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expressed as a convolution over the partonic transverse momenta of two TMD PDFs:
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ā
1 (xB ,k

2
?B ;µ, ⇣B) �

(2)(k?A + k?B � qT )

=
xAxB

2⇡
HDY(Q,µ)

X

a

ca(Q
2)

ˆ +1

0
d|bT ||bT |J0

�
|bT ||qT |

�
f̂
a
1 (xA, b

2
T ;µ, ⇣A) f̂

ā
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In the above equation, HDY is the hard factor, which can be computed order by order in the strong coupling ↵s

and is equal to 1 at leading order.3 This function encodes the virtual part of the hard scattering and depends on
the hard scale Q and on the renormalisation scale µ. The unpolarized TMDs are denoted by f1. They depend
on the renormalization scale µ and the rapidity scale ⇣. The rapidity scales must obey the relation ⇣A⇣B = Q

4.
Throughout the paper, we will set µ2 = ⇣A = ⇣B = Q

2.
The following definition of the Fourier transform of the TMD PDFs has been used:4
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The structure of the TMD PDFs will be addressed in details in Sec. II C. The transverse momentum of the
active quark and antiquark are denoted as k?A,B . At low transverse momenta, the two variables xA,B take the
values:

xA =
Qp
s
e
y
, xB =

Qp
s
e
�y

. (6)

The summation over a in Eq. (4) runs over the active quarks and antiquarks at the scale Q, and ca(Q2) are
the respective electroweak charges given by
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
the Z boson.

As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
delimited by the initial (i) and final (f) values of kinematical variables, the experimental values are compared
with the following theoretical quantity:

Oth
DY, 1(|qT |i,f , yi,f , Qi,f ) =

 
|qT |f

|qT |i

d|qT |
ˆ yf

yi
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, (10)

where the
�

symbol represents the integral divided by the width of the integration range. Hence, Eq. (10)
corresponds to the cross section in Eq. (3) averaged over the transverse momentum and integrated over rapidity
and invariant mass of the exchanged boson. The normalized cross section is obtained by dividing both sides of
Eq. (10) by the appropriate fiducial cross section, which is computed by employing the DYNNLO code [35, 36].5

3 In the present work, we follow the definition of Ref. [34].
4 Notice that in Ref. [5] the Fourier transform was defined with an extra 1/(2⇡) factor.
5 See https://www.physik.uzh.ch/en/groups/grazzini/research/Tools.html
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ā
1 (xB ,k

2
?B ;µ, ⇣B) �

(2)(k?A + k?B � qT )

=
xAxB

2⇡
HDY(Q,µ)

X

a

ca(Q
2)

ˆ +1

0
d|bT ||bT |J0

�
|bT ||qT |

�
f̂
a
1 (xA, b

2
T ;µ, ⇣A) f̂

ā
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
the Z boson.

As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
the Z boson.

As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
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symbol represents the integral divided by the width of the integration range. Hence, Eq. (10)
corresponds to the cross section in Eq. (3) averaged over the transverse momentum and integrated over rapidity
and invariant mass of the exchanged boson. The normalized cross section is obtained by dividing both sides of
Eq. (10) by the appropriate fiducial cross section, which is computed by employing the DYNNLO code [35, 36].5
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where ea, Va, and Aa are the electric, vector, and axial charges of the flavor a, respectively; V` and A` are the
vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
the Z boson.

As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
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experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
delimited by the initial (i) and final (f) values of kinematical variables, the experimental values are compared
with the following theoretical quantity:
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where the
�

symbol represents the integral divided by the width of the integration range. Hence, Eq. (10)
corresponds to the cross section in Eq. (3) averaged over the transverse momentum and integrated over rapidity
and invariant mass of the exchanged boson. The normalized cross section is obtained by dividing both sides of
Eq. (10) by the appropriate fiducial cross section, which is computed by employing the DYNNLO code [35, 36].5

3 In the present work, we follow the definition of Ref. [34].
4 Notice that in Ref. [5] the Fourier transform was defined with an extra 1/(2⇡) factor.
5 See https://www.physik.uzh.ch/en/groups/grazzini/research/Tools.html
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In the above equation, HDY is the hard factor, which can be computed order by order in the strong coupling ↵s

and is equal to 1 at leading order.3 This function encodes the virtual part of the hard scattering and depends on
the hard scale Q and on the renormalisation scale µ. The unpolarized TMDs are denoted by f1. They depend
on the renormalization scale µ and the rapidity scale ⇣. The rapidity scales must obey the relation ⇣A⇣B = Q

4.
Throughout the paper, we will set µ2 = ⇣A = ⇣B = Q

2.
The following definition of the Fourier transform of the TMD PDFs has been used:4

f̂
a
1

�
x, |bT |;µ, ⇣

�
=

ˆ
d
2k? e

ibT ·k? f
a
1

�
x,k2

?
;µ, ⇣

�

= 2⇡

ˆ
1

0
d|k?| |k?|J0(|bT ||k?|) fa

1

�
x,k2

?
;µ, ⇣

�
. (5)

The structure of the TMD PDFs will be addressed in details in Sec. II C. The transverse momentum of the
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vector and axial charges of the lepton `; sin ✓W is the weak mixing angle; MZ and �Z are mass and width of
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As discussed in Sec. III and summarized in Tab. II, for DY production the observable provided by the
experimental collaborations is the (normalized) cross section di↵erential with respect to |qT |. For each bin
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corresponds to the cross section in Eq. (3) averaged over the transverse momentum and integrated over rapidity
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Eq. (10) by the appropriate fiducial cross section, which is computed by employing the DYNNLO code [35, 36].5
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Figure 5. Density of data in the plane (Q, x) (a darker color corresponds to a higher density).

The kinematic region in x and Q covered by the data set and thus contributing to the deter-
mination of TMDPDF is shown in fig. 5. The boxes enclose the sub-regions covered by the single
data sets. Looking at fig. 5, it is possible to distinguish two main clusters of data: the “low-energy
experiments”, i.e. E288, E605, E772, PHENIX, COMPASS and HERMES that place themselves
at invariant-mass energies between 1 and 18 GeV, and the “high-energy experiments”, i.e. all those
from Tevatron and LHC, that are instead distributed around the Z-peak region. From this plot we
observe that, kinematic ranges of SIDIS and DY data do not overlap.

As a final comment of this section let us mention that our data selection is particularly conser-
vative because it drops points that could potentially be described by TMD factorization (see e.g.
ref. [18] where a less conservative choice of cuts is used). However, our fitted data set guarantees
that we operate well within the range of validity of TMD factorization. In sec. 7 we show that
unexpectedly our extraction can describe a larger set of data as well.

4 Fit procedure

The experimental data are usually provided in a form specific for each setup. In order to extract
valuable information for the TMD extraction, one has to detail the methodology that has been
followed, and this is the purpose of this section. Finally, we also provide a suitable definition of the
�2 that allows for a correct exploitation of experimental uncertainties.

4.1 Treatment of nuclear targets and charged hadrons

The data from E288, E605 (Cu), E772, COMPASS, (part of) HERMES (isoscalar targets) come
from nuclear target processes. In these cases, we perform the iso-spin rotation of the corresponding
TMDPDF that simulates the nuclear-target effects. For example, we replace u-, and d-quark
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FIG. 3: The x vs. Q
2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)
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The kinematic region in x and Q covered by the data set and thus contributing to the deter-
mination of TMDPDF is shown in fig. 5. The boxes enclose the sub-regions covered by the single
data sets. Looking at fig. 5, it is possible to distinguish two main clusters of data: the “low-energy
experiments”, i.e. E288, E605, E772, PHENIX, COMPASS and HERMES that place themselves
at invariant-mass energies between 1 and 18 GeV, and the “high-energy experiments”, i.e. all those
from Tevatron and LHC, that are instead distributed around the Z-peak region. From this plot we
observe that, kinematic ranges of SIDIS and DY data do not overlap.

As a final comment of this section let us mention that our data selection is particularly conser-
vative because it drops points that could potentially be described by TMD factorization (see e.g.
ref. [18] where a less conservative choice of cuts is used). However, our fitted data set guarantees
that we operate well within the range of validity of TMD factorization. In sec. 7 we show that
unexpectedly our extraction can describe a larger set of data as well.

4 Fit procedure

The experimental data are usually provided in a form specific for each setup. In order to extract
valuable information for the TMD extraction, one has to detail the methodology that has been
followed, and this is the purpose of this section. Finally, we also provide a suitable definition of the
�2 that allows for a correct exploitation of experimental uncertainties.

4.1 Treatment of nuclear targets and charged hadrons

The data from E288, E605 (Cu), E772, COMPASS, (part of) HERMES (isoscalar targets) come
from nuclear target processes. In these cases, we perform the iso-spin rotation of the corresponding
TMDPDF that simulates the nuclear-target effects. For example, we replace u-, and d-quark
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Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)
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FIG. 12: Graphical representation of the correlation matrix for the fitted parameters.
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FIG. 13: The TMD PDF of the up quark in a proton at µ =
p
⇣ = Q = 2 GeV (left panel) and 10 GeV (right panel) as

a function of the partonic transverse momentum |k?| for x = 0.001, 0.01 and 0.1. The uncertainty bands represent the
68% CL.

Fig. 3). Future data from the Electron-Ion Collider (EIC) are expected to play an important role in getting a
better description of the TMD PDFs at low x [107, 108].

In Fig. 14, we show the TMD FF for the up quark fragmenting into a ⇡
+ at µ =

p
⇣ = Q = 2 GeV (left

panel) and 10 GeV (right panel) as a function of the pion transverse momentum |P?| (with respect to the
fragmenting quark axis) for two di↵erent values of z = 0.3 and 0.6. As in the previous figure, the uncertainty
bands correspond to the 68% CL. In both left and right panels, an additional structure clearly emerges at
intermediate P?, especially at z = 0.3, which is induced by the weighted Gaussian in Eq. (39). Further
investigations on this topic are needed, and data from electron-positron annihilations would be valuable to
better explore these features.

We stress that the error bands displayed in Figs. 13-14 reflect the uncertainty on the fitted parameters (see
Eqs. (38)-(39)) that are determined by taking into account the uncertainty on the collinear PDFs and FFs as
discussed in Sec. III C. However, since the fits are performed using the central set of the collinear distributions,
all TMD replicas have the same integral in k? (i.e., their values at bT = 0 are the same). As a consequence,
the plots in Figs. 13-14 only partially account for the error of the collinear distributions.
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In Fig. 14, we show the TMD FF for the up quark fragmenting into a ⇡
+ at µ =
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⇣ = Q = 2 GeV (left

panel) and 10 GeV (right panel) as a function of the pion transverse momentum |P?| (with respect to the
fragmenting quark axis) for two di↵erent values of z = 0.3 and 0.6. As in the previous figure, the uncertainty
bands correspond to the 68% CL. In both left and right panels, an additional structure clearly emerges at
intermediate P?, especially at z = 0.3, which is induced by the weighted Gaussian in Eq. (39). Further
investigations on this topic are needed, and data from electron-positron annihilations would be valuable to
better explore these features.

We stress that the error bands displayed in Figs. 13-14 reflect the uncertainty on the fitted parameters (see
Eqs. (38)-(39)) that are determined by taking into account the uncertainty on the collinear PDFs and FFs as
discussed in Sec. III C. However, since the fits are performed using the central set of the collinear distributions,
all TMD replicas have the same integral in k? (i.e., their values at bT = 0 are the same). As a consequence,
the plots in Figs. 13-14 only partially account for the error of the collinear distributions.
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FIG. 2. Comparison of CS kernels extracted from differ-

ent combinations of the pseudo-data. The top plot shows all

possible (twelve) combinations of pseudo-data with different

kinematics, listed in the table I. The bottom plot show ex-

tractions made with different input collinear PDFs. The solid

lines are the central values. The shaded areas are the statis-

tical uncertainty. The oscillations at b ⇠ 4� 6GeV
�1

are due

to the finite bin size in the qT -space. The gray dashed line in

the lower plot shows the effect of incomplete cancellation of

parton’s momentum if PDFs in the comparing cross-section

are different (here, CT18 vs. CASCADE).

tions of CS kernel is shown in fig.3. The CASCADE
extraction lightly disagrees with the perturbative curve
(b < 1GeV�1), but in agreement with the SV19 [10] and
Pavia17 [7] for 1 < b < 3GeV�1.

The fit of the large-b part by a polynomial gives

D(b, µ) ⇠ [(0.069± 0.031)GeV]⇥ b, (11)

with a negligible quadratic part. We conclude that the
CASCADE suggests a linear asymptotic, which was also
used in the SV19 series of fits [9, 10, 37], and supported
by theoretical estimations [14, 38]

Conclusions. We have presented the method of di-
rect extraction of the CS kernel from the data, using the
proper combination of cross-sections with different kine-
matics. For explicitness, we considered the case of the
Drell-Yan process, but the method can be easily gener-
alized to other processes such as SIDIS, semi-inclusive
annihilation, Z/W-boson production, and their polarized
versions.
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FIG. 3. Comparison of the CS kernels obtained in different

approaches. CASCADE curve is obtained in this work. The

curves SV19, MAP22, Pavia19 and Pavia17 are obtained from

the fits of Drell-Yan and SIDIS data in refs. [39], [10], [11],

and [7], correspondingly. Dots represent the computations of

CS kernel on the lattice, with SVZES, ETMC/PKU, SVZ,

LPC20 and LPC22 corresponding to refs.[16], [40], [17], [41],

and [42].

The method is tested using the pseudo-data gener-
ated by the CASCADE event generator, and the corre-
sponding CS kernel is extracted. Amazingly, all expected
properties of the CS kernel (such as universality) are ob-
served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
ready collected data after a rebinning. Importantly, the
procedure is model-independent and provides access to
the CS kernel based on the first principles.
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SUPPLEMENTAL MATERIALS

Renormalization

In order to renormalize the bare quasi-TMD matrix
elements, the square root of Wilson loop

p
ZE and loga-

rithmic divergence factor ZO need to be computed.
The Wilson loop ZE(r = 2L+z, b?, a) is defined as the

vacuum expectation of a rectangular shaped space-like
gauge links with size r⇥b?. It is introduced to eliminate
the linear divergence form as e��m̄r, which comes from
the self-energy corrections of the gauge link [28, 34], as
well as the pinch-pole singularity, which comes from the
heavy quark e↵ective potential term e�V (b?)L from the
interactions between the two Wilson lines along the z
direction in the staple link [20]. In practice, the signal
to noise ratio of ZE(r, b?, a) grows fast and is hardly
available at large r and/or b?. To address this, we fit the
e↵ective energies of Wilson loop, which denote the QCD
static potentials, and then extrapolate them at large r
and/or b? area, as in Ref. [27]. Numerical results of
Wilson loop are shown in the upper panel of Fig. 6.

Besides, the logarithmic divergences factor ZO can be
extracted from the zero-momentum bare matrix elements
h̃0
� (z, b?, 0, a, L). In order to keep the renormalized ma-

trix elements consistent with perturbation theory, ZO

should be determined with the condition:

ZO(1/a, µ,�) = lim
L!1

h̃0
� (z, b?, 0, a, L)p

ZE (2L+ z, b?, a)h̃MS
� (z, b?, µ)

(12)

in a specific window where z ⌧ ⇤�1
QCD so that the

perturbation theory works well. Here the perturbation
results have been evolved from the intrinsic physical
scale 2e��E/

p
z2 + b2? to MS scale µ via renormalization

group equation [44]. To preserve a good convergence of
the perturbation theory before and after RG evolution,
we choose the region where b? = a, z = 0 or a. More
discussions about RG evolution can be found in the fol-
lowing section. The numerical value for ZO in this work
is taken as 1.0622(87), of which the uncertainty is negli-
gible compared with other systematic uncertainties.

LPC collaboration, arxiv:2211.02340
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Figure 6. Plot of the Collins-Soper kernel at µ = 2 GeV. Di↵erent lines correspond to the independent

extractions CASCADE [81], SV19 [8], MAP22 [9], and ART23 (this work).

Figure 7. Shape of TMDs in the (x,b)-space. The color indicates the uncertainty.

Namely, they almost vanish at their lower boundary. For negligible values of �’s the b�profile
of the corresponding TMDPDF flattens. This is a clearly non-physical behavior, which results in
disturbed shapes of the uncertainty bands for d̄ and sea flavors at large-b. Simultaneously, it does
not produce any problem in the prediction for the cross-section, since the TMDPDFs contributes
in products with the evolution factors. It merely indicates that the present observables/data are
not restrictive enough for these flavor combinations.

The shapes of the TMDPDFs are shown in fig. 7 for u and d quarks (other flavors show similar
behaviour). The sizes of the uncertainty bands are shown in fig. 8 in comparison to the SV19 bands.
Generally, the uncertainty bands are increased by an order of magnitude, and grow faster with the
increase of b. This is the result of incorporating the PDF uncertainties, which helps to avoid the
PDF-bias and allows for a more realistic uncertainty estimation. The x-shape of the uncertainties
has become more involved. Their minimum is at x ⇠ 10�2, where the most precise data are
located. The sizes of quark- and anti-quark uncertainties are compatible, because most part of the
data depend on the product f1qf1q̄ that does not distinguish between quarks and anti-quarks.
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In a nucleon polarized in the +y direction,  
the distribution of quarks can be distorted in the x direction 
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Figure 1: The first transverse moment x f?(1)
1T of the Sivers TMD as a function of x for the up (upper panel) and down quark (lower panel). Solid

band: the 68% confidence interval obtained in this work at Q2 = 4 GeV2. Hatched bands from PV11 [14], EIKV [16], TC18 [17] and at di↵erent
Q2 as indicated in the figure.

level only if the observable’s values follow a Gaussian distribution, which is not true in general. When it is not possible
to draw uncertainty bands, we report the results obtained using replica 105, which was selected as a representative
replica, since its parameters are closer to the average ones both in the unpolarized and polarized case.

We obtain an excellent agreement between the experimental measurements and our theoretical prediction, with an
overall value of �2/d.o.f.= 1.08 ± 0.06 (total �2 = 110 ± 6). Our parametrization is able to describe very well the
COMPASS 2009 data set (32 points with �2 = 28.3 ± 3.1), the COMPASS 2017 data set (50 points with �2 = 29.3 ± 4.9),
and the JLab data set (6 points with �2 = 3.8± 0.5). The agreement with the HERMES data set is worse (30 points with
�2 = 49.8± 4.8). We checked that the largest contribution to the �2 comes from the subset of data with K� in the final
state [36]. Our predictions well describe also the z and PhT distributions, even if those projections of the data were
not included in the fit. (More information about the fit procedure, the best-fit parameters and the agreement with data
can be found in App. Appendix B.)

In Fig. 1, we show the first transverse moment x f?(1)
1T (Eq. (5), multiplied by x) as a function of x at Q0 =

2 GeV2 for the up (upper panel) and down quark (lower panel). We compare our results (solid band) with other
parametrizations available in the literature [14, 16, 17] (hatched bands, as indicated in the figure). In agreement with
previous studies, the distribution for the up quark is negative, while for the down quark is positive and both have a
similar magnitude. The Sivers function for sea quarks is very small and compatible with zero.

In general, the result of a fit is biased whenever a specific fitting functional form is chosen at the initial scale. In
our case, we tried to reduce this bias by adopting a flexible functional form, as it is evident particularly in Eq. (8).
Nevertheless, we stress that our extraction is still a↵ected by this bias and extrapolations outside the range where data
exist (0.01 . x . 0.3) should be taken with due care. At variance with other studies, in the denominator of the
asymmetry in Eq. (10) we are using unpolarized TMDs that were extracted from data in our previous Pavia17 fit, with
their own uncertainties. Therefore, our uncertainty bands in Fig. 1 represent the most realistic estimate that we can
currently make on the statistical error of the Sivers function.

In Fig. 2, we show the density distribution ⇢a
p" of unpolarized quarks in a transversely polarized proton defined in

Eq. (1), at x = 0.1 (upper panels) and x = 0.01 (lower panels) and at the scale Q2 = 4 GeV2. The proton is moving

4

Bacchetta, Delcarro,  
Pisano, Radici, arXiv:2004.14278

Echevarria, Kang, Terry, 
arXiv:2009.10710
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(c) (d)

Figure 19. Qiu-Sterman function at µ = 10GeV for different quark flavors, derived from the Sivers
function (4.11). Our results are labeled as BPV20. The black line shows the CF value. Blue band shows
68%CI without gluon contribution added. The green band shows the band obtained by adding the gluon
contribution estimated to be G

(+) = ±|Td + Tu| as described in the text. Our results are compared
to JAM20 [30] (gray dashed line with the error corridor hatched), PV20 [29] (magenta hatched region),
ETK20 [31] (violet hatched region, dashed line).

4.6 Analysis of the sign change

The sign-change of the Sivers function (2.3) is one of the principal predictions of the TMD factoriza-
tion theorem. It follows from the nontrivial shape of the gauge-link contour within TMD operators
(2.1) and would be absent in the case of a straight gauge link. Here, we attempt to estimate the
significance of the sign-change.
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Figure 2: The density distribution ⇢a
p"

of an unpolarized quark with flavor a in a proton polarized along the +y direction and moving towards the

reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down quark. Upper panels for results at x = 0.1,
lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68% uncertainty band of the distribution at ky = 0 (where the e↵ect
of the distortion due to the Sivers function is maximal) while left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized
proton). Results in the contour plots and the solid lines in the projections correspond to replica 105.

towards the reader and is polarized along the +y direction. Since the up Sivers function is negative, the induced
distortion is positive along the +x direction for the up quark (left panels), and opposite for the down quark (right
panels).

At x = 0.1 the distortion due to the Sivers e↵ect is evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is opposite for up and down quarks, reflecting the opposite sign of the
Sivers function. It is more pronounced for down quarks, because the Sivers function is larger and at the same time
the unpolarized TMD is smaller. At lower values of x, the distortion disappears. These plots suggest that a virtual
photon hitting a transversely polarized proton e↵ectively “sees” more up quarks to its right and more down quarks
to its left in momentum space. The peak positions are approximately (kx)max ⇡ 0.1 GeV for up quarks and �0.15
GeV for down quarks. To have a feeling of the order of magnitude of this distortion, we can estimate the expression
eq/(kx)max ⇡ 2⇥10�34C⇥m ⇡ 0.6⇥10�4 debye, which is about 3⇥10�5 times the electric dipole of a water molecule.

The existence of this distortion requires two ingredients. First of all, the wavefunction describing quarks inside the
proton must have a component with nonvanishing angular momentum. Secondly, e↵ects due to final state interactions
should be present [37], which in Feynman gauge can be described as the exchange of Coulomb gluons between the
quark and the rest of the proton [38]. In simplified models [39], it is possible to separate these two ingredients and
obtain an estimate of the angular momentum carried by each quark [40]. It turns out that up quarks give almost
50% contribution to the proton’s spin, while all other quarks and antiquarks give less than 10% [14]. We will leave
this model-dependent study to a future publication. A model-independent estimate of quark angular momentum
requires the determination of parton distributions that depend simultaneously on momentum and position [41, 42].
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Q= 2GeV
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Figure 17. Tomographic scan of the nucleon via the momentum space quark density function
⇢1;q h"(x,kT ,ST , µ) defined in Eq. (4.7) at x = 0.1 and µ = 2 GeV. Panel (a) is for u quarks, panel
(b) is for d quark, panel (c) is for ū quark, and panel (d) is for s quark. The variation of color in the plot
is due to variation of replicas and illustrates the uncertainty of the extraction. The nucleon polarization
vector is along ŷ-direction. White cross indicates the position of the origin (0, 0) in order to highlight the
shift of the distributions along x̂-direction due to the Sivers function.

polarization, we introduce the momentum space quark density function

⇢1;q h"(x,kT ,ST , µ) = f1;q h(x, kT ; µ, µ
2) �

kTx

M
f
?
1T ;q h(x, kT ; µ, µ

2), (4.7)

where kT is a two-dimensional vector (kTx, kTy). This function reflects the TMD density of un-
polarized quark q in the spin-1/2 hadron totally polarized in ŷ-direction, ST = (Sx, Sy), where
Sx = 0, Sy = 1, compare to Eq. (4.2). In Fig. 17 we plot ⇢ at x = 0.1 and µ = 2 GeV. To present
the uncertainty in unpolarized and Sivers function, we randomly select one replica for each point of
a figure. Thus, the color fluctuation roughly reflects the uncertainty band of our extraction. The
presented pictures have a shift of the maximum in kTx, which is the influence of Sivers function that
introduces a dipole modulation of the momentum space quark densities. This shift corresponds to
the correlation of the Orbital Angular Momentum (OAM) of quarks and the nucleon’s spin. One
can see from Fig. 17 that u quark has a negative correlation and d quark has a positive correlation.
Without OAM of quarks, such a correlation and the Sivers function are zero, and thus we can
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Figure 1: Representative Feynman diagram for p(P1)+ p(P2) !
Q(PQ,1)+Q(PQ,2)+X via gluon fusion at LO in the TMD framework.

(x1, k1T , µ) and (x2, k2T , µ). Mµ⇢ is simply calculated in
perturbative QCD through a series expansion in ↵s [15]
using Feynman graphs (see Fig. 1).

Owing to process-dependent Wilson lines in the def-
inition of the correlators which they parametrise, the
TMDs are in general not universal. Physics wise, these
Wilson lines describe the non-perturbative interactions
of the active parton –the gluon in our case– with soft
spectator quarks and gluons in the nucleon before or af-
ter the hard scattering. For the production of di-leptons,
��, di-Q or boson-Q pairs via a Color-Singlet (CS) tran-
sitions [16–18] – i.e. for purely colorless final states–
in pp collisions, only initial-state interactions (ISI) be-
tween the active gluons and the spectators can occur.
Mathematically, these ISI can be encapsulated [19] in
TMDs with past-pointing Wilson lines –the exchange
can only occur before the hard scattering. Such gluon
TMDs correspond to the Weizsäcker-Williams distribu-
tions relevant for the low-x region [20, 21].

Besides, in lepton-induced production of colourful fi-
nal states, like heavy-quark pair, dijet or J/ (via Colour
Octet (CO) transitions or states) production [22–24],
to be studied at a future Electron-Ion Collider (EIC)
[25], only final-state interactions (FSI) take place. Yet,
since f g

1 and h? g
1 are time-reversal symmetric (T -even)1,

TMD factorisation tells us that one in fact probes the
same distributions in both the production of colourless
systems in hadroproduction with ISI and of colourful
systems in leptoproduction with FSI. In particular, one

1unlike other TMDs [26, 27] such as the gluon distribution in a
transversally polarised proton, also called the Sivers function [28].

expects (see [29] for further dicussions) that,

f g [�?p!QQ̄X]
1 (x, k2

T , µ) = f g [pp!QQX]
1 (x, k2

T , µ),

h?,g [�?p!QQ̄X]
1 (x, k2

T , µ) = h?,g [pp!QQX]
1 (x, k2

T , µ).
(1)

In practice, this means that one should measure these
processes at similar scales, µ. The virtuality of the o↵-
shell photon, Q, should be comparable to the invariant
mass of the quarkonium pair, MQQ. If it is not the case,
the extracted functions should be evolved to a common
scale before comparing them.

Extracting these functions in di↵erent reactions is es-
sential to test this universality property of the TMDs –
akin to the well-known sign change of the quark Sivers
e↵ect [19, 30]–, in order to validate TMD factorisation.

3. Di-Q production & TMD factorisation
For TMD factorisation to apply, di-Q production

should at least satisfy both following conditions. First,
it should result from a Single-Parton Scattering (SPS).
Second, FSI should be negligible, which is satisfied
when quarkonia are produced via CS transitions [15].
For completeness, we note that a formal proof of fac-
torisation for such processes is still lacking. We also
note that, in some recent works [31–33], TMD factori-
sation has been assumed in the description of processes
in which both ISI and FSI are present. In that regard, as
we discuss below, the processes which we consider here
are safer.

The contributions of Double-parton-scatterings
(DPSs) leading to di-J/ is below 10% for �y ⇠ 0 in
the CMS and ATLAS samples [11, 34], that is away
from the threshold with a PQT cut. In such a case,
DPSs only become significant at large �y. In the
LHCb acceptance, they cannot be neglected but can
be subtracted [12] assuming the J/ from DPSs to be
uncorrelated; this is the standard procedure at LHC
energies [35–41].

The CS dominance to the SPS yield is expected since
each CO transition goes along with a relative suppres-
sion on the order of v4 [42–44] (see [45–47] for reviews)
–v being the heavy-quark velocity in the Q rest frame.
For di-J/ production with v2

c ' 0.25, the CO/CS yield
ratio, scaling as v8

c , is expected to be below the per-cent
level since both the CO and the CS yields appear at same
order in ↵s, i.e. ↵4

s . This has been corroborated by ex-
plicit computations [34, 48, 49] with corrections from
the CO states below the per-cent level in the region rel-
evant for our study. Only in regions where DPSs are
anyhow dominant (large �y) [34, 50, 51] such CO con-
tributions might become non-negligible because of spe-
cific kinematical enhancements [34] which are however
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Figure 1. The cross section in eq. (4.2) integrated over all rapidity range with artemide2.01 at NNLO
and PYTHIA. The errors of PYTHIA are included, although not clearly visible. The shaded area shows
the variation band in µ̃, see eq. (3.18).

Figure 2. (left) The lpTMDPDF, eq. (2.15-2.16), as a function of b at x = 0.01. The shaded area shows
the variation band in µ̃, see eq. (3.18). (right) Comparison of Higgs-production cross-section with variation
band to the measurement presented in [68] by CMS collaboration.

non-perturbative function for quarks extracted from a fit of Drell-Yan and Z-boson production data
using artemide2.01. The details of this fit have been illustrated in ref. [21, 22], and this version
of the code takes into account the improvements coming from ref. [65]. The TMD evolution kernel
for gluons should be also provided by a non-perturbative part at large value of b, whose precise
analytical form is given in [22]. The perturbative calculable parts of the evolution kernel differ
in quark and gluon case (at the order that we work) by the Casimir scaling factor CA/CF . Here
we have assumed the same scaling for the un-calculable non-perturbative pieces of the evolution
kernel. The error band of our prediction come from scale variations of a factor of 2, consistently
with ⇣-prescription [19].

In order to check the viability of the model assumptions we have compared the cross section
in eq. (4.2), integrated in rapidity, with PYTHIA [66, 67]. The agreement of our prediction at
NNLO and PYTHIA is shown in fig. 1 and it is extremely good in the range of qT where the TMD
factorization theorem is expected to hold. In that figure we have also included the error provided
by PYTHIA, although it is not clearly visible.

In fig. 2 (left) we have plotted lpTMDPDF, eq. (2.15-2.16), as a function of b at x = 0.01 at
NLO and at NNLO. The NNLO includes the perturbative correction to the first non-trivial order
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Figure 1: Representative Feynman diagram for p(P1)+ p(P2) !
Q(PQ,1)+Q(PQ,2)+X via gluon fusion at LO in the TMD framework.

(x1, k1T , µ) and (x2, k2T , µ). Mµ⇢ is simply calculated in
perturbative QCD through a series expansion in ↵s [15]
using Feynman graphs (see Fig. 1).

Owing to process-dependent Wilson lines in the def-
inition of the correlators which they parametrise, the
TMDs are in general not universal. Physics wise, these
Wilson lines describe the non-perturbative interactions
of the active parton –the gluon in our case– with soft
spectator quarks and gluons in the nucleon before or af-
ter the hard scattering. For the production of di-leptons,
��, di-Q or boson-Q pairs via a Color-Singlet (CS) tran-
sitions [16–18] – i.e. for purely colorless final states–
in pp collisions, only initial-state interactions (ISI) be-
tween the active gluons and the spectators can occur.
Mathematically, these ISI can be encapsulated [19] in
TMDs with past-pointing Wilson lines –the exchange
can only occur before the hard scattering. Such gluon
TMDs correspond to the Weizsäcker-Williams distribu-
tions relevant for the low-x region [20, 21].

Besides, in lepton-induced production of colourful fi-
nal states, like heavy-quark pair, dijet or J/ (via Colour
Octet (CO) transitions or states) production [22–24],
to be studied at a future Electron-Ion Collider (EIC)
[25], only final-state interactions (FSI) take place. Yet,
since f g

1 and h? g
1 are time-reversal symmetric (T -even)1,

TMD factorisation tells us that one in fact probes the
same distributions in both the production of colourless
systems in hadroproduction with ISI and of colourful
systems in leptoproduction with FSI. In particular, one

1unlike other TMDs [26, 27] such as the gluon distribution in a
transversally polarised proton, also called the Sivers function [28].

expects (see [29] for further dicussions) that,

f g [�?p!QQ̄X]
1 (x, k2

T , µ) = f g [pp!QQX]
1 (x, k2

T , µ),

h?,g [�?p!QQ̄X]
1 (x, k2

T , µ) = h?,g [pp!QQX]
1 (x, k2

T , µ).
(1)

In practice, this means that one should measure these
processes at similar scales, µ. The virtuality of the o↵-
shell photon, Q, should be comparable to the invariant
mass of the quarkonium pair, MQQ. If it is not the case,
the extracted functions should be evolved to a common
scale before comparing them.

Extracting these functions in di↵erent reactions is es-
sential to test this universality property of the TMDs –
akin to the well-known sign change of the quark Sivers
e↵ect [19, 30]–, in order to validate TMD factorisation.

3. Di-Q production & TMD factorisation
For TMD factorisation to apply, di-Q production

should at least satisfy both following conditions. First,
it should result from a Single-Parton Scattering (SPS).
Second, FSI should be negligible, which is satisfied
when quarkonia are produced via CS transitions [15].
For completeness, we note that a formal proof of fac-
torisation for such processes is still lacking. We also
note that, in some recent works [31–33], TMD factori-
sation has been assumed in the description of processes
in which both ISI and FSI are present. In that regard, as
we discuss below, the processes which we consider here
are safer.

The contributions of Double-parton-scatterings
(DPSs) leading to di-J/ is below 10% for �y ⇠ 0 in
the CMS and ATLAS samples [11, 34], that is away
from the threshold with a PQT cut. In such a case,
DPSs only become significant at large �y. In the
LHCb acceptance, they cannot be neglected but can
be subtracted [12] assuming the J/ from DPSs to be
uncorrelated; this is the standard procedure at LHC
energies [35–41].

The CS dominance to the SPS yield is expected since
each CO transition goes along with a relative suppres-
sion on the order of v4 [42–44] (see [45–47] for reviews)
–v being the heavy-quark velocity in the Q rest frame.
For di-J/ production with v2

c ' 0.25, the CO/CS yield
ratio, scaling as v8

c , is expected to be below the per-cent
level since both the CO and the CS yields appear at same
order in ↵s, i.e. ↵4

s . This has been corroborated by ex-
plicit computations [34, 48, 49] with corrections from
the CO states below the per-cent level in the region rel-
evant for our study. Only in regions where DPSs are
anyhow dominant (large �y) [34, 50, 51] such CO con-
tributions might become non-negligible because of spe-
cific kinematical enhancements [34] which are however
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Figure 1. The cross section in eq. (4.2) integrated over all rapidity range with artemide2.01 at NNLO
and PYTHIA. The errors of PYTHIA are included, although not clearly visible. The shaded area shows
the variation band in µ̃, see eq. (3.18).

Figure 2. (left) The lpTMDPDF, eq. (2.15-2.16), as a function of b at x = 0.01. The shaded area shows
the variation band in µ̃, see eq. (3.18). (right) Comparison of Higgs-production cross-section with variation
band to the measurement presented in [68] by CMS collaboration.

non-perturbative function for quarks extracted from a fit of Drell-Yan and Z-boson production data
using artemide2.01. The details of this fit have been illustrated in ref. [21, 22], and this version
of the code takes into account the improvements coming from ref. [65]. The TMD evolution kernel
for gluons should be also provided by a non-perturbative part at large value of b, whose precise
analytical form is given in [22]. The perturbative calculable parts of the evolution kernel differ
in quark and gluon case (at the order that we work) by the Casimir scaling factor CA/CF . Here
we have assumed the same scaling for the un-calculable non-perturbative pieces of the evolution
kernel. The error band of our prediction come from scale variations of a factor of 2, consistently
with ⇣-prescription [19].

In order to check the viability of the model assumptions we have compared the cross section
in eq. (4.2), integrated in rapidity, with PYTHIA [66, 67]. The agreement of our prediction at
NNLO and PYTHIA is shown in fig. 1 and it is extremely good in the range of qT where the TMD
factorization theorem is expected to hold. In that figure we have also included the error provided
by PYTHIA, although it is not clearly visible.

In fig. 2 (left) we have plotted lpTMDPDF, eq. (2.15-2.16), as a function of b at x = 0.01 at
NLO and at NNLO. The NNLO includes the perturbative correction to the first non-trivial order
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Fig. 3 (a) The normalised PQQT -spectrum for J/ -pair production
at M  = 8 GeV using two gluon TMDs. The first is a Gaussian Ansatz
with hk 2

T i = 3.3 ± 0.8 GeV2 obtained from the LHCb data [30] (the
red curve shows the central value and the gray band the associated
uncertainty). The second is the result of our present study with TMD
evolution. The green band results from the uncertainty on the bT -width
of the nonperturbative Sudakov factor SNP. The estimated DPS contri-
bution has been subtracted from the LHCb data (black crosses) which
were also normalized over the interval. (b) The PQQT -spectrum using
our evolved gluon TMDs at MQQ = 12, 20 and 30 GeV for the same
uncertainty on the bT -width.

function generated by the angular integral and the weights.
Because h̃

? g
1 is of order ↵s, it is naturally suppressed in

comparison to f
g
1 . Moreover, ↵s(µb) is growing with bT

(up to its bound ↵s(b0/bT max)) and h̃
? g
1 is also broader

in bT than f
g
1 . The presence of h̃

? g
1 in a given convolu-

tion therefore contributes to reduce the magnitude of the
integrand, and to its bT -broadening. These effects con-
tribute to strongly suppress C

h
w2 h

? g
1 h

? g
1

i
with respect to

C

h
f

g
1 f

g
1

i
. C

h
w2 h

? g
1 h

? g
1

i
is of order ↵2

s and its integrand
is significantly broadened in bT , meaning it falls faster than
C

h
f

g
1 f

g
1

i
with increasing PQQT . Indeed, as a consequence

of the bT -broadening, more oscillations of the J0 Bessel
function occur in the integrand of C

h
w2 h

? g
1 h

? g
1

i
than of

C

h
f

g
1 f

g
1

i
, before being dampened by the Sudakov factors at

large bT . Each additional oscillation in the integrand brings
the convolution value closer to zero. More oscillations are
packed in a given bT -range when PQQT increases, widen-
ing the gap between the two convolutions, and effectively
making the ratio fall with PQQT . This additional effect
renders the F2 C

h
w2 h

? g
1 h

? g
1

i
term truly negligible in the

cross-section for J/ -pair production. It also means that in
other processes where the hard-scattering coefficient F2 may
be large, the convolution itself would remain relatively small
at scales larger than a few GeV. Besides, its influence on the
cross-section will be strongest at the smallest TM.

The situation is different for the azimuthal asymme-
tries, which involve convolutions in the numerator that con-
tain either the J2 or J4 Bessel functions. Such functions
are 0 at bT =0 and then grow in magnitude. The conse-
quence is that the bT -integrals containing such functions
benefit from unsuppressed intermediate bT values. At some
point, undampened large-bT oscillations will bring the inte-
gral value down toward 0 in a similar way as for C
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. Therefore, the C
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peak maximum, and then decrease in value like C
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does. Another crucial difference is that the envelopes of
J2 and J4 tend slower toward 0 than the J0 one with in-
creasing bT . The consequence is that C
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and
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fall slower than C
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with PQQT .

Hence the convolution ratios, and the azimuthal asymme-
tries, always grow with PQQT , as can be seen in Fig. 4. In
addition, as the large bT values are less suppressed than in
C

h
f

g
1 f

g
1

i
, the azimuthal asymmetries are also more sensi-

tive to the variations of the nonperturbative Sudakov SNP.
The effect is more pronounced for C

h
w4 h

? g
1 h

? g
1

i
since it

contains h̃? g
1 twice and a broader Bessel function.

Fig. 4b displays the cos(2�CS) asymmetry as a func-
tion of PQQT in the forward single J/ rapidity region
(larger cos(✓CS)) while 4c displays the cos(4�CS) asym-
metry in the central rapidity region (small cos(✓CS) with
x1 ' x2). Such choices maximize the size of the asymme-
tries as the associated hard-scattering coefficients are larger
in these regions, without modifying the shapes of the asym-
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Figure 1: Representative Feynman diagram for p(P1)+ p(P2) !
Q(PQ,1)+Q(PQ,2)+X via gluon fusion at LO in the TMD framework.

(x1, k1T , µ) and (x2, k2T , µ). Mµ⇢ is simply calculated in
perturbative QCD through a series expansion in ↵s [15]
using Feynman graphs (see Fig. 1).

Owing to process-dependent Wilson lines in the def-
inition of the correlators which they parametrise, the
TMDs are in general not universal. Physics wise, these
Wilson lines describe the non-perturbative interactions
of the active parton –the gluon in our case– with soft
spectator quarks and gluons in the nucleon before or af-
ter the hard scattering. For the production of di-leptons,
��, di-Q or boson-Q pairs via a Color-Singlet (CS) tran-
sitions [16–18] – i.e. for purely colorless final states–
in pp collisions, only initial-state interactions (ISI) be-
tween the active gluons and the spectators can occur.
Mathematically, these ISI can be encapsulated [19] in
TMDs with past-pointing Wilson lines –the exchange
can only occur before the hard scattering. Such gluon
TMDs correspond to the Weizsäcker-Williams distribu-
tions relevant for the low-x region [20, 21].

Besides, in lepton-induced production of colourful fi-
nal states, like heavy-quark pair, dijet or J/ (via Colour
Octet (CO) transitions or states) production [22–24],
to be studied at a future Electron-Ion Collider (EIC)
[25], only final-state interactions (FSI) take place. Yet,
since f g

1 and h? g
1 are time-reversal symmetric (T -even)1,

TMD factorisation tells us that one in fact probes the
same distributions in both the production of colourless
systems in hadroproduction with ISI and of colourful
systems in leptoproduction with FSI. In particular, one

1unlike other TMDs [26, 27] such as the gluon distribution in a
transversally polarised proton, also called the Sivers function [28].

expects (see [29] for further dicussions) that,

f g [�?p!QQ̄X]
1 (x, k2

T , µ) = f g [pp!QQX]
1 (x, k2

T , µ),

h?,g [�?p!QQ̄X]
1 (x, k2

T , µ) = h?,g [pp!QQX]
1 (x, k2

T , µ).
(1)

In practice, this means that one should measure these
processes at similar scales, µ. The virtuality of the o↵-
shell photon, Q, should be comparable to the invariant
mass of the quarkonium pair, MQQ. If it is not the case,
the extracted functions should be evolved to a common
scale before comparing them.

Extracting these functions in di↵erent reactions is es-
sential to test this universality property of the TMDs –
akin to the well-known sign change of the quark Sivers
e↵ect [19, 30]–, in order to validate TMD factorisation.

3. Di-Q production & TMD factorisation
For TMD factorisation to apply, di-Q production

should at least satisfy both following conditions. First,
it should result from a Single-Parton Scattering (SPS).
Second, FSI should be negligible, which is satisfied
when quarkonia are produced via CS transitions [15].
For completeness, we note that a formal proof of fac-
torisation for such processes is still lacking. We also
note that, in some recent works [31–33], TMD factori-
sation has been assumed in the description of processes
in which both ISI and FSI are present. In that regard, as
we discuss below, the processes which we consider here
are safer.

The contributions of Double-parton-scatterings
(DPSs) leading to di-J/ is below 10% for �y ⇠ 0 in
the CMS and ATLAS samples [11, 34], that is away
from the threshold with a PQT cut. In such a case,
DPSs only become significant at large �y. In the
LHCb acceptance, they cannot be neglected but can
be subtracted [12] assuming the J/ from DPSs to be
uncorrelated; this is the standard procedure at LHC
energies [35–41].

The CS dominance to the SPS yield is expected since
each CO transition goes along with a relative suppres-
sion on the order of v4 [42–44] (see [45–47] for reviews)
–v being the heavy-quark velocity in the Q rest frame.
For di-J/ production with v2

c ' 0.25, the CO/CS yield
ratio, scaling as v8

c , is expected to be below the per-cent
level since both the CO and the CS yields appear at same
order in ↵s, i.e. ↵4

s . This has been corroborated by ex-
plicit computations [34, 48, 49] with corrections from
the CO states below the per-cent level in the region rel-
evant for our study. Only in regions where DPSs are
anyhow dominant (large �y) [34, 50, 51] such CO con-
tributions might become non-negligible because of spe-
cific kinematical enhancements [34] which are however

2

Quarkonium-pair production
Scarpa, Boer, Echevarria, Lansberg, 
Pisano, Schlegel, arXiv:1909.05769 

Gutierrez-Reyes, Leal-Gomez, Scimemi, 
Vladimirov, arXiv:1907.03780 

http://arxiv.org/abs/arXiv:1909.05769
http://arxiv.org/abs/arXiv:1907.03780


GLUON TMDS 28

Figure 1. The cross section in eq. (4.2) integrated over all rapidity range with artemide2.01 at NNLO
and PYTHIA. The errors of PYTHIA are included, although not clearly visible. The shaded area shows
the variation band in µ̃, see eq. (3.18).

Figure 2. (left) The lpTMDPDF, eq. (2.15-2.16), as a function of b at x = 0.01. The shaded area shows
the variation band in µ̃, see eq. (3.18). (right) Comparison of Higgs-production cross-section with variation
band to the measurement presented in [68] by CMS collaboration.

non-perturbative function for quarks extracted from a fit of Drell-Yan and Z-boson production data
using artemide2.01. The details of this fit have been illustrated in ref. [21, 22], and this version
of the code takes into account the improvements coming from ref. [65]. The TMD evolution kernel
for gluons should be also provided by a non-perturbative part at large value of b, whose precise
analytical form is given in [22]. The perturbative calculable parts of the evolution kernel differ
in quark and gluon case (at the order that we work) by the Casimir scaling factor CA/CF . Here
we have assumed the same scaling for the un-calculable non-perturbative pieces of the evolution
kernel. The error band of our prediction come from scale variations of a factor of 2, consistently
with ⇣-prescription [19].

In order to check the viability of the model assumptions we have compared the cross section
in eq. (4.2), integrated in rapidity, with PYTHIA [66, 67]. The agreement of our prediction at
NNLO and PYTHIA is shown in fig. 1 and it is extremely good in the range of qT where the TMD
factorization theorem is expected to hold. In that figure we have also included the error provided
by PYTHIA, although it is not clearly visible.

In fig. 2 (left) we have plotted lpTMDPDF, eq. (2.15-2.16), as a function of b at x = 0.01 at
NLO and at NNLO. The NNLO includes the perturbative correction to the first non-trivial order
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Fig. 3 (a) The normalised PQQT -spectrum for J/ -pair production
at M  = 8 GeV using two gluon TMDs. The first is a Gaussian Ansatz
with hk 2

T i = 3.3 ± 0.8 GeV2 obtained from the LHCb data [30] (the
red curve shows the central value and the gray band the associated
uncertainty). The second is the result of our present study with TMD
evolution. The green band results from the uncertainty on the bT -width
of the nonperturbative Sudakov factor SNP. The estimated DPS contri-
bution has been subtracted from the LHCb data (black crosses) which
were also normalized over the interval. (b) The PQQT -spectrum using
our evolved gluon TMDs at MQQ = 12, 20 and 30 GeV for the same
uncertainty on the bT -width.

function generated by the angular integral and the weights.
Because h̃

? g
1 is of order ↵s, it is naturally suppressed in

comparison to f
g
1 . Moreover, ↵s(µb) is growing with bT

(up to its bound ↵s(b0/bT max)) and h̃
? g
1 is also broader

in bT than f
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with increasing PQQT . Indeed, as a consequence

of the bT -broadening, more oscillations of the J0 Bessel
function occur in the integrand of C
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than of
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, before being dampened by the Sudakov factors at

large bT . Each additional oscillation in the integrand brings
the convolution value closer to zero. More oscillations are
packed in a given bT -range when PQQT increases, widen-
ing the gap between the two convolutions, and effectively
making the ratio fall with PQQT . This additional effect
renders the F2 C

h
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? g
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? g
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i
term truly negligible in the

cross-section for J/ -pair production. It also means that in
other processes where the hard-scattering coefficient F2 may
be large, the convolution itself would remain relatively small
at scales larger than a few GeV. Besides, its influence on the
cross-section will be strongest at the smallest TM.

The situation is different for the azimuthal asymme-
tries, which involve convolutions in the numerator that con-
tain either the J2 or J4 Bessel functions. Such functions
are 0 at bT =0 and then grow in magnitude. The conse-
quence is that the bT -integrals containing such functions
benefit from unsuppressed intermediate bT values. At some
point, undampened large-bT oscillations will bring the inte-
gral value down toward 0 in a similar way as for C
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does. Another crucial difference is that the envelopes of
J2 and J4 tend slower toward 0 than the J0 one with in-
creasing bT . The consequence is that C
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and
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with PQQT .

Hence the convolution ratios, and the azimuthal asymme-
tries, always grow with PQQT , as can be seen in Fig. 4. In
addition, as the large bT values are less suppressed than in
C

h
f

g
1 f

g
1

i
, the azimuthal asymmetries are also more sensi-

tive to the variations of the nonperturbative Sudakov SNP.
The effect is more pronounced for C

h
w4 h

? g
1 h

? g
1

i
since it

contains h̃? g
1 twice and a broader Bessel function.

Fig. 4b displays the cos(2�CS) asymmetry as a func-
tion of PQQT in the forward single J/ rapidity region
(larger cos(✓CS)) while 4c displays the cos(4�CS) asym-
metry in the central rapidity region (small cos(✓CS) with
x1 ' x2). Such choices maximize the size of the asymme-
tries as the associated hard-scattering coefficients are larger
in these regions, without modifying the shapes of the asym-
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Figure 1: Representative Feynman diagram for p(P1)+ p(P2) !
Q(PQ,1)+Q(PQ,2)+X via gluon fusion at LO in the TMD framework.

(x1, k1T , µ) and (x2, k2T , µ). Mµ⇢ is simply calculated in
perturbative QCD through a series expansion in ↵s [15]
using Feynman graphs (see Fig. 1).

Owing to process-dependent Wilson lines in the def-
inition of the correlators which they parametrise, the
TMDs are in general not universal. Physics wise, these
Wilson lines describe the non-perturbative interactions
of the active parton –the gluon in our case– with soft
spectator quarks and gluons in the nucleon before or af-
ter the hard scattering. For the production of di-leptons,
��, di-Q or boson-Q pairs via a Color-Singlet (CS) tran-
sitions [16–18] – i.e. for purely colorless final states–
in pp collisions, only initial-state interactions (ISI) be-
tween the active gluons and the spectators can occur.
Mathematically, these ISI can be encapsulated [19] in
TMDs with past-pointing Wilson lines –the exchange
can only occur before the hard scattering. Such gluon
TMDs correspond to the Weizsäcker-Williams distribu-
tions relevant for the low-x region [20, 21].

Besides, in lepton-induced production of colourful fi-
nal states, like heavy-quark pair, dijet or J/ (via Colour
Octet (CO) transitions or states) production [22–24],
to be studied at a future Electron-Ion Collider (EIC)
[25], only final-state interactions (FSI) take place. Yet,
since f g

1 and h? g
1 are time-reversal symmetric (T -even)1,

TMD factorisation tells us that one in fact probes the
same distributions in both the production of colourless
systems in hadroproduction with ISI and of colourful
systems in leptoproduction with FSI. In particular, one

1unlike other TMDs [26, 27] such as the gluon distribution in a
transversally polarised proton, also called the Sivers function [28].

expects (see [29] for further dicussions) that,

f g [�?p!QQ̄X]
1 (x, k2

T , µ) = f g [pp!QQX]
1 (x, k2

T , µ),

h?,g [�?p!QQ̄X]
1 (x, k2

T , µ) = h?,g [pp!QQX]
1 (x, k2

T , µ).
(1)

In practice, this means that one should measure these
processes at similar scales, µ. The virtuality of the o↵-
shell photon, Q, should be comparable to the invariant
mass of the quarkonium pair, MQQ. If it is not the case,
the extracted functions should be evolved to a common
scale before comparing them.

Extracting these functions in di↵erent reactions is es-
sential to test this universality property of the TMDs –
akin to the well-known sign change of the quark Sivers
e↵ect [19, 30]–, in order to validate TMD factorisation.

3. Di-Q production & TMD factorisation
For TMD factorisation to apply, di-Q production

should at least satisfy both following conditions. First,
it should result from a Single-Parton Scattering (SPS).
Second, FSI should be negligible, which is satisfied
when quarkonia are produced via CS transitions [15].
For completeness, we note that a formal proof of fac-
torisation for such processes is still lacking. We also
note that, in some recent works [31–33], TMD factori-
sation has been assumed in the description of processes
in which both ISI and FSI are present. In that regard, as
we discuss below, the processes which we consider here
are safer.

The contributions of Double-parton-scatterings
(DPSs) leading to di-J/ is below 10% for �y ⇠ 0 in
the CMS and ATLAS samples [11, 34], that is away
from the threshold with a PQT cut. In such a case,
DPSs only become significant at large �y. In the
LHCb acceptance, they cannot be neglected but can
be subtracted [12] assuming the J/ from DPSs to be
uncorrelated; this is the standard procedure at LHC
energies [35–41].

The CS dominance to the SPS yield is expected since
each CO transition goes along with a relative suppres-
sion on the order of v4 [42–44] (see [45–47] for reviews)
–v being the heavy-quark velocity in the Q rest frame.
For di-J/ production with v2

c ' 0.25, the CO/CS yield
ratio, scaling as v8

c , is expected to be below the per-cent
level since both the CO and the CS yields appear at same
order in ↵s, i.e. ↵4

s . This has been corroborated by ex-
plicit computations [34, 48, 49] with corrections from
the CO states below the per-cent level in the region rel-
evant for our study. Only in regions where DPSs are
anyhow dominant (large �y) [34, 50, 51] such CO con-
tributions might become non-negligible because of spe-
cific kinematical enhancements [34] which are however
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3

II. DESCRIPTION OF THE MODEL

In Ref. [28] we proposed a model to compute gluon TMDs, based on the assumption that a nucleon can emit a gluon,
and what remains after the emission is treated as a single spectator particle (see Fig. 1). This spectator particle is
considered to be on-shell, but its mass is allowed to take a continuous range of values, described by a spectral function.
The nucleon-gluon-spectator coupling is described by an e↵ective vertex containing two form factors. Such model can
e↵ectively reproduce the standard collinear gluon PDFs, unpolarized and polarized, and can be used to compute all
T-even TMDs.

T-odd gluon TMDs vanish at tree level, because there is no residual interaction between the active quark and the
spectator; equivalently, there is no interference between two competing channels producing the complex amplitude
whose imaginary part gives the T-odd contribution. We can generate such structures by considering the interference
between the tree-level scattering amplitude and the two-gluon-exchange scattering amplitudes, as shown in Fig. 2.
This corresponds to the one-gluon-exchange approximation of the gauge link operator. As we shall discuss in detail,
the exact form of the gauge link depends on the process and leads also to two di↵erent types of functions.

P

p

P � p

⌫µ

Figure 1. Tree-level cut diagram for the calculation of T-even leading-twist gluon TMDs. The triple line represents the spin- 12
spectator. The red blob represents the nucleon-gluon-spectator vertex.

A. Tree-level scattering amplitude

Following Ref. [28], we work in the frame where the nucleon momentum P has no transverse component:

P =


M

2

2P+
, P

+
, 0

�
, (1)

where M is the nucleon mass. The parton momentum is parametrized as

p =


p
2 + p2

T

2xP+
, xP

+
, pT

�
, (2)

where evidently x = p
+
/P

+ is the light-cone (longitudinal) momentum fraction carried by the parton.
In the spectator-model framework one assumes that the nucleon in the state |P, Si can split into a gluon with

momentum p and other remainders, e↵ectively treated as a single spin- 12 spectator particle with momentum P � p

and mass MX . Similarly to Refs. [22, 28], we define a “tree-level” correlator as (see Fig. 1)1

�µ⌫(0)(x,pT , S) =
1

(2⇡)3 2 (1� x)P+
Tr

"
(/P +M)

1 + �
5/S

2
G

⇤⌫�(p, p)Y†ab
�

�
p
2
�
(/P � /p+MX)Yba

⇢ (p2)Gµ⇢(p, p)

#
, (3)

where a, b are color indices (in the adjoint representation) and [Check which one we actually used! The original

formula comes from Fig. 7.12 of Collins’s book, which is identical to the one in Ref. [29]. However,

1 We remark that in Ref. [28] there is an error in the position of the Y vertices and a typo in the definition of the Gµ⇢ propagator.
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that the output of the fit selects the option a � b < 0, which corresponds to a spectral function 0  ⇢(MX) < 0.5
asymptotically vanishing for very large spectator masses MX (see Fig. 2). Therefore, we deduce that the positivity
bound fulfilled by F̂ g in the right handside of Eq. (17) (when corresponding to the polarized TMDs of Eqs. (13)-(15))
is maintained through the integral also for the actual gluon TMDs on the left handside.
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��% �� ��������
����������
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�
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�

FIG. 3. The xfg
1 (left panel) and xgg1 (right panel) as functions of x at Q0 = 1.64 GeV. Lighter band with red dashed borders

for the NNPDF3.1sx parametrization of xfg
1 [78] and the NNPDFpol1.1 parametrization of xgg1 [79]. Green band for the 68%

uncertainty band of the spectator model fit. Solid black line for the result of the replica 11.

In Fig. 3, we show the results of our simultaneous fit of xfg
1 (x) (left panel) and xgg1(x) (right panel) atQ0 = 1.64 GeV.

The lighter band with red dashed borders identifies the NNPDF3.1sx parametrization of xfg
1 [78] and the NNPDFpol1.1

parametrization of xgg1 [79]. The green band is the 68% uncertainty band of our fit. The solid black line represents
the result of replica 11. The right panel shows that our gluon helicity at most diverges more slowly than 1/x. On
the one side, this feature can ben considered as a rigidity of the model. On the other side, it can be considered as
a prediction. In any case, we verified that it is important to perform a simultaneous fit of both the unpolarized and
helicity gluon PDFs. Bounding the model parameters only to fg

1 (x) is not enough to get a reliable x-behavior of the
model.

IV. RESULTS

With the parameters in Tab. I, the second Mellin moment of our model PDF fg
1 (x,Q0), i.e., the nucleon momentum

fraction carried by the gluons at the model scale Q0 = 1.64 GeV, turns out to be

hxig =

Z 1

0
dx x fg

1 (x,Q0) = 0.424± 0.009 . (18)

This result is in excellent agreement with the latest lattice calculation hxig = 0.427(92) obtained at the scale 2
GeV [81]. The first Mellin moment of the model PDF gg1(x) gives the contribution of the gluon helicity to the nucleon
spin. In our model, it turns out to be Sg = 1

2 h1i�g = 0.159± 0.011 at Q0 = 1.64 GeV, to be compared with the latest
lattice estimate of the gluon total angular momentum hJig = 0.187(46) at the scale 2 GeV [81].

In Fig. 4, we show our model results for T -even gluon TMDs as functions of p2
T for x = 0.1 (left panels) and x = 0.001

(right panels) at the same scale Q0 = 1.64 GeV as in Fig. 3, i.e., without evolution e↵ects. Again, the green band
refers to the 68% statistical uncertainty, and the solid black line indicates the result of the best replica 11. From top
to bottom, the panels refer to the unpolarized xfg

1 (x,p
2
T ), the helicity xgg1L(x,p

2
T ), the worm-gear xgg1T (x,p

2
T ), and

the Boer–Mulders xh?g
1 (x,p2

T ). Each TMD shows a distinct pattern both in x and p2
T . In particular, the unpolarized

xfg
1 (x,p

2
T ) clearly shows a non-Gaussian shape in p2

T with a large flattening tail for p2
T ! 1 GeV. Moreover, for

p2
T ! 0 it reaches a very small but non-vanishing value, suggesting that the gluon wave function has a significant

component with orbital angular momentum L = 1 3. The information underlying these plots largely expands the one
contained in Fig. 3 and can be a useful guidance in explorations of the full 3D dynamics of gluons.

3 This result would change if the spectator were a particle with spin di↵erent from 1
2 .

Reproduces collinear gluon PDFs
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II. DESCRIPTION OF THE MODEL

In Ref. [28] we proposed a model to compute gluon TMDs, based on the assumption that a nucleon can emit a gluon,
and what remains after the emission is treated as a single spectator particle (see Fig. 1). This spectator particle is
considered to be on-shell, but its mass is allowed to take a continuous range of values, described by a spectral function.
The nucleon-gluon-spectator coupling is described by an e↵ective vertex containing two form factors. Such model can
e↵ectively reproduce the standard collinear gluon PDFs, unpolarized and polarized, and can be used to compute all
T-even TMDs.

T-odd gluon TMDs vanish at tree level, because there is no residual interaction between the active quark and the
spectator; equivalently, there is no interference between two competing channels producing the complex amplitude
whose imaginary part gives the T-odd contribution. We can generate such structures by considering the interference
between the tree-level scattering amplitude and the two-gluon-exchange scattering amplitudes, as shown in Fig. 2.
This corresponds to the one-gluon-exchange approximation of the gauge link operator. As we shall discuss in detail,
the exact form of the gauge link depends on the process and leads also to two di↵erent types of functions.
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Figure 1. Tree-level cut diagram for the calculation of T-even leading-twist gluon TMDs. The triple line represents the spin- 12
spectator. The red blob represents the nucleon-gluon-spectator vertex.

A. Tree-level scattering amplitude

Following Ref. [28], we work in the frame where the nucleon momentum P has no transverse component:

P =


M

2

2P+
, P

+
, 0

�
, (1)

where M is the nucleon mass. The parton momentum is parametrized as

p =


p
2 + p2

T

2xP+
, xP

+
, pT

�
, (2)

where evidently x = p
+
/P

+ is the light-cone (longitudinal) momentum fraction carried by the parton.
In the spectator-model framework one assumes that the nucleon in the state |P, Si can split into a gluon with

momentum p and other remainders, e↵ectively treated as a single spin- 12 spectator particle with momentum P � p

and mass MX . Similarly to Refs. [22, 28], we define a “tree-level” correlator as (see Fig. 1)1

�µ⌫(0)(x,pT , S) =
1

(2⇡)3 2 (1� x)P+
Tr

"
(/P +M)

1 + �
5/S

2
G

⇤⌫�(p, p)Y†ab
�

�
p
2
�
(/P � /p+MX)Yba

⇢ (p2)Gµ⇢(p, p)

#
, (3)

where a, b are color indices (in the adjoint representation) and [Check which one we actually used! The original

formula comes from Fig. 7.12 of Collins’s book, which is identical to the one in Ref. [29]. However,

1 We remark that in Ref. [28] there is an error in the position of the Y vertices and a typo in the definition of the Gµ⇢ propagator.
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FIG. 4. The T -even gluon TMDs as functions of p2
T for x = 0.1 (left panels) and x = 0.001 (right panels) at Q0 = 1.64 GeV.

Green band indicates the 68% statistical uncertainty, solid black line for the replica 11. From top to bottom, panels show
xfg

1 (x,p
2
T ), xg

g
1L(x,p

2
T ), xg

g
1T (x,p

2
T ), and xh?g

1 (x,p2
T ).

To this purpose, it is also useful to consider the following densities that describe the 2D pT -distribution of gluons
at di↵erent x for various combinations of their polarization and of the nucleon spin state. For an unpolarized nucleon,
we identify the unpolarized density

x⇢(x, px, py) = xfg
1 (x,p
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as the probability density of finding unpolarized gluons at given x and pT , while the “Boer–Mulders” density
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represents the probability density of finding gluons linearly polarized in the transverse plane at x and pT . The
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To this purpose, it is also useful to consider the following densities that describe the 2D pT -distribution of gluons
at di↵erent x for various combinations of their polarization and of the nucleon spin state. For an unpolarized nucleon,
we identify the unpolarized density

x⇢(x, px, py) = xfg
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as the probability density of finding unpolarized gluons at given x and pT , while the “Boer–Mulders” density
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To this purpose, it is also useful to consider the following densities that describe the 2D pT -distribution of gluons
at di↵erent x for various combinations of their polarization and of the nucleon spin state. For an unpolarized nucleon,
we identify the unpolarized density

x⇢(x, px, py) = xfg
1 (x,p

2
T ) (19)

as the probability density of finding unpolarized gluons at given x and pT , while the “Boer–Mulders” density

x⇢$(x, px, py) =
1

2


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1 (x,p
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T ) +
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2M2

xh?g
1 (x,p2

T )

�
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represents the probability density of finding gluons linearly polarized in the transverse plane at x and pT . The

Generates nontrivial and widely different TMDs

6

that the output of the fit selects the option a � b < 0, which corresponds to a spectral function 0  ⇢(MX) < 0.5
asymptotically vanishing for very large spectator masses MX (see Fig. 2). Therefore, we deduce that the positivity
bound fulfilled by F̂ g in the right handside of Eq. (17) (when corresponding to the polarized TMDs of Eqs. (13)-(15))
is maintained through the integral also for the actual gluon TMDs on the left handside.
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FIG. 3. The xfg
1 (left panel) and xgg1 (right panel) as functions of x at Q0 = 1.64 GeV. Lighter band with red dashed borders

for the NNPDF3.1sx parametrization of xfg
1 [78] and the NNPDFpol1.1 parametrization of xgg1 [79]. Green band for the 68%

uncertainty band of the spectator model fit. Solid black line for the result of the replica 11.

In Fig. 3, we show the results of our simultaneous fit of xfg
1 (x) (left panel) and xgg1(x) (right panel) atQ0 = 1.64 GeV.

The lighter band with red dashed borders identifies the NNPDF3.1sx parametrization of xfg
1 [78] and the NNPDFpol1.1

parametrization of xgg1 [79]. The green band is the 68% uncertainty band of our fit. The solid black line represents
the result of replica 11. The right panel shows that our gluon helicity at most diverges more slowly than 1/x. On
the one side, this feature can ben considered as a rigidity of the model. On the other side, it can be considered as
a prediction. In any case, we verified that it is important to perform a simultaneous fit of both the unpolarized and
helicity gluon PDFs. Bounding the model parameters only to fg

1 (x) is not enough to get a reliable x-behavior of the
model.

IV. RESULTS

With the parameters in Tab. I, the second Mellin moment of our model PDF fg
1 (x,Q0), i.e., the nucleon momentum

fraction carried by the gluons at the model scale Q0 = 1.64 GeV, turns out to be

hxig =

Z 1

0
dx x fg

1 (x,Q0) = 0.424± 0.009 . (18)

This result is in excellent agreement with the latest lattice calculation hxig = 0.427(92) obtained at the scale 2
GeV [81]. The first Mellin moment of the model PDF gg1(x) gives the contribution of the gluon helicity to the nucleon
spin. In our model, it turns out to be Sg = 1

2 h1i�g = 0.159± 0.011 at Q0 = 1.64 GeV, to be compared with the latest
lattice estimate of the gluon total angular momentum hJig = 0.187(46) at the scale 2 GeV [81].

In Fig. 4, we show our model results for T -even gluon TMDs as functions of p2
T for x = 0.1 (left panels) and x = 0.001

(right panels) at the same scale Q0 = 1.64 GeV as in Fig. 3, i.e., without evolution e↵ects. Again, the green band
refers to the 68% statistical uncertainty, and the solid black line indicates the result of the best replica 11. From top
to bottom, the panels refer to the unpolarized xfg

1 (x,p
2
T ), the helicity xgg1L(x,p

2
T ), the worm-gear xgg1T (x,p

2
T ), and

the Boer–Mulders xh?g
1 (x,p2

T ). Each TMD shows a distinct pattern both in x and p2
T . In particular, the unpolarized

xfg
1 (x,p

2
T ) clearly shows a non-Gaussian shape in p2

T with a large flattening tail for p2
T ! 1 GeV. Moreover, for

p2
T ! 0 it reaches a very small but non-vanishing value, suggesting that the gluon wave function has a significant

component with orbital angular momentum L = 1 3. The information underlying these plots largely expands the one
contained in Fig. 3 and can be a useful guidance in explorations of the full 3D dynamics of gluons.

3 This result would change if the spectator were a particle with spin di↵erent from 1
2 .

Reproduces collinear gluon PDFs

3

II. DESCRIPTION OF THE MODEL

In Ref. [28] we proposed a model to compute gluon TMDs, based on the assumption that a nucleon can emit a gluon,
and what remains after the emission is treated as a single spectator particle (see Fig. 1). This spectator particle is
considered to be on-shell, but its mass is allowed to take a continuous range of values, described by a spectral function.
The nucleon-gluon-spectator coupling is described by an e↵ective vertex containing two form factors. Such model can
e↵ectively reproduce the standard collinear gluon PDFs, unpolarized and polarized, and can be used to compute all
T-even TMDs.

T-odd gluon TMDs vanish at tree level, because there is no residual interaction between the active quark and the
spectator; equivalently, there is no interference between two competing channels producing the complex amplitude
whose imaginary part gives the T-odd contribution. We can generate such structures by considering the interference
between the tree-level scattering amplitude and the two-gluon-exchange scattering amplitudes, as shown in Fig. 2.
This corresponds to the one-gluon-exchange approximation of the gauge link operator. As we shall discuss in detail,
the exact form of the gauge link depends on the process and leads also to two di↵erent types of functions.

P

p

P � p

⌫µ

Figure 1. Tree-level cut diagram for the calculation of T-even leading-twist gluon TMDs. The triple line represents the spin- 12
spectator. The red blob represents the nucleon-gluon-spectator vertex.

A. Tree-level scattering amplitude

Following Ref. [28], we work in the frame where the nucleon momentum P has no transverse component:

P =


M

2

2P+
, P

+
, 0

�
, (1)

where M is the nucleon mass. The parton momentum is parametrized as

p =


p
2 + p2

T

2xP+
, xP

+
, pT

�
, (2)

where evidently x = p
+
/P

+ is the light-cone (longitudinal) momentum fraction carried by the parton.
In the spectator-model framework one assumes that the nucleon in the state |P, Si can split into a gluon with

momentum p and other remainders, e↵ectively treated as a single spin- 12 spectator particle with momentum P � p

and mass MX . Similarly to Refs. [22, 28], we define a “tree-level” correlator as (see Fig. 1)1

�µ⌫(0)(x,pT , S) =
1

(2⇡)3 2 (1� x)P+
Tr

"
(/P +M)

1 + �
5/S

2
G

⇤⌫�(p, p)Y†ab
�

�
p
2
�
(/P � /p+MX)Yba

⇢ (p2)Gµ⇢(p, p)

#
, (3)

where a, b are color indices (in the adjoint representation) and [Check which one we actually used! The original

formula comes from Fig. 7.12 of Collins’s book, which is identical to the one in Ref. [29]. However,

1 We remark that in Ref. [28] there is an error in the position of the Y vertices and a typo in the definition of the Gµ⇢ propagator.
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FIG. 4. The T -even gluon TMDs as functions of p2
T for x = 0.1 (left panels) and x = 0.001 (right panels) at Q0 = 1.64 GeV.

Green band indicates the 68% statistical uncertainty, solid black line for the replica 11. From top to bottom, panels show
xfg

1 (x,p
2
T ), xg

g
1L(x,p

2
T ), xg

g
1T (x,p

2
T ), and xh?g

1 (x,p2
T ).

To this purpose, it is also useful to consider the following densities that describe the 2D pT -distribution of gluons
at di↵erent x for various combinations of their polarization and of the nucleon spin state. For an unpolarized nucleon,
we identify the unpolarized density

x⇢(x, px, py) = xfg
1 (x,p

2
T ) (19)

as the probability density of finding unpolarized gluons at given x and pT , while the “Boer–Mulders” density

x⇢$(x, px, py) =
1

2


xfg

1 (x,p
2
T ) +

p2x � p2y
2M2

xh?g
1 (x,p2

T )

�
(20)

represents the probability density of finding gluons linearly polarized in the transverse plane at x and pT . The
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FIG. 4. The T -even gluon TMDs as functions of p2
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Green band indicates the 68% statistical uncertainty, solid black line for the replica 11. From top to bottom, panels show
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T ).

To this purpose, it is also useful to consider the following densities that describe the 2D pT -distribution of gluons
at di↵erent x for various combinations of their polarization and of the nucleon spin state. For an unpolarized nucleon,
we identify the unpolarized density

x⇢(x, px, py) = xfg
1 (x,p

2
T ) (19)

as the probability density of finding unpolarized gluons at given x and pT , while the “Boer–Mulders” density

x⇢$(x, px, py) =
1

2


xfg

1 (x,p
2
T ) +

p2x � p2y
2M2

xh?g
1 (x,p2

T )

�
(20)

represents the probability density of finding gluons linearly polarized in the transverse plane at x and pT . The
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To this purpose, it is also useful to consider the following densities that describe the 2D pT -distribution of gluons
at di↵erent x for various combinations of their polarization and of the nucleon spin state. For an unpolarized nucleon,
we identify the unpolarized density

x⇢(x, px, py) = xfg
1 (x,p

2
T ) (19)

as the probability density of finding unpolarized gluons at given x and pT , while the “Boer–Mulders” density

x⇢$(x, px, py) =
1

2


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T ) +
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represents the probability density of finding gluons linearly polarized in the transverse plane at x and pT . The

Generates nontrivial and widely different TMDs
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that the output of the fit selects the option a � b < 0, which corresponds to a spectral function 0  ⇢(MX) < 0.5
asymptotically vanishing for very large spectator masses MX (see Fig. 2). Therefore, we deduce that the positivity
bound fulfilled by F̂ g in the right handside of Eq. (17) (when corresponding to the polarized TMDs of Eqs. (13)-(15))
is maintained through the integral also for the actual gluon TMDs on the left handside.
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FIG. 3. The xfg
1 (left panel) and xgg1 (right panel) as functions of x at Q0 = 1.64 GeV. Lighter band with red dashed borders

for the NNPDF3.1sx parametrization of xfg
1 [78] and the NNPDFpol1.1 parametrization of xgg1 [79]. Green band for the 68%

uncertainty band of the spectator model fit. Solid black line for the result of the replica 11.

In Fig. 3, we show the results of our simultaneous fit of xfg
1 (x) (left panel) and xgg1(x) (right panel) atQ0 = 1.64 GeV.

The lighter band with red dashed borders identifies the NNPDF3.1sx parametrization of xfg
1 [78] and the NNPDFpol1.1

parametrization of xgg1 [79]. The green band is the 68% uncertainty band of our fit. The solid black line represents
the result of replica 11. The right panel shows that our gluon helicity at most diverges more slowly than 1/x. On
the one side, this feature can ben considered as a rigidity of the model. On the other side, it can be considered as
a prediction. In any case, we verified that it is important to perform a simultaneous fit of both the unpolarized and
helicity gluon PDFs. Bounding the model parameters only to fg

1 (x) is not enough to get a reliable x-behavior of the
model.

IV. RESULTS

With the parameters in Tab. I, the second Mellin moment of our model PDF fg
1 (x,Q0), i.e., the nucleon momentum

fraction carried by the gluons at the model scale Q0 = 1.64 GeV, turns out to be

hxig =

Z 1

0
dx x fg

1 (x,Q0) = 0.424± 0.009 . (18)

This result is in excellent agreement with the latest lattice calculation hxig = 0.427(92) obtained at the scale 2
GeV [81]. The first Mellin moment of the model PDF gg1(x) gives the contribution of the gluon helicity to the nucleon
spin. In our model, it turns out to be Sg = 1

2 h1i�g = 0.159± 0.011 at Q0 = 1.64 GeV, to be compared with the latest
lattice estimate of the gluon total angular momentum hJig = 0.187(46) at the scale 2 GeV [81].

In Fig. 4, we show our model results for T -even gluon TMDs as functions of p2
T for x = 0.1 (left panels) and x = 0.001

(right panels) at the same scale Q0 = 1.64 GeV as in Fig. 3, i.e., without evolution e↵ects. Again, the green band
refers to the 68% statistical uncertainty, and the solid black line indicates the result of the best replica 11. From top
to bottom, the panels refer to the unpolarized xfg

1 (x,p
2
T ), the helicity xgg1L(x,p

2
T ), the worm-gear xgg1T (x,p

2
T ), and

the Boer–Mulders xh?g
1 (x,p2

T ). Each TMD shows a distinct pattern both in x and p2
T . In particular, the unpolarized

xfg
1 (x,p

2
T ) clearly shows a non-Gaussian shape in p2

T with a large flattening tail for p2
T ! 1 GeV. Moreover, for

p2
T ! 0 it reaches a very small but non-vanishing value, suggesting that the gluon wave function has a significant

component with orbital angular momentum L = 1 3. The information underlying these plots largely expands the one
contained in Fig. 3 and can be a useful guidance in explorations of the full 3D dynamics of gluons.

3 This result would change if the spectator were a particle with spin di↵erent from 1
2 .

Reproduces collinear gluon PDFs

3

II. DESCRIPTION OF THE MODEL

In Ref. [28] we proposed a model to compute gluon TMDs, based on the assumption that a nucleon can emit a gluon,
and what remains after the emission is treated as a single spectator particle (see Fig. 1). This spectator particle is
considered to be on-shell, but its mass is allowed to take a continuous range of values, described by a spectral function.
The nucleon-gluon-spectator coupling is described by an e↵ective vertex containing two form factors. Such model can
e↵ectively reproduce the standard collinear gluon PDFs, unpolarized and polarized, and can be used to compute all
T-even TMDs.

T-odd gluon TMDs vanish at tree level, because there is no residual interaction between the active quark and the
spectator; equivalently, there is no interference between two competing channels producing the complex amplitude
whose imaginary part gives the T-odd contribution. We can generate such structures by considering the interference
between the tree-level scattering amplitude and the two-gluon-exchange scattering amplitudes, as shown in Fig. 2.
This corresponds to the one-gluon-exchange approximation of the gauge link operator. As we shall discuss in detail,
the exact form of the gauge link depends on the process and leads also to two di↵erent types of functions.

P

p

P � p

⌫µ

Figure 1. Tree-level cut diagram for the calculation of T-even leading-twist gluon TMDs. The triple line represents the spin- 12
spectator. The red blob represents the nucleon-gluon-spectator vertex.

A. Tree-level scattering amplitude

Following Ref. [28], we work in the frame where the nucleon momentum P has no transverse component:

P =


M

2

2P+
, P

+
, 0

�
, (1)

where M is the nucleon mass. The parton momentum is parametrized as

p =


p
2 + p2

T

2xP+
, xP

+
, pT

�
, (2)

where evidently x = p
+
/P

+ is the light-cone (longitudinal) momentum fraction carried by the parton.
In the spectator-model framework one assumes that the nucleon in the state |P, Si can split into a gluon with

momentum p and other remainders, e↵ectively treated as a single spin- 12 spectator particle with momentum P � p

and mass MX . Similarly to Refs. [22, 28], we define a “tree-level” correlator as (see Fig. 1)1

�µ⌫(0)(x,pT , S) =
1

(2⇡)3 2 (1� x)P+
Tr

"
(/P +M)

1 + �
5/S

2
G

⇤⌫�(p, p)Y†ab
�

�
p
2
�
(/P � /p+MX)Yba

⇢ (p2)Gµ⇢(p, p)

#
, (3)

where a, b are color indices (in the adjoint representation) and [Check which one we actually used! The original

formula comes from Fig. 7.12 of Collins’s book, which is identical to the one in Ref. [29]. However,

1 We remark that in Ref. [28] there is an error in the position of the Y vertices and a typo in the definition of the Gµ⇢ propagator.
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l
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Figure 2. Diagram for the calculation of the gluon correlator including the single-gluon exchange contribution, necessary to
obtain T-odd TMDs. The eikonal propagator arising from the Wilson line in the operator definition of TMDs is indicated by
a gluon double line. Only the imaginary part of the box diagram on the left-hand side of the cut is relevant for the calculation
of T-odd functions. The red blobs represents the nucleon-gluon-spectator vertex, while the green blob stands for the spectator-
gluon-spectator vertex. The Hermitian-conjugate diagram is not shown. [We have to change the color of the blob in
the center (green), make the spectator line continuous. Possibly, it would be better to write also the µ and ⌫
indices above the left and right ⇥, respectively, and the color indices; Francesco: done!]

First, we consider the correlator that is involved in processes where the gauge link originates from the final-state
interaction with an outgoing gluon (as, for instance, a hypothetical process where a Higgs boson scatters o↵ a gluon
in the proton). The same correlator is involved in processes with a quark-antiquark pair in the final state such,
e.g., two-jet or heavy-quark pair SIDIS [37]. This correlator contains two future-pointing gauge links and is usually
denoted with the [+,+] symbol. It can be parametrized in terms of the so-called Weizsäcker–Williams (WW) gluon
TMD, also called f -type gluon TMD.

To compute this correlator, we use the diagram of Fig. 2, which contains an interaction of the spectator with an
eikonalized gluon line, indicated by the double line. The Feynman rules to describe the eikonal gluon line and the
eikonal vertex are written in detail in Ref. [29].

The expression of the correlator turns out to be [We have to check the color indices. Check the overall

(�i) factor, which seems to be consistent with, e.g., the combination of Eq. (84) and (9) of our diquark
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with X bde
↵ to be defined in Section IIC. For the calculation of the [�,�] correlator, involved for instance in the process

of Higgs production via gluon fusion (gg ! H) [38, 39], it is su�cient to change the sign of the +i✏ term in Eq. (12).

The [+,�] correlator, instead, is involved in processes such as photon-jet hadroproduction [40–42]. In these pro-
cesses, we remark that TMD factorization is not expected to hold [43]. However, it is possible to compute the TMDs
in the context of our model.2 In order to do that, it is su�cient to include a coupling through the symmetric dacd color
structure constants instead of facd. The [+,�] correlator can be parametrized in terms of dipole distributions [47–
49], also called d-type distributions. Therefore, to compute these distributions we need to start from the following

2 Due to the connection between the T-odd TMDs at twist-2 and the collinear PDFs at twist-3, the distinction between fabc and dabc

appears already in the correlator of the Qiu–Sterman twist-3 collinear PDF [44–46].
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obtain T-odd TMDs. The eikonal propagator arising from the Wilson line in the operator definition of TMDs is indicated by
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the center (green), make the spectator line continuous. Possibly, it would be better to write also the µ and ⌫
indices above the left and right ⇥, respectively, and the color indices; Francesco: done!]
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cesses, we remark that TMD factorization is not expected to hold [43]. However, it is possible to compute the TMDs
in the context of our model.2 In order to do that, it is su�cient to include a coupling through the symmetric dacd color
structure constants instead of facd. The [+,�] correlator can be parametrized in terms of dipole distributions [47–
49], also called d-type distributions. Therefore, to compute these distributions we need to start from the following
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of Higgs production via gluon fusion (gg ! H) [38, 39], it is su�cient to change the sign of the +i✏ term in Eq. (12).

The [+,�] correlator, instead, is involved in processes such as photon-jet hadroproduction [40–42]. In these pro-
cesses, we remark that TMD factorization is not expected to hold [43]. However, it is possible to compute the TMDs
in the context of our model.2 In order to do that, it is su�cient to include a coupling through the symmetric dacd color
structure constants instead of facd. The [+,�] correlator can be parametrized in terms of dipole distributions [47–
49], also called d-type distributions. Therefore, to compute these distributions we need to start from the following

2 Due to the connection between the T-odd TMDs at twist-2 and the collinear PDFs at twist-3, the distinction between fabc and dabc

appears already in the correlator of the Qiu–Sterman twist-3 collinear PDF [44–46].
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FIG. 3: The x vs. Q
2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)
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Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ
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Tab. III).

A. Drell-Yan

Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
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Our analysis is based on TMD factorization, which is applicable only in the region |qT | ⌧ Q. Therefore, in
agreement with the choices of Refs. [7, 22] we impose the following cut

|qT | < 0.2Q . (53)

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.
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▸ From the theoretical side, the formalism to study TMDs is well known, for 
quarks and gluons at leading twist 

▸ Improvements are still needed, e.g., subleading twist and other power 
corrections, increase of perturbative accuracy

▸ From the phenomenological side, we have a good knowledge of the 
unpolarized TMD, some knowledge of the Sivers function, and some sparse 
information about other TMDs.


