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Modeling spin effects in electron-positron annihilation to hadrons
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Summary. — The string+> Py model of spin-dependent hadronization is applied
to the fragmentation of a string stretched between a quark and an antiquark with
entangled spin states, assumed to be produced in the e™e™ annihilation process. The
model accounts systematically for the spin correlations in the hadronization chain
and is formulated as a recursive recipe suitable for the implementation in a Monte
Carlo event generator. The recipe is applied to the production of two back-to-back
pseudoscalar mesons produced in eTe” annihilation, and it is shown to reproduce
the form of the azimuthal distribution of the hadrons as expected from QCD.

1. — Introduction

The ete™ annihilation to hadrons is an important process for hadronization studies.
In particular it allows to access the still poorly known spin-dependent fragmentation
functions (FFs), such as the Collins FF [1]. The latter can be accessed by looking at
the amplitude of a particular modulation in the azimuthal distribution of two back-to-
back hadrons, known as the Collins asymmetry [2]. Also, the combined analysis of ete™
data and data from semi-inclusive deep inelastic scattering (SIDIS) allows to obtain
information on both the FFs and on the partonic structure of the nucleons.

In this article, we use the string+2Py model of hadronization [3, 4], briefly recalled
in Sect. 2, to describe the quark spin effects in eTe™ annihilation at leading order.
The string+3P, model was successfully applied to the description of transverse spin
effects in SIDIS, either via standalone simulations [3, 4] or with the implementation in
the Pythia generator [5, 6]. The description of eTe™ annihilation is, however, more
intricate than SIDIS due to the correlated spin states of the quark ¢ and the antiquark
q stretching the string to be fragmented. The application of the string+3P, model to
ete™ is described in Sect. 3. The ¢g pair is assumed to be produced by the process
ete™ — qq via the exchange of a virtual photon. The spin-correlations are propagated
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along the fragmentation chain by using the splitting amplitude of the string+>P, model,
and by employing the Collins-Knowles (CK) recipe [7, 8] to take into account the spin-
entanglement at each step of the fragmentation chain. The resulting model is formulated
as a recursive recipe suitable for the implementation in MC event generators, which is
presented in Sect. 3. In Sect. 4 we apply the recipe to the production of two back-to-back
hadrons in e*e~. Finally, the conclusions are given in Sect. 5.

2. — The string+3P, model

In the string+3 P, model, the hadronization process g§ — hi, ho, ... is the fragmen-
tation of a straight string stretched between ¢ and ¢, here assumed to have momenta
along the z, = z axis and the z; = —2 axis, respectively. The string fragmentation can
be viewed as the recursive iteration of elementary splittings ¢ — h + ¢/, with ¢, h and
¢’ being the fragmenting quark, the leftover quark and the emitted hadron, respectively.
h can be either a pseudoscalar (PS) or a vector meson (VM). The splitting is described
in flavour, momentum and spin space by the splitting amplitude Ty j 4(Z+, prikr). k,
p and k' indicate the four momenta of ¢, h and ¢’, respectively. The transverse com-
ponents with respect to the string axis are labelled by kr, pr = kr — kI and k7.
For-momentum conservation implies p = k — k’. The longitudinal splitting variable is
defined as Z, = p*/k*, vt = v° 4+ v* being the lightcone components of a generic
four-vector v. The expression for the splitting amplitude in the string+3 Py model is [4]

1/2 ) ~/
(1>Tq’,h,q(M}%7 Z—‘rv PT; kT) = [F;?}ﬁ(;(M}%v Z+a PT; kT)] X |::U‘ +107 - kT X Fh,sh-
Fqlit‘}{‘g describes the elementary splitting in flavour and momentum space
(including the squared mass M7, if h is a resonance) [4], and it indicates the spin-less

splitting function of the Lund Model [9]. The 2 x 2 matrix Ay (k) = p + o - 1~</T
implements the 3Py mechanism of quark pair production at string breaking. It depends

The function

on the complex parameter = Re(p)+4Im(u) and on the transverse vector l~</T = Z4 x KT
Im(p) (Re(p)) is responsible for transverse (longitudinal) spin effects, and has dimensions
of mass. The 2 x 2 matrix I'y, 5, implements the coupling of ¢ and ¢’ with h. If his a PS
mesonitisTy =0, Ifhisa VM itisT) v = Groro,-Vi+1 Gy V¥, where V = (Vr, V1)
is the polarization vector of the VM. Gt and Gy, are two complex constants, which couple
the quarks to a VM with transverse and longitudinal polarization with respect to the
string axis, respectively.

The hadronization ¢qg — hq, hs, ... can be viewed equivalently as iterations of elemen-
tary splittings ¢ — H + ¢ of antiquarks, owing to the left-right symmetry [9]. The mo-
menta of ¢, H and ¢’ are indicated by k, P and k', respectively. Their transverse compo-
nents are indicated by kr, Pt and IE%_«, respectively. Also, we define Z_ = P~ /k~. Four-
momentum conservation gives P = k — k’. The splitting amplitude Ty s 4(Z_, P; k)
associated to the splitting § — H + ¢ can be obtained from Eq. (1) with the substitu-
tions {q,h,q¢'} = {3, H,7'}, Zy — Z_ and {kr,pr,. ki } — {RT,PT,RIT}. In particular,
it is Ag (R/T) = u+ioT - kT, where we have defined k7. = 2, x R/T.

3. — Spin-dependent string fragmentation in eTe¢~ annihilation

3'1. Physical ingredients. — Following the factorization theorem [10], we divide the
process eTe”™ — h H X into the hard sub-process ete™ — ¢, where the quark pair qq
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Fig. 1.: Left: Unitarity diagram for ete™ — qg — h H X. Right: Emission of a VM
from the quark.

is created, and in the soft process qG — hi hs .., where the quark pair hadronizes into
the final state hadrons hy ha ... The et and e~ are taken unpolarized. In Fig. 1 (left)
is shown the unitary diagram associated to the annihilation eTe™ — h H X, where the
hadrons h and H are emitted by the splittings ¢ — h + ¢’ and ¢ — H + ¢, respectively.
To the unitary diagram we associate the sum of squared amplitudes
(2)

= (M) % (il Ty n,alAe) G T, m.al0a) Nas Aglo(a, DN ) NG T 8 NG T 41 4157)

x (@' [n(d)i) (7' 1n(@)15) = (IM) Traq [p(a, @) n(a) © n(@)],

where we have indicated by A, (A\z) the helicity index of ¢ (¢), and by 4 (j) the spin index
of ¢’ (¢'). The indices in the complex conjugated amplitude include in addition a prime
symbol, as shown in Fig. 1. (\/\/l| ) is the spin-averaged squared amplitude associated
to the hard scattering ete™ — ¢q.

In the first line in Eq. (2), we introduced the joint spin density matrix p(q,q) of
the ¢q pair, which implements the initial spin correlations between the quarks. It reads
p(g:q) = 19017 — 07 ® 0 + ann(0) (08 ® 08 + 08 ® 0)] /4, where 0 indicates the
Pauli matrix along the axis v = 0,z,y,z (0 referring to the identity matrix) in the
helicity frame of @@ = ¢,q. The quark helicity frames are defined by the axes zg o kg,
Yo X P_ X2z and XQ X ¥ X 2q, with Q = ¢, ¢, p_ being the e~ momentum and k¢, the
momentum of (). The (anti)quark helicity frame will be indicated shortly by (A)QHF.
The quantity ann(6) = sin® 8/(1 4 cos? #) induces transverse-spin correlations among the
quarks, with ¢ being the angle between p_ and k,.

The 2 x 2 matrix n carries the spin information coming ”backwards in time” form
the analysis of particles further produced in the fragmentation chain, and it is referred
to as the "acceptance matrix”. If the particles are not analyzed, it is n = 1. The
expressions for 7(q ) and 7(q), obtained by comparing the top and bottom lines in Eq.
(2), are n(q) = T, g M(@) Ty ng and n(q) = Tg/,H,qU@/)Tq/,H,qa respectively, for PS
meson emission. For VM emission, e.g., from ¢, the quark line in the left diagram in
Fig. 1 is replaced by the diagram on the right-hand side of the figure. 7(g) becomes
then n(q) = T, h M) Ty g Dara; where a (a’) indicates the spin index of the VM in
the amplitude (complex conjugated amplitude). T, o h.,q is obtained writing the splitting
amplitude in Eq. (1) as Ty pg =715 5 . Va- Dara is the decay matrix of the VM [4]. An
analogue expression holds in the case of a VM emission from q.

3'2. The recursive recipe. — First, the hard scattering ete™ — qg must be set up by
using the differential cross section dé(qq)/dcos® o< (|M]?). The latter is used to draw
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the flavours of the quarks, and the four-momenta of the quarks, e™ and e~. To explicitly
write the momenta, and for the following steps, let us use as the reference frame the
QHF. Then the string stretched between ¢ and ¢ can be fragmented by the steps:

1. Select with equal probability if the splitting is to be taken from the ¢ or ¢ side.

2. For a splitting from the ¢ side, assume no information is coming from the q end,

thus n(g) = 17 and n(¢’) = 1. If h = PS, generate h using the probability density
(splitting function) dPyp 4y /dZ+ 27 d*pr = Fy g = Trqra[Torna p(0, @) Ty s
obtained inserting the expression of 7(q) (see Sect. 3'1) in Eq. (2). Also, we defined
Ty hg=Tq nqg®1g.
If h = VM, apply the following additional steps. (a) Calculate the spin density
matrix of h using paar o Trqq[Ty 14 £(d, ) TZ:Lq], and use it to perform the
polarized decay in the rest frame of the VM following Ref. [4]. Afterwards boost
the decay products in the QHF. (b) Following the CK recipe, evaluate the decay
matrix D, of the VM (see Ref. [4] for the explicit expressions).

For a splitting from the ¢ side, assume no information coming from the ¢ side,
thus n(¢) = 14 and n(¢’) = 1. For H = PS, generate H using the probability
density dPypq/dZ_Z"'d*Py = Fp g = Traq[Tamqp(q,q) TL ). This
expression is obtained inserting the expression for 7(g) (see Sect. 3°'1) in Eq. (2).
Also, we defined Ty g5 =14 ® Ty u,g. For H= VM, the analogue steps of (a)-(c)
apply. Express all hadron momenta in the QHF.

If the exit condition, which can be taken the same as in the spin-less Lund Model
[9], is satisfied, go to step 4. Otherwise go to step 3.

3. If the splitting was taken from the ¢ side, evaluate the spin density matrix p(q’, q)
using the expression p(¢’,q) < Ty nqp(¢,q) T:;'-h,q for the case h = PS. This is
obtained inserting 7(q) (see Sect. 3'1) in Eq. (2) without taking the trace. Using
the CK recipe, for h = VM the expression is p(q’,q) o< Tg , , p(¢,7) TZ,I,TM Dyrg.
If the splitting was taken from the g side, p(q,q’) can be obtained in an analogue
way using Ty g g instead of Ty 4. Return to step 1.

4. Assuming the last quark pair to be hadronized is ¢;qr,, emit the last two hadrons h
and H by one further splitting. With equal probability, either generate i from the
q; side by using Fy p, q, (see step 2) and construct H = ¢r,§ using momentum con-
servation, or generate H from the G, side using Fy m, (see step 2) and construct
h = q;q’ using momentum conservation.

4L

Steps 1-3 are iterated recursively until the condition for the termination of the frag-
mentation chain is called. At each step the spin correlations are propagated using quan-
tum mechanical rules. This allows to account for correlations between the momenta of
hadrons emitted in the ¢ and ¢ jets. Being recursive, the proposed recipe is suitable for
the implementation in a MC event generator. Also, since the recipe does not depend on
the production mechanism of the ¢g pair, it can used for other processes as well.

4. — Application of the model to eTe™ -+ hH X

As a proof-of-principle calculation, we evaluate the probability distribution for the
process eTe~ — h H X, where h is emitted in the splitting ¢ — h+¢’ and H is emitted in



MODELING SPIN EFFECTS IN ELECTRON-POSITRON ANNIHILATION TO HADRONS 5

the splitting § — H +¢. The hadrons are thus produced back-to-back in the eTe™ center
of mass frame, each of them being associated with a different quark jet. According to the
recipe in Sect. 3, the probability associated to this process is obtained as the product
of the probabilities for i) creating the ¢ pair, ii) emitting h from ¢, and iii) emitting H
from g given the emission at ii). Thus, it is dP.+o— ,p g x X do(qq) X Fy pq X Fg 15
Using the expression for the splitting amplitude in Eq. (1), and assuming h = PS and
H = PS, we obtain

2Im(p) pr 2Im(p) Pr
ul? +p3 |uf? + PR

( ) dP€+6_~>hHX

2 .
dcos 0 dopy, dpg .. o (1+cos6%) |1+ ann(6)

cos(on + ¢m)|

where the dots in the denominator indicate the differentials dZ, 2" dZ_Z~" dp% dP3.
As can be seen, the string+3 Py model gives a cos(¢y, + ¢ ) modulation in the distribution
of the azimuthal angles ¢;, of h and ¢y of H, expressed in the QHF. This modulation is
expected from QCD [2]. The amplitude has been measured by different experiments and
it is referred to as the Collins asymmetry [11, 12]. Note that the amplitude predicted by
the string+3 Py model has positive sign, as in the data. In order to obtain the full Collins
asymmetry for back-to-back hadrons in simulations of ete™ annihilation, however, the
MC implementation of the model is needed.

5. — Conclusions

We have applied the string+3P, model of spin-dependent hadronization to the de-
scription of eTe™ annihilation to hadrons. The new model, built at the amplitude level
to preserve quantum mechanical properties such as positivity and entanglement, is for-
mulated as a recursive recipe suitable for the implementation in a MC event generator.
A proof-of-principle calculation has been performed by applying the model to the pro-
duction of two back-to-back hadrons in e*e~ annihilation. The calculation shows that
the model reproduces the Collins asymmetry in the distribution of the final state hadrons
expected in QCD, and that it gives the same sign of the asymmetry as in the data. For
more quantitative simulation results, the implementation of the model in a MC generator
is needed. The work on the MC implementation is ongoing and will be presented in a
future work.
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