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Muon (g − 2)
A quick recap

Anomalous magnetic moment

scattering of particle mass m off external photon (µ, q)

−ie
[
γµF1(q2) + iσµνqν

2m F2(q2)
]
, g = 2(F1(0) +F2(0))

F1(0) = 1→ F2(0) = a = (g − 2)/2

A rich history
electron ae measured in experiment [Kusch, Foley ’48]

confirms radiative corrections [Schwinger ’48] → success of QFT
muon aµ measured in experiement [Columbia exp. ’59]

“muon is heavy electron” → families of leptons

Back to the future
new physics contribution to a: (a− aSM) ∝ m2/Λ2

NP
aτ experimentally inaccessible, aµ most promising
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Muon (g − 2)
Status

(g − 2) theory initiative
[White Paper ’20]

SM contributions to aµ[×1010]

5-loop QED 11 658 471.8853(36)
2-loop EW 15.36(10)
HVP LO 693.1(4.0)

HVP NLO -9.83(7)
HVP NNLO 1.24(1)

HLbL 9.2(1.9)
17.5 18.0 18.5 19.0 19.5 20.0 20.5 21.0 21.5

4.2

a × 10
9

1165900

Standard Model Experiment
Average

BNL g-2

FNAL g-2

Theory error dominated by hadronic physics HVP and HLbL
Hadronic Vacuum-Polarization and Light-by-Light

Precision goal for Fermilab ×4 better
implies knowing HVP at 0.2-0.3 % accuracy
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Hadronic Light-by-Light
Status

Status of hadronic light-by-light contribution

0 20 40 60 80 100 120 140 160

aµ
HLbL

× 1011

WP20

WP20 data-driven

RBC/UKQCD19

Glasgow consensus
N/JN09
J17

 + charm-loop

dispersive

Mainz21 (+ charm-loop)

Hadronic model + pQCD

Ab-initio lattice QCD+QED

Data-driven

Systematically improvable methods are maturing; uncertainty to aµ

controlled at 0.15ppm; cross-checks detailed in Theory Initiative
whitepaper
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Consistency between lattice QCD+QED and dispersive
novel update 124.7(11.5)(9.9) · 1011 [RBC/UKQCD ’23]
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Hadronic Vacuum Polarization
Overview

[Snowmass ’21]
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BDJ19
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data/lattice

PACS19
RBC/UKQCD18

FHM19
Mainz/CLS19
ETM18/19
BMW20
LM20

not yet in WP

BMW20 first complete
Lattice QCD+QED
calculation below 1%

Lattice QCD+QED

data-driven/dispersive

WP20: g − 2 theory initiative community White Paper
→ only data-driven/dispersive used in current best estimate
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Dispersive approach
Method

aµ = α

π

∫
ds

s
K(s,mµ) ImΠ(s)

π
[Brodsky, de Rafael ’68]

analyticity Π̂(s) = Π(s)−Π(0) = s

π

∫ ∞
4m2

π

dx
ImΠ(x)

x(x− s− iε)

unitarity

=
∑

X
Im X

2 4π2α

s

ImΠ(s)
π

= σe+e−→γ?→had

At present O(30) channels: π0γ, π+π−, 3π, 4π,K+K−, · · ·
K(s,mµ)→ π+π− dominates due to ρ resonance
ππ channel is ∼ 70% of signal and ∼ 70% of error
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Dispersive approach
Tensions in π+π− channel

Large tensions among experiments: BaBar, KLOE, now CMD3

[CMD3 2302.08834]
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Figure 36: The ⇡+⇡�(�) contribution to ahad,LO
µ from

energy range 0.6 <
p

s < 0.88 GeV obtained from this
and other experiments.

Experiment a⇡
+⇡�,LO

µ , 10�10

before CMD2 368.8 ± 10.3
CMD2 366.5 ± 3.4
SND 364.7 ± 4.9
KLOE 360.6 ± 2.1
BABAR 370.1 ± 2.7
BES 361.8 ± 3.6
CLEO 370.0 ± 6.2
SND2k 366.7 ± 3.2
CMD3 379.3 ± 3.0

Table 4: The ⇡+⇡�(�) contribution to ahad,LO
µ

from energy range 0.6 <
p

s < 0.88 GeV ob-
tained from this and other experiments.

in Table. 4, where the first line in the table corresponds to the combined result of all
measurements before CMD-2 experiment.

The pion formfactor mesuarements from the di↵erent RHO2013 and RHO2018 seasons
of the CMD-3 give the statistically consistent result in the ahad,LO

µ integral as:

a⇡⇡,LO
µ (RHO2013) = (380.06 ± 0.61 ± 3.64) ⇥ 10�10

a⇡⇡,LO
µ (RHO2018) = (379.30 ± 0.33 ± 2.62) ⇥ 10�10

a⇡⇡,LO
µ (average) = (379.35 ± 0.30 ± 2.95) ⇥ 10�10 (18)

Two CMD-3 values are in very good agreement in spite of a very di↵erent data taking
conditions (as was discussed earlier). The combined CMD-3 result was obtained in very
conservative assumption of 100% correlation between systematic errors of two data sets. The
CMD-3 result is significantly higher compared to other e+e� data, both energy scan and ISR.
Although this evaluation was done in the limited energy range only and the full evaluation
of ahad,LO

µ is yet to be done, it is clear that our measurement will reduce tension between
the experimental value of the anomalous magnetic moment of muon and its Standard Model
prediction.

9. Conclusions

The measurement of e+e� ! ⇡+⇡� cross section was performed by the CMD-3 exper-
iment at the VEPP-2000 collider in the energy range

p
s = 0.32 ÷ 1.2 GeV in 209 energy

points. The analysis was based on the biggest ever used collected statistics at ⇢ resonance
region with 34 ⇥ 106 ⇡+⇡� events at

p
s < 1 GeV. The large statistics allows to study the

possible systematic e↵ects in details. The development of the analysis strategy, cross-checks

42

very difficult to combine different experiments
what is the error of ππ contribution to aµ?
motivates even more first-principles Lattice QCD calculations
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Lattice field theories
Non-perturbative predictions

lattice spacing a → regulate UV divergences
finite size L → infrared regulator

Continuum theory a→ 0, L→∞

Euclidean metric → Boltzman interpretation
of path integral }a

L

〈O〉 = Z−1
∫

[DU ]e−S[U ]O(U) ≈ 1
N

N∑
i=1

O[Ui]

Very high dimensional integral → Monte-Carlo methods
Markov Chain of gauge field configs U0 → U1 → · · · → UN
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HVP from Lattice
Method

Vector electro-magnetic current jγµ(x) = i
∑

f Qfψ(x)γµψ(x)
Time-momentum representation [Bernecker, Meyer, ’11]

G(t) = 1
3

∑
k

∫
d~x 〈jγk (x)jγk (0)〉 〈·〉 = QCD+QED exp. value

aµ = 4α2
∫ ∞

0
dtw(t)G(t) , w(t) muon kernel (weights)

Isospin limit: quark-conn ud, s, c quark-disc ud, s

Isospin-breaking: O(α) + ... O(mu −md) + ...

Dominant contribution (signal+noise): up-down quark-connected
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HVP from Lattice
Theoretical advances

Formulation isospin-breaking schemes, isosymmetric points
[RM123][RBC/UKQCD 18][BMW 20][WP20][Portelli Lat22][Tantalo Lat22][...]

Analytic control of finite-volume effects
[Hansen, Patella ’19 ’20][Lehner, Meyer ’20][Bijnens et al ’19]

Improved understanding of scaling violations
[Mainz 20][Husung, Marquard, Sommer ’22][Husung ’23][Sommer Lat22]
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HVP from Lattice
Roadmap

Accuracy goal ≤ 5 [×10−10]

conn-ud conn-s conn-c disc QED SIB
≈ 650 53 14 -11 <10 <10
err 0.5% 5% 10% 10% 10% 10%

1. light-quark per-mille prediction from QCD in isospin limit
up-down degenerate (and no QED)

tune up, down, strange masses to physical values
include charm dynamical effects, take a→ 0 and L→∞

disconneted HVP, strange, charm, bottom

2. per-mille prediction from Standard Model
isospin-breaking must be included at O(α), O(mu −md)
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Euclidean windows
A novel paradigm
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t/a

5 per-mille wtG(t)
∑
wtG(t)
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0
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ΘSD

Θwin

ΘLD

Smoothly divide integral in several parts

aµ = 4α2∑
t wt

[
ΘSD(t) + ΘW(t) + ΘLD(t)

]
G(t) [RBC/UKQCD ’18]

short-distance → cutoff effects
long-distance → Monte-Carlo noise
intermediate window: accessible today w/ current resources

most collaborations precision of 0.4 - 0.6 %
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Continuum limit
Intermediate window examples

[Mainz ’22]
mπ = mK ' 420 MeV

150

160

170

180

190

200

0 0.002 0.004 0.006 0.008 0.01

a2 [fm2]

Isovector, scale fπ

set 1 : a2

set 1 : a2 + a3

set 1 : a2 + a2 log(a)

set 2 : a2 + a3

local-local
local-conserved

[RBC/UKQCD ’22]
mπ,mK physical

Full unblinding (standard window)

Result for aW,iso,ud,0.4,1.0,0.15
µ in BMW20 world

206.36(44)S(42)C(01)FV(00)m⇡ FV(08)@m C(00)WF order(03)mres ⇥ 10�10

and RBC/UKQCD18 world

206.46(53)S(43)C(01)FV(01)m⇡ FV(09)@m C(00)WF order(03)mres ⇥ 10�10 .

Fits ll (a2 + a4) and lc (a2):
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phat lc ZV

p ll ZV
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phat lc ZVstar

p ll ZVstar
p lc ZVstar

16 / 24Different lattice collaborations = different systematic errors
unique answer in continuum limit → excellent consistency
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Intermediate window
Status

isosymmetric intermediate window: internal lattice cross-checks

200.0 202.5 205.0 207.5 210.0

aW,iso,conn,ud
µ [×10−10]

RBC/UKQCD 18

Aubin et al 19

ETMC 21

BMWc 20

LM 20

chiQCD OV/DWF 22

chiQCD OV/HISQ 22

Aubin et al 22

Mainz 22

ETMC 22

RBC/UKQCD 23

FNAL/MILC/HPQCD 23
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New puzzles forming
Comparison with data

Windows calculable starting from R(s): compare w/ Lattice QCD+QED
add isospin-breaking + strange + charm + disconnected (206→ 236)

Situation before CMD3 (see also [Aubin et al/CL/KNT 19])

226 228 230 232 234 236 238 240

aW
µ [×10−10]

RBC/UKQCD 18
ETMC 21

BMWc 20

Mainz 22

ETMC 22

RBC/UKQCD 23

BMWc/KNT 20
Colangelo et al 22
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Short-Distance window

46 47 48 49 50 51

aSD,iso,conn,ud
µ [×10−10]

ETMC 21

ETMC 22

RBC/UKQCD 23

[plot from RBC/UKQCD ’23]
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more results expected soon
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Diagrams – Isospin limit 2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2, ↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA � ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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Figure 6: Displacement probability for 48c run 1.

(a) V (b) S (c) T (d) D1 (e) D2

(f) F (g) D3

Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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x

(a) M

x

x

x

(b) R

x

x

x

(c) O

Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e�ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).

9

FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.

Diagrams – QED corrections

and fit d�.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d� and E� and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E� and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.

4 QED and SIB diagrams

We will perform a full first-principles calculation of all O(↵) and O(mu � md)
corrections. The corresponding list of diagrams is given in Figs. 1 and 2.
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Figure 1: QED corrections
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Figure 2: SIB corrections

4

Diagrams – Strong isospin breaking
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Light-quark
connected:
aWµ , aSDµ , aLDµ

Strange-quark
connected

Charm-quark
connected

Legend:
strong agreement, only BMW20, attention needed, agreement forming
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Conclusions

Achievements
1. HLbL remarkable work from Lattice and Dispersive
2. aWµ (isosymmetric) remarkable agreement Lattice collaborations
3. aSDµ (isosymmetric) agreement of two Lattice collaborations
4. disconnected, strange, charm remarkable agreement Lattice

collaborations

Outlooks Lattice community:
1. aLDµ (isosymmetric) high-priority, several results soon
2. isospin-breaking effects high-priority, several results soon

Outlook experimental community:
clarify tensions in π+π− BaBar, KLOE, CMD3, high(er)-priority

Thanks for the attention!
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Strange, charm
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adisc
µ [×10−10]

RBC/UKQCD 15
BMWc 17

RBC/UKQCD 18
Mainz 19

BMWc 20
* Mainz 20 prelim

* = Workshop “The hadronic vacuum polarization from lattice QCD at
high precision” Nov 2020
also preliminary results from FNAL/MILC/HPQCD



QED corrections
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attention needed for QED,disc



SIB corrections
Separation conn vs disc potentially large finite-vol errors [Lehner, Meyer ’19]

pqChPT: aSIB,conn
µ (L = 5.5 fm)− aSIB,conn

µ (L =∞) ' 4 [×10−10]

0 5 10 15 20

aSIB,conn
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FNAL/MILC/HPQCD 17
RBC/UKQCD 18

ETMC 19
BMWc 20

LM 20

−6 −5 −4 −3 −2

aSIB,disc
µ [×10−10]

BMWc 20

another result available from PQChPT [Lehner, Meyer ’20]


