

~x0



Aside: Special Relativity 2.0
<latexit sha1_base64="/7rucRqYRlWCIppSkiq92UrLzB8=">AAACFHicdVDLSgMxFM3UV62vqks3wSK4KjNSq+6KblxWsA9oh5LJZNrYTDIkmWIZ+g+uBP0Wd+LWvZ/izkw7Qlv0QOBwzr3ck+NFjCpt219WbmV1bX0jv1nY2t7Z3SvuHzSViCUmDSyYkG0PKcIoJw1NNSPtSBIUeoy0vOFN6rdGRCoq+L0eR8QNUZ/TgGKkjdTsjgiGj71iyS7bU8A5cm47V1UHOplSAhnqveJ31xc4DgnXmCGlOo4daTdBUlPMyKTQjRWJEB6iPukYylFIlJtM007giVF8GAhpHtdwqs5vJChUahx6ZjJEeqCWvVT80/M8wfyF44mv0htLgXRw6SaUR7EmHM/yBDGDWsC0IehTSbBmY0MQltR8CeIBkghr02PBdPVbCPyfNM/KTrVcuauUatdZa3lwBI7BKXDABaiBW1AHDYDBA3gCL+DVerberHfrYzaas7KdQ7AA6/MH44afcA==</latexit>

~x

Minkowski

<latexit sha1_base64="hbjQFuIGHnafYKBzvLXWfjFTvv0=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy5bsA9oh5LJZNrQTDIkGaEM/QJXgn6LO3HrJ/gp7sy0XdjWA4HDOfdyT06QcKaN6347hY3Nre2d4m5pb//g8Kh8fNLWMlWEtojkUnUDrClngrYMM5x2E0VxHHDaCcb3ud95okozKR7NJKF+jIeCRYxgY6WmGZQrbtWdAa0Tb0EqsEBjUP7ph5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LBY6p9rNZ0Cm6sEqIIqnsEwbN1L8bGY61nsSBnYyxGelVLxf/9YJA8nDpeBbq/MZKIBPd+hkTSWqoIPM8UcqRkSgvB4VMUWL4xBJMFLNfQmSEFSbGVliyXXmrzayT9lXVu67WmrVK/W7RWhHO4BwuwYMbqMMDNKAFBCg8wyu8OS/Ou/PhfM5HC85i5xSW4Hz9AhoDnWo=</latexit>

t

<latexit sha1_base64="uVP2siba8y3374ymv2ZUYkbXSwg=">AAACFXicdVDLSgMxFM34rPVVdekmWERXQ6a0td0V3bisYB/QDiWTybShmQdJpliGfoQrQb/Fnbh17ae4M9OOYIseCBzOuZd7cpyIM6kQ+jTW1jc2t7ZzO/ndvf2Dw8LRcVuGsSC0RUIeiq6DJeUsoC3FFKfdSFDsO5x2nPFN6ncmVEgWBvdqGlHbx8OAeYxgpaVOf0IJfLgYFIrIrCCrXrUgMtEcmpQqqF5D0MqUIsjQHBS++m5IYp8GinAsZc9CkbITLBQjnM7y/VjSCJMxHtKepgH2qbSTedwZPNeKC71Q6BcoOFd/byTYl3LqO3rSx2okV71U/NNznJC7S8cTV6Y3VgIpr2YnLIhiRQOyyOPFHKoQphVBlwlKFJ9qgolg+kuQjLDAROki87qrn0Lg/6RdMq2qWb4rFxvXWWs5cArOwCWwwBVogFvQBC1AwBg8gmfwYjwZr8ab8b4YXTOynROwBOPjG3L9n7k=</latexit>

~x0



Aside: Special Relativity 2.0
<latexit sha1_base64="/7rucRqYRlWCIppSkiq92UrLzB8=">AAACFHicdVDLSgMxFM3UV62vqks3wSK4KjNSq+6KblxWsA9oh5LJZNrYTDIkmWIZ+g+uBP0Wd+LWvZ/izkw7Qlv0QOBwzr3ck+NFjCpt219WbmV1bX0jv1nY2t7Z3SvuHzSViCUmDSyYkG0PKcIoJw1NNSPtSBIUeoy0vOFN6rdGRCoq+L0eR8QNUZ/TgGKkjdTsjgiGj71iyS7bU8A5cm47V1UHOplSAhnqveJ31xc4DgnXmCGlOo4daTdBUlPMyKTQjRWJEB6iPukYylFIlJtM007giVF8GAhpHtdwqs5vJChUahx6ZjJEeqCWvVT80/M8wfyF44mv0htLgXRw6SaUR7EmHM/yBDGDWsC0IehTSbBmY0MQltR8CeIBkghr02PBdPVbCPyfNM/KTrVcuauUatdZa3lwBI7BKXDABaiBW1AHDYDBA3gCL+DVerberHfrYzaas7KdQ7AA6/MH44afcA==</latexit>

~x

Minkowski

<latexit sha1_base64="hbjQFuIGHnafYKBzvLXWfjFTvv0=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy5bsA9oh5LJZNrQTDIkGaEM/QJXgn6LO3HrJ/gp7sy0XdjWA4HDOfdyT06QcKaN6347hY3Nre2d4m5pb//g8Kh8fNLWMlWEtojkUnUDrClngrYMM5x2E0VxHHDaCcb3ud95okozKR7NJKF+jIeCRYxgY6WmGZQrbtWdAa0Tb0EqsEBjUP7ph5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LBY6p9rNZ0Cm6sEqIIqnsEwbN1L8bGY61nsSBnYyxGelVLxf/9YJA8nDpeBbq/MZKIBPd+hkTSWqoIPM8UcqRkSgvB4VMUWL4xBJMFLNfQmSEFSbGVliyXXmrzayT9lXVu67WmrVK/W7RWhHO4BwuwYMbqMMDNKAFBCg8wyu8OS/Ou/PhfM5HC85i5xSW4Hz9AhoDnWo=</latexit>

t

<latexit sha1_base64="uVP2siba8y3374ymv2ZUYkbXSwg=">AAACFXicdVDLSgMxFM34rPVVdekmWERXQ6a0td0V3bisYB/QDiWTybShmQdJpliGfoQrQb/Fnbh17ae4M9OOYIseCBzOuZd7cpyIM6kQ+jTW1jc2t7ZzO/ndvf2Dw8LRcVuGsSC0RUIeiq6DJeUsoC3FFKfdSFDsO5x2nPFN6ncmVEgWBvdqGlHbx8OAeYxgpaVOf0IJfLgYFIrIrCCrXrUgMtEcmpQqqF5D0MqUIsjQHBS++m5IYp8GinAsZc9CkbITLBQjnM7y/VjSCJMxHtKepgH2qbSTedwZPNeKC71Q6BcoOFd/byTYl3LqO3rSx2okV71U/NNznJC7S8cTV6Y3VgIpr2YnLIhiRQOyyOPFHKoQphVBlwlKFJ9qgolg+kuQjLDAROki87qrn0Lg/6RdMq2qWb4rFxvXWWs5cArOwCWwwBVogFvQBC1AwBg8gmfwYjwZr8ab8b4YXTOynROwBOPjG3L9n7k=</latexit>

~x0



Aside: Special Relativity 2.0
<latexit sha1_base64="/7rucRqYRlWCIppSkiq92UrLzB8=">AAACFHicdVDLSgMxFM3UV62vqks3wSK4KjNSq+6KblxWsA9oh5LJZNrYTDIkmWIZ+g+uBP0Wd+LWvZ/izkw7Qlv0QOBwzr3ck+NFjCpt219WbmV1bX0jv1nY2t7Z3SvuHzSViCUmDSyYkG0PKcIoJw1NNSPtSBIUeoy0vOFN6rdGRCoq+L0eR8QNUZ/TgGKkjdTsjgiGj71iyS7bU8A5cm47V1UHOplSAhnqveJ31xc4DgnXmCGlOo4daTdBUlPMyKTQjRWJEB6iPukYylFIlJtM007giVF8GAhpHtdwqs5vJChUahx6ZjJEeqCWvVT80/M8wfyF44mv0htLgXRw6SaUR7EmHM/yBDGDWsC0IehTSbBmY0MQltR8CeIBkghr02PBdPVbCPyfNM/KTrVcuauUatdZa3lwBI7BKXDABaiBW1AHDYDBA3gCL+DVerberHfrYzaas7KdQ7AA6/MH44afcA==</latexit>

~x

Minkowski

<latexit sha1_base64="hbjQFuIGHnafYKBzvLXWfjFTvv0=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy5bsA9oh5LJZNrQTDIkGaEM/QJXgn6LO3HrJ/gp7sy0XdjWA4HDOfdyT06QcKaN6347hY3Nre2d4m5pb//g8Kh8fNLWMlWEtojkUnUDrClngrYMM5x2E0VxHHDaCcb3ud95okozKR7NJKF+jIeCRYxgY6WmGZQrbtWdAa0Tb0EqsEBjUP7ph5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LBY6p9rNZ0Cm6sEqIIqnsEwbN1L8bGY61nsSBnYyxGelVLxf/9YJA8nDpeBbq/MZKIBPd+hkTSWqoIPM8UcqRkSgvB4VMUWL4xBJMFLNfQmSEFSbGVliyXXmrzayT9lXVu67WmrVK/W7RWhHO4BwuwYMbqMMDNKAFBCg8wyu8OS/Ou/PhfM5HC85i5xSW4Hz9AhoDnWo=</latexit>

t

<latexit sha1_base64="uVP2siba8y3374ymv2ZUYkbXSwg=">AAACFXicdVDLSgMxFM34rPVVdekmWERXQ6a0td0V3bisYB/QDiWTybShmQdJpliGfoQrQb/Fnbh17ae4M9OOYIseCBzOuZd7cpyIM6kQ+jTW1jc2t7ZzO/ndvf2Dw8LRcVuGsSC0RUIeiq6DJeUsoC3FFKfdSFDsO5x2nPFN6ncmVEgWBvdqGlHbx8OAeYxgpaVOf0IJfLgYFIrIrCCrXrUgMtEcmpQqqF5D0MqUIsjQHBS++m5IYp8GinAsZc9CkbITLBQjnM7y/VjSCJMxHtKepgH2qbSTedwZPNeKC71Q6BcoOFd/byTYl3LqO3rSx2okV71U/NNznJC7S8cTV6Y3VgIpr2YnLIhiRQOyyOPFHKoQphVBlwlKFJ9qgolg+kuQjLDAROki87qrn0Lg/6RdMq2qWb4rFxvXWWs5cArOwCWwwBVogFvQBC1AwBg8gmfwYjwZr8ab8b4YXTOynROwBOPjG3L9n7k=</latexit>

~x0

<latexit sha1_base64="WrkDbcYYDSZrHjyBpVCAFm5bldA=">AAACGHicbVDLSgMxFM34rPVVdekmWKR1U2akqBuh6MZlBfvAdiiZTKYNzSRDkpGWoX/hStBvcSdu3fkp7sy0s7CtBwKHc+7lnhwvYlRp2/62VlbX1jc2c1v57Z3dvf3CwWFTiVhi0sCCCdn2kCKMctLQVDPSjiRBocdIyxvepn7riUhFBX/Q44i4IepzGlCMtJEeRyV4DUel8uisVyjaFXsKuEycjBRBhnqv8NP1BY5DwjVmSKmOY0faTZDUFDMyyXdjRSKEh6hPOoZyFBLlJtPEE3hqFB8GQprHNZyqfzcSFCo1Dj0zGSI9UIteKv7reZ5g/tzxxFfpjYVAOrhyE8qjWBOOZ3mCmEEtYNoS9KkkWLOxIQhLar4E8QBJhLXpMm+6chabWSbN84pzUaneV4u1m6y1HDgGJ6AMHHAJauAO1EEDYMDBM3gFb9aL9W59WJ+z0RUr2zkCc7C+fgHkFZ/U</latexit>

x0 = x0(x)

<latexit sha1_base64="o/Xztlnyr8MoAEq1BeC+XtBr4FI=">AAACF3icbVC7TsMwFHXKq5RXgZHFokKUpUpQBYwVLIxFog/URpXjOK1Vx45sB7UK/QomJPgWNsTKyKew4bQZaMuRLB2dc6/u8fEiRpW27W8rt7K6tr6R3yxsbe/s7hX3D5pKxBKTBhZMyLaHFGGUk4ammpF2JAkKPUZa3vAm9VuPRCoq+L0eR8QNUZ/TgGKkjfRQL49O4RMcnfWKJbtiTwGXiZOREshQ7xV/ur7AcUi4xgwp1XHsSLsJkppiRiaFbqxIhPAQ9UnHUI5CotxkGngCT4ziw0BI87iGU/XvRoJCpcahZyZDpAdq0UvFfz3PE8yfO574Kr2xEEgHV25CeRRrwvEsTxAzqAVMS4I+lQRrNjYEYUnNlyAeIImwNlUWTFfOYjPLpHlecS4q1btqqXadtZYHR+AYlIEDLkEN3II6aAAMQvAMXsGb9WK9Wx/W52w0Z2U7h2AO1tcvoqafug==</latexit>

P (x0|x)



Aside: Special Relativity 2.0
<latexit sha1_base64="/7rucRqYRlWCIppSkiq92UrLzB8=">AAACFHicdVDLSgMxFM3UV62vqks3wSK4KjNSq+6KblxWsA9oh5LJZNrYTDIkmWIZ+g+uBP0Wd+LWvZ/izkw7Qlv0QOBwzr3ck+NFjCpt219WbmV1bX0jv1nY2t7Z3SvuHzSViCUmDSyYkG0PKcIoJw1NNSPtSBIUeoy0vOFN6rdGRCoq+L0eR8QNUZ/TgGKkjdTsjgiGj71iyS7bU8A5cm47V1UHOplSAhnqveJ31xc4DgnXmCGlOo4daTdBUlPMyKTQjRWJEB6iPukYylFIlJtM007giVF8GAhpHtdwqs5vJChUahx6ZjJEeqCWvVT80/M8wfyF44mv0htLgXRw6SaUR7EmHM/yBDGDWsC0IehTSbBmY0MQltR8CeIBkghr02PBdPVbCPyfNM/KTrVcuauUatdZa3lwBI7BKXDABaiBW1AHDYDBA3gCL+DVerberHfrYzaas7KdQ7AA6/MH44afcA==</latexit>

~x

Minkowski

<latexit sha1_base64="hbjQFuIGHnafYKBzvLXWfjFTvv0=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy5bsA9oh5LJZNrQTDIkGaEM/QJXgn6LO3HrJ/gp7sy0XdjWA4HDOfdyT06QcKaN6347hY3Nre2d4m5pb//g8Kh8fNLWMlWEtojkUnUDrClngrYMM5x2E0VxHHDaCcb3ud95okozKR7NJKF+jIeCRYxgY6WmGZQrbtWdAa0Tb0EqsEBjUP7ph5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LBY6p9rNZ0Cm6sEqIIqnsEwbN1L8bGY61nsSBnYyxGelVLxf/9YJA8nDpeBbq/MZKIBPd+hkTSWqoIPM8UcqRkSgvB4VMUWL4xBJMFLNfQmSEFSbGVliyXXmrzayT9lXVu67WmrVK/W7RWhHO4BwuwYMbqMMDNKAFBCg8wyu8OS/Ou/PhfM5HC85i5xSW4Hz9AhoDnWo=</latexit>

t

<latexit sha1_base64="uVP2siba8y3374ymv2ZUYkbXSwg=">AAACFXicdVDLSgMxFM34rPVVdekmWERXQ6a0td0V3bisYB/QDiWTybShmQdJpliGfoQrQb/Fnbh17ae4M9OOYIseCBzOuZd7cpyIM6kQ+jTW1jc2t7ZzO/ndvf2Dw8LRcVuGsSC0RUIeiq6DJeUsoC3FFKfdSFDsO5x2nPFN6ncmVEgWBvdqGlHbx8OAeYxgpaVOf0IJfLgYFIrIrCCrXrUgMtEcmpQqqF5D0MqUIsjQHBS++m5IYp8GinAsZc9CkbITLBQjnM7y/VjSCJMxHtKepgH2qbSTedwZPNeKC71Q6BcoOFd/byTYl3LqO3rSx2okV71U/NNznJC7S8cTV6Y3VgIpr2YnLIhiRQOyyOPFHKoQphVBlwlKFJ9qgolg+kuQjLDAROki87qrn0Lg/6RdMq2qWb4rFxvXWWs5cArOwCWwwBVogFvQBC1AwBg8gmfwYjwZr8ab8b4YXTOynROwBOPjG3L9n7k=</latexit>

~x0

<latexit sha1_base64="WrkDbcYYDSZrHjyBpVCAFm5bldA=">AAACGHicbVDLSgMxFM34rPVVdekmWKR1U2akqBuh6MZlBfvAdiiZTKYNzSRDkpGWoX/hStBvcSdu3fkp7sy0s7CtBwKHc+7lnhwvYlRp2/62VlbX1jc2c1v57Z3dvf3CwWFTiVhi0sCCCdn2kCKMctLQVDPSjiRBocdIyxvepn7riUhFBX/Q44i4IepzGlCMtJEeRyV4DUel8uisVyjaFXsKuEycjBRBhnqv8NP1BY5DwjVmSKmOY0faTZDUFDMyyXdjRSKEh6hPOoZyFBLlJtPEE3hqFB8GQprHNZyqfzcSFCo1Dj0zGSI9UIteKv7reZ5g/tzxxFfpjYVAOrhyE8qjWBOOZ3mCmEEtYNoS9KkkWLOxIQhLar4E8QBJhLXpMm+6chabWSbN84pzUaneV4u1m6y1HDgGJ6AMHHAJauAO1EEDYMDBM3gFb9aL9W59WJ+z0RUr2zkCc7C+fgHkFZ/U</latexit>

x0 = x0(x)

<latexit sha1_base64="o/Xztlnyr8MoAEq1BeC+XtBr4FI=">AAACF3icbVC7TsMwFHXKq5RXgZHFokKUpUpQBYwVLIxFog/URpXjOK1Vx45sB7UK/QomJPgWNsTKyKew4bQZaMuRLB2dc6/u8fEiRpW27W8rt7K6tr6R3yxsbe/s7hX3D5pKxBKTBhZMyLaHFGGUk4ammpF2JAkKPUZa3vAm9VuPRCoq+L0eR8QNUZ/TgGKkjfRQL49O4RMcnfWKJbtiTwGXiZOREshQ7xV/ur7AcUi4xgwp1XHsSLsJkppiRiaFbqxIhPAQ9UnHUI5CotxkGngCT4ziw0BI87iGU/XvRoJCpcahZyZDpAdq0UvFfz3PE8yfO574Kr2xEEgHV25CeRRrwvEsTxAzqAVMS4I+lQRrNjYEYUnNlyAeIImwNlUWTFfOYjPLpHlecS4q1btqqXadtZYHR+AYlIEDLkEN3II6aAAMQvAMXsGb9WK9Wx/W52w0Z2U7h2AO1tcvoqafug==</latexit>

P (x0|x)

How does  

transform?

d̄(x, y)



Conclusions:

• The metric is not enough!  

• Effect generically small in perturbative situations 

• A lot of potential applications 

• New mathematical structures…?





One might expect occasional violations of causality 
(because of the fluctuations of geometry) on top of an 

otherwise-classical causal structure.    

We find instead that the very average  is anomalous 
and *is not* the geodesic distance of any metric. 

d̄(x, y)

The reason is that  is non additive d̄(x, y)



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
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1
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�
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↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
�

1

12

�
g↵��

↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion

We want to evaluate 
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
�

1

12

�
g↵��

↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion

We want to evaluate 
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i

The coordinates  are ``physical” i.e. independently definedx
<latexit sha1_base64="5/wvWOSgroZLJIiQwDgwHxKWr9Y="></latexit>

hd2(0, x)i = hgµ⌫(0)ixµx⌫ + . . .



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
gµ⌫,⇢ x

µx⌫x⇢
�

1

12

�
g↵��

↵
µ⌫�

�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion

We want to evaluate 
<latexit sha1_base64="6LihArhppR8VWfB53UmB1eD8GVo="></latexit>

d̄(x, y) ⌘
p

hd2(x, y)i

The coordinates  are ``physical” i.e. independently definedx
<latexit sha1_base64="5/wvWOSgroZLJIiQwDgwHxKWr9Y="></latexit>

hd2(0, x)i = hgµ⌫(0)ixµx⌫ + . . .

<latexit sha1_base64="u96Z6A4iS1DTbIshgC0D9XELnb0=">AAAConicdVFdb9MwFHXCgFG+CjwiIYuC6KStSqpp2+MEL4inTdBt0txGN47TWvNHsJ2tUZQ/wb/jn8AbTlahrYMrWTo659rn+ty0ENy6KPoZhPc27j94uPmo9/jJ02fP+y9enlhdGsomVAttzlKwTHDFJo47wc4K w0Cmgp2mF59a/fSSGcu1+uaqgk0lzBXPOQXnqaT/g6Rg8DypiSwxUWWDh8stTDBh30t+6cEOyQ3QeIzJNiaCy6SuiOHzhQNj9BVeNp3Q9tSkAOM4iOYvwsuZf7f5v17NOs9uiGw2Hi63q62kP4hGUVf4LohXYIBWdZT0f5NM01Iy5agAa8/jqHDTurWggjU9UlpWAL2AOTv3UIFkdlp32TX4vWcynGvjj3K4Y2/eqEFaW8nUd0pwC7uuteQ/tTTVIrtlXme29VgbyOUH05qronRM0et58lJgp3G7L5xxw6gTlQdADfdfwnQBPk7nt9rzWcXrydwFJ+NRvDfaPd4dHH5cpbaJXqO3aIhitI8O0Wd0hCaIol/Bm+BDMAzfhV/C4/DrdWsYrO68QrcqJH8AkRzQAA==</latexit>

ḡµ⌫(x) ⌘ �1

2
lim
y!x

@

@xµ

@

@y⌫
d̄2(x, y)

The metric tensor defined 

locally with  is 

nothing else than  !

d̄(x, y)
⟨g⟩



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>
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2
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1
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⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion

Terms higher than linear cannot be reproduced by an average metric 
<latexit sha1_base64="PIJ/5qYdSMm5lERdbqAWllJ4jbM="></latexit>
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�
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↵
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�
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�
xµx⌫x⇢x� +O(x5)

Non-additivity builds up at large separation. Can we infer about the sign?



Distance within a normal neighborhood 

<latexit sha1_base64="bxZcSjsm22Qk3956a7FPvvZ4VMs="></latexit>

d2(0, x) = gµ⌫x
µx⌫ +

1

2
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µx⌫x⇢
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1

12

�
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↵
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�
⇢� � 2gµ⌫,⇢�

�
xµx⌫x⇢x� +O(x5)

Geodesic distance can be expressed in a coordinate expansion

Terms higher than linear cannot be reproduced by an average metric 
<latexit sha1_base64="PIJ/5qYdSMm5lERdbqAWllJ4jbM="></latexit>
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�
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�
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Non-additivity builds up at large separation. Can we infer about the sign?
<latexit sha1_base64="XBj9CuGlfWAb9MFjg8FQCEHQSkU="></latexit>
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<latexit sha1_base64="vz440X+PawIxI+y6DFxgoUkDJ5A="></latexit>
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The Third-Point-Problem: differential version
<latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z

<latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x

y
R → 0

<latexit sha1_base64="oQejs7wHBoLBLovF6uw0pNuvbws="></latexit>

d(y, z) = R

d(x, y) = d(y, z) +
@d(x, z)

@zi
niR



The Third-Point-Problem: differential version
<latexit sha1_base64="3KEWv7hUiGo/KWM/hgNtPYYKxpI=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFCHfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyQFnXA=</latexit>z

<latexit sha1_base64="duKjfGNXDuty1su+q2jfKZ2g+Mc=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUL9gHtUDKZO21oJhmSjFiGfoErQb/Fnbj1E/wUd6btLGzrgcDhnHu5JydIONPGdb+dwtr6xuZWcbu0s7u3f1A+PGppmSoKTSq5VJ2AaOBMQNMww6GTKCBxwKEdjO6mfvsRlGZSPJhxAn5MBoJFjBJjpcZTv1xxq+4MeJV4OamgHPV++acXSprGIAzlROuu5ybGz4gyjHKYlHqphoTQERlA11JBYtB+Ngs6wWdWCXEklX3C4Jn6dyMjsdbjOLCTMTFDvexNxX+9IJA8XDiehXp6YymQiW78jIkkNSDoPE+UcmwknpaDQ6aAGj62hFDF7JcwHRJFqLEVlmxX3nIzq6R1UfWuqpeNy0rtNm+tiE7QKTpHHrpGNXSP6qiJKAL0jF7Rm/PivDsfzud8tODkO8doAc7XLyCvnW4=</latexit>x

y
R → 0

<latexit sha1_base64="oQejs7wHBoLBLovF6uw0pNuvbws="></latexit>

d(y, z) = R

d(x, y) = d(y, z) +
@d(x, z)

@zi
niR

TPP:
<latexit sha1_base64="l4XhUAPjhHEzuY1nL5jKM96dp5U=">AAACK3icbVDLSsNAFJ3UV42vqMtuBovQYimJFHUjFN24rGAf0IYymUzboZMHMxMxhi78GleCfosrxa0f4c5Jm4VtPXDhcM693HuPEzIqpGl+aLmV1bX1jfymvrW9s7tn7B+0RBBxTJo4YAHvOEgQRn3SlFQy0gk5QZ7DSNsZX6d++55wQQP/TsYhsT009OmAYiSV1DcKult6qMRleALdUlx5LMNLmCqK6H2jaFbNKeAysTJSBBkafeOn5wY48ogvMUNCdC0zlHaCuKSYkYneiwQJER6jIekq6iOPCDuZPjGBx0px4SDgqnwJp+rfiQR5QsSeozo9JEdi0UvFfz3HCZg7tzxxRbpj4SA5uLAT6oeRJD6e3TOIGJQBTIODLuUESxYrgjCn6iWIR4gjLFW8aVbWYjLLpHVatc6qtdtasX6VpZYHBXAESsAC56AObkADNAEGT+AZvII37UV71z61r1lrTstmDsEctO9f7w+kwA==</latexit>

d(x, y) + d(y, z) = d(x, z)
<latexit sha1_base64="YVvvjBhNCN3EcvZYuxMtEMLAMrA="></latexit>

@d(x, z)

@zi
ni = �1

The size of the gradient of  in  determines how many 
solutions to the TPP: the character of 

d(x, z) z
d(x, z)


