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Abstract
The energy dependence of the p—vy mixing in the 2x2 y—p propagator matrix,
is shown to be able to account for the e™e™ vs. T spectral function discrepancy.

Work in collaboration with Robert Szafron [e-Print: arXiv:1101.2872]
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Outline of Talk:

“The T vs. e"e” problem (as known)
“*A minimal model: VMD + sQED
»F.(s) with p — ¥ mixing at one-loop
“Applications: a, and B>~ = ['(r — v,n°)/T;
“*Summary and Outlook
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‘ 1 The 7 vs. e"¢” problem |

Concerns: calculation of hadronic vacuum polarization from appropriate hadron
production data.

@ A good idea: enhance e*e™—data by isospin rotated/corrected r—data + CVC

et u,d
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ALEPH-Coll., (OPAL, CLEO), Alemany, Davier, Hocker 1996,
Belle—Coll. Fujikawa, Hayashii, Eidelman 2008
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T 5 Xv, o e oX
where X~ and X" are hadronic states related by isospin rotation. The e*e™
cross—section is then given by

i _ 4na? Ba(s)

€+e_—>XO o g IB%(S) UI,X_ ’ \/E S MT

in terms of the T specitral function v;.

% mainly improves the knowledge of the 777~ channel (o—resonance contribution)
«» which is dominating in a?* (72%)

I=1~75%; =0 ~25%

Sa, : 156%x1070 > 102x1071°
SAa :  0.00067 —  0.00065 (ADH1997)

F. Jegerlehner INT Seattle HLbL Workshop, 2011 3



Data: ALEPH 97, ALEPH 05, OPAL, CLEO and
most recent measurement from Belle (2008):

R T
® Belle
10 F O ALEPH i
: % CLEO
— G&S Fit
(p(77o) + p(1450) + p(1700))
1 F
N
=
=3 .
-1
10 F
-2 i
10 F
10-3-....|....|....|....|...'.uu...|.
0 0.5 1 21.5 2 2.5 3 o
(Mnno (GeVic?)

F. Jegerlehner INT Seattle HLbL Workshop, 2011



ee —data*= data corrected for isospin violations: In ee™ (neutral channel) p — w
mixing due isospin violation be quark mass difference m, # m; =

|I=0 component; to be subtracted for comparison with T data

) Use Gounaris-Sakurai ansatz

BW,70)(5) (1 + 5M—EBWw(S)) + BBW,14s0)(8) + 7 BW {700)(5)
Fls) = -

9

1+8+y

7 Fit e*e”-data for |F,(s)|* ™ &, (complex) and set 6 = 0 to obtain [FI=!(s)|?

e CMD-2 I=1 data

+ CMD-2 1=1+0 data W
PH% — GS fir 40 ,{ — GS fit (6-0)
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CMD-2 data for |F4* in p — w regionEtgéether with Gounaris-SéT(eﬁrai fit. Left before subtraction right
after subtraction of the w.

I=0 component to be added to T data for calculating af** !
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Other isospin-breaking corrections Cirigliano et al. 2002, Lopez Castro el al.
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Left: Isospin-breaking corrections Gem, FSR, B3(s)/B2(s) and |Fo(s)/F-(s)|*.
Right: Isospin-breaking corrections in I = 1 part of ratio |Fo(s)/F_(s)[*:

—  mass splitting om, = my+ — m_o,
— p mass splitting ém,, = my+ —my , and
bare

— p width splitting 6T, = T'p= — T 0.
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New isospin corrections applied shift in mass and width [as advocated by S.
Ghozzi and FJ in 2003!!!] plus changes [Lopez Castro, Toledo Sanchez et al 2007]
below the p which Davier et al say are not understood! The discrepancy now
substantially reduced but with the KLOE data persists. New BaBar radiative return
i spectrum in much better agreement, in particular with Belle T spectrum!
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ete™ vs T spectral functions: |F,.|*/|F.|* — 1 as a function of s. Isospin-breaking (IB)
corrections are applied to T data with its uncertainties included in the error band.
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T e B e
T decays — Belle
25.24+0.01+0.39

CVC prediction of e
B0 —— R,
normalization of e

° OPAL
25.46+0.17+0.29

BELLE, CLEO and OPAL I
not fixed e
by the experiment itself — seo,

24.78+0.25
L

R | B A IS P I A
235 24 245 25 255 26 265 27

BT - vT) (%)

The measured branching fractions for T~ — 7~2%v, compared to the predictions
from the e"e™ — a7~ spectral functions (after isospin-breaking corrections).
(Named e*e™ results for 0.63 — 0.958GeV). The long and short vertical error bands
correspond to the T and e"e™ averages of 25.42 + 0.10 and 24.76 + 0.25,
respectively.
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Possible origin of problems:
Radiative corrections involving hadrons fully under control?
IB in parameter shifts: m,+ — myo, pr =T o fully known?

Key problem: on basis of commonly used Gounaris-Sakurai type parametrizations

e*e” vs. 7 fit with same formula = differ in parameters only: NC vs. CC process
oM,, o6I',, mixing coefficients etc.

Other possible source: do we really understand quantum interference?
®cte: |[FO)P = [FOS)I = 11 + F9>s)[I = 0]]> what we need and measure
@ |F9%s)I = 1] measured in T-decay

® ce+1: [FO>)P = |FEO () = 1 + |FO(s)[I = 0]* 2?2 usual approximation

Need — specific model for the complex amplitudes
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‘ 1 A minimal model: VMD + sQED I

Effective Lagrangian L =L, + £,

L, = D" D% — mentnT D,=0,—1eA, =18 Py
1 1% 1 v M/% € v
Ly = =3 v F* —ZPWP” +7PMP”+2—&OPWF”

Self-energies: pion loops to photon-rho vacuum polarizations

—1 ny% (77>(q) — 'vvv\,(:’—\:rvvv\, + 'vvvv\n\/vvv\,

~=-

bare y — p transverse self-energy functions

62

H77 = 487’[2 f(qz) s Hyp

&
4872

€8
4872

f(qz) and pr — f(qz) )
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Propagators = inverse of symmetric 2 X 2 self-energy matrix

Dl = ( qz + H)/yz(qz) , H%/p(qz)
e(q*) ¢ =M, +T,(q°)
inverted = .
Dy, =
2 2\ _ (q%)
T+ Hyy(q ) QZ_M,%“‘pr(qZ)

D . _Hyp(qz)

" (q2 + Hyj/(q2))(q2 o Mg + pr(qz)) - ngp(qz)
D B 1

e I2,(¢?)

2 _ 2 2y - vt 7
q Mp + pr(q ) q2+Hyy(q2)

Resonance parameters < location sp of the pole of the propagator

F. Jegerlehner INT Seattle HLbL Workshop, 2011

11



2 (sp)

=0,
Sp — Hyy(SP)

Sp — m/z)o + ILj0,0(sp) —
with sp = Mﬁo complex.
2 _ (.2 a2
M =(q )pole =M>-iM,T,

Diagonalization = physical p acquires a direct coupling to the electron

LQED ’;e/ylu(a,u —1ie, Ab,u) Ve

LQED Qpeyﬂ(au —1le A,u"'i gpeep,u) ’ﬁe

with g,.. = e (A, + Ap), Where in our case Aj = 0.
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‘ d F(s) with p — ¥ mixing at one-loop |

The e"e™ — 777~ matrix element in SQED is given by
M = —ie® Wu(py — pu Fx(q)
with F,(g*) = 1. In our extended VMD model we have the four terms

€+ 7T+/// /// /// ///

v O Py p
+ + + o) o}
N N AY N
N N N N
N N AN AN
J— — N\ AN N AN
6 7'{' Y Y N

Diagrams contributing to the process efe™ — n¥n™.

Fﬂ(s) o 62 D’)/‘)/ + €8onn Dyp _ gpeeery — 8pee8pnr Dpp ’
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Properly normalized (VP subtraction: e*(s) — €?):

0= [2thmDytl 0]

Typical couplings
Sonrbare = 9.8935, gprrren = 6.1559, gpee = 0.018149, x = gprr/g, = 1.15128.

We note that the precise s-dependence of the effective p-width is obtained by
evaluating the imaginary part of the p self-energy:

2
8pnn

Mﬁi s=M,T,(s),

Im I1,, =

which yields

2 2
Spnn 3 S pn 3
L)/ My = 8B s TplMy = 222 B3 o = A8 T, (B M)
0
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In our model, in the given approximation, the on p-mass-shell form factor reads

eesS pnrm M 36 Fee
FaMD) = 1—i2f R P MY = 1+ 5
e I, ﬁp
1 &
Fpee = g Zfﬂ Mp; 8pee = \/lzﬂ'rpee/Mp .
Compare: Gounaris-Sakurai (GS) formula
. M2 Hren(o) 9) a,2 3 M2

FS5(s) = ;TS5 = 1+dl,/M

/4 (S) S—M2 Hren(s) pee 91“ ( p/ )

GS does not involve g, resp. I',.. in a direct way, as normalization is fixed by
applying an overall factor 1 +dI',/M, =1 - Hren(O)/M2 ~ 1.089 to enforce
F,(0) =1 (in our approach “automatic” by gauge mvarlance)
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Relation to data:

40 0- . e Belle 08 I 40.0- e Belle 08
P no p" (y=0) 4 s CMD-2 06 1=1 ,
—— ponly (y==0) 8 0 - GS fif 1=1 (8=0)

30.0 s 30.0 3 .
= = 1 ‘,I k —— p no mixing
= = { | ——  p-y included
T 20.04 T 20.01 # ¥ pry e
i i

10.0 10.0-

3 .'o..
0.0 — 0.0
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Left: GS fits of the Belle data and the effects of including higher states p” and p”” at
fixed M, and I',. Right: Effect of y — p mixing in our simple EFT model

Parameters: M, = 775.5 MeV, I', = 143.85 MeV,
Bl(p — ee)/(p — nn)] = 4.67 x 107>, e = 0.302822, gonr = 5.92, gpee = 0.01826.
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Detailed comparison, in terms of the ratio:

1,004 \Tﬁ(
|
O.?O_ :‘:
. !
S :
~ 0.801 \i
—— p-7y included / p no mixing | Py .\
0.704 ----- GS fit I=1 / p no mixing ‘ w-y :
0.20+ _— d)fy ‘

0.0  200.0 400.0 600.0 800.0 1000.0 0.0 500.0 1000.0 15000 2000.0
£ (MeV) E (MeV)

a) Ratio of |F,(E)|> with mixing vs. no mixing. Same ratio for GS fit with PDG
parameters. b) The same mechanism scaled up by the branching fraction
I'v/I'(V — nm) for V = w and ¢. In the nr channel the effects for resonances V # p
are tiny if not very close to resonance.
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If mixing not included in Fy(s) = total correction formula on spectral functions

2

Fo(s)
F_(s)

1 By(s)

Rip(s) = Gem(s)B2(s)

) Ggm(s) electromagnetic radiative corrections
7 B(5)/B°(s) phase space modification by m,o # my:
T |Fo(s)/F_(s)|? incl. shifts in masses, widths etc

Final state radiation correction FSR(s) and vacuum polarization effects (a/a(s))?
and |=0 component (p — w) we have been subtracted from all e*e™-data.
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|F-(E)|? in units of ete~ I=1 (CMD-2 GS fit): a) T data uncorrected for p — y
mixing, and b) after correcting for mixing. Lower panel: e"e™ energy scan
data [left] and e"e™ radiative return data [right]
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1 Applications: ¢, and B%C = T'(t = v, 71" /T,

How does the new correction affect the evaluation of the hadronic contribution to
a, ? To lowest order in terms of e*e¢”-data, represented by R(s), we have

2 o)
had,LO _a (0) K(S)
= — ds R
a, (7rr) 37T2£ SR_Z(s)——

with the well-known kernel K(s) and

RY(s) = (350 3z) /4ma*(s)) = 3vo(s) -

Note that the p — y interference is included in the measured e*e™-data, and so is
its contribution to . In fact ¢} is intrinsic an e*e~-based “observable” (neutral
current channel).
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How to utilize T data: subtract CVC violating corrections

straditionally v_(s) — vo(s) = Rig(s) v_(s)

“*our correction v_(s) — vo(s) = r,,(s) Ris(s)v_(s)

Result for the I=1 part of a*'[zx]: 6a[py] = (=5.1 £0.5) x 1077

F. Jegerlehner INT Seattle HLbL Workshop, 2011
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T decays = ALEPH 1997 I 390.75 + 2.65 & 1.94
ALEPH 2005 =l 388.74 £ 4.00 = 2.07
OPAL 1999 [ 380.25 £ 7.27 £ 5.06
CLEO 2000 Joeml  391.50 +4.11 4 6.27
Belle 2008 se=1  304.67 + 0.53 + 3.66
7 combined D 391.06 = 1.42 £+ 2.06
e'e+CVC  cMD-2 2006 I 386.58 & 2.76 % 2.59
SND 2006 -] 383.99 & 1.40 + 4.99
KLOE 2008 I 380.21 4 0.34 + 3.27
KLOE 2010 - 377.35 £ 0.71 £ 3.50
BABAR 2009 389.35 & 0.37 & 2.00
eTe” combined NF 385.12 +£0.87 + 2.18
aurn], I =1,(0.592 — 0.975) GeV | 3;30 +350 | 450 x10~10

I=1 part of a*[zn]
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T decays A1 EPH 1997

ALEPH 2005
OPAL 1999
CLEO 2000
Belle 2008

7 combined

385.63 £ 2.65 £ 1.94
383.54 £4.00 £ 2.07
375.39 £ 7.27 £ 5.06
386.61 £4.11 +6.27
389.62 £ 0.53 & 3.66
385.96 £ 1.40 + 2.10

ete"4+CVC  CcMD-2 2006

386.58 £ 2.76 £+ 2.59

SND 2006 I=sp=nll 383.99 4+ 1.40 £4.99

KLOE 2008 (L | 380.21 +0.34 £+ 3.27

KLOE 2010 =] 377.35 £ 0.71 £ 3.50

BABAR 2009 389.35 + 0.37 £ 2.00

ete” combined NF 385.12 + 0.87 £ 2.18
a,[r7], I = 1,(0.592 — 0.975) GeV T80 390 400 %1010

I=1 part of a*[zn]

F. Jegerlehner
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The T — n¥nv, branching fraction B.o=I(t— v.nY)/T'; is another important
quantity which can be directly measured. This “r-observable” can be evaluated in
terms of the I=1 part of the e"e™ — 777~ cross section, after taking into account

the IB correction vg(s) — v_(s) = vo(s)/Ri(S) /1p,(5) ,

28 pwBel Vil [ 2V, 2 1
BC\(/)C _ EW 2| d| f dSR((_)B _(S) (1 — —2) (1 + i) >
nr m2 A2 T m ms: l"py(S) RIB(S)

m,r T

where here we also have to “undo” the p — y mixing which is absent in the charged
isovector channel. The shift is 5B7f;gc[py] = +0.62 + 0.06 %
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7_decays

ALEPH 1997 (1) Iu 25.3+£0.2
ALEPH 2005 (7) . 25.44+0.1
OPAL 1999 (1) . 25.2+0.3
CLEO 2000 (1) e 25.3+£04
Belle 2008 (7) [=e= 25.4+£04
7 combined 25.3+£0.1
ete+CVC  CMD-2 2006 (ete™) |J| 24.8+0.3
SND 2006 (e*e™) Ite | 245+04
KLOE 2008 (ete™) lel 242404
KLOE 2010 (ete™) le 24.0£04
BABAR 2009 (efe™) le1 24.8+0.3
ete” combined 24.6 +£ 0.3

B(t — mr'v;)

Branching fractions B(t — nn'v;)

24 25 26 27 %

F. Jegerlehner
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T decays  ALEPH 1997 (1) Ml 253402
ALEPH 2005 (7) " 25.4+0.1
OPAL 1999 (7) Fo 25.2 4 0.3
CLEO 2000 (7) o 25.3 4 0.4
Belle 2008 (7) He 25.4+ 0.4
7 combined n 25.3£0.1
ete+CVC  CMD-2 2006 (ete™) |-oI| 25.440.3
SND 2006 (¢te™) 25.1+0.4
KLOE 2008 (¢*e™) 24.8 + 0.4
KLOE 2010 (e*e™) 24.6 £ 0.4
BABAR 2009 (ete”) i 255+0.3
ete” combined 25.2+0.3

B(t — mr'v;)

Branching fractions B(t — nn'v;)

24 25 26 27 %

F. Jegerlehner
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Most recent results of Davier et al:
® PreBaBar: 2542 + 0.10 % for T

® New BaBar: 25.15+028% = 25.77 +

+py
2478+ 0.28% = 2540+

0 0.06 % forete” + CVC
+py 0

2
2 0.06 % forete” + CVC

8 +
8 +

T decays | . . Belle

25.24+0.01+0.39

CLEO
254420122042

—— ALEPH
25.49=0.10=0.09

-—i DELPHI
25312020014

L3
24.62+0.35+0.50

—e—1 QPAL
25.4620.1720.29

e T average
2542010
e's CVC —— CMD2 03
- 25.03=0.29
—e— G208,
} . SND 06
24.90=0.36
———i KLOE 08
24.64=0.29
—e e’e average
24.?3:0.259
ol Ve b e by b b e
23.5 24 24.5 25 25.5 26 26.5 27

Bt —»van®) (%)

shift 5B§7§)C[py] = +0.62 + 0.06 %

F. Jegerlehner
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7_decays

Belle 1 25.24 +£0.39
CLEO Ita] 25.44 +0.44
ALEPH 25.49+0.13
DELPHI e 25.314+0.24
L3 =] 24.62 £+ 0.61
OPAL =] 25.46 +0.34
T average 25.42 +0.10
¢'e #CVC  cMD2 03 et 25.03 + 0.29
CMD2 06 ==l 24.94 4+ 0.31
SND 06 =] 24.90 + 0.36
KLOE 08 Ire=] 24.64 £ 0.29
ete™ average r-.-1 24.78 £ 0.28
KLOE 10 (| 24.56 £ 0.34
BABAR 09 == 25.15+0.28
PDG average E 25.51 £ 0.09
B(t — 7'y, 24 25 26 27 %

F. Jegerlehner
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7_decays

Belle 25.24 +£0.39
CLEO 25.44+0.44
ALEPH 25.494+0.13
DELPHI 25.31+£0.24
L3 24.62 4+ 0.61
OPAL 25.46 +0.34
T average 25.42£0.10
¢'e +CVC  cMD2 03 25.65 + 0.29
CMD2 06 =] 25.56 + 0.31
SND 06 =] 25.52 £ 0.36
KLOE 08 Ire=] 25.26 £ 0.29
ete™ average r-.-1 25.40 £+ 0.28
KLOE 10 1 25.18 £0.34
BABAR 09 I 25.77 £ 0.28
PDG average 25.51 £ 0.09

B(t — nnv,

27 %

F. Jegerlehner
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Summary and Conclusions

w\VMD+sQED EFT understood as the tail of the more appropriate resonance
Lagrangian approach (Ecker et al. 1989) in low energy nr production yields

@® proper p propagator self-energy effects for GS form factor (o — nr)
@® pion-loop effects in p — vy mixing contributes sizable interferences

Note: so far PDG parameters masses, withs, branching fractions etc. of
resonances like p° all extracted from data assuming GS like form factors (model
dependent!)

Pattern:

moderate positive interference (up to +5%) below p,
substantial negative interference (-10% and more)
above the p (must vanish at s = 0 and s = M)
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1 remarkable agreement with pattern of e*e™ vs 7 discrepancy

7 shift of the T data to lie perfectly within the ballpark of the e*e™ data
Lesson: effective field theory the basic tool (not ad hoc pheno. ansatze)

“p — 7y correction function r,,(s) entirely fixed from neutral channel

“»7 data provide independent information

What does it mean for the muon g — 2?

® it looks we have fairly reliable model to include 7 data to improve a;*

® there is no 7 vs. e*e™ alternative of aﬁad

For the lowest order hadronic vacuum polarization (VP) contribution to a, we find

a™Ole, 7] = 690.96(1.06)(4.63) X 10710 (¢ + 1)
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a,’ —ay® = (283 +87) x 107"

330

Hocker 2010 (theory-driven analysis)

ay ™ Ole] =(6923+1.4+3.1+24+02+03)x 107" (¢*e” based),
ay " le, 7] = (701.5+3.5+ 1.9 £ 2.4 + 0.2 + 0.3) x 107'? (e*e~+7 based),

J Note: ratio Fy(s)/F_(s) could be measured within lattice QCD, without reference
to sQED or other hadronic models. Do it!

J Including w, ¢, po’, 0", - - - requires to go to appropriate Resonance Lagrangian
extension (e.g HLS model Benayoun et al.)
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Robert Saffron’s first attempt to p — ¥y mixing (based on my QCD lectures at
Katowice
(see: http://www-com.physik.hu-berlin.de/ " fjeger/books.html )).
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The interference of terms in F\

Real parts and moduli of the 3 individual and added terms normalized to the
sQED term are displayed:
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Comparison of i rescattring with Colangelo-Leutwyler’s from first principles approach

One of the key ingredients in this approach is the strong interaction phase shift
6}(s) of nrr (re)scattering in the final state. We compare the phase of F,(s) in our
model with the one obtained by solving the Roy equation with nr-scattering data
as input. We notice that the agreement is surprisingly good up to about 1 GeV. It is
not difficult to replace our phase by the more precise exact one.
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The HLS model calculation of F,(¢) and F, (1)

Benayoun et al 09
includes p — y mixing as well. The Figure shows 7 data vs. residual distribution in

the fit of 7 data: Left: BELLE+CLEQO, Right: ALEPH+BELLE+CLEQ (from
Benayoun et al 09))

oooooo

«(s) (Gev) «s) (Gev)

The model yields good simultaneous fits e*e™- and r-data.
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Our results in Tables:

Isovector (I=1) contribution to a;** x 10'* from the range [0.592 - 0.975] GeV from
selected experiments. First entry: results from r-data after standard isospin
breaking (IB) corrections. Second entry: results from r-data after applying in
addition the p — y mixing corrections r,,(s), with fitted values for M,,I', and I',,.,
[M, = 775.65 MeV, T, = 149.99 MeV, B[(p — ee)/(p — nr)] = 4.10 x 107]. For the
o — w mixing we subtracted 2.67 x 107!, Errors are statistical, systematic, isospin
breaking and p — y mixing, assuming a 10% uncertainty for the latter. Final state
radiation is not included.

F. Jegerlehner INT Seattle HLbL Workshop, 2011 38



Data standard IB corrections incl. p —y mixing
ALEPH 1997 | 390.75(2.69)(1.97)(1.45) | 385.63(2.65)(1.94)(1.43)(0.50)
ALEPH 2005 | 388.74(4.05)(2.10)(1.45) | 383.54(4.00)(2.07)(1.43)(0.50)
OPAL 1999 380.25(7.36)(5.13)(1.45) | 375.39(7.27)(5.06)(1.43)(0.50)
CLEO 2000 391.59(4.16)(6.81)(1.45) | 386.61(4.11)(6.72)(1.43)(0.50)
BELLE 2008 | 394.67(0.53)(3.66)(1.45) | 389.62(0.53)(3.66)(1.43)(0.50)

average 391.06(1.42)(1.47)(1.45) | 385.96(1.40)(1.45)(1.43)(0.50)
CMD-2 2006 386.34(2.26)(2.65)
SND 2006 383.99(1.40)(4.99)
KLOE 2008 380.24(0.34)(3.27)
KLOE 2010 377.35(0.71)(3.50)
BABAR 2009 389.35(0.37)(2.00)

average 385.12(0.87)(2.18)
all eTe™ data 385.21(0.18)(1.54)

ete” + T 385.42 (0.53)(1.21)
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Calculated branching fractions in % from selected experiments. Experimental data
completed down to threshold and up to m, by corresponding world averages
where necessary. The experimental world average of direct branching fractions is
B¢ = 2551 + 0.09 % .

it

T data B._0[%)] ete” data BS;(’)C[%]
ALEPH 97 25.27 £ 0.17 £ 0.13 CMD-2 06 25.40 £ 0.21 + 0.28
ALEPHO05 | 25.40 + 0.10 + 0.09 SND 06 25.09 + 0.30 + 0.28
OPAL 99 2517 £ 0.17 £ 0.29 KLOE 08 24.82 + 0.29 + 0.28
CLEO 00 25.28 + 0.12 £ 0.42 KLOE 10 24.65 + 0.29 + 0.28
Belle 08 25.40 £ 0.01 £ 0.39 BaBar 09 25.45 +0.18 + 0.28
combined 25.34 + 0.06 + 0.08 combined 25.20 £+ 0.17 £ 0.28

For the direct T branching fractions the first error is statistical the second
systematic. For e"e”+CVC the first error is experimental the second error includes
uncertainties of the IB correction +0.06 from the new mixing effect. Remaining
problems seem to be experimental.
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0 — w Mmixing

see our paper e-Print: arXiv:1101.2872 for an first attempt in the field theory
approach. A complete treatment requires an extension of the model to include the
w — nan’ and w — 7’y channel. (see from Benayoun et al 09)
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