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Pion−nucleon σ term by the pion deep bound states
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Summary. — The pion deep bound states are one of the most important systems
to deduce the pion properties in nuclear medium. The pion−nucleon σ term can
be determined, in principle, in the bound states by observing the modification of
the pion properties at finite density. We investigate the possibility to determine the
value of the pion−nucleon σ term precisely by the experimental observables of the
deeply bound pionic atoms. We discuss the sensitivity of the observables to the σ
term, and find that the gap of the binding energies and the width of the deep bound
states are good quantities for the σ term determination.

1. – Introduction

The study of the pion deep bound states in nucleus, which can not be populated by
the X−ray spectroscopy because of the nuclear absorption, began in the 1980s [1, 2].
The production of the deep bound states by the (d,3He) reactions [3, 4] is now well
established and the bound states are studied seriously to deduce the information on the
QCD chiral symmetry at finite density from the data with high precision [5].

In this article, we discuss briefly the possibility to determine the value of the pion
−nucleon σ term precisely by the experimental observables of the deeply bound pionic
atoms based on Ref. [6]. The accurate value of the σ term has not be determined yet and
still controversial [7]. Hence, it is very interesting to study the possibility to determine
the value of the pion−nucleon σ term using the pion deep bound states. First, we
consider the sensitivity of the observables to the σ term. Then, by taking into account
the typical errors in the up−to−date experiments, we find out the observables of the
deeply bound pionic atoms by which we can determine the value of the σ term with the
minimal uncertainty [6].

2. – Formalism

We solve the Klein−Gordon equation written as;
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[
−∇2 + µ2 + 2µVopt(r)

]
ϕ(r⃗) = [Eπ − Vem(r)]

2
ϕ(r⃗),(1)

to obtain the complex eigen energy Eπ and the wave function ϕ(r⃗) of the pion bound
states. The strong interaction effects are described by the pion−nucleus optical potential
Vopt(r) expressed as;

2µVopt(r) = −4π[b(r) + ε2B0ρ
2(r)] + 4π∇ · [c(r) + ε−1

2 C0ρ
2(r)]L(r)∇,(2)

with

b(r) = ϵ1[b0ρ(r) + b1[ρn(r)− ρp(r)]],(3)

c(r) = ϵ−1
1 [c0ρ(r) + c1[ρn(r)− ρp(r)]],(4)

L(r) =

{
1 +

4

3
πλ[c(r) + ϵ−1

2 C0ρ
2(r)]

}−1

,(5)

where ϵ1 and ϵ2 are defined as ϵ1 = 1 +
µ

M
and ϵ2 = 1 +

µ

2M
with the pion−nucleus

reduced mass µ and the nucleon mass M . The pion−nucleus electromagnetic interaction
is taken into account by the potential Vem(r) [6].

The σ term is included in the density dependence of the optical potential parameters
as [8, 9];

b1(ρ) = bfree1

(
1− σ

m2
πf

2
π

ρ

)−1

,(6)

with the σ term, the pion mass mπ and the pion decay constant fπ. The b0 parameter
has also the density dependence because of the double scattering term with b1(ρ) [6].

By solving the Klein−Gordon equation, we can study the sensitivities of the observ-
ables to the value of the σ term. The binding energies and the widths of the pionic
atoms are the real and imaginary parts of the eigen energies Eπ, and the formation cross
sections of the bound states by the (d,3He) reactions can be reliably calculated using the
wave function ϕ(r⃗).

3. – Numerical results and discussions

To express the sensitivities of the observables to the σ value, we consider the average
sizes of the shifts of observables due to the variation of the value of σ [6]. In Table I,
we show the shifts of the binding energies Bπ and the widths Γπ of the 1s pionic states,
and the shifts of the difference of the binding energies between the 1s and 2p states
(Bπ(1s)− Bπ(2p)) in

123Sn and 111Sn for the 1MeV change of the σ value. We can see
the shifts of the observables are larger for the lighter isotope 111Sn because of the weaker
repulsive effects of the optical potential and the larger fraction of pion inside the nucleus.
Hence, the observables of the deep pionic atoms in the lighter Sn isotope are expected
to be more sensitive to the value of σ.

In Table I, the sizes of the typical experimental errors are also shown for up−to−date
experiments for deeply bound pionic atom formation by the (d,3He) reaction. We can
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Table I. – The calculated average shifts of the observables of the deeply bound pio-
nic states in 123Sn and 111Sn are shown in keV for the 1MeV change of the σ value.
Bπ(1s), Γπ(1s), and (Bπ(1s) − Bπ(2p)) indicate the binding energy and the width of the 1s
state, and the difference of the binding energies between the 1s and 2p states. Typical errors
of up−to−date experiments for deeply bound pionic atom observables in the Sn region are also
shown. Numbers are from Ref. [6].

in keV 123Sn 111Sn Typical Exp. error

|∆Bπ(1s)| 6.2 7.5 ∼80
|∆Γπ(1s)| 5.9 12.9 ∼40

|∆(Bπ(1s)−Bπ(2p))| 4.5 5.8 10−15

see that the errors for the differences of the binding energies (Bπ(1s) − Bπ(2p)) are
significantly smaller than those of Bπ and Γπ because there exists the large cancellation
of the systematic errors appeared in the energy calibration [6]. Hence, the absolute
values of the binding energies are not appropriate to determine the value of the σ term
because of the large experimental errors, even they have high sensitivities to the σ value.
By considering the expected experimental errors together with the sensitivities of the
observables, we conclude that the width of the deeply bound 1s state in the lighter Sn
isotope and the energy difference (Bπ(1s)−Bπ(2p)) are suited for the determination of
the σ term value.

In Fig. 1, we show examples of the calculated (d,3He) reaction spectra for the for-
mation of the pionic bound states in 123Sn to see the sensitivity of the spectra to the
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Fig. 1. – Formation cross sections of the deeply bound pionic atoms in 123Sn by the (d,3He)
reaction for three different values of σ calculated in Ref. [6]. The scattering angle of the emitted
3He nucleus is fixed to be 2o in the laboratory frame. The experimental energy resolution is
assumed to be 150 keV.
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value of the σ term. We can clearly see the σ value dependence of the peak position
and the peak width in the spectrum, which are usually fitted by the theoretical results
to deduce the binding energies and the widths of the pion bound states in the processes
of the analyses of observed results [5]. Hence, we can expect to have the constraints to
σ from the spectrum. To obtain more information in addition to Bπ and Γπ from the
spectra, we need to study the detailed structure of the spectra such as the σ dependence
seen in the spectrum at Q = −138.5 ∼ −138 MeV in Fig. 1, which will be studied in
future.

4. – Conclusion

In this article, we investigate the feasibilities of the observables of the deeply bound
pionic atoms to determine the σ value precisely based on Ref. [6], by studying the sen-
sitivities of them to the σ value and by taking into account the typical errors of them
in the up−to−date experiments. The σ term is implemented in the calculations of the
structure of the deeply bound pionic atoms through the potential parameters.

We consider the pionic atoms in Sn isotopes and study the various observables. We
find that the gap of the binding energies of the 1s and 2p pionic states, and the width
of the 1s state for the lighter Sn isotope are expected to be most important observables
to determine the σ value by the pionic atom data. The uncertainty of the σ value
determination is estimated to be 2 ∼ 3 MeV [6]. The detailed structure of the formation
spectra is also expected to provide the additional information on σ in future.
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