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Motivation

Lorenzo Calibbi (Nankai)LFV phenomenology

Why note charged lepton flavour violation (CLFV):

µ ! e�, ⌧ ! µ�, µ ! eee, etc. ?
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Neutrino masses/oscillations () Le, Lµ, L⌧
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Lepton family numbers are not conserved

Lorenzo Calibbi





CLFV has been sought for almost 80 years…

 

A. Schöning, Heidelberg                                    4                                        ZPW2018, January 2017

History of LFV Decay experimentsHistory of LFV Decay experiments

Mu3e I

Mu3e II

A. Schöning 
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Why are we interested in CLFV?

• Neutrinos oscillate → Lepton family numbers are not conserved!

(while they would be exact global symmetries, if neutrinos were massless)


• Neutrino mass eigenstates couple to charged leptons of different      
flavours through the PMNS


• In the SM + massive neutrinos: 


    Large mixing, but huge suppression due to small neutrino masses 


 


Cheng Li ’77, ’80; Petcov ‘77 
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BR(µ ! e�) ⇡ BR(⌧ ! e�) ⇡ BR(⌧ ! µ�) = 10�55 ÷ 10�54
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  In presence of NP at the TeV we can expect large effects 
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e.g. SUSY

Borzumati Masiero ‘86; 
Hisano et al. ‘95

• Unambiguous signal of New Physics


• Stringent test of NP coupling to leptons


• It probes scales far beyond the LHC reach
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For a pedagogical introduction (exp + th) cf. LC and Signorelli ‘17

Why are we interested in CLFV?

https://inspirehep.net/files/ce85406a79c9b422b7c719ee342da72b


… and we have experiments!
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… and we have experiments!
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Belle II Snowmass, arXiv:2207.06307

LFV tau decays:



Dimension-6 effective operators that can induce CLFV

CLFV from heavy new physics: the SM effective field theory
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Table IV. – Complete list of the CLFV dimension-6 operators from [107]. The SM fields are
denoted as in eq. (3), and Bµν and W I

µν (I = 1, 2, 3) are the U(1)Y and SU(2)L field strengths.
Family indices are not shown, while a, b = 1, 2 are SU(2)L indices, and τI are the Pauli matrices.
Flavour indices of the fermions are not indicated.

4-leptons operators Dipole operators

Q"" (L̄LγµLL)(L̄LγµLL) QeW (L̄LσµνeR)τIΦW I
µν

Qee (ēRγµeR)(ēRγµeR) QeB (L̄LσµνeR)ΦBµν

Q"e (L̄LγµLL)(ēRγµeR)

2-lepton 2-quark operators

Q(1)
"q (L̄LγµLL)(Q̄LγµQL) Q"u (L̄LγµLL)(ūRγµuR)

Q(3)
"q (L̄LγµτILL)(Q̄LγµτIQL) Qeu (ēRγµeR)(ūRγµuR)

Qeq (ēRγµeR)(Q̄LγµQL) Q"edq (L̄a
LeR)(d̄RQa

L)

Q"d (L̄LγµLL)(d̄RγµdR) Q(1)
"equ (L̄a

LeR)εab(Q̄
b
LuR)

Qed (ēRγµeR)(d̄RγµdR) Q(3)
"equ (L̄a

i σµνeR)εab(Q̄
b
LσµνuR)

Lepton-Higgs operators

Q(1)
Φ" (Φ†i

↔
Dµ Φ)(L̄LγµLL) Q(3)

Φ" (Φ†i
↔
D I

µ Φ)(L̄LτIγµLL)

QΦe (Φ†i
↔
Dµ Φ)(ēRγµeR) QeΦ3 (L̄LeRΦ)(Φ†Φ)

mix and give rise to photon-dipole operators Qeγ(11). Those that are relevant to µ → eγ
read

L ⊃
Ceµ

eγ

Λ2

v√
2

ē σµνPR µFµν +
Cµe

eγ

Λ2

v√
2

µ̄σµνPR eFµν + h.c.,(37)

with Cij
eγ = cos θW Cij

eB − sin θW Cij
eW (sin θW % 0.23 being the weak mixing). Matching

the above Lagrangian to the decay amplitude written in eq. (22), we find

AR =
√

2 v

Λ2
Ceµ

eγ , AL =
√

2 v

Λ2
Cµe ∗

eγ .(38)

Thus, employing these amplitudes in the expression for the decay rate in eq. (24), we get

Γ(µ → eγ) =
m3

µv2

8πΛ4

(
|Ceµ

eγ |2 + |Cµe
eγ |2

)
.(39)

We can now make use of this last expression —and the analogous formulae for µ → eee,
µ → e in nuclei, and τ decays [36, 107, 111-114, 120]— to translate the experimental

(11) The flavour-conserving dipole operators contribute to leptonic anomalous magnetic moments
and electric dipole moments, hence these observables are typically related to CLFV processes.
For a review on the interplay between the muon g − 2 and CLFV, see [28].

Grzadkowski et al. ’10;  Crivellin Najjari Rosiek ‘13

If NP scale 𝚲≫mW :
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Probing very high-energy scales

Lorenzo Calibbi (Nankai)LFV phenomenology



Lorenzo Calibbi (Nankai)LFV phenomenology

88 LORENZO CALIBBI and GIOVANNI SIGNORELLI

Table IV. – Complete list of the CLFV dimension-6 operators from [107]. The SM fields are
denoted as in eq. (3), and Bµν and W I

µν (I = 1, 2, 3) are the U(1)Y and SU(2)L field strengths.
Family indices are not shown, while a, b = 1, 2 are SU(2)L indices, and τI are the Pauli matrices.
Flavour indices of the fermions are not indicated.
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Qee (ēRγµeR)(ēRγµeR) QeB (L̄LσµνeR)ΦBµν

Q"e (L̄LγµLL)(ēRγµeR)
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Dµ Φ)(L̄LγµLL) Q(3)
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D I

µ Φ)(L̄LτIγµLL)

QΦe (Φ†i
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mix and give rise to photon-dipole operators Qeγ(11). Those that are relevant to µ → eγ
read
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eγ
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v√
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eW (sin θW % 0.23 being the weak mixing). Matching

the above Lagrangian to the decay amplitude written in eq. (22), we find

AR =
√

2 v

Λ2
Ceµ

eγ , AL =
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2 v

Λ2
Cµe ∗

eγ .(38)

Thus, employing these amplitudes in the expression for the decay rate in eq. (24), we get

Γ(µ → eγ) =
m3

µv2

8πΛ4

(
|Ceµ

eγ |2 + |Cµe
eγ |2

)
.(39)

We can now make use of this last expression —and the analogous formulae for µ → eee,
µ → e in nuclei, and τ decays [36, 107, 111-114, 120]— to translate the experimental

(11) The flavour-conserving dipole operators contribute to leptonic anomalous magnetic moments
and electric dipole moments, hence these observables are typically related to CLFV processes.
For a review on the interplay between the muon g − 2 and CLFV, see [28].
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Fig. 4. – Schematic representation of the contribution to processes such as !i → !j!k!k and
µ → e conversion arising from a flavour-violating dipole operator and, conversely, to !i → !jγ
from 4-fermion operators.

Table V. – Bounds on the coefficients of some of the flavour-violating operators of table IV for
Λ = 1 TeV, and corresponding bounds on Λ (in TeV) for |Ca| = 1. Superscripts refer to the
flavour indices of the leptons appearing in the operators. Adapted from [107,112,114].

|Ca| [Λ = 1TeV] Λ (TeV) [|Ca| = 1] CLFV Process

Cµe
eγ 2.1 × 10−10 6.8 × 104 µ → eγ

Cµµµe,eµµµ
"e 1.8 × 10−4 75 µ → eγ [1-loop]

Cµττe,eττµ
"e 1.0 × 10−5 312 µ → eγ [1-loop]

Cµe
eγ 4.0 × 10−9 1.6 × 104 µ → eee

Cµeee
"",ee 2.3 × 10−5 207 µ → eee

Cµeee,eeµe
"e 3.3 × 10−5 174 µ → eee

Cµe
eγ 5.2 × 10−9 1.4 × 104 µ−Au → e−Au

Ceµ
"q,"d,ed 1.8 × 10−6 745 µ−Au → e−Au

Ceµ
eq 9.2 × 10−7 1.0 × 103 µ−Au → e−Au

Ceµ
"u,eu 2.0 × 10−6 707 µ−Au → e−Au

Cτµ
eγ 2.7 × 10−6 610 τ → µγ

Cτe
eγ 2.4 × 10−6 650 τ → eγ

Cµτµµ
"",ee 7.8 × 10−3 11.3 τ → µµµ

Cµτµµ,µµµτ
"e 1.1 × 10−2 9.5 τ → µµµ

Ceτee
"",ee 9.2 × 10−3 10.4 τ → eee

Ceτee,eeeτ
"e 1.3 × 10−2 8.8 τ → eee
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Table IV. – Complete list of the CLFV dimension-6 operators from [107]. The SM fields are
denoted as in eq. (3), and Bµν and W I

µν (I = 1, 2, 3) are the U(1)Y and SU(2)L field strengths.
Family indices are not shown, while a, b = 1, 2 are SU(2)L indices, and τI are the Pauli matrices.
Flavour indices of the fermions are not indicated.

4-leptons operators Dipole operators

Q"" (L̄LγµLL)(L̄LγµLL) QeW (L̄LσµνeR)τIΦW I
µν

Qee (ēRγµeR)(ēRγµeR) QeB (L̄LσµνeR)ΦBµν

Q"e (L̄LγµLL)(ēRγµeR)

2-lepton 2-quark operators

Q(1)
"q (L̄LγµLL)(Q̄LγµQL) Q"u (L̄LγµLL)(ūRγµuR)

Q(3)
"q (L̄LγµτILL)(Q̄LγµτIQL) Qeu (ēRγµeR)(ūRγµuR)

Qeq (ēRγµeR)(Q̄LγµQL) Q"edq (L̄a
LeR)(d̄RQa

L)

Q"d (L̄LγµLL)(d̄RγµdR) Q(1)
"equ (L̄a

LeR)εab(Q̄
b
LuR)

Qed (ēRγµeR)(d̄RγµdR) Q(3)
"equ (L̄a

i σµνeR)εab(Q̄
b
LσµνuR)

Lepton-Higgs operators

Q(1)
Φ" (Φ†i

↔
Dµ Φ)(L̄LγµLL) Q(3)

Φ" (Φ†i
↔
D I

µ Φ)(L̄LτIγµLL)

QΦe (Φ†i
↔
Dµ Φ)(ēRγµeR) QeΦ3 (L̄LeRΦ)(Φ†Φ)

mix and give rise to photon-dipole operators Qeγ(11). Those that are relevant to µ → eγ
read

L ⊃
Ceµ

eγ

Λ2

v√
2

ē σµνPR µFµν +
Cµe

eγ

Λ2

v√
2

µ̄σµνPR eFµν + h.c.,(37)

with Cij
eγ = cos θW Cij

eB − sin θW Cij
eW (sin θW % 0.23 being the weak mixing). Matching

the above Lagrangian to the decay amplitude written in eq. (22), we find

AR =
√

2 v

Λ2
Ceµ

eγ , AL =
√

2 v

Λ2
Cµe ∗

eγ .(38)

Thus, employing these amplitudes in the expression for the decay rate in eq. (24), we get

Γ(µ → eγ) =
m3

µv2

8πΛ4

(
|Ceµ

eγ |2 + |Cµe
eγ |2

)
.(39)

We can now make use of this last expression —and the analogous formulae for µ → eee,
µ → e in nuclei, and τ decays [36, 107, 111-114, 120]— to translate the experimental

(11) The flavour-conserving dipole operators contribute to leptonic anomalous magnetic moments
and electric dipole moments, hence these observables are typically related to CLFV processes.
For a review on the interplay between the muon g − 2 and CLFV, see [28].
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Fig. 4. – Schematic representation of the contribution to processes such as !i → !j!k!k and
µ → e conversion arising from a flavour-violating dipole operator and, conversely, to !i → !jγ
from 4-fermion operators.

Table V. – Bounds on the coefficients of some of the flavour-violating operators of table IV for
Λ = 1 TeV, and corresponding bounds on Λ (in TeV) for |Ca| = 1. Superscripts refer to the
flavour indices of the leptons appearing in the operators. Adapted from [107,112,114].

|Ca| [Λ = 1TeV] Λ (TeV) [|Ca| = 1] CLFV Process

Cµe
eγ 2.1 × 10−10 6.8 × 104 µ → eγ

Cµµµe,eµµµ
"e 1.8 × 10−4 75 µ → eγ [1-loop]

Cµττe,eττµ
"e 1.0 × 10−5 312 µ → eγ [1-loop]

Cµe
eγ 4.0 × 10−9 1.6 × 104 µ → eee

Cµeee
"",ee 2.3 × 10−5 207 µ → eee

Cµeee,eeµe
"e 3.3 × 10−5 174 µ → eee

Cµe
eγ 5.2 × 10−9 1.4 × 104 µ−Au → e−Au

Ceµ
"q,"d,ed 1.8 × 10−6 745 µ−Au → e−Au

Ceµ
eq 9.2 × 10−7 1.0 × 103 µ−Au → e−Au

Ceµ
"u,eu 2.0 × 10−6 707 µ−Au → e−Au

Cτµ
eγ 2.7 × 10−6 610 τ → µγ

Cτe
eγ 2.4 × 10−6 650 τ → eγ

Cµτµµ
"",ee 7.8 × 10−3 11.3 τ → µµµ

Cµτµµ,µµµτ
"e 1.1 × 10−2 9.5 τ → µµµ

Ceτee
"",ee 9.2 × 10−3 10.4 τ → eee

Ceτee,eeeτ
"e 1.3 × 10−2 8.8 τ → eee
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• 10-15 (10-16) sensitivity on 𝜇→eee / 𝜇→e conversion needed to test dipole 
operators beyond MEG (MEG II)


• Future 𝜇→e𝛾 searches would require to reach (at least) a sensitivity < 10-14 
to go beyond Mu3e/Mu2e/COMET
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contamination. An important background arises
from decays in orbit (DIO) in which a muon orbit-
ing the nucleus undergoes a standard model decay.
This is irreducible other than with excellent mo-
mentum resolution on the electron. Other back-
ground processes include radiative decays of both
pions and muons as they capture on the nucleus.
The estimated background contributions in Mu2e-
II are shown in Table VII in section XI.

Mu2e-II will have an order of magnitude higher
data rate than Mu2e, as well as higher dosing of
the front-end electronics. Thus, there are also chal-
lenges for the trigger and data acquisition, and an
R&D program is planned to investigate possible
approaches [39–42].

As a natural evolution of Mu2e, Mu2e-II pro-
vides the nearest-term next step in a possible ma-
jor future muon program at FNAL. Considerable
infrastructure, expertise, and experience has been
and is being developed at Fermilab such that it is
logical to build further upon this investment, espe-
cially given the construction of the powerful PIP-II
accelerator.

The following sections elaborate on the potential
physics, challenges, technological options, and re-
quired R&D towards Mu2e-II. Table I summarizes
a few selected quantities.

II. THEORY

A. General motivation for CLFV searches

It was realized long ago that searches for CLFV
are among the cleanest and most sensitive tests for
physics beyond the Standard Model, cf. the reviews
in [15, 16, 43]. Current limits constrain the cuto↵
scale of CLFV operators up to 103 � 104 TeV, see
e.g. [16] and Fig. 1. This means that searches for
CLFV processes are potentially sensitive to virtual
e↵ects due to the presence of new particles whose
masses are several orders of magnitude larger than
the energies accessible at our present and future
colliders.

The observation of neutrino oscillations has pro-
vided evidence that lepton family numbers are not
conserved and the Standard Model needs to be ex-
tended to account for neutrino masses. In gen-
eral, one can expect non-standard contributions to
CLFV processes in the context of any extension of
the Standard Model that involves new fields cou-
pling to leptons, in particular those addressing the
origin of neutrino masses. Thus new sources of
CLFV beyond those stemming from neutrino os-
cillation are generically to be expected unless the
new physics sector is protected by the same global
flavor symmetries of the Standard Model [14].
However, in most new-physics scenarios, one can
not predict a “minimum-guaranteed” amount of

FIG. 1. Current and future 90% CL bounds from
µ ! e� [46, 47] (cyan lines), µ ! eee [48] (pur-
ple line) and µ ! e conversion (orange lines) on

the e↵ective CLFV operators
Ce�

⇤2 hHi eL �
µ⌫

µR Fµ⌫ +
C`q

⇤2 (eL �
µ
µL) (Q �µQ), where Q = (uL, dL)

T and
hHi ' 174GeV is the vacuum expectation value of
the Higgs field. The limits are displayed as functions
of the new-physics scale ⇤ and the Wilson coe�cient
of the dipole operator Ce� , while the coe�cient of the
4-fermion operator is set to C`q = 1.

CLFV, because, besides depending on the flavor
structure of the new-physics interactions, CLFV
rates are also suppressed by the unknown new-
physics scale. Only very specific models, where
both ingredients (mass scale and flavor structure of
the couplings) are set by additional phenomenolog-
ical requirements, can give definite predictions. An
example can be found in Ref. [44], where such re-
quirements include reproducing the measured neu-
trino mixing and providing a dark matter candi-
date with the observed properties. Ref. [45] gives
another example of a predictive model where the
new-physics scale is fixed by requiring an explana-
tion for the B-physics anomalies (see below) and
the flavor structure is set by addressing the ob-
served neutrino masses and mixing.

The physics case for CLFV searches has been re-
cently further reinforced by the first results of the
FNAL Muon g-2 experiment [49] and by the so-
called B-physics anomalies [50–52]. The Muon g-
2 experiment confirmed the long-standing discrep-
ancy between the measurement of the anomalous
magnetic moment of the muon, (g�2)µ, performed
at BNL and the theoretical prediction [53, 54].
The two measurements are statistically compatible
and their combination currently deviates from the
Standard Model prediction by 4.2�. This makes it
very unlikely that the discrepancy is due to a sta-
tistical fluctuation or some overlooked systematical
e↵ects in the old BNL experiment. Arguably, the
only explanations left are (i) an underestimation
of the Standard Model prediction [53], in particu-
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contamination. An important background arises
from decays in orbit (DIO) in which a muon orbit-
ing the nucleus undergoes a standard model decay.
This is irreducible other than with excellent mo-
mentum resolution on the electron. Other back-
ground processes include radiative decays of both
pions and muons as they capture on the nucleus.
The estimated background contributions in Mu2e-
II are shown in Table VII in section XI.

Mu2e-II will have an order of magnitude higher
data rate than Mu2e, as well as higher dosing of
the front-end electronics. Thus, there are also chal-
lenges for the trigger and data acquisition, and an
R&D program is planned to investigate possible
approaches [39–42].

As a natural evolution of Mu2e, Mu2e-II pro-
vides the nearest-term next step in a possible ma-
jor future muon program at FNAL. Considerable
infrastructure, expertise, and experience has been
and is being developed at Fermilab such that it is
logical to build further upon this investment, espe-
cially given the construction of the powerful PIP-II
accelerator.

The following sections elaborate on the potential
physics, challenges, technological options, and re-
quired R&D towards Mu2e-II. Table I summarizes
a few selected quantities.

II. THEORY

A. General motivation for CLFV searches

It was realized long ago that searches for CLFV
are among the cleanest and most sensitive tests for
physics beyond the Standard Model, cf. the reviews
in [15, 16, 43]. Current limits constrain the cuto↵
scale of CLFV operators up to 103 � 104 TeV, see
e.g. [16] and Fig. 1. This means that searches for
CLFV processes are potentially sensitive to virtual
e↵ects due to the presence of new particles whose
masses are several orders of magnitude larger than
the energies accessible at our present and future
colliders.

The observation of neutrino oscillations has pro-
vided evidence that lepton family numbers are not
conserved and the Standard Model needs to be ex-
tended to account for neutrino masses. In gen-
eral, one can expect non-standard contributions to
CLFV processes in the context of any extension of
the Standard Model that involves new fields cou-
pling to leptons, in particular those addressing the
origin of neutrino masses. Thus new sources of
CLFV beyond those stemming from neutrino os-
cillation are generically to be expected unless the
new physics sector is protected by the same global
flavor symmetries of the Standard Model [14].
However, in most new-physics scenarios, one can
not predict a “minimum-guaranteed” amount of

FIG. 1. Current and future 90% CL bounds from
µ ! e� [46, 47] (cyan lines), µ ! eee [48] (pur-
ple line) and µ ! e conversion (orange lines) on

the e↵ective CLFV operators
Ce�

⇤2 hHi eL �
µ⌫

µR Fµ⌫ +
C`q

⇤2 (eL �
µ
µL) (Q �µQ), where Q = (uL, dL)

T and
hHi ' 174GeV is the vacuum expectation value of
the Higgs field. The limits are displayed as functions
of the new-physics scale ⇤ and the Wilson coe�cient
of the dipole operator Ce� , while the coe�cient of the
4-fermion operator is set to C`q = 1.

CLFV, because, besides depending on the flavor
structure of the new-physics interactions, CLFV
rates are also suppressed by the unknown new-
physics scale. Only very specific models, where
both ingredients (mass scale and flavor structure of
the couplings) are set by additional phenomenolog-
ical requirements, can give definite predictions. An
example can be found in Ref. [44], where such re-
quirements include reproducing the measured neu-
trino mixing and providing a dark matter candi-
date with the observed properties. Ref. [45] gives
another example of a predictive model where the
new-physics scale is fixed by requiring an explana-
tion for the B-physics anomalies (see below) and
the flavor structure is set by addressing the ob-
served neutrino masses and mixing.

The physics case for CLFV searches has been re-
cently further reinforced by the first results of the
FNAL Muon g-2 experiment [49] and by the so-
called B-physics anomalies [50–52]. The Muon g-
2 experiment confirmed the long-standing discrep-
ancy between the measurement of the anomalous
magnetic moment of the muon, (g�2)µ, performed
at BNL and the theoretical prediction [53, 54].
The two measurements are statistically compatible
and their combination currently deviates from the
Standard Model prediction by 4.2�. This makes it
very unlikely that the discrepancy is due to a sta-
tistical fluctuation or some overlooked systematical
e↵ects in the old BNL experiment. Arguably, the
only explanations left are (i) an underestimation
of the Standard Model prediction [53], in particu-
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Table VII. – Pattern of the relative predictions for the µ → e processes as predicted in several
models (see the text for details). Whether the dominant contributions to µ → eee and µ →
e conversion are at the tree or at the loop level is indicated; Loop∗ indicates that there are
contributions that dominate over the dipole one, typically giving an enhancement compared to
eqs. (40), (41).

Model µ → eee µN → eN BR(µ→eee)
BR(µ→eγ)

CR(µN→eN)
BR(µ→eγ)

MSSM Loop Loop ≈ 6 × 10−3 10−3–10−2

Type-I seesaw Loop∗ Loop∗ 3 × 10−3–0.3 0.1–10

Type-II seesaw Tree Loop (0.1–3) × 103 O(10−2)

Type-III seesaw Tree Tree ≈ 103 O(103)

LFV Higgs Loop(a) Loop∗(a) ≈ 10−2 O(0.1)

Composite Higgs Loop∗ Loop∗ 0.05–0.5 2–20

(a)
A tree-level contribution to this process exists but it is subdominant.

TeV to provide a natural solution to the hierarchy problem, hence the anarchical flavour
structure of the couplings give rise to CLFV effects that the elementary-composite mixing
can suppress only to some extent, so that they result several orders of magnitude above
the present bounds [114, 198, 199]. While these minimal models are excluded, one can
conceive setups where additional protection against flavour-violating effects is provided
by a non-trivial structure of the couplings in the strong sector, as given for instance by
some flavour symmetry [114,200,201].

There are several classes of models that, although not providing sharp predictions for
the absolute rates of the CLFV processes, have the appealing feature of predicting definite
patterns of the relative rates in different channels, providing in principle an experimental
“smoking gun”. As we have seen, standard SUSY models feature the correlations of
eqs. (40), (41), as any other scenario where the dominant effect is given by the dipole
operator, hence this pattern of effects —although rather robust— does not provide a
definite handle for model discrimination. Models where other operators in table IV arise
at the tree level such that the dipole is subdominant and eqs. (40), (41) do not hold are
therefore very interesting. This is for instance the case of SUSY models with R-parity
violation, see [202, 203]. Low-energy seesaw models of the type II and III provide other
remarkable examples of these kinds of scenarios, see e.g. [101]. In the type-II seesaw, the
scalar triplet mediates !i → !j!k!k, which thus set the strongest constraints (furthermore
the relative rates of different flavour transitions are directly related to PMNS matrix
elements, as in the SUSY-seesaw example of the previous section). In the type III seesaw,
the charged component of the fermion triplets mix with the leptons generating flavour-
violating couplings to Z. As a consequence !i → !j!k!k and µ → e conversion in nuclei
arise at the tree level from a Z exchange, resulting in very definite predictions for the
ratios of the different modes [204]. We illustrate the pattern of the relative predictions for
the µ → e modes within a selection of models in table VII. The chosen examples are the
minimal (in terms of low-energy particle content) SUSY model discussed in the previous
section (MSSM), the three types of low-energy seesaw models, the scenario with LFV-
couplings of the Higgs (LFV Higgs) that we discussed at the end of sect. 2 (cf. eq. (14)
and table III), and the so-called “two-site” composite Higgs model studied in [114]. The
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leads to negligible rates unless the new dynamics at the origin of neutrino masses lies at
rather low energy scales. Before moving to discuss predictions of some specific models,
we present a brief discussion of model-independent approaches to CLFV based on effec-
tive operators (sect. 4). We then discuss, in sect. 5, CLFV in supersymmetric models
as a case study of model-dependent predictions, on which we give more general remarks
in the subsequent sect. 6. We conclude the theory part reviewing in sect. 7 the possible
link between CLFV and lepton flavour non-universality in semi-leptonic B-meson decays
that several experiments have recently hinted at.

In the experimental part we highlight the general aspects of the design of experiments
aimed at the most sensitive searches for CLFV, in particular of those involving muons
(mu-e-gamma, mu-to-three-e, and mu-to-e-conversion) albeit in a unified picture we try
to involve also the heaviest lepton, the τ . Section 8 starts by introducing general con-
cepts regarding the search for rare decays, such as “single event sensitivity” and “signal
region”. In sect. 9 we discuss the generation and decay of positive and negative muons,
free and in orbit and in sects. 10 and 11 we analyse the general aspects, and the difficul-
ties, of detecting low-energy electrons, positrons and photons. Before starting the review
of the experiments, in sect. 12 we make some comments on the need of calibrations and
monitoring of the experiments, and the care that should be taken in their simulation
through Monte Carlo codes. In sect. 13 we review present and programmed muon ex-
periments. In this description we did not want to be comprehensive: those eager of full
details are referred to the technical articles describing the experiments. But each exper-
iment is built around some clever ideas, and those we have tried to pass to our readers.
We will have a look at tau channels in sect. 14 before looking at future directions in
sect. 15. Our conclusions are drawn in sect. 16 in the hope to have made the theory part
accessible to experimentalists as well as the experimental part readable by theorists!

2. – The lepton sector of the Standard Model and its simple extensions

The flavour sector of the Standard Model (SM) —i.e. the fermion masses and the
mixing among different generations— arises from the Yukawa couplings of the fermion
fields with the Higgs field Φ:

−LY = (Yu)ij QL i uR j Φ̃ + (Yd)ij QL i dR j Φ + (Ye)ij LL i eR j Φ + h.c.,(3)

where SU(2)L indices were omitted and i and j run over the three families, such that Yf

(f = u, d, e) are in general complex 3 × 3 matrices(3). The fields are defined as follows:
QL are the left-handed (LH) quark doublets, QT

L = (uL dL), uR and dR the right-handed
(RH) up and down quarks respectively, LL the LH letpon doublets, LT

L = (νL eL), and
eR the RH leptons. The conjugate Higgs field is as usually defined as Φ̃ ≡ iτ2Φ∗, where
τ2 is the second Pauli matrix. Fermion mass terms of the kind mffLfR arise upon the
breaking of the electro-weak (EW) symmetry SU(2)L×U(1)Y by the vacuum expectation
value (vev) of the Higgs field, 〈Φ〉T = (0 v)/

√
2 (v ' 246 GeV), such that

(mf )ij =
v√
2
(Yf )ij , f = u, d, e.(4)

(3) As already noted in the caption of table I, we collectively indicate the up-type quarks, the
down-type quarks and the charged leptons with u, d and e, respectively.
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In the original formulation of Standard Model, the Lagrangian in eq. (3) does not give rise
to mass terms for the neutrinos, which are thus exactly massless. The Yukawa matrices
and thus the fermion mass matrices can be diagonalised by unitary rotations of the fields,
as follows:

Yf = Vf ŶfW †
f , f = u, d, e,(5)

where Ŷf denotes diagonal Yukawa matrices. Given the unitarity of the matrices Vf and
Wf , applying these transformations does not modify the kinetic terms and the neutral-
current interactions, such as the fermion couplings to the photon and the Z boson, which
then result flavour conserving. Similarly, the fermion couplings to the physical Higgs h
are proportional to the mass matrix, thus they can be diagonalised in the same basis and
no flavour violation is induced in the interactions with the Higgs either:

−Lhf̄f =
mf

v
f̄LfR h + h.c.(6)

On the other hand, the two rotations in eq. (5) do induce flavour violation in the
charged-current interactions with the W bosons

Lcc =
g√
2

(
uLγµ(V †

u Vd)dL + νLγµ(V †
ν Ve)eL

)
W+

µ + h.c.(7)

As we can see, flavour violation in quark sector arises from the fact that, in general,
diagonalising Yu and Yd requires Vu #= Vd. Such a misalignment gives rise to flavour-
changing transitions controlled by the matrix VCKM ≡ V †

u Vd, which is nothing but the
Cabibbo-Kobayashi-Maskawa (CKM) matrix [17, 19]. On the other hand, in the lepton
sector of the original Standard Model with massless neutrinos, one can choose Vν = Ve,
because no other term in the Lagrangian involves the lepton doublets, and the leptonic
flavour is exactly conserved. Clearly, this feature does not hold any longer in extensions
of the Standard Model addressing the generation of mass terms for the neutrinos, as we
will discuss in the next section. In other words, the Lagrangian in eq. (3) is invariant
under three independent global U(1) rotations associated to each lepton family, which
implies three conserved charges: the lepton family numbers Le, Lµ, and Lτ (4).

To summarize, in the Standard Model the lepton family numbers are individually
conserved because of the minimality of the construction, which also implies that neutrinos
are massless. In fact, the matrix of the lepton Yukawa couplings Ye defines a single
direction in the space of leptonic flavour. Hence, as we have seen, one can use the freedom
of rotating LH and RH lepton fields to make the matrix diagonal without inducing
flavour-changing effects in other sectors of the theory. This is in contrast to the quark
sector where there are two different Yukawa matrices, Yu and Yd, both involving QL,
such that they can not be simultaneously diagonalised in the same basis.

From the above discussion, we can immediately see under which condition an exten-
sion of the Standard Model features flavour violation in the leptonic sector: the presence
in the Lagrangian of at least another term involving the lepton fields, i.e. of another

(4) This is in contrast to the hadronic sector that is only invariant under a common global
phase rotation of the quark fields, which implies the conservation of the total baryon number
alone.
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Fig. 2. – Examples of one and two loop diagrams giving comparable contributions to τ → µγ in
presence of flavour-violating Higgs couplings Y h

τµ and Y h
µτ . From [88].

see [79]. The two Higgs doublet models most commonly studied in the literature feature
additional symmetries that control the structure of the Yukawa couplings in eq. (8), in
order to suppress the FCNCs. One possibility is introducing a Z2 symmetry and assign
parities to the fields such that the fermions of each sector can couple to one of the two
Higgs doublets only, for instance up quarks to Φ1, down quarks and leptons to Φ2 (the
so-called “type II” model). In this framework —labelled as “natural flavour conserva-
tion” [80, 81]— an alignment of the kind of eq. (6) is restored and no new effects are
generated at the tree level. This is the situation of the minimal supersymmetric mod-
els, whose Higgs sector is in fact a two-Higgs-doublet model of type II(5). Less radical
approaches —but effective in suppressing FCNC processes at acceptable levels— consist
in imposing the ansatz of minimal flavour violation [83] to the Yukawa couplings [84]
(which implies that the new-physics flavour-violating effects are controlled by the CKM
matrix, as the SM contributions), or a flavour symmetry addressing the hierarchy of the
Yukawas dynamically [85].

A rather model-independent parametrisation of Higgs-induced CLFV effects is the
following [86-89]:

−L ⊃ (me)iēL i eR i + (Y h
e )ij ēL i eR j h + h.c.,(14)

where, as we can see, the matrix of the lepton couplings to the physical Higgs Y h
e is in

general not aligned to the lepton mass matrix. As we have seen, a Lagrangian of this
kind arises from a two Higgs doublet model, of which it is an approximation, the better
the heavier the masses of the extra Higgses are —as only one SM-like physical Higgs
is considered here. Alternatively, it can be induced by higher-dimensional operators
featuring the SM leptons and the Higgs field of the type LLeRΦ(Φ†Φ), which result from
integrating out heavier degrees of freedom. The off-diagonal Higgs couplings (Y h

e )i!=j

give contributions to CLFV processes, such as h → !+i !−j (directly), !i → !jγ (via a
h-!i loop and two-loop diagrams of the Barr-Zee type [90], i.e. featuring one loop of
heavy particles, see fig. 2), !i → !j!k!k (at tree level, as we have seen above, although
the dominant contributions turn out to be the same as for the radiative decay [88]),

(5) Higgs-mediated CLFV effects that arise by introducing small couplings of the leptons to the
“wrong” Higgs doublet —which are indeed radiatively generated in supersymmetric models—
have been studied in [82].

  Useful parameterisation:
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Fig. 2. – Examples of one and two loop diagrams giving comparable contributions to τ → µγ in
presence of flavour-violating Higgs couplings Y h
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see [79]. The two Higgs doublet models most commonly studied in the literature feature
additional symmetries that control the structure of the Yukawa couplings in eq. (8), in
order to suppress the FCNCs. One possibility is introducing a Z2 symmetry and assign
parities to the fields such that the fermions of each sector can couple to one of the two
Higgs doublets only, for instance up quarks to Φ1, down quarks and leptons to Φ2 (the
so-called “type II” model). In this framework —labelled as “natural flavour conserva-
tion” [80, 81]— an alignment of the kind of eq. (6) is restored and no new effects are
generated at the tree level. This is the situation of the minimal supersymmetric mod-
els, whose Higgs sector is in fact a two-Higgs-doublet model of type II(5). Less radical
approaches —but effective in suppressing FCNC processes at acceptable levels— consist
in imposing the ansatz of minimal flavour violation [83] to the Yukawa couplings [84]
(which implies that the new-physics flavour-violating effects are controlled by the CKM
matrix, as the SM contributions), or a flavour symmetry addressing the hierarchy of the
Yukawas dynamically [85].

A rather model-independent parametrisation of Higgs-induced CLFV effects is the
following [86-89]:

−L ⊃ (me)iēL i eR i + (Y h
e )ij ēL i eR j h + h.c.,(14)

where, as we can see, the matrix of the lepton couplings to the physical Higgs Y h
e is in

general not aligned to the lepton mass matrix. As we have seen, a Lagrangian of this
kind arises from a two Higgs doublet model, of which it is an approximation, the better
the heavier the masses of the extra Higgses are —as only one SM-like physical Higgs
is considered here. Alternatively, it can be induced by higher-dimensional operators
featuring the SM leptons and the Higgs field of the type LLeRΦ(Φ†Φ), which result from
integrating out heavier degrees of freedom. The off-diagonal Higgs couplings (Y h

e )i!=j

give contributions to CLFV processes, such as h → !+i !−j (directly), !i → !jγ (via a
h-!i loop and two-loop diagrams of the Barr-Zee type [90], i.e. featuring one loop of
heavy particles, see fig. 2), !i → !j!k!k (at tree level, as we have seen above, although
the dominant contributions turn out to be the same as for the radiative decay [88]),

(5) Higgs-mediated CLFV effects that arise by introducing small couplings of the leptons to the
“wrong” Higgs doublet —which are indeed radiatively generated in supersymmetric models—
have been studied in [82].

 In the SM Higgs couplings and masses aligned → flavour conserving
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Figure 2. – Examples of one and two loop diagrams giving comparable contributions to ⌧ ! µ�
in presence of flavour-violating Higgs couplings Y h

⌧µ and Y h
µ⌧ . From [88].

two ways: either by introducing RH neutrinos ⌫R, hence extending the field content, or
by considering non-renormalisable operators (for reviews, see e.g. [39, 91]). In the first
case, Dirac mass terms arise upon electroweak symmetry breaking from neutrino Yukawa
couplings, in perfect analogy to what occurs to the other fermions:

(13) LD = �(Y⌫)ij ⌫R i
e�† LL j + h.c. =) (mD

⌫
)ij =

v
p
2
(Y⌫)ij .

In such a case, the smallness of neutrino masses can be accounted for only by assuming
tiny values for the entries of Y⌫ , the largest of which should be . 10�12(6). As a
consequence, the second option is perhaps more appealing, namely introducing non-
renomalisabe operators giving rise to Majorana masses for the LH neutrinos alone:

(14) LM = �
1

2
mM

⌫
⌫c
L
⌫L + h.c.

Terms of this kind violate the total lepton number L and can be already generated by
the only dimension-5 operators compatible with the SM symmetries that one can write
[92]:

(15) L �
Cij

⇤

�
Lc

L i
⌧2�

� �
�T ⌧2LL j

�
+ h.c. =) (mM

⌫
)ij =

Cijv2

⇤
,

where ⇤ corresponds to the mass scale of extra degrees of freedom – associated to the
breaking of L – that have been integrated out. The fact that (mM

⌫
)ij ⌧ v is then

naturally explained if ⇤ � v.
In either way neutrino masses are accounted for, lepton flavour violation in the charged

current interactions of Eq. (5) becomes physical and controlled by the matrix UPMNS ⌘

(V †
e
V⌫), which is usually called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [93,

(6) Moreover, since ⌫R are complete singlets under the SM gauge symmetries, nothing forbids
Majorana mass terms of the kind ⌫c

R⌫R, which would change the picture as we will see below.

                                 This is not the case if there is 2nd Higgs doublet or ops such as
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leads to negligible rates unless the new dynamics at the origin of neutrino masses lies at
rather low energy scales. Before moving to discuss predictions of some specific models,
we present a brief discussion of model-independent approaches to CLFV based on effec-
tive operators (sect. 4). We then discuss, in sect. 5, CLFV in supersymmetric models
as a case study of model-dependent predictions, on which we give more general remarks
in the subsequent sect. 6. We conclude the theory part reviewing in sect. 7 the possible
link between CLFV and lepton flavour non-universality in semi-leptonic B-meson decays
that several experiments have recently hinted at.

In the experimental part we highlight the general aspects of the design of experiments
aimed at the most sensitive searches for CLFV, in particular of those involving muons
(mu-e-gamma, mu-to-three-e, and mu-to-e-conversion) albeit in a unified picture we try
to involve also the heaviest lepton, the τ . Section 8 starts by introducing general con-
cepts regarding the search for rare decays, such as “single event sensitivity” and “signal
region”. In sect. 9 we discuss the generation and decay of positive and negative muons,
free and in orbit and in sects. 10 and 11 we analyse the general aspects, and the difficul-
ties, of detecting low-energy electrons, positrons and photons. Before starting the review
of the experiments, in sect. 12 we make some comments on the need of calibrations and
monitoring of the experiments, and the care that should be taken in their simulation
through Monte Carlo codes. In sect. 13 we review present and programmed muon ex-
periments. In this description we did not want to be comprehensive: those eager of full
details are referred to the technical articles describing the experiments. But each exper-
iment is built around some clever ideas, and those we have tried to pass to our readers.
We will have a look at tau channels in sect. 14 before looking at future directions in
sect. 15. Our conclusions are drawn in sect. 16 in the hope to have made the theory part
accessible to experimentalists as well as the experimental part readable by theorists!

2. – The lepton sector of the Standard Model and its simple extensions

The flavour sector of the Standard Model (SM) —i.e. the fermion masses and the
mixing among different generations— arises from the Yukawa couplings of the fermion
fields with the Higgs field Φ:

−LY = (Yu)ij QL i uR j Φ̃ + (Yd)ij QL i dR j Φ + (Ye)ij LL i eR j Φ + h.c.,(3)

where SU(2)L indices were omitted and i and j run over the three families, such that Yf

(f = u, d, e) are in general complex 3 × 3 matrices(3). The fields are defined as follows:
QL are the left-handed (LH) quark doublets, QT

L = (uL dL), uR and dR the right-handed
(RH) up and down quarks respectively, LL the LH letpon doublets, LT

L = (νL eL), and
eR the RH leptons. The conjugate Higgs field is as usually defined as Φ̃ ≡ iτ2Φ∗, where
τ2 is the second Pauli matrix. Fermion mass terms of the kind mffLfR arise upon the
breaking of the electro-weak (EW) symmetry SU(2)L×U(1)Y by the vacuum expectation
value (vev) of the Higgs field, 〈Φ〉T = (0 v)/

√
2 (v ' 246 GeV), such that

(mf )ij =
v√
2
(Yf )ij , f = u, d, e.(4)

(3) As already noted in the caption of table I, we collectively indicate the up-type quarks, the
down-type quarks and the charged leptons with u, d and e, respectively.
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In the original formulation of Standard Model, the Lagrangian in eq. (3) does not give rise
to mass terms for the neutrinos, which are thus exactly massless. The Yukawa matrices
and thus the fermion mass matrices can be diagonalised by unitary rotations of the fields,
as follows:

Yf = Vf ŶfW †
f , f = u, d, e,(5)

where Ŷf denotes diagonal Yukawa matrices. Given the unitarity of the matrices Vf and
Wf , applying these transformations does not modify the kinetic terms and the neutral-
current interactions, such as the fermion couplings to the photon and the Z boson, which
then result flavour conserving. Similarly, the fermion couplings to the physical Higgs h
are proportional to the mass matrix, thus they can be diagonalised in the same basis and
no flavour violation is induced in the interactions with the Higgs either:

−Lhf̄f =
mf

v
f̄LfR h + h.c.(6)

On the other hand, the two rotations in eq. (5) do induce flavour violation in the
charged-current interactions with the W bosons

Lcc =
g√
2

(
uLγµ(V †

u Vd)dL + νLγµ(V †
ν Ve)eL

)
W+

µ + h.c.(7)

As we can see, flavour violation in quark sector arises from the fact that, in general,
diagonalising Yu and Yd requires Vu #= Vd. Such a misalignment gives rise to flavour-
changing transitions controlled by the matrix VCKM ≡ V †

u Vd, which is nothing but the
Cabibbo-Kobayashi-Maskawa (CKM) matrix [17, 19]. On the other hand, in the lepton
sector of the original Standard Model with massless neutrinos, one can choose Vν = Ve,
because no other term in the Lagrangian involves the lepton doublets, and the leptonic
flavour is exactly conserved. Clearly, this feature does not hold any longer in extensions
of the Standard Model addressing the generation of mass terms for the neutrinos, as we
will discuss in the next section. In other words, the Lagrangian in eq. (3) is invariant
under three independent global U(1) rotations associated to each lepton family, which
implies three conserved charges: the lepton family numbers Le, Lµ, and Lτ (4).

To summarize, in the Standard Model the lepton family numbers are individually
conserved because of the minimality of the construction, which also implies that neutrinos
are massless. In fact, the matrix of the lepton Yukawa couplings Ye defines a single
direction in the space of leptonic flavour. Hence, as we have seen, one can use the freedom
of rotating LH and RH lepton fields to make the matrix diagonal without inducing
flavour-changing effects in other sectors of the theory. This is in contrast to the quark
sector where there are two different Yukawa matrices, Yu and Yd, both involving QL,
such that they can not be simultaneously diagonalised in the same basis.

From the above discussion, we can immediately see under which condition an exten-
sion of the Standard Model features flavour violation in the leptonic sector: the presence
in the Lagrangian of at least another term involving the lepton fields, i.e. of another

(4) This is in contrast to the hadronic sector that is only invariant under a common global
phase rotation of the quark fields, which implies the conservation of the total baryon number
alone.
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Fig. 2. – Examples of one and two loop diagrams giving comparable contributions to τ → µγ in
presence of flavour-violating Higgs couplings Y h

τµ and Y h
µτ . From [88].

see [79]. The two Higgs doublet models most commonly studied in the literature feature
additional symmetries that control the structure of the Yukawa couplings in eq. (8), in
order to suppress the FCNCs. One possibility is introducing a Z2 symmetry and assign
parities to the fields such that the fermions of each sector can couple to one of the two
Higgs doublets only, for instance up quarks to Φ1, down quarks and leptons to Φ2 (the
so-called “type II” model). In this framework —labelled as “natural flavour conserva-
tion” [80, 81]— an alignment of the kind of eq. (6) is restored and no new effects are
generated at the tree level. This is the situation of the minimal supersymmetric mod-
els, whose Higgs sector is in fact a two-Higgs-doublet model of type II(5). Less radical
approaches —but effective in suppressing FCNC processes at acceptable levels— consist
in imposing the ansatz of minimal flavour violation [83] to the Yukawa couplings [84]
(which implies that the new-physics flavour-violating effects are controlled by the CKM
matrix, as the SM contributions), or a flavour symmetry addressing the hierarchy of the
Yukawas dynamically [85].

A rather model-independent parametrisation of Higgs-induced CLFV effects is the
following [86-89]:

−L ⊃ (me)iēL i eR i + (Y h
e )ij ēL i eR j h + h.c.,(14)

where, as we can see, the matrix of the lepton couplings to the physical Higgs Y h
e is in

general not aligned to the lepton mass matrix. As we have seen, a Lagrangian of this
kind arises from a two Higgs doublet model, of which it is an approximation, the better
the heavier the masses of the extra Higgses are —as only one SM-like physical Higgs
is considered here. Alternatively, it can be induced by higher-dimensional operators
featuring the SM leptons and the Higgs field of the type LLeRΦ(Φ†Φ), which result from
integrating out heavier degrees of freedom. The off-diagonal Higgs couplings (Y h

e )i!=j

give contributions to CLFV processes, such as h → !+i !−j (directly), !i → !jγ (via a
h-!i loop and two-loop diagrams of the Barr-Zee type [90], i.e. featuring one loop of
heavy particles, see fig. 2), !i → !j!k!k (at tree level, as we have seen above, although
the dominant contributions turn out to be the same as for the radiative decay [88]),

(5) Higgs-mediated CLFV effects that arise by introducing small couplings of the leptons to the
“wrong” Higgs doublet —which are indeed radiatively generated in supersymmetric models—
have been studied in [82].

  Useful parameterisation:
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Table III. – Bounds on flavour-violating Higgs couplings to leptons assuming that the flavour di-
agonal Yukawa couplings are as predicted by the SM, Y h

ii = mi/v (i = e, µ, τ); adapted from [88].
The constraints from h → "i"j are reported in [74, 75].

Process Coupling Bound

h → µe
p

|Y h
µe|2 + |Y h

eµ|2 < 5.4 × 10−4

µ → eγ
p

|Y h
µe|2 + |Y h

eµ|2 < 2.1 × 10−6

µ → eee
p

|Y h
µe|2 + |Y h

eµ|2 ! 3.1 × 10−5

µ Ti → e Ti
p

|Y h
µe|2 + |Y h

eµ|2 < 1.2 × 10−5

h → τe
p

|Y h
τe|2 + |Y h

eτ |2 < 2.3 × 10−3

τ → eγ
p

|Y h
τe|2 + |Y h

eτ |2 < 0.014

τ → eee
p

|Y h
τe|2 + |Y h

eτ |2 ! 0.12

h → τµ
p

|Y h
τµ|2 + |Y h

µτ |2 < 1.4 × 10−3

τ → µγ
p

|Y h
τµ|2 + |Y h

µτ |2 < 0.016

τ → µµµ
p

|Y h
τµ|2 + |Y h

µτ |2 ! 0.25

as well as µN → eN (with again the loop contributions dominant). The bounds that
experimental searches for these processes, cf. table II, set on the flavour-violating Higgs
couplings Y h

ij ≡ (Y h
e )i!=j are shown in table III. As we can see present limits already set

stringent constraints to such couplings, in particular in the µ-e sector: as a reference,
the SM values of the Higgs-lepton couplings are Y h

ee # 1.6 × 10−6, Y h
µµ # 4.3 × 10−4,

Y h
ττ # 7.2 × 10−3. The bound on Y h

µe and Y h
eµ is dominated by µ → eγ, but given that

the rates of all these processes are ∝ |Y h
µe|2 + |Y h

eµ|2, a future increase by two orders of
magnitude of the sensitivity to µ → eee and µ → e conversion in nuclei would translate
to a comparable constraint. As a consequence of these low-energy constraints, h → eµ
is way too suppressed to be observable at the LHC, namely BR(h → eµ) ! 10−8. On
the other hand, the table shows that in the τ -e and τ -µ sectors the leading constraints
come from the LHC searches for h → eτ and h → µτ themselves, so that the discovery
of CLFV at the LHC, or future leptonic colliders, is still an open possibility.

3. – CLFV in the Standard Model with massive neutrinos

The observation of neutrino oscillations on the one hand provides evidence that the
lepton family numbers are violated. On the other hand, it calls for an extension of the
SM to include neutrino mass terms. As we have discussed in the previous section, these
two points are related, for the conservation of lepton flavours is a mere consequence
of the minimality of eq. (3), where Ye is the only term involving leptonic fields. A
departure from minimality is required to generate neutrino masses and it can occur in
two ways: either by introducing RH neutrinos νR, hence extending the field content, or
by considering non-renormalisable operators (for reviews, see e.g. [39, 91]). In the first
case, Dirac mass terms arise upon electroweak symmetry breaking from neutrino Yukawa
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leads to negligible rates unless the new dynamics at the origin of neutrino masses lies at
rather low energy scales. Before moving to discuss predictions of some specific models,
we present a brief discussion of model-independent approaches to CLFV based on effec-
tive operators (sect. 4). We then discuss, in sect. 5, CLFV in supersymmetric models
as a case study of model-dependent predictions, on which we give more general remarks
in the subsequent sect. 6. We conclude the theory part reviewing in sect. 7 the possible
link between CLFV and lepton flavour non-universality in semi-leptonic B-meson decays
that several experiments have recently hinted at.

In the experimental part we highlight the general aspects of the design of experiments
aimed at the most sensitive searches for CLFV, in particular of those involving muons
(mu-e-gamma, mu-to-three-e, and mu-to-e-conversion) albeit in a unified picture we try
to involve also the heaviest lepton, the τ . Section 8 starts by introducing general con-
cepts regarding the search for rare decays, such as “single event sensitivity” and “signal
region”. In sect. 9 we discuss the generation and decay of positive and negative muons,
free and in orbit and in sects. 10 and 11 we analyse the general aspects, and the difficul-
ties, of detecting low-energy electrons, positrons and photons. Before starting the review
of the experiments, in sect. 12 we make some comments on the need of calibrations and
monitoring of the experiments, and the care that should be taken in their simulation
through Monte Carlo codes. In sect. 13 we review present and programmed muon ex-
periments. In this description we did not want to be comprehensive: those eager of full
details are referred to the technical articles describing the experiments. But each exper-
iment is built around some clever ideas, and those we have tried to pass to our readers.
We will have a look at tau channels in sect. 14 before looking at future directions in
sect. 15. Our conclusions are drawn in sect. 16 in the hope to have made the theory part
accessible to experimentalists as well as the experimental part readable by theorists!

2. – The lepton sector of the Standard Model and its simple extensions

The flavour sector of the Standard Model (SM) —i.e. the fermion masses and the
mixing among different generations— arises from the Yukawa couplings of the fermion
fields with the Higgs field Φ:

−LY = (Yu)ij QL i uR j Φ̃ + (Yd)ij QL i dR j Φ + (Ye)ij LL i eR j Φ + h.c.,(3)

where SU(2)L indices were omitted and i and j run over the three families, such that Yf

(f = u, d, e) are in general complex 3 × 3 matrices(3). The fields are defined as follows:
QL are the left-handed (LH) quark doublets, QT

L = (uL dL), uR and dR the right-handed
(RH) up and down quarks respectively, LL the LH letpon doublets, LT

L = (νL eL), and
eR the RH leptons. The conjugate Higgs field is as usually defined as Φ̃ ≡ iτ2Φ∗, where
τ2 is the second Pauli matrix. Fermion mass terms of the kind mffLfR arise upon the
breaking of the electro-weak (EW) symmetry SU(2)L×U(1)Y by the vacuum expectation
value (vev) of the Higgs field, 〈Φ〉T = (0 v)/

√
2 (v ' 246 GeV), such that

(mf )ij =
v√
2
(Yf )ij , f = u, d, e.(4)

(3) As already noted in the caption of table I, we collectively indicate the up-type quarks, the
down-type quarks and the charged leptons with u, d and e, respectively.
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In the original formulation of Standard Model, the Lagrangian in eq. (3) does not give rise
to mass terms for the neutrinos, which are thus exactly massless. The Yukawa matrices
and thus the fermion mass matrices can be diagonalised by unitary rotations of the fields,
as follows:

Yf = Vf ŶfW †
f , f = u, d, e,(5)

where Ŷf denotes diagonal Yukawa matrices. Given the unitarity of the matrices Vf and
Wf , applying these transformations does not modify the kinetic terms and the neutral-
current interactions, such as the fermion couplings to the photon and the Z boson, which
then result flavour conserving. Similarly, the fermion couplings to the physical Higgs h
are proportional to the mass matrix, thus they can be diagonalised in the same basis and
no flavour violation is induced in the interactions with the Higgs either:

−Lhf̄f =
mf

v
f̄LfR h + h.c.(6)

On the other hand, the two rotations in eq. (5) do induce flavour violation in the
charged-current interactions with the W bosons

Lcc =
g√
2

(
uLγµ(V †

u Vd)dL + νLγµ(V †
ν Ve)eL

)
W+

µ + h.c.(7)

As we can see, flavour violation in quark sector arises from the fact that, in general,
diagonalising Yu and Yd requires Vu #= Vd. Such a misalignment gives rise to flavour-
changing transitions controlled by the matrix VCKM ≡ V †

u Vd, which is nothing but the
Cabibbo-Kobayashi-Maskawa (CKM) matrix [17, 19]. On the other hand, in the lepton
sector of the original Standard Model with massless neutrinos, one can choose Vν = Ve,
because no other term in the Lagrangian involves the lepton doublets, and the leptonic
flavour is exactly conserved. Clearly, this feature does not hold any longer in extensions
of the Standard Model addressing the generation of mass terms for the neutrinos, as we
will discuss in the next section. In other words, the Lagrangian in eq. (3) is invariant
under three independent global U(1) rotations associated to each lepton family, which
implies three conserved charges: the lepton family numbers Le, Lµ, and Lτ (4).

To summarize, in the Standard Model the lepton family numbers are individually
conserved because of the minimality of the construction, which also implies that neutrinos
are massless. In fact, the matrix of the lepton Yukawa couplings Ye defines a single
direction in the space of leptonic flavour. Hence, as we have seen, one can use the freedom
of rotating LH and RH lepton fields to make the matrix diagonal without inducing
flavour-changing effects in other sectors of the theory. This is in contrast to the quark
sector where there are two different Yukawa matrices, Yu and Yd, both involving QL,
such that they can not be simultaneously diagonalised in the same basis.

From the above discussion, we can immediately see under which condition an exten-
sion of the Standard Model features flavour violation in the leptonic sector: the presence
in the Lagrangian of at least another term involving the lepton fields, i.e. of another

(4) This is in contrast to the hadronic sector that is only invariant under a common global
phase rotation of the quark fields, which implies the conservation of the total baryon number
alone.
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Fig. 2. – Examples of one and two loop diagrams giving comparable contributions to τ → µγ in
presence of flavour-violating Higgs couplings Y h

τµ and Y h
µτ . From [88].

see [79]. The two Higgs doublet models most commonly studied in the literature feature
additional symmetries that control the structure of the Yukawa couplings in eq. (8), in
order to suppress the FCNCs. One possibility is introducing a Z2 symmetry and assign
parities to the fields such that the fermions of each sector can couple to one of the two
Higgs doublets only, for instance up quarks to Φ1, down quarks and leptons to Φ2 (the
so-called “type II” model). In this framework —labelled as “natural flavour conserva-
tion” [80, 81]— an alignment of the kind of eq. (6) is restored and no new effects are
generated at the tree level. This is the situation of the minimal supersymmetric mod-
els, whose Higgs sector is in fact a two-Higgs-doublet model of type II(5). Less radical
approaches —but effective in suppressing FCNC processes at acceptable levels— consist
in imposing the ansatz of minimal flavour violation [83] to the Yukawa couplings [84]
(which implies that the new-physics flavour-violating effects are controlled by the CKM
matrix, as the SM contributions), or a flavour symmetry addressing the hierarchy of the
Yukawas dynamically [85].

A rather model-independent parametrisation of Higgs-induced CLFV effects is the
following [86-89]:

−L ⊃ (me)iēL i eR i + (Y h
e )ij ēL i eR j h + h.c.,(14)

where, as we can see, the matrix of the lepton couplings to the physical Higgs Y h
e is in

general not aligned to the lepton mass matrix. As we have seen, a Lagrangian of this
kind arises from a two Higgs doublet model, of which it is an approximation, the better
the heavier the masses of the extra Higgses are —as only one SM-like physical Higgs
is considered here. Alternatively, it can be induced by higher-dimensional operators
featuring the SM leptons and the Higgs field of the type LLeRΦ(Φ†Φ), which result from
integrating out heavier degrees of freedom. The off-diagonal Higgs couplings (Y h

e )i!=j

give contributions to CLFV processes, such as h → !+i !−j (directly), !i → !jγ (via a
h-!i loop and two-loop diagrams of the Barr-Zee type [90], i.e. featuring one loop of
heavy particles, see fig. 2), !i → !j!k!k (at tree level, as we have seen above, although
the dominant contributions turn out to be the same as for the radiative decay [88]),

(5) Higgs-mediated CLFV effects that arise by introducing small couplings of the leptons to the
“wrong” Higgs doublet —which are indeed radiatively generated in supersymmetric models—
have been studied in [82].

  Useful parameterisation:
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Mode LEP bound (95% CL) LHC bound (95% CL) CEPC/FCC-ee exp.

BR(Z ! µe) 1.7⇥ 10�6 [2] 7.5⇥ 10�7 [3] 10�8 – 10�10

BR(Z ! ⌧e) 9.8⇥ 10�6 [2] 5.0⇥ 10�6 [4, 5] 10�9

BR(Z ! ⌧µ) 1.2⇥ 10�5 [6] 6.5⇥ 10�6 [4, 5] 10�9

Table 1: Current upper limits on LFV Z decays from LEP and LHC experiments and expected
sensitivity of a Tera Z factory as estimated in [7] assuming 3⇥ 1012 visible Z decays.

by searches performed at the LHC. However, the sensitivity of these latter searches is limited
by background events following from Z ! ⌧⌧ decays to such an extent that at most an
improvement by one order of magnitude can be expected after the completion of the future
high-luminosity run of the LHC (HL-LHC) (since HL-LHC will collect up to 3000/fb [8]
of integrated luminosity, and the LHC limits in Table 1 were obtained with 20/fb� 140/fb).
Leptonic colliders instead provide a much more suitable environment to tame such background:
for example, the LEP limit on Z ! µe obtained in [2] was based on a sample of only 4⇥106 Z

decays in a background-free situation, i.e., no candidate events were found.1 These processes
are therefore an ideal target for future leptonic colliders. In particular, both proposed projects
of circular e+e� colliders, CEPC [9, 10] and FCC-ee [11, 12], plan to run for several years at
a center-of-mass energy around the Z pole, thus acting as a “Tera Z factory”, i.e., collecting
O
�
1012

�
Z decays, about six orders of magnitude more than LEP experiments. The last

column of Table 1 shows the expected sensitivity of future e+e� colliders as estimated in [7]
assuming 3⇥1012 Z decays (corresponding to 150 ab�1). As we can see, at least for the Z ! ⌧`

modes, CEPC/FCC-ee could improve on the present LHC (future HL-LHC) bounds up to 4 (3)
orders of magnitude, due in particular to an expected excellent momentum resolution (0.1%
at 45GeV) of the planned detectors.2

Given the outstanding expected sensitivity of future e+e� colliders on the Z ! `i`j decays,
an obvious question is whether this will be sufficient to test or discover new physics (NP)
scenarios. Indeed, in presence of new physics leading to Z ! `i`j , low-energy LFV processes
are unavoidably induced by the virtual exchange of the Z itself: `i ! `jZ⇤

! `jff̄ , where f is
a SM quark or lepton. These processes are subject to strong constraints, which then translate
into indirect bounds on LFVZD rates [13–16]. In this work, we plan to reassess the maximal
possible LFV effects in Z decays in a model independent way, in view of the improved present

1A major advantage of a leptonic collider is the knowledge of the momenta of the colliding partons, so that
the constraint on the invariant mass of the two leptons m2

`i`j = m2
Z can be precisely implemented up to the

beams energy spread, in contrast to the LHC where it is limited by the (large) width of the Z.
2The sensitivity on BR(Z ! µe) is limited to ⇠ 10�8 by backgrounds from Z ! µµ with one of the muons

releasing enough bremsstrahlung energy in the ECAL to be misidentified as an electron [7]. Only in presence
of improved electron/muon separation methods a sensitivity down to 10�10 could be achieved.

2

• LHC searches limited by backgrounds (in particular Z → 𝜏𝜏):

   max ~10 improvement can be expected at HL-LHC (3000/fb)

• A Tera Z factory can improve the present (future) bounds by 4 (3) orders 

of magnitude

• The question is: can we find new physics searching for these modes? 

Low-energy LFV decays are unavoidably induced, giving indirect bounds
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Model-independent indirect limits on Z LFV decays

Observable Operator Indirect Limit on LFVZD Strongest constraint

BR(Z ! µe)

�
Q(1)

'` +Q(3)
'`

�eµ
3.7⇥ 10�13 µ ! e, Au

Qeµ
'e 9.4⇥ 10�15 µ ! e, Au

Qeµ
eB 1.4⇥ 10�23 µ ! e�

Qeµ
eW 1.6⇥ 10�22 µ ! e�

BR(Z ! ⌧e)

�
Q(1)

'` +Q(3)
'`

�e⌧
6.3⇥ 10�8 ⌧ ! ⇢ e

Qe⌧
'e 6.3⇥ 10�8 ⌧ ! ⇢ e

Qe⌧
eB 1.2⇥ 10�15 ⌧ ! e�

Qe⌧
eW 1.3⇥ 10�14 ⌧ ! e�

BR(Z ! ⌧µ)

�
Q(1)

'` +Q(3)
'`

�µ⌧
4.3⇥ 10�8 ⌧ ! ⇢µ

Qµ⌧
'e 4.3⇥ 10�8 ⌧ ! ⇢µ

Qµ⌧
eB 1.5⇥ 10�15 ⌧ ! µ�

Qµ⌧
eW 1.7⇥ 10�14 ⌧ ! µ�

Table 4: Indirect upper limits on BR(Z ! `i`j) considering a single operator at the scale
µ = mZ . The last column shows which low-energy observable gives the strongest constraint.
These indirect limits are to be compared with the future expected bounds at a Tera Z factory
shown in Table 1, i.e. BR(Z ! µe) < 10�8

� 10�10 and BR(Z ! ⌧`) < 10�9.

if the UV model generated only CeZ at the NP scale µ = ⇤, the RGE would induce a non-zero
photon dipole at µ = mZ . This means that a huge fine-tuning between Ce� and the radiative
effects would be needed to have Ce�(mZ) = 0. Secondly, a vanishing photon dipole would
only suppress the tree-level contributions to `i ! `j�, however higher order terms would still
be important [25, 27, 32]. Although not included in Table 4, we have estimated the size of
these higher order effects following [27] and found that the radiative decays would still impose
strong bounds even in the extreme case of vanishing Ce�(mZ), setting indirect limits on dipole
mediated LFVZD beyond future sensitivities.

On the other hand, Higgs-lepton operators, which do not generate `i ! `j� at the tree-
level,8 are less constrained and larger LFVZD are allowed. In the µ-e sector, the strongest
current bounds are imposed by µ-e conversion in nuclei. This translates into an indirect bound
of BR(Z ! µe) . 10�13, which unfortunately is still beyond the reach of future experiments,
see Table 1. The results for the tau sector are however more optimistic. In this case, they

8As in the case of CeZ , these operators induce `i ! `j� at higher order and may still be constrained by
these processes. Nevertheless, we checked that these bounds are weaker than those coming from tree-level
mediated processes such as µ-e conversion in nuclei or ⌧ ! ⇢`.
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Observable Operator Indirect Limit on LFVZD Strongest constraint

BR(Z ! µe)

�
Q(1)

'` +Q(3)
'`

�eµ
3.7⇥ 10�13 µ ! e, Au

Qeµ
'e 9.4⇥ 10�15 µ ! e, Au

Qeµ
eB 1.4⇥ 10�23 µ ! e�

Qeµ
eW 1.6⇥ 10�22 µ ! e�

BR(Z ! ⌧e)

�
Q(1)

'` +Q(3)
'`

�e⌧
6.3⇥ 10�8 ⌧ ! ⇢ e

Qe⌧
'e 6.3⇥ 10�8 ⌧ ! ⇢ e

Qe⌧
eB 1.2⇥ 10�15 ⌧ ! e�

Qe⌧
eW 1.3⇥ 10�14 ⌧ ! e�

BR(Z ! ⌧µ)

�
Q(1)

'` +Q(3)
'`

�µ⌧
4.3⇥ 10�8 ⌧ ! ⇢µ

Qµ⌧
'e 4.3⇥ 10�8 ⌧ ! ⇢µ

Qµ⌧
eB 1.5⇥ 10�15 ⌧ ! µ�

Qµ⌧
eW 1.7⇥ 10�14 ⌧ ! µ�

Table 4: Indirect upper limits on BR(Z ! `i`j) considering a single operator at the scale
µ = mZ . The last column shows which low-energy observable gives the strongest constraint.
These indirect limits are to be compared with the future expected bounds at a Tera Z factory
shown in Table 1, i.e. BR(Z ! µe) < 10�8

� 10�10 and BR(Z ! ⌧`) < 10�9.

if the UV model generated only CeZ at the NP scale µ = ⇤, the RGE would induce a non-zero
photon dipole at µ = mZ . This means that a huge fine-tuning between Ce� and the radiative
effects would be needed to have Ce�(mZ) = 0. Secondly, a vanishing photon dipole would
only suppress the tree-level contributions to `i ! `j�, however higher order terms would still
be important [25, 27, 32]. Although not included in Table 4, we have estimated the size of
these higher order effects following [27] and found that the radiative decays would still impose
strong bounds even in the extreme case of vanishing Ce�(mZ), setting indirect limits on dipole
mediated LFVZD beyond future sensitivities.

On the other hand, Higgs-lepton operators, which do not generate `i ! `j� at the tree-
level,8 are less constrained and larger LFVZD are allowed. In the µ-e sector, the strongest
current bounds are imposed by µ-e conversion in nuclei. This translates into an indirect bound
of BR(Z ! µe) . 10�13, which unfortunately is still beyond the reach of future experiments,
see Table 1. The results for the tau sector are however more optimistic. In this case, they

8As in the case of CeZ , these operators induce `i ! `j� at higher order and may still be constrained by
these processes. Nevertheless, we checked that these bounds are weaker than those coming from tree-level
mediated processes such as µ-e conversion in nuclei or ⌧ ! ⇢`.
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Figure 2: Values of the NP scale ⇤ that are accessible by each of the LFV observables with
current bounds (solid bars) and future sensitivities (lighter bars). We assume that C(⇤)  1

for each operator at a time, while the others vanish at µ = ⇤.

different observables, where we have assumed that C(⇤)  1 from perturbativity arguments.
In this case, and opposite to Table 4, we choose the Z dipole operator as input, which implicitly
assumes Ce�(⇤) = 0, since this hypothesis is still challenging but more plausible at µ = ⇤. We
also show Q(1)

'` and Q(3)
'` separately as they have different RGE. Nevertheless, the differences

are numerically small and difficult to appreciate in the Figure.
From Figure 2 we can see that current sensitivities (solid bars) are always worse in the case

of the LFVZD than from low-energy observables, in agreement with our findings in Table 4,
and especially in the case of the dipoles. Despite we chose to switch on only the Z dipole and
not the photon one at µ = ⇤, the RGE generate a photon dipole at low energies, providing a
better sensitivity to NP from low-energy observables even in this extreme case. Unfortunately,
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• A Tera Z can test LFV new physics scales searching for Z → 𝜏 𝓁 at the 
level of what Belle II will do through LFV tau decays (or better)

future 
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2 quarks - 2 lepton operators

Lorenzo Calibbi (Nankai)LFV phenomenology

Low-energy CLFV and LFV Z decays are also sensitive to this 
kind of operators. Example involving heavy quark flavours:

�ℓ�� τ���
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τ → πe Z → eτ τ → eγ
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Υ(1S)→eτ τ → eee τ→eμμ τ → ρe

τ → πe Z → eτ τ → eγ

Figure 4: Same as Figure 3 for the ⌧e sector.

⌧ ! e� (grey). We find that current constraints (dark colour) for LFV ⌧ decays provide the most
stringent constraints. Nevertheless, if the sensitivity of LFVQD searches is improved by 2-3 orders
of magnitude, they may probe currently unexplored new physics scales ⇤ for some of the operators.
While this observation is in line with the results of the above LEFT analysis for J/ ! e⌧ , the
results for ⌥(nS) ! e⌧ in Figure 4 look somewhat less optimistic than those obtained within the
LEFT framework, cf. Table 6a.

The origin of these strong constraints for some of the operators involving b quarks is precisely
the above-mentioned additional RGE effects that SMEFT operators are subject to. In particular,
diagrams obtained by closing the quark loop of a 2q2` operator can contribute to the lepton-Higgs
operators displayed in Table 3, which induce LFV couplings of the Z boson, see Eqs. (53, 54). In
turn, such couplings give rise to both LFV Z decays and all kinds of LFV 4-fermion operators
(2q2` as well as 4`) through the matching shown in Appendix A, see e.g. Ref. [27]. Due to the
large coupling to the Higgs field, this effect is particularly pronounced for those operators involving
top quarks and it enhances the relative importance of LFV ⌧ decays and Z ! e⌧ compared to
LFVQD, as can be seen in the right plot of Figure 4. Interestingly, this plot also shows that, in
line to the observations in Ref. [27], a Z-pole run of future e+e� colliders such as the FCC-ee or
the CEPC would probe these operators through Z LFV as well as (or better than) Belle II will
do searching for LFV ⌧ decays. On the other hand, operators that do not involve top quarks will
not generate large Z LFV effects (e.g. C`d,⌧ebb and Ced,⌧ebb) and can be probed better by searches
for ⌥(nS) ! e⌧ (and LFV ⌧ decays) than Z ! e⌧ . This provides an interesting example of the
complementarity between low-energy and high-energy searches for LFV phenomena.
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Figure 1: Diagrammatic example of how the same EFT vertex (grey circle) generating quarkonia
LFV decays can induce other LFV processes at loop level.

2 EFT framework

As discussed in the introduction, we parameterise the effects of LFV new physics in terms of
non-renormalisable operators. Throughout this work, we assume that the new particles related
to the NP scale ⇤ responsible for LFV are much heavier than the EW scale, ⇤ � mW . In such
a scenario, in order to assess the NP effects across different scales, it is then convenient to work
within the SMEFT framework, whose Lagrangian consists of that of the SM extended with a tower
of higher-dimensional operators constructed by gauge-invariant combinations of the SM fields only
and suppressed by inverse powers of the scale ⇤:

Lsmeft = Lsm +
X

d>4

X

a

C(d)
a

⇤d�4
O

(d)
a , (1)

where O
(d)
a are the effective operators of dimension-d and the C(d)

a represent the corresponding
Wilson Coefficients (WCs), whose values depend on the renormalisation scale µ. Notice that we
are working with dimensionless SMEFT WCs. In the rest of the paper, we will focus on dimension-6
operators — that are expected to provide the dominant contributions to LFV processes — and adopt
the conventions of the Warsaw basis [47]. All dimension-6 SMEFT operators that can induce LFV
effects [56] are listed in Table 3.

In a specific UV-complete model, the WCs at the scale ⇤ can be determined by integrating out
the heavy NP fields. In the spirit of our model-independent approach, we will instead consider the
WC of the O(d)

a at µ = ⇤ as independent free parameters. However, at lower energies, the coefficients
of different operators will mix as an effect of the RGEs. In particular, multiple operators will be
induced at the EW scale even if the UV physics is assumed to match dominantly to a single operator
(or just a few of them) at the scale ⇤.

Below the EW scale, we work within the LEFT employing the basis introduced by Ref. [45]. As
we will see in the next section, the observables that we focus on — the LFV quarkonium decays —
and the LFV decays of muons and taus that will set indirect constraints on them can be induced
by dimension-5 photon dipole operators1

Ldipole = Ce�,pr (¯̀p�
µ⌫PR`r)Fµ⌫ + h.c. , (2)

by dimension-6 2q2` operators

L2q2` = CV,LL
eq,prst (¯̀p�

µPL`r)(q̄s�µPLqt) + CV,RR
eq,prst (¯̀p�

µPR`r)(q̄s�µPRqt)

+ CV,LR
eq,prst (¯̀p�

µPL`r)(q̄s�µPRqt) + CV,LR
qe,prst (q̄p�µPLqr)(¯̀s�

µPR`t)

+
h
CS,RL
eq,prst (¯̀pPR`r)(q̄sPLqt) + CS,RR

eq,prst (¯̀pPR`r)(q̄sPRqt)

+ CT,RR
eq,prst (¯̀p�µ⌫PR`r)(q̄s�

µ⌫PRqt) + h.c.
i
, (3)

1We adopt the following convention for the fermionic QED couplings: LQED = �eQf f̄⇢Af .
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What about light new physics?

  Assume there is a light, invisible, new particle “a”
with flavour-violating couplings to leptons

CLFV modes would then be

Interesting interplay with cosmo/astro:

Light: Invisible:
• Neutral

• Feebly coupled (long-lived)

ma < mμ , mτ

μ → e a, τ → μ a, μ → e γ a, etc .

• DM candidate? (if long-lived enough)

• Bounds from star cooling/supernovae (if light and feeble enough)

Lorenzo Calibbi (Nankai)LFV phenomenology



Lepton-flavour-violating ALPs

   


• Lepton Number                Majoron


• Peccei-Quinn                     Axion  


• Flavour symmetry            Familon

PNGB:Global symmetry:

…

Why should a be light and feebly-coupled? 

Examples:

That’s natural, if it is the (pseudo) Nambu-Goldstone boson (PNGB) 

of a broken global U(1), aka an axion-like particle (ALP)

Equivalent possibility: light Z′ of a local U(1), e.g. Li-Lj (with g ≪1) 
Heeck ‘16

Wilczek ‘82

Pilaftsis ‘93

Feng et al. ‘97

LC Goertz Redigolo 
Ziegler Zupan ‘16

Di Luzio et al. ‘17, ’19


…
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Lepton-flavour-violating ALPs

La`` =
@µa

2fa

�
CV

ij `i�µ`j + CA
ij `i�µ�5`j

�
<latexit sha1_base64="+IolpgmdWYoOPH+Lgq5kmoxRFSI="></latexit>

General couplings to leptons:

Where does lepton flavour violation come from?

• If lepton U(1) charges are flavour non-universal             

      naturally flavour-violating couplings


• Alternatively, loop-induced flavour-violating couplings

Explicit examples at the end…

Shift symmetry (PNGB!) → ma from (small) explicit U(1) breaking

U(1)-breaking scale → coupling suppression
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LFV decays into ALPs: model-independent approach

La`` =
@µa

2fa

�
CV

ij `i�µ`j + CA
ij `i�µ�5`j

�
<latexit sha1_base64="+IolpgmdWYoOPH+Lgq5kmoxRFSI="></latexit>

Fij ⌘
2faq

|CV
ij |2 + |CA

ij |2
<latexit sha1_base64="UgJGgFEiKJwhr5AYNxEv5pPyXII="></latexit>

�(`i ! `j a) =
1

16⇡

m3
`i

F 2
ij

 
1� m2

a

m2
`i

!2
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Goal: constrain the effective LFV scales Fij using experimental data

This generic Lagrangian induces 2-body LFV decays such as: 

• Which experiments?

• What are the future prospects?

Feng et al. ‘97

Lorenzo Calibbi (Nankai)LFV phenomenology
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Figure 1. Summary of the present bounds and future projections for an ALP with generic couplings
to leptons, i.e., we set CV

``0 = C
A

``0 = 1 for all the couplings in Eq. (2.1). For the isotropic case we
set CV

µe
= 0 and C

A

µe
= 1 (the opposite choice leads to the same results). In the V± A case we set

C
V

µe
= ±C

A

µe
= 1. The gray shaded regions are excluded by the astrophysical bounds from star

cooling due to C
A

ee
and by SN1987A due to C

A

ee
and C

A

µµ
, see Sec. 6.1. We present these bounds for

the isotropic case. The blue shaded region corresponds to a prompt/displaced ALP. The green
solid line is the exclusion due to the bound on µ

+
! e

+
a by Jodidio et al., assuming an isotropic

ALP [9]. The green dotted (dashed) line is our recast of this bound for the V � A (V + A)
case. The sensitivity in the V � A case is worse since then the signal is suppressed in the forward
direction as much as the background. The blue solid (dotted, dashed) lines are the bounds
from the TWIST experiment on isotropic (V �A, V +A) ALP [10]. The dark orange thin solid
line is the MEGII-fwd projection for an isotropic ALP with no magnetic focusing while for the
orange thin solid line we assumed that focusing increases the luminosity in the forward direction
by a factor of 100, cf. Sec. 3.2 for details. The dark red thin solid line is the Mu3e projection
from [42], for the isotropic ALP. The sensitivity for the other chiral structures is expected to be
similar since there is no background suppression in this setup. The purple solid line is the bound
from the ⌧ ! µa search by the ARGUS collaboration [43], and does not dependent on the chirality
of the ALP couplings. The purple thin line is the projected reach at Belle-II, see Sec. 5 for details.
The bound on µ

+
! e

+
a� from Crystal Box is subdominant, see Sec. 4, and is not displayed.

When kinematically allowed, the couplings in Eq. (2.1) give rise to LFV decays with the

(invisible) ALP in the final state.3 The corresponding total decay width is given by

�(`i ! `j a) =
1

16⇡

m
3
`i

F
2
`i`j

 
1�

m
2
a

m
2
`i

!2

, (2.3)

3We note in passing, that while we do not study the phenomenology of the LFV neutrino decays,

⌫i ! ⌫ja, the typical decay time for this process is shorter than the age of the Universe for the ALP decay

constants under consideration. This has interesting phenomenological consequences on neutrino cosmology

– 5 –

Lepton-flavour-violating invisible ALPs

In this article we update and discuss future prospects to the most general couplings of a

(pseudo-) Nambu-Goldstone boson (PNGB) couplings to SM leptons. The Lagrangian is

given by

Laff =
@µa

2fa
f̄i�

µ(CV
fifj + CA

fifj�5)fj , (1.1)

where CV,A
fifj

are hermitian matrices in flavor space1 and a is the PNGB, with mass ma ⌧

GeV. In particular we will be interested in the regime where ma ⌧ eV. Moreover, we will

always assume that the PNGB is a stable, invisible particle, which in particular is the case

for a QCD axion with mass ma ⌧ eV.

In the spirit of e.g. Ref. [1], we will not assume any relations between the couplings in

Eq. (1.1), and discuss the experimental bounds and prospects separately. For these 6+3

couplings we introduce the short-hand

F V,A
`i`j

=
2fa

CV,A
`i`j

, F`i`j =
2faq

|CV
`i`j

|2 + |CA
`i`j

|2
. (1.2)

2 Bounds from Particle Decays

When kinematically allowed, the couplings in Eq. (1.1) give rise to LFV decays with the (in-

visible) PNGB in the final state. The corresponding decay width is given by (for simplicity

in the limit where the mass of the final state lepton is neglected, m`j = 0)

�(`i ! `j a) =
1

16⇡

m3
`i

F 2
`i`j

 
1�

m2
a

m2
`i

!2

, (2.1)

while the di↵erential decay rate reads (in the same limit)

d�(`i ! `j a)

d cos ✓
=

m3
`i

32⇡F 2
`i`j

 
1�

m2
a

m2
`i

!2 "
1 + 2P cos ✓

CV
`i`j

CA
`i`j

(CV
`i`j

)2 + (CA
`i`j

)2

#
, (2.2)

where P is the polarization of the decaying leptons, and ✓ is the angle between the polar-

ization vector and the momentum of the final state lepton.

[LC: All the discussion below assumes a practically masseless a. Shall we try to gen-

eralise it to heavier a?]

2.1 Muon decays: FA,V
µe

The current best bound on the FV decay of the muon mediated by a PNGB comes from

an experiment [6] at TRIUMF where 1.8⇥ 107 µ+ were collected:

BR(µ ! e a) '
�(µ ! e a)

�(µ ! e⌫⌫̄)
< 2.6⇥ 10�6 (90% CL) ) Fµe & 5.5⇥ 109 GeV. (2.3)

1Note that the diagonal vector couplings are unphysical, as they can be absorbed by non-anomalous

fermion field redefinitions. [JZ: Can’t we simply say that they vanish by EOM?] [RZ: Is it clear that this is

always equivalent?]

– 2 –

Decays mediated by dim-5 operators: much larger NP scales can be reached

Essential interplay among 𝜇 decays, 𝜏 decays, and astrophysical bounds

µ ! ea
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• How generic is a PNGB with flavour-violating couplings to leptons? 

• Can we test ALPs with LFV beyond stars?

• That is, how are FC and FV couplings related (Fee, F𝜇e, etc.) ? 


To answer these questions, we need to consider specific models

Models for LFV ALPs

• LFV QCD axion: 

QCD axion (DSFZ type) with leptons carrying non-universal PQ


• LFV axiflavon: 

QCD axion obtained by identifying PQ = Froggatt-Nielsen U(1)

(FV axion-quark couplings suppressed by an additional flavour SU(2))


• Leptonic familon

PNGB from spontaneously broken Froggatt-Nielsen U(1) (acting on leptons only)


• Majoron

spontaneously broken lepton number (in the context of low-energy seesaw)

Lorenzo Calibbi (Nankai)LFV phenomenology



LFV QCD axion

Our final example, the majoron, is the PNGB associated with the spontaneous breaking

of the lepton number [117, 118]. In Sec. 7.4 we show that in a non-minimal class of

seesaw models the majoron has parametrically enhanced LFV couplings. In these theories

an approximate generalized lepton number suppresses the neutrino masses [41, 119–127],

without suppressing the majoron couplings to the SM.

7.1 The LFV QCD Axion

The mass of the QCD axion is entirely due to the QCD anomaly, and is given by [128]

ma = 5.691(51)µeV

✓
1012GeV

fa

◆
. (7.1)

The value of the axion decay constraint fa therefore completely determines the mass of the

QCD axion, which for all the processes we consider is e↵ectively massless.

Astrophysical constraints require the axion to be very weakly coupled, with a lifetime

larger than the age of the universe and a mass below 3⇥ 10�2 eV. In this range the QCD

axion is a perfectly viable cold DM candidate in large parts of the parameter space. One

of the simplest scenarios for axion production is the misalignment mechanism described in

Sec. 6.2. In the QCD axion case the observed DM abundance is obtained for misalignment

angles of order unity ✓0 ⇠ 1 with an axion decay constants fa ⇠ 10(11÷13) GeV. For smaller

decay constants, within the reach of LFV experiments, the axion relic from the standard

misalignment contribution is under abundant unless non-trivial dynamics or tuning are

invoked (see discussion in Sec. 6.2).

The axion couplings to fermions in Eq. (2.1) arise from rotating the PQ current to the

fermion mass basis, with unitary rotations V f defined by V
f †
L

yfV
f

R
= y

diag
f

. Denoting the

PQ charge matrices by Xf , one has

C
V,A

fifj
=

1

2N

⇣
V

f †
R

XfRV
f

R
± V

f †
L

XfLV
f

L

⌘

ij

, (7.2)

where 2N is the domain wall number. The o↵-diagonal couplings arise when the PQ charges

are not diagonal in the same basis as the Yukawa couplings, yf . Their sizes depend on the

misalignment between the two bases, which is parametrized by the unitary rotations V f

R,L
.

We focus on the situation where the PQ charges in the quark sector are universal, so that

the QCD axion only has flavor violating couplings in the lepton sector. (This is of course

not the most general case. If PQ charges in the quark sector are not universal, the results

from Ref. [23] apply, with the bound from K
+
! ⇡

+
a leading to tight constraints on fa.)

In the following, we specify a DFSZ-like model of the QCD axion with LFV couplings.

The field content of the theory consists of the SM fermions, two Higgs doublets, H1,2, and

a complex scalar S that is a gauge singlet. The model contains an anomalous global U(1)

PQ symmetry under which the scalar fields carry charges XS = 1, XH2 = 2 + XH1 . As

a consequence, the scalar potential contains the couplings H
†
2H1S

2 and (S†
S)2, but not,

for instance, H
†
1H2S

2 or S
4. The fermionic U(1)PQ charges are flavor universal in the

quark sector, XuRi = �XH1 , XdRi = XH2 , XqLi = 0, i = 1, 2, 3, while they are generation

– 34 –

V †
LY

eVR = Y e
diag
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Figure 10. Left: the “V + A” LFV axion corresponds to the orange bold solid line. Right:
the “V � A” LFV axion corresponds to the green bold solid line. The grey shaded regions
show the present bounds on LFV QCD axion couplings to photons as a function of axion mass for
the two benchmarks. The grey dashed lines denote future projected sensitivities on the photon
coupling. The solid orange/green vertical lines show the present upper bound on the axion mass
from WD cooling in the two models. The dotted orange/green vertical lines show the present
bound and future reach on the axion mass from LFV experiments. For a comparison we also show
lines corresponding to the standard KSVZ (dark blue) and DSFZ-II (blue) models. The former
one is limited by the SN1987A bound, the latter one by WD cooling. For both the DSFZ-II and
our LFV QCD axion models we set � = 1. See the main text for details.

• Benchmark “V +A” (⌘ =
p
2me/mµ)

C
V

µe ⇡ C
A

µe ⇡ 1/6 , C
A

ee ⇡ c
2
�
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• Benchmark “V �A” (⌘ = 1/
p
2)

C
V

µe ⇡ �C
A

µe ⇡ 1/6 , C
A

ee ⇡ c
2
�
/3� 1/2 . (7.13)

We can now reinterpret the model independent bounds on LFV ALPs, derived in Sections

3-6, for the three LFV QCD axion benchmarks (choosing � = 1 as a representative value).

The resulting bounds on fa from µ ! ea and from WD cooling, obtained by rescaling

respectively the bounds on F
A,V
µe , FA

ee in Table 1 by the appropriate values of CV,A
µe , CA

ee in

the three benchmarks, are collected in Table 3 and presented graphically in Fig. 9.

The SN1987 bound is modified with respect to the one discussed in Sec. 6.1 due to the

axion couplings to quarks and gluons that then result in the axion couplings to nucleons

(due to smaller scattering cross sections the processes involving electrons lead only to

subleading corrections). Adopting the treatment of Ref. [138], the relevant bound is on the

e↵ective coupling to nucleons,

CN ⌘

q
C2
n + 0.29C2

p + 0.27CpCn , (7.14)
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LFV QCD axion

Our final example, the majoron, is the PNGB associated with the spontaneous breaking

of the lepton number [117, 118]. In Sec. 7.4 we show that in a non-minimal class of

seesaw models the majoron has parametrically enhanced LFV couplings. In these theories

an approximate generalized lepton number suppresses the neutrino masses [41, 119–127],

without suppressing the majoron couplings to the SM.

7.1 The LFV QCD Axion

The mass of the QCD axion is entirely due to the QCD anomaly, and is given by [128]

ma = 5.691(51)µeV

✓
1012GeV

fa

◆
. (7.1)

The value of the axion decay constraint fa therefore completely determines the mass of the

QCD axion, which for all the processes we consider is e↵ectively massless.

Astrophysical constraints require the axion to be very weakly coupled, with a lifetime

larger than the age of the universe and a mass below 3⇥ 10�2 eV. In this range the QCD

axion is a perfectly viable cold DM candidate in large parts of the parameter space. One

of the simplest scenarios for axion production is the misalignment mechanism described in

Sec. 6.2. In the QCD axion case the observed DM abundance is obtained for misalignment

angles of order unity ✓0 ⇠ 1 with an axion decay constants fa ⇠ 10(11÷13) GeV. For smaller

decay constants, within the reach of LFV experiments, the axion relic from the standard

misalignment contribution is under abundant unless non-trivial dynamics or tuning are

invoked (see discussion in Sec. 6.2).

The axion couplings to fermions in Eq. (2.1) arise from rotating the PQ current to the

fermion mass basis, with unitary rotations V f defined by V
f †
L

yfV
f

R
= y

diag
f

. Denoting the

PQ charge matrices by Xf , one has

C
V,A

fifj
=

1

2N

⇣
V

f †
R

XfRV
f

R
± V

f †
L

XfLV
f

L

⌘

ij

, (7.2)

where 2N is the domain wall number. The o↵-diagonal couplings arise when the PQ charges

are not diagonal in the same basis as the Yukawa couplings, yf . Their sizes depend on the

misalignment between the two bases, which is parametrized by the unitary rotations V f

R,L
.

We focus on the situation where the PQ charges in the quark sector are universal, so that

the QCD axion only has flavor violating couplings in the lepton sector. (This is of course

not the most general case. If PQ charges in the quark sector are not universal, the results

from Ref. [23] apply, with the bound from K
+
! ⇡

+
a leading to tight constraints on fa.)

In the following, we specify a DFSZ-like model of the QCD axion with LFV couplings.

The field content of the theory consists of the SM fermions, two Higgs doublets, H1,2, and

a complex scalar S that is a gauge singlet. The model contains an anomalous global U(1)

PQ symmetry under which the scalar fields carry charges XS = 1, XH2 = 2 + XH1 . As

a consequence, the scalar potential contains the couplings H
†
2H1S

2 and (S†
S)2, but not,

for instance, H
†
1H2S

2 or S
4. The fermionic U(1)PQ charges are flavor universal in the

quark sector, XuRi = �XH1 , XdRi = XH2 , XqLi = 0, i = 1, 2, 3, while they are generation
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L and R unitary rotations 

to the lepton mass basis

matrices of 

PQ charges

flavor non-universal charges  

      flavor-violating couplings

Bound on fa (in GeV)

Benchmark “V ” Benchmark “V +A” Benchmark “V �A”

SN1987A 9.4⇥ 107 9.4⇥ 107 9.4⇥ 107

WD cooling 1.3⇥ 109 9.3⇥ 108 9.3⇥ 108

µ ! e a 1.1⇥ 108 8.0⇥ 108 1.2⇥ 108

Table 3. Bounds on the axion decay constant fa (in GeV) for the three bechmarks of the LFV
axion model choosing � = 1, cf. Eqs. (7.11)-(7.13).
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Figure 9. Present and expected future bounds on fa and ma for the LFV QCD axion in the
three scenarios described in detail in the text, see also Table 3 and Eqs. (7.11)-(7.13). On the
lower axis we indicate the corresponding values for the e↵ective axion mass defined by mi,e↵ =
4.7 eV ⇥ 106 GeV/Fi.

The parameter ⌘ controls the size of left- and right-handed rotations. We restrict its values

to the range me/mµ  ⌘  1 such that there are no unnaturally large cancellations when

diagonalizing the mass matrix. Choosing three representative values of ⌘ gives

(V e

L)12 ⇡

8
>>><

>>>:

1p
2

⌘ = 1p
2
,

q
me
mµ

⌘ =
q

me
mµ

,

me
mµ

⌘ =
p
2me
mµ

,

(V e

R)12 ⇡

8
>>><

>>>:

�
me
mµ

⌘ = 1p
2
,

�

q
me
mµ

⌘ =
q

me
mµ

,

�
1p
2

⌘ =
p
2me
mµ

,

(7.10)

which we take as the three representative benchmarks: the “V � A”, “V ” and “V + A”

scenarios, respectively. As per our assumptions, the only flavor violating couplings are

between the 1st and the 2nd generation leptons.

More explicitly, the axion couplings in the three scenarios are,

• Benchmark “V ” (⌘ =
p
me/mµ)

C
V

µe ⇡ 2/3
q
me/mµ , C

A

µe = 0 , C
A

ee ⇡ c
2
�
/3� 2/3 , (7.11)
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3

achieved by measuring majoron couplings without ever
observing the heavy right-handed neutrinos.
To this e↵ect let us point out some interesting proper-

ties of the hermitian matrix MDM
†
D [9]: its determinant

is simply detMDM
†
D = detMn =

Q6
j=1 mj , which is

strictly positive in the model at hand even if one of the
light neutrinos were massless at tree level [23]. Thus,
MDM

†
D is positive definite, which yields a chain of in-

equalities for the o↵-diagonal entries (MDM
†
D)ij , i 6= j

(see e.g. Ref. [24]):

|(MDM
†
D)ij | <

q
(MDM

†
D)ii(MDM

†
D)jj


(MDM

†
D)ii + (MDM

†
D)jj

2


1

2
tr(MDM

†
D) .

(7)

This provides a useful way to constrain magnitudes of
the elements of MDM

†
D since its trace appears in many

couplings of the majoron.
From Eq. (3) all loop-induced majoron couplings are

necessarily proportional to 1/f . But many couplings con-
tain additional powers of M�1

R / 1/f , which makes them
higher order in the seesaw expansion. We will neglect
these suppressed couplings and focus on those that are
down by only one power of 1/f . For the sake of generality,
we determine the majoron couplings assuming an explicit
shift-symmetry-breaking majoron mass term �

1
2m

2
JJ

2,
making J a pseudo-Goldstone boson. This mass could be
explicit [25, 26] or arise from quantum-gravity e↵ects [27–
29].

A. Neutrino couplings

By inserting Eq. (6) into Eq. (3), the tree-level majoron
coupling to the light active Majorana neutrinos in the
seesaw limit is

LJ =
iJ

2f

3X

j=1

mjnj�5nj . (8)

These diagonal majoron couplings to neutrinos are
formally second order in the seesaw expansion since
m1,2,3/f ⇠ M

2
D/(MRf) ⇠ (v/f)2. The omitted o↵-

diagonal Jninj couplings are determined by the ma-
trix AA

†
AMRA

T
/f ⇠ (v/f)3 which are further sup-

pressed, and lead to irrelevantly slow active-neutrino de-
cays ni ! njJ [4].

Assuming for simplicity mJ � m1,2,3, the majoron’s
partial decay rate into light neutrinos is

�(J ! ⌫⌫) =
mJ

16⇡f2

3X

j=1

m
2
j . (9)

For su�ciently large f the majoron becomes a long-lived
DM candidate [26, 28, 30–35], discussed in Sec. IVC.
As mentioned earlier, the majoron couplings to all

other SM particles are leading order in the seesaw expan-
sion, i.e. proportional to 1/f , and may easily dominate

the phenomenology despite the additional loop suppres-
sion [9]. Therefore, a thorough discussion of the majoron
requires knowledge of all loop-induced couplings that are
leading order in the seesaw expansion. Using the tree-
level couplings of Eq. (3) we calculate the loop-induced
majoron couplings to the rest of the SM particles and
provide them below.

B. Charged fermion couplings

The leading order couplings to charged fermions are
obtained from the one-loop diagrams in Fig. 1. These
were calculated long ago, both in the one-generation
case [3] and in the three-generation case, which leads to
o↵-diagonal majoron couplings to leptons [17]. At lead-
ing order in the seesaw expansion, these couplings take a
simple form [9], with (diagonal) quark couplings

LJqq =
iJ

16⇡2v2f
tr(MDM

†
D)

�
d̄Md�5d� ūMu�5u

�
, (10)

and charged lepton couplings

LJ`` =
iJ

16⇡2v2f

¯̀
⇣
M` tr(MDM

†
D)�5

+2M`MDM
†
DPL � 2MDM

†
DM`PR

⌘
` ,

(11)

where M`,u,d denote the diagonal mass matrices of the
appropriate SM fermions. In addition to exhibiting de-
coupling in the seesaw limit MR ⇠ f ! 1, these cou-
plings vanish in the electroweak symmetric limit v ! 0
as expected since J is an electroweak singlet. The quark
couplings can be used to derive the majoron couplings to
nucleons N = (p, n)T , using the values from Ref. [36]:

LJNN '
iJ tr(MDM

†
D)

16⇡2v2f
N̄

✓
�1.30mp 0

0 1.24mn

◆
�5N .

(12)

At this point let us make some remarks about CP vi-
olation. Already in the one-loop processes above one en-
counters loop-induced majoron mixing with the Brout–
Englert–Higgs boson h, which would result in majoron
couplings to the scalar bilinear f̄f as opposed to the
pseudo-scalar f̄ i�5f . It was noted in Ref. [17] that the
relevant J–h mixing diagrams vanish for mJ = 0. For
mJ 6= 0 the J–h amplitude is of order (v/f)2 in see-
saw and hence negligible. This can be understood by
noting that CP-violating phases in the Davidson–Ibarra
parametrization reside both in the active-neutrino mass

FIG. 1. Loop-induced majoron couplings to charged fermions
with the Majorana neutrino mass eigenstates ni running in
the loops.

Majoron

|Cx| [⇤ = 1 TeV] ⇤ (TeV) [|Cx| = 1] CLFV Process
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Table 2: Bounds on the coe�cients of some of the flavour-violating operators of Table 1 for
⇤ = 1 TeV, and corresponding bounds on ⇤ (in TeV) for |Cx| = 1. Adapted from [?, ?, ?].

No direct e↵ect is induced in the charged lepton sector by such an operator, but flavour
violation is transmitted to charged leptons via a W � ⌫ loop, although at an unobservable
level as we will see below. The situation might change as an e↵ect of the UV completion of
the Weinberg operator. Only three kinds of new fields can generate this operator at the tree
level: (i) fermions that are total singlets under the SM gauge group, usually called RH or
sterile; (ii) scalar SU(2)L triplets with hypercharge Y = 1; (iii) fermion SU(2)L triplets with
Y = 0. These three options – which have been respectively labelled as type I [cite], type II
[cite], and type III [cite] seesaw – are schematically depicted in Fig. 1. In the following, we
will sketch the main features of the three kinds of the seesaw mechanism for what concerns
the CLFV phenomenology.

The Lagrangian of type I seesaw can be written as

L = LSM + iN /@N �

✓
YNN e�†

L+
1

2
MNNN

c + h.c.

◆
, (5)

where e� ⌘ i⌧2�⇤ and family indices are understood. MN is a matrix of Majorana mass terms
for the RH neutrinos (that give the necessary violation of L), whose number should be at
least two (three) in order to give mass to two (three) mostly LH (‘active’) neutrinos. Upon
EW symmetry breaking the Yukawa couplings in YN give raise to Dirac RH-LH neutrino mass
terms YNv/

p
2, hence the mass matrix for (⌫L, N

c) reads in blocks:

M⌫ =

✓
0 Y

T
N v/

p
2

YNv/
p
2 MN

◆
. (6)

Assuming for the mass eigenvalues MNk of MN that MNk � YNv – which is equivalent to
integrating out the N fields from the Lagrangian, thus recovering the e↵ective operator in
Eq. (4) – one obtains the famous seesaw formula for the mass matrix of the light states that

4
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Figure 1: Possible tree-level UV completion of the Weinberg operator of Eq. (4). From
[Abada-etal].

are identified with the active neutrinos:

m⌫ = �
v
2

2
Y

T
NM

�1
N YN . (7)

The CLFV e↵ects of the type I seesaw can be easily observed by considering that the
unitary matrix that diagonalises m⌫ – the PMNS matrix U – does not coincide with the
matrix U that appears in the charged current, as an e↵ect of the mixing between LH and RH
neutrinos. In particular, U is not unitary:

U =

✓
1�

v
2

2
Y

†
NM

�2
N YN

◆
U . (8)

Entries of U then appear at the vertices of W �⌫ loop diagrams inducing the decays `i ! `j�,
such that [cite]:

�(`i ! `j�)

�(`i ! `j⌫i⌫̄j)
=

3↵em

32⇡

���
P

k UikU
†
kjF (xk)

���
2

(UU†)ii(UU†)jj
, (9)

where xk = m
2
⌫k/M

2
W (with m⌫k the eigenvalues of m⌫) and the loop function reads:

F (x) =
10� 43x+ 78x2 � 49x3 + 4x4 + 18x3 lnx

3(x� 1)4
=

10

3
� x+O

�
x
2
�
. (10)

From the above equations, one can see that if the RH neutrinos are decoupled, U reduces to
the unitary PMNS U and the constant term in F (xk) does not contribute to �(`i ! `j�).
As a consequence, one recovers from Eq. (9) the classical expression for the neutrino-induced
CLFV [cite] that is severely suppressed by the small neutrino mass di↵erences: BR(`i !

`j�) ⇠ |�m
2
⌫k/M

2
W |

2. This gives for instance BR(µ ! e�) . 10�54, way below any foreseeable
experimental sensitivity. On the contrary, the e↵ect (encoded in the non-unitarity of U) can
be raised at observable level for low-scale RH neutrinos [cite]. The expression in Eq. (9) does
not give the exact one-loop result, as it does not consider loops involving the RH neutrinos
themselves.1 Still it provides a reliable order-of-magnitude estimate of the rates [cite] and

1Exact expressions – as well as formulae for `i ! `j`k`k and µ ! e conversion in nuclei – can be found in
[cite].

5

Type I seesaw:

Spontaneous breaking of the lepton number:

MN � YNv
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L-breaking term

The Majoron J arises when the scale MN (which breaks lepton number by two units) is

generated dynamically by the vev of a new SM singlet scalar field �, with decomposition

� =
fN + �̂
p
2

e
iJ/fN . (6.15)

The right-handed neutrino mass term in (6.13) is replaced by a Yukawa coupling to the

scalar � with coupling matrix �N , such that MN = �NfN/
p
2. This Yukawa term provides

also the couplings of the Majoron J (and the radial mode �̂) to right-handed neutrinos.

It is well-known that these couplings induce couplings of J to charged leptons and quarks

at loop-level [21], and complete expressions have been provided in Ref. [23]. Here we are

interested only in the seesaw limit of these general expressions, which we match to our

Lagrangian (1.1) upon identifying a ! J, fa ! fN . Using the results of Ref. [24], we find

for the resulting couplings
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where T
u,d
3 = ±1/2. Note that F V

µe = �F
A
µe, so the weaker bound on Fµe applies.

As the Majoron couplings depend on the Dirac Yukawa couplings in a di↵erent way

than the light neutrino masses, further model building is needed in order to make predic-

tions for LFV decays to Majorons, similar to LFV decays to photons mediated by heavy

neutrinos. In both cases it is clear that that these e↵ects are negligible in the generic case,

since for Yukawas with a characteristic size |(yD)ij | ⇠ y the e↵ective suppression scale

of LFV decays is given by F ⇠ fN/C ⇠ 16⇡2
fN/y

2
⇠ 16⇡2

v
2
/m⌫ ⇠ 1016GeV, which

is far above the sensitivity of present experiments. However, since yDM
�1
N y

T
D transform

non-trivially under lepton number (in contrast to yDy
†
D), it is clear that light neutrino

masses can be parametrically suppressed in the presence of an approximate generalized

lepton number. Such scenarios, usually referred to as the “TeV Scale See-Saw Mecha-

nism”, have been extensively studied in the literature [25–28], and we simply use these

results of Ref. [28] in the following.

In the simplest setup one considers two right-handed neutrinos N1,2 with a (Dirac)

mass matrix MN and Dirac Yukawa couplings parametrized as

MN =

 
0 M

M 0

!
, yD =

0

B@
ye1 ye2

yµ1 yµ2

y⌧1 y⌧2

1

CA . (6.18)

In the limit of e.g. y`1 ! 0 for all ` = e, µ, ⌧ , the Dirac Yukawas respect the residual U(1)

symmetry MN ! PMNP , yD ! e
i↵
yDP with P = diag{ei↵, e�i↵

}. Clearly this symmetry

is also respected by yDy
†
D, but not by the light neutrino mass matrix, which transform as

m⌫ ! e
2i↵

m⌫ . Working in a basis where the charged lepton matrix is diagonal, we can

adjust the above parameters to reproduce all neutrino observables (2 mass di↵erences + 3

mixing angles). This leaves just two parameters free, which we choose to be M , the mass
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In the limit of e.g. y`1 ! 0 for all ` = e, µ, ⌧ , the Dirac Yukawas respect the residual U(1)

symmetry MN ! PMNP , yD ! e
i↵
yDP with P = diag{ei↵, e�i↵

}. Clearly this symmetry

is also respected by yDy
†
D, but not by the light neutrino mass matrix, which transform as

m⌫ ! e
2i↵

m⌫ . Working in a basis where the charged lepton matrix is diagonal, we can

adjust the above parameters to reproduce all neutrino observables (2 mass di↵erences + 3

mixing angles). This leaves just two parameters free, which we choose to be M , the mass
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Majoron

|Cx| [⇤ = 1 TeV] ⇤ (TeV) [|Cx| = 1] CLFV Process

C
µe
e� 2.1⇥ 10�10 6.8⇥ 104 µ ! e�

C
µµµe,eµµµ
`e 1.8⇥ 10�4 75 µ ! e� [1-loop]

C
µ⌧⌧e,e⌧⌧µ
`e 1.0⇥ 10�5 312 µ ! e� [1-loop]

C
µe
e� 4.0⇥ 10�9 1.6⇥ 104 µ ! eee

C
µeee
``,ee 2.3⇥ 10�5 207 µ ! eee

C
µeee,eeµe
`e 3.3⇥ 10�5 174 µ ! eee

C
µe
e� 5.2⇥ 10�9 1.4⇥ 104 µ

�Au ! e
�Au

C
eµ
`q,`d,ed 1.8⇥ 10�6 745 µ

�Au ! e
�Au

C
eµ
eq 9.2⇥ 10�7 1.0⇥ 103 µ

�Au ! e
�Au

C
eµ
`u,eu 2.0⇥ 10�6 707 µ

�Au ! e
�Au

C
⌧µ
e� 2.7⇥ 10�6 610 ⌧ ! µ�

C
⌧e
e� 2.4⇥ 10�6 650 ⌧ ! e�

C
µ⌧µµ
``,ee 7.8⇥ 10�3 11.3 ⌧ ! µµµ

C
µ⌧µµ,µµµ⌧
`e 1.1⇥ 10�2 9.5 ⌧ ! µµµ

C
e⌧ee
``,ee 9.2⇥ 10�3 10.4 ⌧ ! eee

C
e⌧ee,eee⌧
`e 1.3⇥ 10�2 8.8 ⌧ ! eee

Table 2: Bounds on the coe�cients of some of the flavour-violating operators of Table 1 for
⇤ = 1 TeV, and corresponding bounds on ⇤ (in TeV) for |Cx| = 1. Adapted from [?, ?, ?].

No direct e↵ect is induced in the charged lepton sector by such an operator, but flavour
violation is transmitted to charged leptons via a W � ⌫ loop, although at an unobservable
level as we will see below. The situation might change as an e↵ect of the UV completion of
the Weinberg operator. Only three kinds of new fields can generate this operator at the tree
level: (i) fermions that are total singlets under the SM gauge group, usually called RH or
sterile; (ii) scalar SU(2)L triplets with hypercharge Y = 1; (iii) fermion SU(2)L triplets with
Y = 0. These three options – which have been respectively labelled as type I [cite], type II
[cite], and type III [cite] seesaw – are schematically depicted in Fig. 1. In the following, we
will sketch the main features of the three kinds of the seesaw mechanism for what concerns
the CLFV phenomenology.

The Lagrangian of type I seesaw can be written as

L = LSM + iN /@N �

✓
YNN e�†

L+
1

2
MNNN

c + h.c.

◆
, (5)

where e� ⌘ i⌧2�⇤ and family indices are understood. MN is a matrix of Majorana mass terms
for the RH neutrinos (that give the necessary violation of L), whose number should be at
least two (three) in order to give mass to two (three) mostly LH (‘active’) neutrinos. Upon
EW symmetry breaking the Yukawa couplings in YN give raise to Dirac RH-LH neutrino mass
terms YNv/

p
2, hence the mass matrix for (⌫L, N

c) reads in blocks:

M⌫ =

✓
0 Y

T
N v/

p
2

YNv/
p
2 MN

◆
. (6)

Assuming for the mass eigenvalues MNk of MN that MNk � YNv – which is equivalent to
integrating out the N fields from the Lagrangian, thus recovering the e↵ective operator in
Eq. (4) – one obtains the famous seesaw formula for the mass matrix of the light states that
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Figure 1: Possible tree-level UV completion of the Weinberg operator of Eq. (4). From
[Abada-etal].

are identified with the active neutrinos:

m⌫ = �
v
2

2
Y

T
NM

�1
N YN . (7)

The CLFV e↵ects of the type I seesaw can be easily observed by considering that the
unitary matrix that diagonalises m⌫ – the PMNS matrix U – does not coincide with the
matrix U that appears in the charged current, as an e↵ect of the mixing between LH and RH
neutrinos. In particular, U is not unitary:

U =

✓
1�

v
2

2
Y

†
NM

�2
N YN

◆
U . (8)

Entries of U then appear at the vertices of W �⌫ loop diagrams inducing the decays `i ! `j�,
such that [cite]:

�(`i ! `j�)

�(`i ! `j⌫i⌫̄j)
=

3↵em

32⇡

���
P

k UikU
†
kjF (xk)

���
2

(UU†)ii(UU†)jj
, (9)

where xk = m
2
⌫k/M

2
W (with m⌫k the eigenvalues of m⌫) and the loop function reads:

F (x) =
10� 43x+ 78x2 � 49x3 + 4x4 + 18x3 lnx

3(x� 1)4
=

10

3
� x+O

�
x
2
�
. (10)

From the above equations, one can see that if the RH neutrinos are decoupled, U reduces to
the unitary PMNS U and the constant term in F (xk) does not contribute to �(`i ! `j�).
As a consequence, one recovers from Eq. (9) the classical expression for the neutrino-induced
CLFV [cite] that is severely suppressed by the small neutrino mass di↵erences: BR(`i !

`j�) ⇠ |�m
2
⌫k/M

2
W |

2. This gives for instance BR(µ ! e�) . 10�54, way below any foreseeable
experimental sensitivity. On the contrary, the e↵ect (encoded in the non-unitarity of U) can
be raised at observable level for low-scale RH neutrinos [cite]. The expression in Eq. (9) does
not give the exact one-loop result, as it does not consider loops involving the RH neutrinos
themselves.1 Still it provides a reliable order-of-magnitude estimate of the rates [cite] and

1Exact expressions – as well as formulae for `i ! `j`k`k and µ ! e conversion in nuclei – can be found in
[cite].
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Type I seesaw:

Spontaneous breaking of the lepton number:

MN � YNv
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L-breaking termThe Majoron J arises when the scale MN (which breaks lepton number by two units) is

generated dynamically by the vev of a new SM singlet scalar field �, with decomposition

� =
fN + �̂
p
2

e
iJ/fN . (6.15)

The right-handed neutrino mass term in (6.13) is replaced by a Yukawa coupling to the

scalar � with coupling matrix �N , such that MN = �NfN/
p
2. This Yukawa term provides

also the couplings of the Majoron J (and the radial mode �̂) to right-handed neutrinos.

It is well-known that these couplings induce couplings of J to charged leptons and quarks

at loop-level [21], and complete expressions have been provided in Ref. [23]. Here we are

interested only in the seesaw limit of these general expressions, which we match to our

Lagrangian (1.1) upon identifying a ! J, fa ! fN . Using the results of Ref. [24], we find

for the resulting couplings
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V
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T
q
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D
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�ij
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Tr
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⌘
� (yDy

†
D)ij

�
, (6.17)

where T
u,d
3 = ±1/2. Note that F V

µe = �F
A
µe, so the weaker bound on Fµe applies.

As the Majoron couplings depend on the Dirac Yukawa couplings in a di↵erent way

than the light neutrino masses, further model building is needed in order to make predic-

tions for LFV decays to Majorons, similar to LFV decays to photons mediated by heavy

neutrinos. In both cases it is clear that that these e↵ects are negligible in the generic case,

since for Yukawas with a characteristic size |(yD)ij | ⇠ y the e↵ective suppression scale

of LFV decays is given by F ⇠ fN/C ⇠ 16⇡2
fN/y

2
⇠ 16⇡2

v
2
/m⌫ ⇠ 1016GeV, which

is far above the sensitivity of present experiments. However, since yDM
�1
N y

T
D transform

non-trivially under lepton number (in contrast to yDy
†
D), it is clear that light neutrino

masses can be parametrically suppressed in the presence of an approximate generalized

lepton number. Such scenarios, usually referred to as the “TeV Scale See-Saw Mecha-

nism”, have been extensively studied in the literature [25–28], and we simply use these

results of Ref. [28] in the following.

In the simplest setup one considers two right-handed neutrinos N1,2 with a (Dirac)

mass matrix MN and Dirac Yukawa couplings parametrized as
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In the limit of e.g. y`1 ! 0 for all ` = e, µ, ⌧ , the Dirac Yukawas respect the residual U(1)

symmetry MN ! PMNP , yD ! e
i↵
yDP with P = diag{ei↵, e�i↵

}. Clearly this symmetry

is also respected by yDy
†
D, but not by the light neutrino mass matrix, which transform as

m⌫ ! e
2i↵

m⌫ . Working in a basis where the charged lepton matrix is diagonal, we can

adjust the above parameters to reproduce all neutrino observables (2 mass di↵erences + 3

mixing angles). This leaves just two parameters free, which we choose to be M , the mass
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The Majoron J arises when the scale MN (which breaks lepton number by two units) is
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where T
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µe, so the weaker bound on Fµe applies.

As the Majoron couplings depend on the Dirac Yukawa couplings in a di↵erent way

than the light neutrino masses, further model building is needed in order to make predic-
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fN/y

2
⇠ 16⇡2

v
2
/m⌫ ⇠ 1016GeV, which

is far above the sensitivity of present experiments. However, since yDM
�1
N y

T
D transform

non-trivially under lepton number (in contrast to yDy
†
D), it is clear that light neutrino

masses can be parametrically suppressed in the presence of an approximate generalized

lepton number. Such scenarios, usually referred to as the “TeV Scale See-Saw Mecha-

nism”, have been extensively studied in the literature [25–28], and we simply use these

results of Ref. [28] in the following.

In the simplest setup one considers two right-handed neutrinos N1,2 with a (Dirac)

mass matrix MN and Dirac Yukawa couplings parametrized as

MN =

 
0 M

M 0

!
, yD =

0

B@
ye1 ye2

yµ1 yµ2

y⌧1 y⌧2

1

CA . (6.18)

In the limit of e.g. y`1 ! 0 for all ` = e, µ, ⌧ , the Dirac Yukawas respect the residual U(1)

symmetry MN ! PMNP , yD ! e
i↵
yDP with P = diag{ei↵, e�i↵

}. Clearly this symmetry

is also respected by yDy
†
D, but not by the light neutrino mass matrix, which transform as

m⌫ ! e
2i↵

m⌫ . Working in a basis where the charged lepton matrix is diagonal, we can

adjust the above parameters to reproduce all neutrino observables (2 mass di↵erences + 3

mixing angles). This leaves just two parameters free, which we choose to be M , the mass

– 16 –
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Majoron

Lepton number anomaly free: suppressed coupling to photons (EUV=0)


Figure 2. Summary of the bounds and future projections for LFV ALPs. The color coding is the
same as in Fig 1. Left: We set Cµe = 1, while all the other couplings in Eq. (2.1) are set to zero.
For comparison we also show the bound on µ ! ea from SN1987A derived in Sec. 6.1 even though
it is subdominant relative to the existing bounds from ground based experiments. Right: The only
nonzero coupling is C⌧e = 1. The plot for C⌧µ = 1 is similar, and is not displayed for brevity.

where for simplicity we neglected the mass of the final-state lepton. The di↵erential decay

rate reads (in the same m`j = 0 limit)

d�(`i ! `j a)

d cos ✓
=

m
3
`i

32⇡F 2
`i`j

 
1�

m
2
a

m
2
`i

!2 "
1 + 2P`i cos ✓

Re(CV

`i`j
C

A⇤
`i`j

)

|CV

`i`j
|2 + |CA

`i`j
|2

#
, (2.4)

where ✓ is the angle between the polarization vector, ⌘̂, of the decaying lepton `i and the

momentum of the final state lepton `j , while P`i is the polarization of the decaying leptons.

The convention used for P`i is such that for the phenomenologically most important case of

µ
+
! e

+
a decays we have P`i = ⌘̂ · ẑ, where ẑ is the beam axis. The µ+ are predominantly

polarized antiparallel to the beam direction, thus P`i < 0 and ✓ is the angle between �ẑ

and the momentum of the positron, cf. Fig. 4 (left).

The total width of the ALP can be computed as a function of its mass by summing

the di↵erent partial decay widths

�tot(ma) = �(a ! ��) +
X

i,j=1,2

�(a ! `i`j) +
X

i,j=1,2,3

�(a ! ⌫i⌫j) . (2.5)

Since we restricted the ALP mass to ma < m⌧ , only the decays to photons, neutrinos,

electrons, and possibly muons are kinematically open. The corresponding partial decay

widths are

�(a ! `i`j) =
ma

2⇡

✓
m`i �m`j

F
V

ij

◆2

+

✓
m`i +m`j

F
A

ij

◆2�
s

1�
2(m2

`i
+m

2
`j
)

m2
a

, (2.6)

�(a ! ��) =
↵
2
emE

2
e↵

64⇡3

m
3
a

f2
a

, (2.7)

that will be testable in future large scale structure surveys [48, 49].
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Figure 3. Graphical representation of the current bounds and future projections for di↵erent LFV
couplings of an e↵ectively massless ALP, also reported in Table 1.

due to the derivative ALP couplings decouple in the heavy fermion limit. The anomaly

contribution is encoded in the Wilson coe�cient, EUV, and depends on the structure

of the UV model. We use the the following normalization for the e↵ective ALP-photon

Lagrangian 4

Le↵ = EUV
↵em

4⇡

a

fa
FF̃ , (2.9)

such that for QCD axion EUV = E/2N . For example, in the DFSZ-II model for the

QCD axion [12, 13], in which the charged leptons couple to the same Higgs as the up-

quarks, one has EUV = 1/3. In Sec. 7 below, we give four explicit examples of LFV ALP

models. For these we have EUV = {2/3, 10/9, (10 ÷ 24), 0} for LFV QCD axion, Sec. 7.1,

for LFV axiflavon, Sec. 7.2, for anarchic LFV familon, Sec. 7.3, and for majoron, Sec. 7.4,

respectively. If ALP also couples to quarks and gluons there are additional contributions

to (2.8), both from heavy quarks as well as from pions running in the loop (see Ref. [50]

for complete expressions). From now on we fix EUV = 1, unless specified otherwise, since

its precise value does not a↵ect most of the physics discussed in this paper.

As shown in Fig. 1, we focus in this paper on the region of parameter space where the

ALP is long-lived on detector scales. As we will motivate extensively in Sec. 7 we believe

that this region is theoretically the most appealing. For the discussion of phenomenologi-

cally interesting decay channels in the displaced and prompt regions, we refer the reader to

Refs. [51–53] and to the recent MEG limit on LFV light particles decaying to two photons,

µ ! eX, X ! �� [54]. A complementary probe of LFV couplings in the region of heavier

ALP masses is the muonium-antimuonium oscillation, which would be induced by s� and

t� channel exchanges of ALPs with µe � a couplings. While the resulting bounds on fa

4Our conventions are ✏0123 = 1 and F̃µ⌫ = 1/2 ✏µ⌫⇢�F
⇢�.
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ma ⌧ m`i : Ee↵ ' EUV
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Figure 13. Present bounds and future sensitivities on the coupling to electrons FA

ee
(in GeV) and

the RH neutrino mass scale M (normalized by the combination of free parameters �y
2) vs. the

majoron mass mJ (in eV) for the low-energy seesaw majoron model. On the left of dashed blue
line the the majoron is stable on time scale of our Universe and could account for the DM abundance.
The two dashed gray lines are examples of misalignment production discussed in Sec 6.2. The
gray shaded region is excluded by star cooling bounds on the majoron-electron coupling and
µ
+
! e

+
a bounds. The yellow shaded is excluded by SN1987A. We show in red the future reach

of Mu3e, in purple the reach of Belle II and in light purple the reach of QUAX which requires
the majoron to be DM.

couplings to muons and taus, although they are at the moment of little phenomenological

relevance,

F
A

µµ = �
2.7⇥ 1011GeV

�y2

✓
M

107GeV

◆
, F

A

⌧⌧ =
3.7⇥ 1010GeV

�y2

✓
M

107GeV

◆
. (7.56)

The coupling to muons is comparatively suppressed due to an accidental cancellation be-

tween the two contributions to C
A
µµ in Eq. (7.50).

The majoron also couples to nucleons via its couplings to quarks (7.49). These cou-

plings do not depend on PMNS elements and are given by

FN ⇡
0.88⇥ 1010GeV

�y2

✓
M

107GeV

◆
. (7.57)

In Fig. 13, we summarize the current status and future prospect of the constraints on

the parameter space of the low-energy seesaw majoron model described above. Besides the

present and future bounds from LFV experiments and the astrophysical limits discussed in

Sec. 6.1 involving the coupling of the majoron to electrons, we display as a yellow-shaded

area the region excluded by SN1987A, according to the study of Ref. [155], due to the

nucleon-majoron coupling of Eq. (7.57).
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Summary

Lorenzo Calibbi (Nankai)LFV phenomenology

CLFV observables among the cleanest and most stringent

tests of physics beyond the Standard Model

Future CLFV can test new physics up to very large scales: 
of the order of 107 — 108 GeV

Still plenty of room also to discover (tau) LFV at a Tera Z

(and complementarity with B-factory searches)

ALPs from non-universal global U(1)s (or due to loop 
effects) give rise to lepton-flavour-violating decays

We have huge room for improvement over old limits: next 
generation experiments may discover axions in muon decays!
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     Unitary rotation matrices, couplings to photon and Z remain flavour-diagonal:

 In the SM fermion masses, thus the flavour sector, stems
from the Yukawa interactions:

Why no CLFV in the Standard Model?
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where SU(2)L indices were omitted and i and j run over the three families, such that Yf

(f = u, d, e) are in general complex 3 ⇥ 3 matrices(3). The fields are defined as follows:
QL are the left-handed (LH) quark doublets, QT

L
= (uL dL), uR and dR the right-handed

(RH) up and down quarks respectively, LL the LH letpon doublets, LT

L
= (⌫L eL), and

eR the RH leptons. The conjugate Higgs field is as usually defined as e� ⌘ i⌧2�⇤, where
⌧2 is the second Pauli matrix. Fermion mass terms of the kind mffL

fR arise upon the
breaking of the electro-weak (EW) symmetry SU(2)L⇥U(1)Y by the vacuum expectation
value (vev) of the Higgs field, h�iT = (0 v)/

p
2 (v ' 246 GeV), such that:

(2) (mf )ij =
v
p
2
(Yf )ij , f = u, d, e

In the original formulation of Standard Model, the Lagrangian in Eq. (1) does not give
rise to mass terms for the neutrinos, which are thus exactly massless. The Yukawa
matrices and thus the fermion mass matrices can be diagonalised by unitary rotations of
the fields, as follows:

(3) Yf = Vf ŶfW
†
f
, f = u, d, e

where Ŷf denotes diagonal Yukawa matrices. Given the unitarity of the matrices Vf and
Wf , applying these transformations does not modify the kinetic terms and the neutral-
current interactions, such as the fermion couplings to the photon and the Z boson, which
then result flavour conserving. Similarly the fermion couplings to the physical Higgs h
are proportional to the mass matrix, thus they can be diagonalised in the same basis and
no flavour violation is induced in the interactions with the Higgs either:

(4) �L
hf̄f

=
mf

v
f̄LfR h+ h.c.

On the other hand, the two rotations in Eq. (3) do induce flavour violation in the
charged-current interactions with the W bosons:

(5) Lcc =
g
p
2

�
uL�

µ(V †
u
Vd)dL + ⌫L�

µ(V †
⌫
Ve)eL

�
W+

µ
+ h.c.

As we can see, flavour violation in quark sector arises from the fact that, in general,
diagonalising Yu and Yd requires Vu 6= Vd. Such a misalignment gives rise to flavour-
changing transitions controlled by the matrix VCKM ⌘ V †

u
Vd, which is nothing but the

Cabibbo-Kobayashi-Maskawa (CKM) matrix [17, 19]. On the other hand, in the lepton
sector of the original Standard Model with massless neutrinos, one can choose V⌫ = Ve,
because no other term in the Lagrangian involves the lepton doublets, and the leptonic
flavour is exactly conserved. Clearly, this feature does not hold any longer in extensions
of the Standard Model addressing the generation of mass terms for the neutrinos, as we
will discuss in the next section. In other words, the Lagrangian in Eq. (1) is invariant

(3) As already noted in the caption of Table I we collectively indicate the up-type quarks, the
down-type quarks and the charged leptons with u, d and e respectively.
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(gL f̄L�µfL + gR f̄R�µfR)Z
µ
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exist in fact a number of reviews on this subject, which concentrate on theoretical [28, 29]
or experimental aspects [30, 31, 32, 33, 34, 35] or both [36, 37], some including CLFV
in the broader subjects of muon physics [38] or theories of massive neutrinos [39]. We
tried to be complementary to these excellent reviews, presenting things in a somewhat
pedagogical spirit with the hope that newcomers to the field of muon CLFV might find
it useful for a first tour.

In the theoretical part we try to emphasize the conditions, under which a new physics
model leads to sizeable rates for CLFV processes. In order to do so, in section 2, we
first briefly review the lepton sector of the Standard Model and show why lepton family
numbers are conserved in absence of right-handed neutrinos. We then show how minimal
departures from the original formulation of the Standard Model (such as introducing a
second Higgs doublet) can drastically change the picture and induce large CLFV; the
interesting and (experimentally) new subject of LFV decays of the Higgs boson is also
briefly discussed. In section 3 we introduce neutrino masses to the game and review some
details of the standard calculation of µ ! e� from oscillating neutrinos, showing how
this leads to negligible rates unless the new dynamics at the origin of neutrino masses
lies at rather low energy scales. Before moving to discuss predictions of some specific
models, we present a brief discussion of model-independent approaches to CLFV based on
e↵ective operators (section 4). We then discuss, in section 5, CLFV in supersymmetric
models as a case study of model-dependent predictions, on which we give more general
remarks in the subsequent section 6. We conclude the theory part reviewing in section
7 the possible link between CLFV and lepton flavour non-universality in semi-leptonic
B-meson decays that several experiments have recently hinted at.

In the experimental part we highlight the general aspects of the design of experiments
aimed at the most sensitive searches for CLFV, in particular of those involving muons
(mu-e-gamma, mu-to-three-e, and mu-to-e-conversion) albeit in a unified picture we try
to involve also the heaviest lepton, the ⌧ . Section 8 starts by introducing general concepts
regarding the search for rare decays, such as “single event sensitivity” and “signal region”.
In section 9 we discuss the generation and decay of positive and negative muons, free and
in orbit, and in section 10 and 11 we analyse the general aspects, and the di�culties,
of detecting low energy electrons, positrons and photons. Before starting the review
of the experiments, in section 12 we make some comments on the need of calibrations
and monitoring of the experiments, and the care that should be used in their simulation
through Monte Carlo codes. In section 13 we review present and programmed muon
experiments. In this description we did not want to be comprehensive: those eager of
full details are referred to the technical articles describing the experiments. But each
experiment is built around some clever ideas, and those we have tried to pass to our
readers. We will have a look at tau channels in section 14 before looking at future
directions in section 15. Our conclusions are drawn in section 16 in the hope to have
made the theory part accessible to experimentalists as well as the experimental part
readable by theorists!

2. – The lepton sector of the Standard Model and its simple extensions

The flavour sector of the Standard Model (SM) – i.e. the fermion masses and the
mixing among di↵erent generations – arises from the Yukawa couplings of the fermion
fields with the Higgs field �:

(1) �LY = (Yu)ij Q
L i

uR j
e�+ (Yd)ij Q

L i
dR j �+ (Ye)ij LL i eR j �+ h.c.



Why no CLFV in the Standard Model?

Flavour violation occurs in charged currents only:
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where SU(2)L indices were omitted and i and j run over the three families, such that Yf

(f = u, d, e) are in general complex 3 ⇥ 3 matrices(3). The fields are defined as follows:
QL are the left-handed (LH) quark doublets, QT

L
= (uL dL), uR and dR the right-handed

(RH) up and down quarks respectively, LL the LH letpon doublets, LT

L
= (⌫L eL), and

eR the RH leptons. The conjugate Higgs field is as usually defined as e� ⌘ i⌧2�⇤, where
⌧2 is the second Pauli matrix. Fermion mass terms of the kind mffL

fR arise upon the
breaking of the electro-weak (EW) symmetry SU(2)L⇥U(1)Y by the vacuum expectation
value (vev) of the Higgs field, h�iT = (0 v)/

p
2 (v ' 246 GeV), such that:

(2) (mf )ij =
v
p
2
(Yf )ij , f = u, d, e

In the original formulation of Standard Model, the Lagrangian in Eq. (1) does not give
rise to mass terms for the neutrinos, which are thus exactly massless. The Yukawa
matrices and thus the fermion mass matrices can be diagonalised by unitary rotations of
the fields, as follows:

(3) Yf = Vf ŶfW
†
f
, f = u, d, e

where Ŷf denotes diagonal Yukawa matrices. Given the unitarity of the matrices Vf and
Wf , applying these transformations does not modify the kinetic terms and the neutral-
current interactions, such as the fermion couplings to the photon and the Z boson, which
then result flavour conserving. Similarly the fermion couplings to the physical Higgs h
are proportional to the mass matrix, thus they can be diagonalised in the same basis and
no flavour violation is induced in the interactions with the Higgs either:

(4) �L
hf̄f

=
mf

v
f̄LfR h+ h.c.

On the other hand, the two rotations in Eq. (3) do induce flavour violation in the
charged-current interactions with the W bosons:

(5) Lcc =
g
p
2

�
uL�

µ(V †
u
Vd)dL + ⌫L�

µ(V †
⌫
Ve)eL

�
W+

µ
+ h.c.

As we can see, flavour violation in quark sector arises from the fact that, in general,
diagonalising Yu and Yd requires Vu 6= Vd. Such a misalignment gives rise to flavour-
changing transitions controlled by the matrix VCKM ⌘ V †

u
Vd, which is nothing but the

Cabibbo-Kobayashi-Maskawa (CKM) matrix [17, 19]. On the other hand, in the lepton
sector of the original Standard Model with massless neutrinos, one can choose V⌫ = Ve,
because no other term in the Lagrangian involves the lepton doublets, and the leptonic
flavour is exactly conserved. Clearly, this feature does not hold any longer in extensions
of the Standard Model addressing the generation of mass terms for the neutrinos, as we
will discuss in the next section. In other words, the Lagrangian in Eq. (1) is invariant

(3) As already noted in the caption of Table I we collectively indicate the up-type quarks, the
down-type quarks and the charged leptons with u, d and e respectively.

8 LORENZO CALIBBI and GIOVANNI SIGNORELLI

where SU(2)L indices were omitted and i and j run over the three families, such that Yf

(f = u, d, e) are in general complex 3 ⇥ 3 matrices(3). The fields are defined as follows:
QL are the left-handed (LH) quark doublets, QT

L
= (uL dL), uR and dR the right-handed

(RH) up and down quarks respectively, LL the LH letpon doublets, LT

L
= (⌫L eL), and

eR the RH leptons. The conjugate Higgs field is as usually defined as e� ⌘ i⌧2�⇤, where
⌧2 is the second Pauli matrix. Fermion mass terms of the kind mffL

fR arise upon the
breaking of the electro-weak (EW) symmetry SU(2)L⇥U(1)Y by the vacuum expectation
value (vev) of the Higgs field, h�iT = (0 v)/

p
2 (v ' 246 GeV), such that:

(2) (mf )ij =
v
p
2
(Yf )ij , f = u, d, e

In the original formulation of Standard Model, the Lagrangian in Eq. (1) does not give
rise to mass terms for the neutrinos, which are thus exactly massless. The Yukawa
matrices and thus the fermion mass matrices can be diagonalised by unitary rotations of
the fields, as follows:

(3) Yf = Vf ŶfW
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†
f
, f = u, d, e
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exist in fact a number of reviews on this subject, which concentrate on theoretical [28, 29]
or experimental aspects [30, 31, 32, 33, 34, 35] or both [36, 37], some including CLFV
in the broader subjects of muon physics [38] or theories of massive neutrinos [39]. We
tried to be complementary to these excellent reviews, presenting things in a somewhat
pedagogical spirit with the hope that newcomers to the field of muon CLFV might find
it useful for a first tour.

In the theoretical part we try to emphasize the conditions, under which a new physics
model leads to sizeable rates for CLFV processes. In order to do so, in section 2, we
first briefly review the lepton sector of the Standard Model and show why lepton family
numbers are conserved in absence of right-handed neutrinos. We then show how minimal
departures from the original formulation of the Standard Model (such as introducing a
second Higgs doublet) can drastically change the picture and induce large CLFV; the
interesting and (experimentally) new subject of LFV decays of the Higgs boson is also
briefly discussed. In section 3 we introduce neutrino masses to the game and review some
details of the standard calculation of µ ! e� from oscillating neutrinos, showing how
this leads to negligible rates unless the new dynamics at the origin of neutrino masses
lies at rather low energy scales. Before moving to discuss predictions of some specific
models, we present a brief discussion of model-independent approaches to CLFV based on
e↵ective operators (section 4). We then discuss, in section 5, CLFV in supersymmetric
models as a case study of model-dependent predictions, on which we give more general
remarks in the subsequent section 6. We conclude the theory part reviewing in section
7 the possible link between CLFV and lepton flavour non-universality in semi-leptonic
B-meson decays that several experiments have recently hinted at.

In the experimental part we highlight the general aspects of the design of experiments
aimed at the most sensitive searches for CLFV, in particular of those involving muons
(mu-e-gamma, mu-to-three-e, and mu-to-e-conversion) albeit in a unified picture we try
to involve also the heaviest lepton, the ⌧ . Section 8 starts by introducing general concepts
regarding the search for rare decays, such as “single event sensitivity” and “signal region”.
In section 9 we discuss the generation and decay of positive and negative muons, free and
in orbit, and in section 10 and 11 we analyse the general aspects, and the di�culties,
of detecting low energy electrons, positrons and photons. Before starting the review
of the experiments, in section 12 we make some comments on the need of calibrations
and monitoring of the experiments, and the care that should be used in their simulation
through Monte Carlo codes. In section 13 we review present and programmed muon
experiments. In this description we did not want to be comprehensive: those eager of
full details are referred to the technical articles describing the experiments. But each
experiment is built around some clever ideas, and those we have tried to pass to our
readers. We will have a look at tau channels in section 14 before looking at future
directions in section 15. Our conclusions are drawn in section 16 in the hope to have
made the theory part accessible to experimentalists as well as the experimental part
readable by theorists!

2. – The lepton sector of the Standard Model and its simple extensions

The flavour sector of the Standard Model (SM) – i.e. the fermion masses and the
mixing among di↵erent generations – arises from the Yukawa couplings of the fermion
fields with the Higgs field �:

(1) �LY = (Yu)ij Q
L i

uR j
e�+ (Yd)ij Q

L i
dR j �+ (Ye)ij LL i eR j �+ h.c.
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the fields, as follows:
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, f = u, d, e

where Ŷf denotes diagonal Yukawa matrices. Given the unitarity of the matrices Vf and
Wf , applying these transformations does not modify the kinetic terms and the neutral-
current interactions, such as the fermion couplings to the photon and the Z boson, which
then result flavour conserving. Similarly the fermion couplings to the physical Higgs h
are proportional to the mass matrix, thus they can be diagonalised in the same basis and
no flavour violation is induced in the interactions with the Higgs either:
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As we can see, flavour violation in quark sector arises from the fact that, in general,
diagonalising Yu and Yd requires Vu 6= Vd. Such a misalignment gives rise to flavour-
changing transitions controlled by the matrix VCKM ⌘ V †

u
Vd, which is nothing but the

Cabibbo-Kobayashi-Maskawa (CKM) matrix [17, 19]. On the other hand, in the lepton
sector of the original Standard Model with massless neutrinos, one can choose V⌫ = Ve,
because no other term in the Lagrangian involves the lepton doublets, and the leptonic
flavour is exactly conserved. Clearly, this feature does not hold any longer in extensions
of the Standard Model addressing the generation of mass terms for the neutrinos, as we
will discuss in the next section. In other words, the Lagrangian in Eq. (1) is invariant

(3) As already noted in the caption of Table I we collectively indicate the up-type quarks, the
down-type quarks and the charged leptons with u, d and e respectively.

 Rotations to the fermion mass basis:

UPMNS ⌘ V †
⌫ Ve
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However, if neutrinos are massless, we can choose:

No LFV   (Ye only ‘direction’ in the leptonic flavour space)
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 In the SM fermion masses, thus the flavour sector, stems
from the Yukawa interactions:



Z LFV in the SMEFT

The couplings of Z to leptons are protected by the SM gauge symmetry 

→ LFV effects must be proportional to the EW breaking: 
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are the SM couplings of Z to right-handed (RH) and left-handed (LH) lepton currents respec-
tively, with sw (cw) being the sine (cosine) of the weak mixing angle. New physics effects are
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where the WCs have to be evaluated at the scale µ = mZ .
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where �Z = 2.4952(23) GeV is the total decay width of the Z boson [62], and we summed
over the two possible combinations of lepton charges, `±i `

⌥
j .

As anticipated above, only five SMEFT operators (those highlighted in Table 2) can induce
the LFV Z ! `i`j decays at the tree level. Actually, as we can see from Eqs. (4, 5), only three
independent combinations of the corresponding WCs contribute:
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As already mentioned, these WCs are to be evaluated at µ = mZ . On the other hand,
the SMEFT running induces mixing of various operators and therefore the LFVZD will be
sensitive to more Ci(⇤) beyond those five operators explicitly entering in Eq. (6). In our
numerical analysis, we have implemented the full one-loop SMEFT running by means of
wilson [58]. Nevertheless, given the large number of dimension-6 operators, it is helpful to
identify beforehand those WCs that will be more relevant for the LFVZD after the one-loop
RG evolution.
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The couplings of Z to leptons are protected by the SM gauge symmetry 

→ LFV effects must be proportional to the EW breaking: 
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where �Z = 2.4952(23) GeV is the total decay width of the Z boson [62], and we summed
over the two possible combinations of lepton charges, `±i `
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As anticipated above, only five SMEFT operators (those highlighted in Table 2) can induce
the LFV Z ! `i`j decays at the tree level. Actually, as we can see from Eqs. (4, 5), only three
independent combinations of the corresponding WCs contribute:
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As already mentioned, these WCs are to be evaluated at µ = mZ . On the other hand,
the SMEFT running induces mixing of various operators and therefore the LFVZD will be
sensitive to more Ci(⇤) beyond those five operators explicitly entering in Eq. (6). In our
numerical analysis, we have implemented the full one-loop SMEFT running by means of
wilson [58]. Nevertheless, given the large number of dimension-6 operators, it is helpful to
identify beforehand those WCs that will be more relevant for the LFVZD after the one-loop
RG evolution.
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In the SM EFT, only 5 operators contribute at the tree level:

18

B. Decay !i → !j!k !̄k

Such a decay can be realized as τ± → e±µ+µ−e or τ± → µ±e+e−. The coefficients CX read:
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(
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C. Decay !±i → !̄∓j !
±
k !

±
k

Again, only τ lepton can decay into such channels, τ± → e∓µ±µ± or τ± → µ∓e∓e∓. In this

case photon and Z0-mediated diagrams are suppressed by 1/Λ4 and only contact 4−lepton diagram

can contribute to these (rather exotic) process. The coefficients CX are given by:
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""
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ee
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2
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V. LEPTON FLAVOR VIOLATING Z0 DECAYS

The branching ratio for the lepton flavor violating decays of a Z0 boson Z0 → !−f !
+
i is given by:

Br
[

Z0 → !±f !
∓
i

]

=
mZ

24πΓZ

[

m2
Z

2

(

∣

∣CZR
fi

∣

∣

2
+

∣

∣CZL
fi

∣

∣

2
)

+
∣

∣ΓZL
fi

∣

∣

2
+

∣

∣ΓZR
fi

∣

∣

2
]

, (V.1)
If a single operator dominates,            constrain NP scales up to
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Ca = 1 : ⇤ & 5 TeV (Z ! µe), ⇤ & 3 TeV (Z ! ⌧`)
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FIG. 1. Parton-parton luminosity functions Lqiq̄j (see Eq. (7)) are depicted for quark-flavor conserving and violating processes in the left and
right panels, respectively. The PDF set PDF4LHC15_nnlo_mc [25–28] has been used to extract the central value (dashed lines) and the 1�
contours (solid envelope).

where fqi denotes the quark qi parton distribution functions
(PDF), µF is the factorization scale and

p
s stands for the

proton-proton center-of-mass energy, with ⌧ = ŝ/s. The
non-trivial flavor hierarchies of the luminosity functions for
different pairs of colliding partons are depicted in Fig. 1 for
µF = ⌧s, where we have used the PDF4LHC15_nnlo_mc
PDF set [25–28] and included the 1� PDF uncertainties de-
rived by using the MC replica method [29]. The hadronic
cross-section is then given by the expression

�(pp ! `�k `
+
l ) =

X

ij

Z
d⌧

⌧
Lqiq̄j (⌧)

⇥
�̂(⌧s)

⇤
ijkl

, (8)

where q denotes both down and up-type quarks. The sum-
mation extends over all quark flavors, with the exception of
the top quark which only contributes at one-loop to this pro-
cess [30, 31]. Notice that if the partonic cross-section �̂ is a
linear function in ⌧ , as it is our case, then the only dependence
on ⌧ of the integrand in Eq. (8) comes from the luminosity
functions defined in Eq. (7).

From Eq. (6), we see that the largest partonic cross-section
comes from the tensor operator, which is a factor of 4 larger
than the vectorial ones. On the other hand, scalar and vector
operators have comparable cross-sections. Given the small
differences in the angular efficiencies for these operators, the
limits derived on a single operator can be easily translated into
others by simply accounting for the numerical factors given in
Eq. (6). For this reason, we focus in what follows on a single
effective coefficient, which we choose to be C ⌘ CVLL , with
flavor indices defined by

Le↵ �

X

ijkl

C`k`l
qiqj

v2
�
q̄Li�µqLj

��
¯̀
Lk�

µ`Ll

�
, (9)

where i, j are flavor indices of down (d, s, b) or u-type quarks
(u, c), and k, l of charged leptons (e, µ, ⌧ ), in the mass basis.

Hermiticity implies that
�
C`k`l

qiqj

�⇤
= C`l`k

qjqi . In Sec. II.3, we
describe how to apply the high-pT constraints derived for the
Lagrangian given above to the most general effective scenario
in Eq. (1).

The relevant observable for probing the LFV operators is
the high-mass tail of the invariant mass spectrum m`k`l of the
final state dilepton. For instance, for the set of left-handed
effective operators defined in Eq. (9), this observable is com-
puted from the differential hadronic cross-section (Eq. (8)),
which is integrated over a fixed interval ⌧ 2 [⌧min, ⌧max],

⇥
�(pp ! `⌥k `

±
l )

⇤⌧max

⌧min
=

s

144⇡ v4

X

ij

Z ⌧max

⌧min

d⌧ Lqiq̄j (⌧)

⇥

h
|C`k`l

qiqj |
2 + |C`l`k

qiqj |
2
i
,

(10)

where we have used the fact LHC searches do not distinguish
the charges of the final lepton states. The integration interval
is chosen to map a specific invariant mass window into the
tail of the dilepton distribution, far away from the SM reso-
nance poles, and we have summed over the lepton charges,
i.e. `±k `

⌥
l ⌘ `+k `

�
l + `�k `

+
l . The choice of the invariant mass

windows should ultimately correspond to the most sensitive
mass bins in the experiment. Our recast of LHC data will be
detailed in Sec. II.2.

Lastly, we briefly discuss the quark-flavor dependence in
Eq. (8). There are two sources of flavor entering the hadronic
cross-section: (i) the underlying flavor structure present in the
hard partonic process, which is encoded by the effective coef-
ficients, and (ii) the flavor dependent non-perturbative parton
distribution functions (PDF) of the proton. Assuming a large
scale separation, these structures factorize at leading order as
shown in Eq. (8). For scenarios with effective coefficients that
do not distinguish quark flavor, it is clear from Fig. 1 that the
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Figure 3: The invariant mass distribution of (a) eµ, (b) eµ with b-veto, (c) e⌧, and (d) µ⌧ pairs for data
and the SM predictions. Three signal examples are overlaid: a Z

0 boson with a mass of 1.5 TeV,
a ⌧-sneutrino (⌫̃⌧) with a mass of 1.5 TeV, and a RS quantum black-hole (QBH) with a threshold
mass of 1.5 TeV. The range is chosen such that all data points are visible. The error bars show
the Poissonian statistical uncertainty of the observed yields, while the band in the bottom plot
includes all systematic uncertainties combined in quadrature. No further data points are found
in overflow bins.
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⇒ Indirect LHC bounds (if EFT is valid):

Many     scatterings in pp collisions at the LHC
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Seesaw Mechanism(s)

Three ways of generating the Weinberg operator at the tree level:

Type I
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Type I seesaw

|Cx| [⇤ = 1 TeV] ⇤ (TeV) [|Cx| = 1] CLFV Process

C
µe
e� 2.1⇥ 10�10 6.8⇥ 104 µ ! e�

C
µµµe,eµµµ
`e 1.8⇥ 10�4 75 µ ! e� [1-loop]

C
µ⌧⌧e,e⌧⌧µ
`e 1.0⇥ 10�5 312 µ ! e� [1-loop]

C
µe
e� 4.0⇥ 10�9 1.6⇥ 104 µ ! eee

C
µeee
``,ee 2.3⇥ 10�5 207 µ ! eee

C
µeee,eeµe
`e 3.3⇥ 10�5 174 µ ! eee

C
µe
e� 5.2⇥ 10�9 1.4⇥ 104 µ

�Au ! e
�Au

C
eµ
`q,`d,ed 1.8⇥ 10�6 745 µ

�Au ! e
�Au

C
eµ
eq 9.2⇥ 10�7 1.0⇥ 103 µ

�Au ! e
�Au

C
eµ
`u,eu 2.0⇥ 10�6 707 µ

�Au ! e
�Au

C
⌧µ
e� 2.7⇥ 10�6 610 ⌧ ! µ�

C
⌧e
e� 2.4⇥ 10�6 650 ⌧ ! e�

C
µ⌧µµ
``,ee 7.8⇥ 10�3 11.3 ⌧ ! µµµ

C
µ⌧µµ,µµµ⌧
`e 1.1⇥ 10�2 9.5 ⌧ ! µµµ

C
e⌧ee
``,ee 9.2⇥ 10�3 10.4 ⌧ ! eee

C
e⌧ee,eee⌧
`e 1.3⇥ 10�2 8.8 ⌧ ! eee

Table 2: Bounds on the coe�cients of some of the flavour-violating operators of Table 1 for
⇤ = 1 TeV, and corresponding bounds on ⇤ (in TeV) for |Cx| = 1. Adapted from [?, ?, ?].

No direct e↵ect is induced in the charged lepton sector by such an operator, but flavour
violation is transmitted to charged leptons via a W � ⌫ loop, although at an unobservable
level as we will see below. The situation might change as an e↵ect of the UV completion of
the Weinberg operator. Only three kinds of new fields can generate this operator at the tree
level: (i) fermions that are total singlets under the SM gauge group, usually called RH or
sterile; (ii) scalar SU(2)L triplets with hypercharge Y = 1; (iii) fermion SU(2)L triplets with
Y = 0. These three options – which have been respectively labelled as type I [cite], type II
[cite], and type III [cite] seesaw – are schematically depicted in Fig. 1. In the following, we
will sketch the main features of the three kinds of the seesaw mechanism for what concerns
the CLFV phenomenology.

The Lagrangian of type I seesaw can be written as

L = LSM + iN /@N �

✓
YNN e�†

L+
1

2
MNNN

c + h.c.

◆
, (5)

where e� ⌘ i⌧2�⇤ and family indices are understood. MN is a matrix of Majorana mass terms
for the RH neutrinos (that give the necessary violation of L), whose number should be at
least two (three) in order to give mass to two (three) mostly LH (‘active’) neutrinos. Upon
EW symmetry breaking the Yukawa couplings in YN give raise to Dirac RH-LH neutrino mass
terms YNv/

p
2, hence the mass matrix for (⌫L, N

c) reads in blocks:

M⌫ =

✓
0 Y

T
N v/

p
2

YNv/
p
2 MN

◆
. (6)

Assuming for the mass eigenvalues MNk of MN that MNk � YNv – which is equivalent to
integrating out the N fields from the Lagrangian, thus recovering the e↵ective operator in
Eq. (4) – one obtains the famous seesaw formula for the mass matrix of the light states that
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Figure 1: Possible tree-level UV completion of the Weinberg operator of Eq. (4). From
[Abada-etal].

are identified with the active neutrinos:

m⌫ = �
v
2

2
Y

T
NM

�1
N YN . (7)

The CLFV e↵ects of the type I seesaw can be easily observed by considering that the
unitary matrix that diagonalises m⌫ – the PMNS matrix U – does not coincide with the
matrix U that appears in the charged current, as an e↵ect of the mixing between LH and RH
neutrinos. In particular, U is not unitary:

U =

✓
1�

v
2

2
Y

†
NM

�2
N YN

◆
U . (8)

Entries of U then appear at the vertices of W �⌫ loop diagrams inducing the decays `i ! `j�,
such that [cite]:

�(`i ! `j�)

�(`i ! `j⌫i⌫̄j)
=

3↵em

32⇡

���
P

k UikU
†
kjF (xk)

���
2

(UU†)ii(UU†)jj
, (9)

where xk = m
2
⌫k/M

2
W (with m⌫k the eigenvalues of m⌫) and the loop function reads:

F (x) =
10� 43x+ 78x2 � 49x3 + 4x4 + 18x3 lnx

3(x� 1)4
=

10

3
� x+O

�
x
2
�
. (10)

From the above equations, one can see that if the RH neutrinos are decoupled, U reduces to
the unitary PMNS U and the constant term in F (xk) does not contribute to �(`i ! `j�).
As a consequence, one recovers from Eq. (9) the classical expression for the neutrino-induced
CLFV [cite] that is severely suppressed by the small neutrino mass di↵erences: BR(`i !

`j�) ⇠ |�m
2
⌫k/M

2
W |

2. This gives for instance BR(µ ! e�) . 10�54, way below any foreseeable
experimental sensitivity. On the contrary, the e↵ect (encoded in the non-unitarity of U) can
be raised at observable level for low-scale RH neutrinos [cite]. The expression in Eq. (9) does
not give the exact one-loop result, as it does not consider loops involving the RH neutrinos
themselves.1 Still it provides a reliable order-of-magnitude estimate of the rates [cite] and

1Exact expressions – as well as formulae for `i ! `j`k`k and µ ! e conversion in nuclei – can be found in
[cite].
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• Heavy neutrinos in the loop

Figure 1: Possible tree-level UV completion of the Weinberg operator of Eq. (4). From
[Abada-etal].
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themselves.1 Still it provides a reliable order-of-magnitude estimate of the rates [cite] and

1Exact expressions – as well as formulae for `i ! `j`k`k and µ ! e conversion in nuclei – can be found in
[cite].
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New contributions to CLFV processes:


Can we have large CLFV rates fulfilling with                        ?  m⌫i . 0.1 eV
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Ilakovac Pilaftsis ‘94

Lorenzo Calibbi (Nankai)LFV phenomenology



Type I seesaw

Can the dim-5 coefficient be small while the dim-6 one is large?

Yes! If the lepton number is approximately conserved…

But that’s not (necessarily) the end of the story:


• Neutrino masses controlled by L-breaking dim-5 operator:


• CLFV controlled by L-conserving dim-6 operator: Y †
NM�2
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Lorenzo Calibbi (Nankai)LFV phenomenology
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Observable effects possible for small breaking of lepton number, e.g.:

• Two almost degenerate RH neutrinos (pseudo-Dirac pair)

• Extended mass matrix (inverse seesaw, linear seesaw…)
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Lorenzo Calibbi (Nankai)LFV phenomenology



Type I seesaw

In type I seesaw, flavour-mixing occur only for neutral states
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Phenomenology of type‐I seesaw CLFV

conversion in atomic nucleiµ � e

3 µ to e conversion rates

3.1 Calculation of the rates

In the type-I seesaw framework, violation of charged lepton number arises at the one loop level.
µ to e conversion is induced by a series of gauge boson mediated diagrams given in Fig. 1.
The various contributions to the process can be divided in those in which the momentum is
transferred by the photon, by the Z boson or via two W bosons. The first two proceed via
penguin diagrams, whereas the latter processes corresponds to a box diagram. Alike to the
quark case, the internal fermions in the loop must have non-degenerate masses and non trivial
mixings, in order to avoid a GIM cancellation.

For a rigorous calculation of the rate it is necessary to separate the local contributions from
the "extended" ones. This stems from the fact that extended contributions, unlike local ones,
are sensitive to atomic electric field e�ects. The W and Z mediated diagrams are obviously all
local. The � mediated diagrams contribute to both classes of transitions, extended and local.
The µ ⇥ e� matrix element can be written as

iM =
ieg2W

2(4⇤)2M2
W

⇥µ⇥(q)ue(p
�)
�
Fµe
� (q2�µ � ⇤qqµ)PL � i⌅µ⇤q

⇤Gµe
� (mePL +mµPR)

⇥
uµ(p) , (3.1)

where q denotes the photon momentum, q = p � p�. The second term in this equation -
mediated by the photon-lepton "dipole" Gµe

� coupling- is the only one contributing for an
on-shell photon and is non local, whereas the "monopole" term Fµe

� is "local" (i.e. it only
accounts for o�-shell photon exchange and it involves 2 powers of the photon momentum in
the numerator which compensate the long range 1/q2 propagator of the photon between the
lepton and nuclei lines [25]). One can therefore divide the e�ective Lagrangian relevant for
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Figure 1. The five classes of diagrams contributing to µ to e conversion in the type-I seesaw model.
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In the type-I seesaw framework, violation of charged lepton number arises at the one loop level.
µ to e conversion is induced by a series of gauge boson mediated diagrams given in Fig. 1.
The various contributions to the process can be divided in those in which the momentum is
transferred by the photon, by the Z boson or via two W bosons. The first two proceed via
penguin diagrams, whereas the latter processes corresponds to a box diagram. Alike to the
quark case, the internal fermions in the loop must have non-degenerate masses and non trivial
mixings, in order to avoid a GIM cancellation.

For a rigorous calculation of the rate it is necessary to separate the local contributions from
the "extended" ones. This stems from the fact that extended contributions, unlike local ones,
are sensitive to atomic electric field e�ects. The W and Z mediated diagrams are obviously all
local. The � mediated diagrams contribute to both classes of transitions, extended and local.
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where q denotes the photon momentum, q = p � p�. The second term in this equation -
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� coupling- is the only one contributing for an
on-shell photon and is non local, whereas the "monopole" term Fµe

� is "local" (i.e. it only
accounts for o�-shell photon exchange and it involves 2 powers of the photon momentum in
the numerator which compensate the long range 1/q2 propagator of the photon between the
lepton and nuclei lines [25]). One can therefore divide the e�ective Lagrangian relevant for
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Figure 1. The five classes of diagrams contributing to µ to e conversion in the type-I seesaw model.
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tio, Br(µ ! e�)/Br(µ ! eee), is monotonous in mN , hence it does not display any mN

degeneracy.
The ensemble of the results above imply that, from the experimental determination of

two µ� e transition processes, and up to discrete degeneracies, it is possible to determine the
scale mN of the generic framework considered. That pair of processes could be any two among
the four processes which will be probed with improved sensitivity in near future: µ ! e�,
µ ! eee, RAl

µ!e and R
T i
µ!e.

To lift possible degeneracies a third measurement may need to be considered. As an
example, assume that from the MEG and COMET experiments, Rµ�e(Al)

µ!e� is measured to be
⇠ 0.1: the values mN ⇡ 2.5 TeV or mN ⇡ 16.5 TeV would then be singled out, see Fig. 2. To
lift this degeneracy the observation of a third µ ! e transition process would be necessary:
for instance R

T i
µ!e at PRISM or µ ! eee at µ3e�PSI [55]. Alternatively, the measurement of

two rates might be incompatible with the upper bound or measurement of a third one, which
would rule out the scenario 9. Similarly the measurement of a single rate, together with the
upper bound or measurement of another one, could exclude this scenario for ranges of mN

values (eventually excluding the whole mass range).

102 103 104 105 106 107
10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1

1

10

mN@GeVD

»S N ik
Y N

im
Y N

ie*
»

– Æ e g
– Æ e e e
m Æ e HAlL
m Æ e HTiL

(a) Present bounds and future sensitivity to

Yukawas as a function of the

right-handed mass

102 103 104 105 106 107
10-9
10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1

1

mN@GeVD

»S N ik
U
eN
i
U
mN
i

*
»

– Æ e g
– Æ e e e
m Æ e HAlL
m Æ e HTiL

(b) Present bounds and future sensitivity to

heavy-light mixing as a function of the

right-handed mass

Figure 5. Bounds on |
Pk

i YNiµYN⇤
ie
| and |

Pk
i UeNiU

⇤
µNi

| for scenarios characterized by one right-
handed neutrino mass scale. The solid lines are obtained from present experimental upper bounds:
from Eq. (1.3) and Br(µ ! e�) < 2.4 · 10�12 [56], Br(µ ! eee) < 10�12 [57]. The dashed lines
are obtained from the expected experimental sensitivities: from Eqs. (1.1)-(1.2) and Br(µ ! e�) <
10�14 [58], Br(µ ! eee) < 10�16 [55].

9
Note also that, analogously, the measurement of ⌧ ! l� decay and of ⌧ ! ll0l0 decay would also allow to

determine the mN scale [22]. That determination could be compared with the µ ! e results above, to rule

out or further confirm this scenario.
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Figure 2: From [1209.2679].

makes evident the parametric dependence of the CLFV e↵ects. In fact, from Eq. (8), we
can see that sizeable CLFV requires – besides MN not too far above the EW scale – large
neutrino Yukawa couplings. These two conditions are not compatible with the smallness of
the neutrino masses in generic realisations of the seesaw mechanism, as Eq. (7) naively gives
MN ⇠ O

�
1014÷15

�
GeV for YN ⇠ O (1). It is clear then that some large cancellation is

required in Eq. (7) in order to have a theory of phenomenological relevance for low-energy
observables including CLFV processes. This condition – which is shared by the three kinds of
seesaw mechanism – does not necessarily require fine tunings, but it can be naturally enforced
through some symmetry shaping the matrices, for instance an approximate lepton number
conservation itself [cite]. Indeed, as vanishing neutrino masses lead to augmented symmetry,
small L-breaking terms (responsible for the smallness of m⌫) are technically natural. An
instance of this idea is the so-called inverse seesaw [cite]. For discussions of this kind of
models within the context of low-energy tests of the seesaw mechanism, see [cite].

Following the above philosophy, one can assess the sensitivity of present and future CLFV
experiments on the RH neutrino mass scale by setting no other constraint on the Yukawa
couplings but the perturbativity bound, (YN )ij .

p
4⇡. As a result, the µ ! e observables

will test a degenerate RH neutrino mass mN up to [1209.2679]:

mN ⇡ 300 TeV ⇥

✓
10�14

BR(µ ! e�)

◆ 1
4

, mN ⇡ 1000 TeV ⇥

✓
10�16

BR(µ ! eee)

◆ 1
4

, (11)

mN ⇡ 1000 TeV ⇥

✓
10�16

CR(µAl ! eAl)

◆ 1
4

, mN ⇡ 6000 TeV ⇥

✓
10�18

CR(µTi ! eTi)

◆ 1
4

. (12)

Furthermore the ratios of di↵erent observables only depend on mN , thus giving in principle a
handle to determine the RH neutrino mass scale or rule out this scenario [Chu,1209.2679,Ibarra].
This is clearly shown in Fig. 2.

The phenomenology of Type II seesaw enjoys some qualitatively di↵erent features. The
seesaw field is a scalar triplet �:

� =

✓
�+

/
p
2 �++

�0
��+

/
p
2

◆
, (13)

6
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Figure 3. |Fu/Fd| (that is, �Fu/Fd) as a function of the right-handed neutrino mass scale mN (solid
line). The dashed lines give the values of (2A � Z)/(A + Z) for the various nuclei. Crossing points
give the values of mN where the µ ! e conversion rate Rµ!e vanishes.

this approximation an expansion in inverse powers of xN ⌘ m
2
N/M

2
W , as given in Eqs. (4.4)

and (4.5), allows to rewrite the mass value at which Rµ!e vanishes as

m
2
N

���
0
= M

2
W exp

0

@
9
8(A� Z) +

⇣
9
8 +

31s2W
12

⌘
Z

3
8(A� Z) +

⇣
4s2W
3 �

3
8

⌘
Z

1

A . (4.10)

Fig. 4 depicts two other ratios for µ ! e transitions: RT i
µ!e/R

Al
µ!e and Br(µ ! e�)/Br(µ !

eee) (the latter one from Ref. [22]). Sweeping over increasing mN values, the first ratio first
vanishes when R

T i
µ!e does, and later goes to infinity when R

Al
µ!e vanishes. The second ra-
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Figure 4. R
Ti
µ!e/R

Al
µ!e (black) and R

µ!e�
µ!eee = Br(µ ! e�)/Br(µ ! eee) (red) as a function of mN .

The horizontal dashed line show the large mN asymptotic value of RTi
µ!e/R

Al
µ!e.
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Figure 2. R
µ!e
µ!e� = Rµ!e/Br(µ ! e�) (left panel) and R

µ!e
µ!eee = Rµ!e/Br(µ ! eee) (right panel)

as a function of the right-handed neutrino mass scale mN , for µ ! e conversion in various nuclei.

signs, as an outcome of their different charge and weak isospin. The precise value where the
µ ! e conversion rate vanishes is nuclei-dependent and given by

m
2
N

���
0
= M

2
W exp

0

@
9
8V

(n) +
⇣
9
8 +

37s2W
12

⌘
V

(p)
�

s2W
16eD

3
8V

(n) +
⇣
4s2W
3 �

3
8

⌘
V (p)

1

A , (4.8)

which shows that small variations on the nuclear form factors may result in sizeable variations
on the value of m2

N

���
0
, which is thus sensitive to the nuclear physics uncertainties. The uncer-

tainty in the ratio V
(p)

/V
(n) translates, for instance for 5-10% variations, into O(TeV) shifts

on the value of the right-handed neutrino mass at which the conversion rate vanishes. With
the form factor values given in Table 1, the rate vanishes for mass values typically in the 2-7
TeV range, respectively 6.4, 4.7, 2.5 and 2.4 TeV for Al, Ti, Au and Pb, as Fig. 2 shows 8.

For degenerate right-handed neutrinos and light nuclei, ↵Z ⌧ 1, Eq. (3.8) is a good
approximation which allows to rephrase the vanishing condition as

Fu

Fd
= �

(2A� Z)

(A+ Z)
. (4.9)

Due to the logarithmic behaviour of Fu/Fd, a small variation of (2A� Z)/(A+ Z) results
in a sizeable variation of the value of mN for which Rµ!e vanishes. The atomic ratio on
the right-hand side of Eq. (4.9) takes the value �1.05 for Ti , �1.02 for Al, and �1.15 for
Au and Pb. For illustrative purposes, Fig. 3 shows the value of Fu/Fd as a function of mN ,
together with the value of (2A � Z)/(A + Z) for each nucleus. Furthermore, performing in

8
Note that a plot of the same ratio is displayed in Ref. [19], with quite different results, in particular

vanishing rates for much lower mN values, see footnote 6 above.
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dependence on Yukawa couplings drops in ratios of BRs:

BR(µ ! e�)

BR(µ ! eee)
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masses up to:
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Some details about the Majoron in inverse seesaw models can be found in Refs. [24,

25]. [RZ: Match to Eq.(1.1)]

• Type II seesaw. Extra fields: a scalar SU(2) triplet with Y = 1 that in the

2-dimensional representation of SU(2) can be written as:
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where we omitted quartic scalar couplings of the type�4 and�2�2. After integrating

out the triplet, the neutrino masses result:
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. (A.15)

L is broken by µ� (in fact L(�) = �2) that can be taken small to give rise to

the correct neutrino masses with a low-energy seesaw scale (and sizeable couplings

in the matrix Y�). As before, we can introduce a new scalar � responsible of the

spontaneous breaking of the lepton number:

��
e�T i⌧2�e�� =) µ� = ��

fN
p
2
. (A.16)

(Of course the scalar potential and the EWSB can get quite involved here, and

dangerous phenomena such as Higgs to Majoron decays can occur, see e.g. [26]).

[RZ: Match to Eq.(1.1)]
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Figure 2: From [1209.2679].

makes evident the parametric dependence of the CLFV e↵ects. In fact, from Eq. (8), we
can see that sizeable CLFV requires – besides MN not too far above the EW scale – large
neutrino Yukawa couplings. These two conditions are not compatible with the smallness of
the neutrino masses in generic realisations of the seesaw mechanism, as Eq. (7) naively gives
MN ⇠ O

�
1014÷15

�
GeV for YN ⇠ O (1). It is clear then that some large cancellation is

required in Eq. (7) in order to have a theory of phenomenological relevance for low-energy
observables including CLFV processes. This condition – which is shared by the three kinds of
seesaw mechanism – does not necessarily require fine tunings, but it can be naturally enforced
through some symmetry shaping the matrices, for instance an approximate lepton number
conservation itself [cite]. Indeed, as vanishing neutrino masses lead to augmented symmetry,
small L-breaking terms (responsible for the smallness of m⌫) are technically natural. An
instance of this idea is the so-called inverse seesaw [cite]. For discussions of this kind of
models within the context of low-energy tests of the seesaw mechanism, see [cite].

Following the above philosophy, one can assess the sensitivity of present and future CLFV
experiments on the RH neutrino mass scale by setting no other constraint on the Yukawa
couplings but the perturbativity bound, (YN )ij .

p
4⇡. As a result, the µ ! e observables

will test a degenerate RH neutrino mass mN up to [1209.2679]:
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4
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4

, (11)
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✓
10�16
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◆ 1
4

, mN ⇡ 6000 TeV ⇥

✓
10�18

CR(µTi ! eTi)

◆ 1
4

. (12)

Furthermore the ratios of di↵erent observables only depend on mN , thus giving in principle a
handle to determine the RH neutrino mass scale or rule out this scenario [Chu,1209.2679,Ibarra].
This is clearly shown in Fig. 2.

The phenomenology of Type II seesaw enjoys some qualitatively di↵erent features. The
seesaw field is a scalar triplet �:

� =
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/
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◆
, (13)
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L-breaking term

Concerning CLFV, the main difference wrt Type I is µ→eee at the tree level: 

µ+
<latexit sha1_base64="zMJTGbcW5kaDWwuV9AnJZkWs1o0=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEEoeyKYI8FLx4ruG2hXUs2zbahSXZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8KBXcWM/7RmvrG5tb26Wd8u7e/sFh5ei4ZZJMUxbQRCS6ExHDBFcssNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTgp7MHi/7lapX8+bAq8QvSBUKNPuVr94goZlkylJBjOn6XmrDnGjLqWDTci8zLCV0TIas66gikpkwnx87xedOGeA40a6UxXP190ROpDETGblOSezILHsz8T+vm9m4HuZcpZllii4WxZnANsGzz/GAa0atmDhCqObuVkxHRBNqXT5lF4K//PIqaV3VfK/m319XG/UijhKcwhlcgA830IA7aEIAFDg8wyu8IYVe0Dv6WLSuoWLmBP4Aff4AdruOaQ==</latexit><latexit sha1_base64="zMJTGbcW5kaDWwuV9AnJZkWs1o0=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEEoeyKYI8FLx4ruG2hXUs2zbahSXZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8KBXcWM/7RmvrG5tb26Wd8u7e/sFh5ei4ZZJMUxbQRCS6ExHDBFcssNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTgp7MHi/7lapX8+bAq8QvSBUKNPuVr94goZlkylJBjOn6XmrDnGjLqWDTci8zLCV0TIas66gikpkwnx87xedOGeA40a6UxXP190ROpDETGblOSezILHsz8T+vm9m4HuZcpZllii4WxZnANsGzz/GAa0atmDhCqObuVkxHRBNqXT5lF4K//PIqaV3VfK/m319XG/UijhKcwhlcgA830IA7aEIAFDg8wyu8IYVe0Dv6WLSuoWLmBP4Aff4AdruOaQ==</latexit><latexit sha1_base64="zMJTGbcW5kaDWwuV9AnJZkWs1o0=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEEoeyKYI8FLx4ruG2hXUs2zbahSXZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8KBXcWM/7RmvrG5tb26Wd8u7e/sFh5ei4ZZJMUxbQRCS6ExHDBFcssNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTgp7MHi/7lapX8+bAq8QvSBUKNPuVr94goZlkylJBjOn6XmrDnGjLqWDTci8zLCV0TIas66gikpkwnx87xedOGeA40a6UxXP190ROpDETGblOSezILHsz8T+vm9m4HuZcpZllii4WxZnANsGzz/GAa0atmDhCqObuVkxHRBNqXT5lF4K//PIqaV3VfK/m319XG/UijhKcwhlcgA830IA7aEIAFDg8wyu8IYVe0Dv6WLSuoWLmBP4Aff4AdruOaQ==</latexit><latexit sha1_base64="zMJTGbcW5kaDWwuV9AnJZkWs1o0=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEEoeyKYI8FLx4ruG2hXUs2zbahSXZJskJZ+hu8eFDEqz/Im//GtN2Dtj4YeLw3w8y8KBXcWM/7RmvrG5tb26Wd8u7e/sFh5ei4ZZJMUxbQRCS6ExHDBFcssNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTgp7MHi/7lapX8+bAq8QvSBUKNPuVr94goZlkylJBjOn6XmrDnGjLqWDTci8zLCV0TIas66gikpkwnx87xedOGeA40a6UxXP190ROpDETGblOSezILHsz8T+vm9m4HuZcpZllii4WxZnANsGzz/GAa0atmDhCqObuVkxHRBNqXT5lF4K//PIqaV3VfK/m319XG/UijhKcwhlcgA830IA7aEIAFDg8wyu8IYVe0Dv6WLSuoWLmBP4Aff4AdruOaQ==</latexit>

e�
<latexit sha1_base64="Zv8TUPeYhlasrdZ3VxqCmhV7ohQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSPT5e9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e6uKvVaHkcRTuAUzsGDa6jDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDkGI1+</latexit><latexit sha1_base64="Zv8TUPeYhlasrdZ3VxqCmhV7ohQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSPT5e9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e6uKvVaHkcRTuAUzsGDa6jDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDkGI1+</latexit><latexit sha1_base64="Zv8TUPeYhlasrdZ3VxqCmhV7ohQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSPT5e9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e6uKvVaHkcRTuAUzsGDa6jDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDkGI1+</latexit><latexit sha1_base64="Zv8TUPeYhlasrdZ3VxqCmhV7ohQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURwR4LXjxWtB/QxrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzCRBP6JDyUPOqLHSPT5e9MsVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc1Yc3PuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuq55b9e6uKvVaHkcRTuAUzsGDa6jDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDkGI1+</latexit>

e+
<latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit><latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit><latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit><latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit>

e+
<latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit><latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit><latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit><latexit sha1_base64="4y3Ol7f2XBB6RQiYctlFU+Gr4dI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigj0WvHisaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YRK81g+mEmCfkSHkoecUWOle3y86JcrbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwpqfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVj236t1dVeq1PI4inMApnIMH11CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDhEI18</latexit>

�++
<latexit sha1_base64="Ug4L7Fhiy3E6s738jDTJuZ+kOYA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBKJREBHss6MFjBVsLbSyb7aZdutmE3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+P2iZONeMtFstYdwJquBSKt1Cg5J1EcxoFkj8E4+uZ//DEtRGxusdJwv2IDpUIBaNopW7vhkukj1m1Ou2XK27NnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3lKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHdz4RKUuSKLRaFqSQYk9n/ZCA0ZygnllCmhb2VsBHVlKFNqWRD8JZfXiXti5rn1ry7y0qjnsdRhBM4hXPw4AoacAtNaAGDGJ7hFd4cdF6cd+dj0Vpw8plj+APn8wet6ZDQ</latexit><latexit sha1_base64="Ug4L7Fhiy3E6s738jDTJuZ+kOYA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBKJREBHss6MFjBVsLbSyb7aZdutmE3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+P2iZONeMtFstYdwJquBSKt1Cg5J1EcxoFkj8E4+uZ//DEtRGxusdJwv2IDpUIBaNopW7vhkukj1m1Ou2XK27NnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3lKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHdz4RKUuSKLRaFqSQYk9n/ZCA0ZygnllCmhb2VsBHVlKFNqWRD8JZfXiXti5rn1ry7y0qjnsdRhBM4hXPw4AoacAtNaAGDGJ7hFd4cdF6cd+dj0Vpw8plj+APn8wet6ZDQ</latexit><latexit sha1_base64="Ug4L7Fhiy3E6s738jDTJuZ+kOYA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBKJREBHss6MFjBVsLbSyb7aZdutmE3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+P2iZONeMtFstYdwJquBSKt1Cg5J1EcxoFkj8E4+uZ//DEtRGxusdJwv2IDpUIBaNopW7vhkukj1m1Ou2XK27NnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3lKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHdz4RKUuSKLRaFqSQYk9n/ZCA0ZygnllCmhb2VsBHVlKFNqWRD8JZfXiXti5rn1ry7y0qjnsdRhBM4hXPw4AoacAtNaAGDGJ7hFd4cdF6cd+dj0Vpw8plj+APn8wet6ZDQ</latexit><latexit sha1_base64="Ug4L7Fhiy3E6s738jDTJuZ+kOYA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBKJREBHss6MFjBVsLbSyb7aZdutmE3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+P2iZONeMtFstYdwJquBSKt1Cg5J1EcxoFkj8E4+uZ//DEtRGxusdJwv2IDpUIBaNopW7vhkukj1m1Ou2XK27NnYOsEi8nFcjR7Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3lKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHdz4RKUuSKLRaFqSQYk9n/ZCA0ZygnllCmhb2VsBHVlKFNqWRD8JZfXiXti5rn1ry7y0qjnsdRhBM4hXPw4AoacAtNaAGDGJ7hFd4cdF6cd+dj0Vpw8plj+APn8wet6ZDQ</latexit>

(Y�)µe
<latexit sha1_base64="Wy7BGSI5J7+wkpkSyZEOCUj54w4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIYI8FPXisYD+kCWGznbZLd5OwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzpR3n21pb39jc2i7tlHf39g8O7aNKR8WppNCmMY9lLyQKOIugrZnm0EskEBFy6IaT65nffQSpWBzd62kCviCjiA0ZJdpIgV2pPQTeDXBNzoPMEymGPLCrTt2ZA68StyBVVKAV2F/eIKapgEhTTpTqu06i/YxIzSiHvOylChJCJ2QEfUMjIkD52fz2HJ8ZZYCHsTQVaTxXf09kRCg1FaHpFESP1bI3E//z+qkeNvyMRUmqIaKLRcOUYx3jWRB4wCRQzaeGECqZuRXTMZGEahNX2YTgLr+8SjoXddepu3eX1WajiKOETtApqiEXXaEmukUt1EYUPaFn9IrerNx6sd6tj0XrmlXMHKM/sD5/AAVhk74=</latexit><latexit sha1_base64="Wy7BGSI5J7+wkpkSyZEOCUj54w4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIYI8FPXisYD+kCWGznbZLd5OwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzpR3n21pb39jc2i7tlHf39g8O7aNKR8WppNCmMY9lLyQKOIugrZnm0EskEBFy6IaT65nffQSpWBzd62kCviCjiA0ZJdpIgV2pPQTeDXBNzoPMEymGPLCrTt2ZA68StyBVVKAV2F/eIKapgEhTTpTqu06i/YxIzSiHvOylChJCJ2QEfUMjIkD52fz2HJ8ZZYCHsTQVaTxXf09kRCg1FaHpFESP1bI3E//z+qkeNvyMRUmqIaKLRcOUYx3jWRB4wCRQzaeGECqZuRXTMZGEahNX2YTgLr+8SjoXddepu3eX1WajiKOETtApqiEXXaEmukUt1EYUPaFn9IrerNx6sd6tj0XrmlXMHKM/sD5/AAVhk74=</latexit><latexit sha1_base64="Wy7BGSI5J7+wkpkSyZEOCUj54w4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIYI8FPXisYD+kCWGznbZLd5OwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzpR3n21pb39jc2i7tlHf39g8O7aNKR8WppNCmMY9lLyQKOIugrZnm0EskEBFy6IaT65nffQSpWBzd62kCviCjiA0ZJdpIgV2pPQTeDXBNzoPMEymGPLCrTt2ZA68StyBVVKAV2F/eIKapgEhTTpTqu06i/YxIzSiHvOylChJCJ2QEfUMjIkD52fz2HJ8ZZYCHsTQVaTxXf09kRCg1FaHpFESP1bI3E//z+qkeNvyMRUmqIaKLRcOUYx3jWRB4wCRQzaeGECqZuRXTMZGEahNX2YTgLr+8SjoXddepu3eX1WajiKOETtApqiEXXaEmukUt1EYUPaFn9IrerNx6sd6tj0XrmlXMHKM/sD5/AAVhk74=</latexit><latexit sha1_base64="Wy7BGSI5J7+wkpkSyZEOCUj54w4=">AAAB+3icbVBNS8NAEN34WetXrEcvi0Wol5KIYI8FPXisYD+kCWGznbZLd5OwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzpR3n21pb39jc2i7tlHf39g8O7aNKR8WppNCmMY9lLyQKOIugrZnm0EskEBFy6IaT65nffQSpWBzd62kCviCjiA0ZJdpIgV2pPQTeDXBNzoPMEymGPLCrTt2ZA68StyBVVKAV2F/eIKapgEhTTpTqu06i/YxIzSiHvOylChJCJ2QEfUMjIkD52fz2HJ8ZZYCHsTQVaTxXf09kRCg1FaHpFESP1bI3E//z+qkeNvyMRUmqIaKLRcOUYx3jWRB4wCRQzaeGECqZuRXTMZGEahNX2YTgLr+8SjoXddepu3eX1WajiKOETtApqiEXXaEmukUt1EYUPaFn9IrerNx6sd6tj0XrmlXMHKM/sD5/AAVhk74=</latexit>

(Y�)ee
<latexit sha1_base64="e7mz3TAWpqeYrnoe1vt9yfNJRJY=">AAAB+HicbVBNS8NAEJ34WetHox69BItQLyURwR4LevBYwX5IG8JmO22XbjZhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhQlnSrvut7W2vrG5tV3YKe7u7R+U7MOjlopTSbFJYx7LTkgUciawqZnm2Ekkkijk2A7H1zO//YhSsVjc60mCfkSGgg0YJdpIgV2qPAS9G+SanAcZ4jSwy27VncNZJV5OypCjEdhfvX5M0wiFppwo1fXcRPsZkZpRjtNiL1WYEDomQ+waKkiEys/mh0+dM6P0nUEsTQntzNXfExmJlJpEoemMiB6pZW8m/ud1Uz2o+RkTSapR0MWiQcodHTuzFJw+k0g1nxhCqGTmVoeOiCRUm6yKJgRv+eVV0rqoem7Vu7ss12t5HAU4gVOogAdXUIdbaEATKKTwDK/wZj1ZL9a79bFoXbPymWP4A+vzBwuskqc=</latexit><latexit sha1_base64="e7mz3TAWpqeYrnoe1vt9yfNJRJY=">AAAB+HicbVBNS8NAEJ34WetHox69BItQLyURwR4LevBYwX5IG8JmO22XbjZhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhQlnSrvut7W2vrG5tV3YKe7u7R+U7MOjlopTSbFJYx7LTkgUciawqZnm2Ekkkijk2A7H1zO//YhSsVjc60mCfkSGgg0YJdpIgV2qPAS9G+SanAcZ4jSwy27VncNZJV5OypCjEdhfvX5M0wiFppwo1fXcRPsZkZpRjtNiL1WYEDomQ+waKkiEys/mh0+dM6P0nUEsTQntzNXfExmJlJpEoemMiB6pZW8m/ud1Uz2o+RkTSapR0MWiQcodHTuzFJw+k0g1nxhCqGTmVoeOiCRUm6yKJgRv+eVV0rqoem7Vu7ss12t5HAU4gVOogAdXUIdbaEATKKTwDK/wZj1ZL9a79bFoXbPymWP4A+vzBwuskqc=</latexit><latexit sha1_base64="e7mz3TAWpqeYrnoe1vt9yfNJRJY=">AAAB+HicbVBNS8NAEJ34WetHox69BItQLyURwR4LevBYwX5IG8JmO22XbjZhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhQlnSrvut7W2vrG5tV3YKe7u7R+U7MOjlopTSbFJYx7LTkgUciawqZnm2Ekkkijk2A7H1zO//YhSsVjc60mCfkSGgg0YJdpIgV2qPAS9G+SanAcZ4jSwy27VncNZJV5OypCjEdhfvX5M0wiFppwo1fXcRPsZkZpRjtNiL1WYEDomQ+waKkiEys/mh0+dM6P0nUEsTQntzNXfExmJlJpEoemMiB6pZW8m/ud1Uz2o+RkTSapR0MWiQcodHTuzFJw+k0g1nxhCqGTmVoeOiCRUm6yKJgRv+eVV0rqoem7Vu7ss12t5HAU4gVOogAdXUIdbaEATKKTwDK/wZj1ZL9a79bFoXbPymWP4A+vzBwuskqc=</latexit><latexit sha1_base64="e7mz3TAWpqeYrnoe1vt9yfNJRJY=">AAAB+HicbVBNS8NAEJ34WetHox69BItQLyURwR4LevBYwX5IG8JmO22XbjZhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmhQlnSrvut7W2vrG5tV3YKe7u7R+U7MOjlopTSbFJYx7LTkgUciawqZnm2Ekkkijk2A7H1zO//YhSsVjc60mCfkSGgg0YJdpIgV2qPAS9G+SanAcZ4jSwy27VncNZJV5OypCjEdhfvX5M0wiFppwo1fXcRPsZkZpRjtNiL1WYEDomQ+waKkiEys/mh0+dM6P0nUEsTQntzNXfExmJlJpEoemMiB6pZW8m/ud1Uz2o+RkTSapR0MWiQcodHTuzFJw+k0g1nxhCqGTmVoeOiCRUm6yKJgRv+eVV0rqoem7Vu7ss12t5HAU4gVOogAdXUIdbaEATKKTwDK/wZj1ZL9a79bFoXbPymWP4A+vzBwuskqc=</latexit>

BR(µ ! eee) =
|(Y�)µe|2|(Y�)ee|2

M4
�G

2
F

<latexit sha1_base64="7fx5h/eaiFRm3ivUER0XwMvCqQM="></latexit><latexit sha1_base64="7fx5h/eaiFRm3ivUER0XwMvCqQM="></latexit><latexit sha1_base64="7fx5h/eaiFRm3ivUER0XwMvCqQM="></latexit><latexit sha1_base64="7fx5h/eaiFRm3ivUER0XwMvCqQM="></latexit>

BR(µ+ ! e+e+e�) ' 10�16 ) M� ⇡ 3000 TeV
<latexit sha1_base64="4OvUu6REl9kqPuxSxAbcGqo/e5A="></latexit><latexit sha1_base64="4OvUu6REl9kqPuxSxAbcGqo/e5A="></latexit><latexit sha1_base64="4OvUu6REl9kqPuxSxAbcGqo/e5A="></latexit><latexit sha1_base64="4OvUu6REl9kqPuxSxAbcGqo/e5A="></latexit>

Present bound:

Mu3e sensitivity:

Abada et al. ’07, ‘08

Lorenzo Calibbi (Nankai)LFV phenomenology



charged states in ⌃. In fact, these mix with charged leptons (similarly to the neutral states
that mix with neutrinos) inducing flavour-changing couplings with the Z boson [cite]. This
e↵ect induces `i ! `j`k`k and µ ! e conversion in Nuclei at tree level, while `i ! `j� arises
from loops involving the W boson the neutrinos and the ⌃0

i . This provides a pattern that
di↵ers from both type I and II seesaw. The resulting expressions for the above processes –
that can be found in [cite] – are all controlled at the leading order by the above-mentioned

fermion mixing, hence by the quantity v2

2 Y
†
⌃M

�2
⌃ Y⌃. As a consequence, type III seesaw feature

striking correlations among di↵erent observables in the same sector, which makes it a very
predictive scenario [cite]:

BR(µ ! e�) = 1.3⇥ 10�3
⇥ BR(µ ! eee) = 3.1⇥ 10�4

⇥ CR(µTi ! eTi), (22)

BR(⌧ ! µ�) = 1.3⇥ 10�3
⇥ BR(⌧ ! µµµ) = 2.1⇥ 10�3

⇥ BR(⌧� ! µ
�
e
+
e
�), (23)

BR(⌧ ! e�) = 1.3⇥ 10�3
⇥ BR(⌧ ! eee) = 2.1⇥ 10�3

⇥ BR(⌧� ! e
�
µ
+
µ
�). (24)

Let us finish this section reminding that CLFV observables are clearly not the only phe-
nomenological consequences of low-energy seesaw models. For detailed discussions of other
e↵ects of a non-unitarity of the mixing matrix, neutrinoless double-beta decay, and collider
searches for the seesaw states, we refer to [cite].

1.3 LFV Higgs Yukawa couplings and Two Higgs Doublets models

1.4 CLFV in SUSY models

1.4.1 General setup

We start discussing possible supersymmetric sources of CLFV within the Minimal Supersym-
metric Standard Model (MSSM). For a detailed presentation of the MSSM, we refer to [?, ?].
In order to set the notation, here we just report the superpotential that defines the MSSM:

WMSSM = (Yu)ij QiU
c
jHu + (Yd)ij QiD

c
jHd + (Y`)ij LiE

c
jHd + µHuHd , (25)

where i, j = 1, 3 are flavour indices. We denote with Q, U c, andD
c the superfields respectively

corresponding to the LH quark doublets, and the RH up and down quark singlets. Similarly
L and E

c are LH and RH lepton superfields, and Hu,d the Higgs doublets. The matrices Yu,d,`
give raise to the ordinary Yukawa couplings of the SM Lagrangian.

In the MSSM with conserved R-parity, the leading contributions to CLFV processes arise
at one-loop level from the interactions involving the SM leptons and their superpartners, as
well as the neutralinos and charginos:

L � e�0
m

�
N

L
mi↵PL +N

R
mi↵PR

�
`
�
i
è+
↵ + e��

n
�
C

L
ni�PL + C

R
ni�PR

�
`
�
i e⌫

⇤
� + h.c. , (26)

where `
�
i (i = e, µ, ⌧) are the charged leptons, è±↵ (↵ = 1, 6) the sleptons in the mass eigen-

state basis, e⌫� (� = 1, 3) the sneutrinos, e�0
m (m = 1, 4) the neutralinos, and e�±

n (n = 1, 2)
the charginos. The couplings N

L,R and C
L,R are given in terms of the rotations of the

superpartners from the interaction to the mass basis, as shown in the following.
The neutralinos e�0

m come from the mixing upon EW symmetry breaking of the neutral
fermionic partners of the SU(2)L ⇥ U(1)Y gauge bosons, the so-called Bino ( eB) and Wino

8

borrowed from T. Hambye

Type III seesaw

Lorenzo Calibbi (Nankai)LFV phenomenology

Type III

Hypercharge Y=0

and the Lagrangian reads

L = LSM +Tr[(Dµ�)†(Dµ�)]�M
2
�Tr[�

†�]�
⇣
Y�L

c i⌧2�L+ µ��
T
i⌧2�

†�+ h.c.
⌘
, (14)

where we omitted quartic scalar couplings. Integrating out the triplet, one obtains the fol-
lowing neutrino mass matrix:

m⌫ = �4Y�
µ�v

2

M
2
�

. (15)

From this expression we see that the flavour structure of m⌫ is uniquely determined by that
of the Yukawa couplings in Y�, and that these latter parameters can be large even for EW-
scale M� if the necessary suppression is provided by the L-violating term µ�. This is a
straightforward realisation of the paradigm discussed above.

As it can be directly spotted from Eq. (14) and the diagrams in Fig. 1, the main di↵erence
between type I and type II seesaw regarding CLFV phenomenology is that in the latter one
`i ! `j`k`k is induced at tree level by exchange of � [cite], with both the neutral and double
charged components contributing. Radiative decays and conversion in nuclei are on the other
hand generated at one loop as usual. Barring special flavour textures of Y�, this makes the
CLFV three-body decays the most suitable observables to test type II seesaw. The decay rate
reads [cite]:

�(`�i ! `
+
j `

�
k `

�
k ) =

m
5
`i

192⇡3

|(Y�)ij |2|(Y�)kk|2

M
4
�

. (16)

This gives for the µ� e sector:

BR(µ�
! e

+
e
�
e
�) =

|(Y�)21|2|(Y�)11|2

M
4
�G

2
F

, (17)

such that the present bound of Tab. ?? translates to

Y� = O (1) ) M� & 293 TeV. (18)

An increase of the sensitivity at the level of BR(µ�
! e

+
e
�
e
�) ' 10�16 would then test

triplet masses up to M� ⇡ 3000 TeV.
As mentioned above, type III seesaw is realised by introducing two or more generations

of fermion triplets ⌃i:

L = LSM +Tr[⌃i /D⌃]�

✓
p
2Y⌃ e�†⌃L+

1

2
M⌃Tr[⌃⌃c] + h.c.

◆
, (19)

where flavour indices are omitted as usual and

⌃ =

✓
⌃0

/
p
2 ⌃+

⌃�
�⌃0

/
p
2

◆
. (20)

The resulting neutrino mass matrix is:

m⌫ = �
v
2

2
Y

T
⌃ M

�1
⌃ Y⌃ . (21)

Although this matrix, as well as the Lagrangian in Eq. (19), closely resemble those of type I
seesaw, the low-energy phenomenology of type III is very di↵erent, as a consequence of the

7
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Figure 1: Cartoon summarizing the relevant kinematical variables describing the decay

of a polarized µ
+ in the Standard Model in the convention of this paper. [DR: try to get

circles good!]

a monocromatic positron line with momentum

pe =

s✓
m2

µ �m2
a +m2

e

2mµ

◆2

�m2
e (3.1)

The angular distribution of the positrons for the signal will depend on the initial muon

polarization and the chiral structure of the ALP interactions. In particular we will discuss

3 cases leading to a qualitative di↵erent phenomenology: i) the isotropic ALP has either

C
V
µe = 0 or CA

µe = 0 and the angular distribution of the positrons in the final state is always

isotropic independently on the muon polarization. ii) the left/right-handed ALP couples

only to the left/right-handed SM fermions and as a consequence C
V
µe = �C

A
µe for the left-

handed and C
V
µe = +C

V
µe for the right-handed. In this case the angular distribution is

proportional to ⇠ (1⌥P cos ✓) in the left/right-handed case as can be seen from Eq. (2.4).

For µ+
! e

+ + invisible the SM background comes from the three-body muon decay

through an o↵-shell W+ which produces the so-called Michel spectrum

d2�(µ+
! e

+
⌫e ⌫̄µ)

dxe d cos ✓
' �µ ((3� 2xe)� Pµ(2xe � 1) cos ✓)x2e , (3.2)

where xe = 2Ee/mµ is defined such that 0  xe  1, and again ✓ is the angle between muon

polarization vector and the positron momentum in the muon rest frame. The total width

of the muon is �µ '
m5

µG
2
F

192⇡3 = 3⇥ 10�10 eV. In writing Eq. (3.2), we assumed that the new

physics scale is su�ciently high to suppress any significant modification of the muon three

body decay properties. This is certainly the case for the physics targets we have in mind

here. We refer to [34, 35] for excellent reviews of the SM muon properties.

For Pµ = 0 the SM background in Eq. (3.2) is peaked at E
line
e = mµ/2 which corre-

sponds to xe = 1. However, the muon flux in low energy muon beamlines such as those at

TRIUMF or PSI is dominated by the muons produced by the pion at rest at the surface of

the production target. The muons produced from a pion decaying at rest in ⇡
+
! µ

+ + ⌫

are 100% polarized in the direction opposite to the muon momentum (i.e Pµ = �1 in the

– 6 –

µ
+
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Figure 1: Cartoon summarizing the relevant kinematical variables describing the decay

of a polarized µ
+ in the Standard Model in the convention of this paper. [DR: try to get

circles good!]
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The angular distribution of the positrons for the signal will depend on the initial muon

polarization and the chiral structure of the ALP interactions. In particular we will discuss

3 cases leading to a qualitative di↵erent phenomenology: i) the isotropic ALP has either

C
V
µe = 0 or CA

µe = 0 and the angular distribution of the positrons in the final state is always

isotropic independently on the muon polarization. ii) the left/right-handed ALP couples

only to the left/right-handed SM fermions and as a consequence C
V
µe = �C

A
µe for the left-

handed and C
V
µe = +C

V
µe for the right-handed. In this case the angular distribution is

proportional to ⇠ (1⌥P cos ✓) in the left/right-handed case as can be seen from Eq. (2.4).

For µ+
! e

+ + invisible the SM background comes from the three-body muon decay

through an o↵-shell W+ which produces the so-called Michel spectrum

d2�(µ+
! e

+
⌫e ⌫̄µ)

dxe d cos ✓
' �µ ((3� 2xe)� Pµ(2xe � 1) cos ✓)x2e , (3.2)

where xe = 2Ee/mµ is defined such that 0  xe  1, and again ✓ is the angle between muon

polarization vector and the positron momentum in the muon rest frame. The total width

of the muon is �µ '
m5

µG
2
F

192⇡3 = 3⇥ 10�10 eV. In writing Eq. (3.2), we assumed that the new

physics scale is su�ciently high to suppress any significant modification of the muon three

body decay properties. This is certainly the case for the physics targets we have in mind

here. We refer to [34, 35] for excellent reviews of the SM muon properties.

For Pµ = 0 the SM background in Eq. (3.2) is peaked at E
line
e = mµ/2 which corre-

sponds to xe = 1. However, the muon flux in low energy muon beamlines such as those at

TRIUMF or PSI is dominated by the muons produced by the pion at rest at the surface of

the production target. The muons produced from a pion decaying at rest in ⇡
+
! µ

+ + ⌫

are 100% polarized in the direction opposite to the muon momentum (i.e Pµ = �1 in the
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from star cooling and SN1987a, comparing these with the reach of LFV decays. In Sec. 7

go through models where LFV violation arises naturally: in Sec. 7.1 we discuss the LFV

DFSZ axion, in Sec. 7.2 the LFV familon/axiflavon and in Sec. 7.3 the Majoron. In Sec. 8

we conclude highlighting the future studies we would like to perform to assess the reach of

our MEGII-forward.

2 Setting up the Notation

In this article we update and discuss future prospects to the most general couplings of a

(pseudo-) Nambu-Goldstone boson (PNGB) couplings to SM leptons. The Lagrangian is

given by

Leff =
X

i

@µa

2fa
¯̀
iC

A
`i�5`i +

X

i 6=j

@µa

2fa
f̄i�

µ(CV
`i`j + C

A
`i`j�5)`j , (2.1)

where CA
`i
is a vector and C

V,A
`i`j

are hermitian matrices in flavor space3 and a is the PNGB,

with mass ma . m⌧ . In the spirit of e.g. Ref. [5], we will not assume any relations between

the couplings in Eq. (2.1), and discuss the experimental bounds and prospects separately.

For these 6+3 couplings we introduce the short-hand notation

F
V,A
`i`j

=
2fa

C
V,A
`i`j

, F`i`j =
2faq

|CV
`i`j

|2 + |CA
`i`j

|2
. (2.2)

When kinematically allowed, the couplings in Eq. (2.1) give rise to LFV decays with the

(invisible) PNGB in the final state. The corresponding total decay width is given by (for

simplicity in the limit where the mass of the final state lepton is neglected, m`j = 0)

�(`i ! `j a) =
1

16⇡

m
3
`i

F
2
`i`j

 
1�

m
2
a

m
2
`i

!2

, (2.3)

while the di↵erential decay rate reads (in the same limit)

d�(`i ! `j a)

d cos ✓
=

m
3
`i

32⇡F 2
`i`j

 
1�

m
2
a

m
2
`i

!2 "
1 + 2P`i cos ✓

C
V
`i`j

C
A
`i`j

(CV
`i`j

)2 + (CA
`i`j

)2

#
, (2.4)

where P`i = ⌘̂ · ẑ is the polarization ⌘̂ of the decaying leptons with respect to the direction

of the beam axis ẑ, and ✓ is the angle between the polarization vector of the muon and the

momentum of the final state lepton.

The total width of the ALP can be computed as a function of his mass summing up

the di↵erent contributions

�tot(ma) ' �(a ! ��) +
X

j=1,2

�(a ! `i`j) , (2.5)

3Note that we are setting to zero the diagonal vector couplings. These can be absorbed by fermion field

redefinitions that are anomalous only under SU(2), and thus a↵ect only the PNGB couplings to electroweak

gauge bosons.
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Signal: monochromatic positron with

Differential decay rate:

Michel spectrum:
xe =

2pe
mµ
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the forward direction
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2Ee
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the bkd goes to zero 

in the “forward”direction 

(the direction opposite 

to the muon polarization)
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Figure 1: Cartoon summarizing the relevant kinematical variables describing the decay

of a polarized µ
+ in the Standard Model in the convention of this paper. [DR: try to get

circles good!]
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The angular distribution of the positrons for the signal will depend on the initial muon

polarization and the chiral structure of the ALP interactions. In particular we will discuss

3 cases leading to a qualitative di↵erent phenomenology: i) the isotropic ALP has either

C
V
µe = 0 or CA

µe = 0 and the angular distribution of the positrons in the final state is always

isotropic independently on the muon polarization. ii) the left/right-handed ALP couples

only to the left/right-handed SM fermions and as a consequence C
V
µe = �C

A
µe for the left-

handed and C
V
µe = +C

V
µe for the right-handed. In this case the angular distribution is

proportional to ⇠ (1⌥P cos ✓) in the left/right-handed case as can be seen from Eq. (2.4).

For µ+
! e

+ + invisible the SM background comes from the three-body muon decay

through an o↵-shell W+ which produces the so-called Michel spectrum

d2�(µ+
! e

+
⌫e ⌫̄µ)

dxe d cos ✓
' �µ ((3� 2xe)� Pµ(2xe � 1) cos ✓)x2e , (3.2)

where xe = 2Ee/mµ is defined such that 0  xe  1, and again ✓ is the angle between muon

polarization vector and the positron momentum in the muon rest frame. The total width

of the muon is �µ '
m5

µG
2
F

192⇡3 = 3⇥ 10�10 eV. In writing Eq. (3.2), we assumed that the new

physics scale is su�ciently high to suppress any significant modification of the muon three

body decay properties. This is certainly the case for the physics targets we have in mind

here. We refer to [34, 35] for excellent reviews of the SM muon properties.

For Pµ = 0 the SM background in Eq. (3.2) is peaked at E
line
e = mµ/2 which corre-

sponds to xe = 1. However, the muon flux in low energy muon beamlines such as those at

TRIUMF or PSI is dominated by the muons produced by the pion at rest at the surface of

the production target. The muons produced from a pion decaying at rest in ⇡
+
! µ

+ + ⌫

are 100% polarized in the direction opposite to the muon momentum (i.e Pµ = �1 in the
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ma (MeV)
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signal depends on the chirality of the couplings

𝜇 polarization
And “surface” muons are highly polarized (produced by pion decays at rest on the 

surface of the production target) → the SM background can be suppressed
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Future prospects: MEG II/Mu3e
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Present best limits
Process BR Limit Decay constant Bound (GeV) Experiment
Star cooling — F A

ee 4.6 × 109 WDs [44]
— F A

µµ 1.3 × 108 SN1987Aµµ [45, 46]
4 × 10−3 Fµe 1.4 × 108 SN1987Aµe (section 6.1)

µ → e a 2.6 × 10−6∗ Fµe (V or A) 4.8 × 109 Jodidio at al. [9]
µ → e a 2.5 × 10−6∗ Fµe (V + A) 4.9 × 109 Jodidio et al. [9]
µ → e a 5.8 × 10−5∗ Fµe (V − A) 1.0 × 109 TWIST [10]
µ → e a γ 1.1 × 10−9∗ Fµe 5.1 × 108# Crystal Box [47]
τ → e a 2.7 × 10−3∗∗ Fτe 4.3 × 106 ARGUS [43]
τ → µ a 4.5 × 10−3∗∗ Fτµ 3.3 × 106 ARGUS [43]

Expected future sensitivities
Process BR Sens. Decay constant Sens. (GeV) Experiment
µ → e a 7.2 × 10−7∗ Fµe (V or A) 9.2 × 109 MEGII-fwd"

µ → e a 7.2 × 10−8∗ Fµe (V or A) 2.9 × 1010 MEGII-fwd""

µ → e a 7.3 × 10−8∗ Fµe (V or A) 2.9 × 1010 Mu3e [42]
τ → e a 8.3 × 10−6∗∗ Fτe 7.7 × 107 Belle II
τ → µ a 2.0 × 10−5∗∗ Fτµ 4.9 × 107 Belle II

Table 1. The present model independent 95% C.L. best bounds on leptonic ALP couplings F V,A
!!′ ,

eq. (2.2), are given in the upper part of the table, with future projections listed in the lower part.
The bounds assume ma below the mass resolution of the experiments considered here (see figure 1
for modifications when ma is sizable). These follow from 90% C.L. (∗) and 95% C.L. (∗∗) bounds on
branching ratios in the 2nd column, rescaled using Z95/Z90 = 1.3 when necessary. The MEGII-fwd
projections are obtained for two different sets of assumptions: MEGII-fwd" assumes δxe = 10−2

and 〈Pµ〉−1 = 10−2 with no focusing, while MEGII-fwd"" in contrast sets the focusing to F = 100,
roughly what was achieved in the 1986 experiment by Jodidio et al. [9], cf. section 3.2 for details.
The Belle II projection for τ → µa is rescaled from the Belle MC simulation in ref. [48], while the
one for τ → ea is rescaled directly from the ARGUS result [43]. (#) The Crystal Box bound on
Fµe can vary between (5.1 − 8.3) × 108 GeV depending on the assumed positron energy loss, cf.
eq. (4.9).

where z± = 1 − (m#i ± m#j )2/m2
a, so that for ma & m#i,#j we have z± → 1. In the limit

mi = mj the result reduces to

Γ(a → $i$i) = ma

2π

(
m#i

F A
ij

)2
√

1 −
4m2

#i

m2
a

. (2.8)

The ALP decays to neutrinos are often suppressed, so that in the bulk of the paper we set
Γ(a → νiνj) = 0 (the majoron is an important exception, see section 7.4). The coupling to
photons, Eeff , depends on the UV physics as well as on the IR derivative couplings of ALP
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