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Heavy-flavour production in small systems

» Heavy quarks produced in initial hard-scattering processes

z Inclusive hadron production from hard-scattering processes (large Q?)
— factorization of: PDFs, partonic cross section, fragmentation function
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Parton distribution Hard scattering Fragmentation
functions (PDFs) Cross section function
(pQCD) (hadronisation)

» Fragmentation functions D,y (2, 0°)

- phenomenological functions — non-perturbative
parton-to-hadron transition

- 7 = fraction of the parton momentum taken by the
hadron H,

- parameterized on data and assumed to be
e universal
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Heavy-flavour production In large systems

Z In ultra relativistic heavy-ion collisions — colour-

.
me deconfined medium, called quark-gluon plasma (QGP)

= Nhigh energy density € > 15 GeV/fm?

-' X o = hydrodynamic expansion after a pre-equilibrium phase
/4N

5 ; z Hadronization from QGP medium at pseudo-critical
: temperature
v = transition from a deconfined medium to a colour-
bxquark c-quar

neutral hadronic matter

space » Heavy flavours produced in hard-scattering processes
INn the early stages of the collision

(ﬁa % Tur = #/m = 0.05-0.1 fm/c __,experience the full
Tacp form (LHEG) = 0.3 Tm/c system evolution

& FM. Liu et al,, PRC 89, 034906 (2014)
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Heavy-flavour production In large systems

R 7 Two mechanisms for HF hadronisation in heavy-ion
X / VA collisions

&O(\g’a‘% 1. Fragmentation Dg—n(Zq,Q?)
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< 2. Coalescence

B\ [ D = partons close Iin space and with similar velocities
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' : % V. Greco et al., PRL 90, 202302 (2003) % R.C. Hwa et al., PRC 67, 064902 (2003)
¥ R.J. Fries et al., PRL 90, 202303 (2003) ¥& V. Greco et al., PLB 595 (2004) 202-208
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» Statistical hadronisation model (SHM)

= hadrons from the interaction region in statistical
equilibrium

= thermal origin of particle production = macroscopic
description in terms of thermodynamic variables

E A. Andronic et al., PLB 659 (2008) 149-155
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Heavy-flavour production In large systems

Two key observables
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Heavy-flavour production In large systems

1. Nuclear modification factor

Two key observables

1 dNjA/dp
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production yields in
AA collisions
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pp collisions
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Heavy-flavour production In large systems

Two key observables

1. Nuclear modification factor

—— | production yields in

Ryn(py) = I dNaa/dpy AA collisions
/VCOH) Wop /de\n\_, production yields in

pop collisions

binary nucleon-
nucleon collisions

2. Azimuthal anisotropies

13 12 o0
d°N 1 d“N
E— = q { 1 + E v, cos[n(g — ‘Pn)]}
dpr 27 prdprdy 1

v, = (cos[2(p — ¥)1) | second harmonic coefficient elliptic flow eaction plane s

—
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Charm and beauty meson production in pp collisions
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Charm hadronization vs. multiplicity in pp collisions

ALICE p>0]
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7z Charm quark production dominated by hard parton-parton scatterings

2 D./DY does not show dependence with increasing multiplicity

= petter agreement with Monash 2013 tuning, though CR-BLC compatible within uncertainties

R T S e —

CR-BLC — based on Monash + additional topologies for Color Reconnection mechanisms I
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Beauty hadronization vs. multiplicity in pp collisions
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Beauty hadronization vs. multiplicity in pp collisions
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3Y vs. multiplicity
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Excited Ds meson states

+
O
~~

O
=)
o1

)

F > DTKS
o
o
N

s
O
o
w

«x BR(D

+
Dy
O
o
N

0.01

_I R |I R |I [ I.| II.I [ | N | N | R | [ I_
-ALICE Preliminary DY /DY -
-pp, Vs=13TeV, lyl<0.5 °

m Data (2< p_<24 GeV/c)

SHM M. He, R. Rapp (p, >0)
SHMc GSI-Heidelberg (p, >0)

Model predictions only
BR = (22 + 2)% PRD 93 (2016) 034035 and PTEP 2022 083C01

L 1 1 I L 11 1 I L 11 1 I L 11 1 Il | | II I 11 1 I L 11 1 I | 1

ALI-PREL-538453

P

)

)

C:§:> T T 1

D./D. and D../

5 10 15 20 25 30 35
(dN_/dm)

S. Trogolo - HADRON 2023

Inl <0.5

4+ on R | R |I T |I [ I| N | R | R | T
O - .. i
< 0.1-ALICE Preliminary D*t/D+ -
P [ pp,Vs=13TeV,lyl<0.5 2 5 -
+ | _
;) 0.08_ + Data (2 < p. <24 GeV/c) B
/|\ i i SHM M. He, R. Rapp (p,>0) |
+ o e N B L EEEEET SHMc GSI-Heidelberg (p,>0) -
A B + 7]
~ 0.06- —
0 B i
y B i
+ - - i
‘N 0.04- —
0.02 e T
- Model predictions only -
| BR = 23.35% PRD 93 (2016) 034035 -

L 1 1 I L 1 1 II I I | Il L 1 1 I | II I I | Il L 1 1 I [

o

ALI-PREL-538456

5 10 15 20 25 30 35

(dN_ /dn)

D../Dg, no multiplicity dependence observed in data and agreement with mode
D.,/Ds potential trend which might arise from hadronic rescattering due to D5

& SHM: He et al., PLB 795 (2019) 171

Inl <0.5

O = = 0O

Ratio to ground states
factorise strangeness and
charm dependencies for
porediction

z No multiplicity dependence
expected from SHM and
SHMc

t(D.) ~ 219 fm/c;

I
E_(i’;g) ~ 11.61 fm/c |

|

D. pr-integrated yield ratios = compatible vs. mult. within uncertainties

s within uncertainties

ifetime

5 SHMc: Andronic et al., JHEP 07 (2021) 035


https://www.sciencedirect.com/science/article/pii/S037026931930382X
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906
https://link.springer.com/article/10.1007/JHEP07(2021)035

10

Recombination in heavy-ion collisions

& ALICE, JHEP 01 (2022) 174
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Recombination in heavy-ion collisions
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Open charm hadrochemistry: Dg/D° [ 12

7z Recombination of heavy quarks with light quarks from the QGP affects HF hadrochemistry @" “@
= cnhanced D yield relative to non-strange mesons (strange quarks more abundant in QGP)

= as expected In a scenario with hadronization via fragmentation and recombination
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Open beauty hadrochemistry: Bs/B* IRE

» Recombination of heavy quarks with light quarks from the QGP affects HF hadrochemistry &~
= ecnhanced By yield relative to non-strange mesons (strange quarks more abundant in QGP)

CMS PbPb 5.02 TeV (1.7 nb™)
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Baryons
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Baryon-to-meson ratio in pp collisions - charm 15

—~ 1 2 T T T 7 T T T T [ T T T T [ T T T T [ T T T T [ T T T T [T T 11 O— «—0
TN | | | | | -
T - Courtesy of A. Rossi (HP2023) ] 1 B Enhancement at low pt with respect 1o
\e_, 1 —e— CMS Preliminary, lyl<1 — measurements at ere/ep:
-<0 i —m— ALICE, PRL 127 202301 (2021), lyl<0.5 _ = A\/D° ratio higher (x 4-5) at low p+
+:o 0.8 —H— ALICE, arxiv 2211.14032, lyl<0.5 _ — approaching ete-/ep at high p+
— 9 7 H, f(c— H;) [%] fb— H;) [%]
06 B CMS, global uncertainty = 6.6% T DO 542 +24+0.7 58.7+2.1+£0.8
j -I-+ + : DT 225+ 1.0x£0.5 223+ 1.1 0.5
L H - DS+ 924+ 0.8+0.5 13.8 0.9 0.6
041 ¢ = AF 5.7 + 0.6 £ 0.3 7.3+0.8 +0.4
h ﬁjﬁi _ D*T rate 234+ 0.7 +£0.3 23.34+1.04+£0.3
- P + - D*T, double-tag 244 1+ 1.3 +£0.2 17.5 +2.0 £ 0.1
02 __ + + __ D*T, combined 23.6 0.6 0.3 22.1 £09 0.3
+A- A" |
O_ L b b v v v v b g |e|e ,|e| P| . & oD (LEF) L. Gladilin, EPJG 75 (2015) 19

0 5 10 15 20 25 30 35 ¥ alce PRC 104 (2021) 054905 E ALICE, arXiv:2211.14032

1 GMS points grabbed by eye from PAS G eV/C — |
S. Trogolo - HADRON 2023 'DT ( ) E ALICE, PRL 127 (2021) 202301 E CMS, PAS-HIN-21-004


https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.104.054905
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.127.202301
https://arxiv.org/abs/2211.14032
https://cms-results.web.cern.ch/cms-results/public-results/preliminary-results/HIN-21-004/index.html
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906
https://link.springer.com/article/10.1140/epjc/s10052-014-3250-3
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906

Baryon-to-meson ratio in pp collisions - beauty
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_ | o Access to the frag. of beauty
? Enhanced beauty-baryon production w.r.t. e*e” collisions quark via non-prompt ratio

= similar trend observed In the beauty sector

= non-prompt /\./D° ratio well described with LHCb fragmentation fractions and PYTHIA 8 decay table
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Prompt Ao/D° in pp collisions vs. models

¥ ALICE, arXiv:2211.14032
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Ratio well described by:

= PYTHIA 8 with updated CR modelling
— “junction” topology enhances charm baryon production

= Catania model
— thermalised system of u,d,s and gluons; hadronization
via coalescence in addition to fragmentation

= Quark (re-)Combination Mechanism
— recombination model based on statistical weights and
equal quark-velocity

= Statistical Hadronization Model and Relativistic Quark
Model
— strong feed-down from augmented set of excited charm
baryons

-PDG: 5 A\, 32, 8=, 2 (),
- RQM: additional 18 A, 42 2, 62 =, 34 (),
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Prompt Ao/D° in pp collisions vs. models

© ALICE, arXiv:2211.14032 > O —> ——0O

Ratio well described by:

() | [ [ [ [ [

D n

~  4_ALICE pp, Vs =5.02 TeV . .

o T vl <CO g)p 's=502Te = PYTHIA 8 with updated CR modelling

< ¢ | —=— PRL 127 (2021) 202301 — “junction” topology enhances charm baryon production
0.8 —H— This paper

= Catania model
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Prompt Ao/D° in pp collisions vs. models

7 Higher-mass states: new states popping up
E LHCb, PRL 118 (2017) 182001

& | Heb, JHEP 06 (2020) 136 A\, excited states ¥ cwis, PLB 803 (2020) 135345
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¥ ALICE, arXiv:2211.14032
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O #4—@;
= peak towards higher p+ — contribution of collective
effects?

= pboth ratios described by QCIN model

Zz Enhancement with respect to ete” measurements:

(pt) (GeV/c)
pp p—Pb

DY 2.06+0.03 (stat.) £0.03 (syst.) 2.07+0.02 (stat.) +0.04 (syst.)
A7 1.86+0.06 (stat.) £0.03 (syst.) 2.29+0.06 (stat.) +0.06 (syst.)

z Comparing pp and p-Pb results:

= |arger (p+(/\.)) in p-Pb than in pp, but pr-integrated ratios
compatible

= modification of p distribution different for baryons and
mesons from pp to p-Pb collisions?
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Heavier charm baryons:
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z =Y%/D"in pp collisions = higher than PYTHIA Monash (e*e” tuning)

= only recombination models are able to get closer to the measurement

2 = /D" in p-

P collisions mild p+ dependence at forward/backward y

= likely lower than mid y but larger than ee™ — Is there a rapidity dependence”?
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= PYTHIA 8: JHEP 1508
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¥ Catania: PLB 821 (2021)
136622
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Heavier charm baryons: =2, Q¢

» =27/5 2" ratio close to PYTHIA 8 Monash, which underestimates their production

= similar suppression in e*te” for =0 and > ?

B> Qg /58 only described by Catania model (recombination)

E ALICE, JHEP 10 (2021) 159 € ALICE arXIV 2200. 13993
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Heavier charm baryons: =2, Q¢

=V%/5 27 ratio close to

= similar suppression in e*te” for =0 and > ?

B> Qg /58 only described by Catania model (recombination)
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charm production in pp and p-Pb collisions 22

’(\J 1_0 | | | 3 0T I T 1T 1T I T I|
, _ L - 4 = B _
Comparing to e*e’: r L = ALICE, pp, 1s = 5.02 TeV 1 I
) - (PRD 105, LO11103 (2022)) 1 =10° - FONLL ‘ % L
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- PR — : : :
fractions = pp ~ p-Pb I i i ]
- o+"'¢ . } i e ALICE (pp, lyl <0.5), PRD 105, L011103 _
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- i ] 10 o PHENIX (pp, lyl < 0.5) _
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¥ STAR, PRD 86 (2012) 072013

» cc production cross section at |y|<0.5 measured as sum of ground state hadron cross sections
= compatible within systematic uncertainties

= previous results In pp at 2.76 and 7 TeV updated with the fragmentation fraction at 5.02 TeV
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Prompt AY/DPvs. event multiplicity in pp collisions

¥ ALICE, PLB 829 (2022) 137065

Difference low-high
multiplicity with 5.30
significance

¥ pYTHIA 8: JHEP 1508 (2015) 003
¥ CE-SH: PLB 815 (2021) 136144
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15

2 /\./D° larger at highest multiplicity than at lowest multiplicity

= o and multiplicity dependence qualitatively described by:

—)

— Statistical Hadronization Model (CE-SH)

2 /\./D" does not exhibit a multiplicity dependence in p-

S. Trogolo - HADRON 2023

Pb (backup)

PYTHIA with colour reconnection beyond leading-colour approximation (CR-

5L.C)
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Prompt AY/DY in Pb-Pb collisions 24

7 Recombination of heavy quarks with light quarks from the QGP affects HF hadrochemistry e _%
= cnhanced production of baryons relative 1o mesons

= observed enhancement A/D® = interplay of collective motion and recombination?

» NY/DPratios in central and semicentral Pb—Pb collisions described by different models including
hadronization via recombination (backup)

= CMS preliminary results compatible (backup)

€ ALICE, PLB 839 (2029) 137796 & LHCb, arXiv:2210.06939
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A&/DP vs. multiplicity in hadronic collisions
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Quarkonium production vs. multiplicity o7

¥ ALICE, JHEP 06 (2022) 015 s
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Role of regeneration in quarkonia: J/y

> Quarkonium dissociation in QGP — Debye screening of qq potential B~ —
? Production can occur also via quark (re)combination — evidence from LHC results

= Data described by:
— SHMc: melting of initially produced cc pairs + combination at phase boundary

— [ransport models: in-medium charmonium dissociation + recombination (relevant at low p-)
E ALICE, ariv:2303.13361
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Role of regeneration in quarkonia: y(2s)

2z Quarkonium dissociation in QGP —

Debye screening of gg potential

-

™
~
e

? Production can occur also via quark (re)combination — evidence from LHC results

= relevant for y(2s) at low p

¥ ALICE, arXiv:2210.08893
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low princrease due to recombination
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Role of regeneration in quarkonia: Y (nS)

2z Quarkonium dissociation in QGP —

= relevant also for bottomonia®”
= ATLAS results compatible with CMS (backup)
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Recent theory
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=xotic states: y.(3872)/y(2S)

7 Understanding exotic-state production = insight into hadronization process o— —0
> x.(3872)/w(2S) ratio as a function of charged particles tracks in pp collisions AR
= described by Comover Model assuming a tetraquark structure
2 Increase of the ratio can be due to
= |arger suppression of w(2S) relative to exotic hadrons — better to change reference?

= cnhancement of y (3872) in high density medium — coalescence mechanism?
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Outlook and future | 3

LHC program

z Important upgrades in Long Shutdown 2: ‘_ — |
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» Huge effort in the last years to investigate the hadronization

mechanisms of HF across colliding systems
Fragmentation functions universality violated already in pp
collisions

pp collisions is a system dense enough to alter the
hadronization

Z In heavy-ion collisions:

Crucial role of coalescence mechanism for open HF production

(Re-)combination is more relevant at LHC energies for
charmonia and bottomonia states

» An exciting period ahead:

wider investigation of HF production, especially beauty hadrons

nadronization in high multiplicity pp and p-A collisions with higher
precise

large improvement on exotic states production
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non-prompt D vs. multiplicity
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Beauty hadronization vs. multiplicity in pp collisions
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B production in pp not yet theoretically well understood

<
<
o

Ph at low p+? Less suppressed than other quarkonia®?

Production dominated by recombination in both pp and

Pb-Pb?
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Beauty hadronization vs. multiplicity in pp collisions

» Hadronization via recombination may enhance B./B with increasing —
multiplicity No significant
dependence of By/B vs.

”t multiplicity at higher p-
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Prompt AY/DPvs. event multiplicity in p-Pb collisions | 4
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2 Prompt A/DY in p-Pb comparable to high multiplicity pp events — no significant evolution with
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Prompt A&/DPin Pb-Pb collisions
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Prompt A&/DPin Pb-Pb collisions

—k —
o N

O
o

)/ (D’+ DY)

C

(AY + A
o o
BN @))

O
N

0.0

pp 252 nb’ (5.02 TeV)

" CMS Preliminary

- Iyl < 1

— PP

i @ Data

i — CR2 prediction

— I PLB821 (2021) 136622
i PLB795 (2019) 117

B Global uncertainty: 6.6%
@

5 10 15 20 25 30
P (GeV/c)

S. Trogolo - HADRON 2023

)/ (D"+ D)

(AF + A

—
N

—

O

00

O

O

€ CMS, PAS-HIN-21-004

PbPb 0.607 nb™, pp 252 nb™' (5.02 TeV)

- CMS Preliminary
-yl < 1
® PP

* 0-90% PbPb
m 0-10% PbPb
PRL124 (2020) 042301
Cent. 0-20%

Global uncertainty
pPp: 6.6%
PbPb: 7.3%

o+
4,

I I B I

5 10 15 20 25 30 35 40
P (GeV/c)

(return to main)


https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906
https://cms-results.web.cern.ch/cms-results/public-results/preliminary-results/HIN-21-004/

_O,+

Heavier charm baryons: =¢ | 4
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z =2%/D"in pp collisions at two different energies — higher than PYTHIA Monash (e*e” tuning)

= only recombination models are able to get closer to the measurement

2 Hint of higher =%/D" in p-Pb collisions compared to pp collisions

= similar p; re-distribution from pp to p-Pb as observed for A /D° ratio?
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Heavier charm baryons: 227" 45
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= |arger than e*e” results — larger relative enhancement than AL/D°

= well described by SHM+RQM, Catania and QCM

b >0++/DO partially accounts for At/D°

= measurements of feed-down A from 29+ — overestimated by CR modes
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Rapidity dependence - charm
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2 Possible trend, to be revisited with run 3 data (also in pp)?
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Rapidity dependence - charm
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J Iy pair production

pps E= 3TeV

Inclusive JAp, 2.5 < y < 4 mmn———— 13 TeV

LHCb JHEP 06 (2017) 047 L;,~279 pb” = disentagle mechanisms for J/w

= insights on double parton scattering
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Aot WAy 0B i- J /s production cross section
= poth results are in agreement with LHCD
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- slightly different rapidity ranges
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w(2s) production in pp and p-Pb

€ ALICE, arXiv:2204.10523

>‘ />\‘ 1 O i | | | | | | | | | | | | | | A 2 i | | | | I | |
oo ALICE, pp Vs =13 TeV, p-Pb /s, = 8.16 TeV 1 = = L ALICE l
2 gl vES) — o« ] = = [ Jp, (2S) — o o ]
ST 8, pp,25<y <40 - = 215—_ P, P(25) = « oc__
e p-Pb,203%<y__ <353 ] ~ o0 H _
B m p-Pb,-4.46< Y ome < -2.96 ¢ _ ~ B L] |
6 — A~ T -
n il _ — — n * r s _
: & : Qe "I WIaE T .
4 — m I ] 3 é B H E | _
: i B : 2 S L :
oL #l"./ i 051 (s Pb, (S =8.16TeV -
— , — - (s =13 TeV p-Pb, \syy=8.16Te -
T _ ~ - Do ety
I #’* + 1% norm. unc. not shown ] I ¢ 2o<y <40 m -446<y_  <-2.96 ]

O 'I | | | | | | | | | | | | O | | | | | | | | | | | | |

0 2 4 6 0 2 4 6
dN_, /dn dN_, /dn

ALI-PUB-520876 <dNCh / dn) |77|<1 ALI-PUB-520880 <dNCh / dn) |77|<1

? Normalized y(2s) yield goes linearly with charged particle multiplicity at midrapidity and
w(2s)-to-J/y ratio is compatible with unity

= same behaviour regardless of charmonium state and system size
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Quarkonium production at forward rapidity

& ALIGE, arXiv:2109.15240
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Prompt/non-prompt J/l// at midrapidity
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Quarkonium production vs. multiplicity

€ ALICE, arXiv:2204.10253v1
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7 w(2s) productlon at forward rapidity as a function of multlpllc;lty at midrapidity in pp collisions

ALI-PUB-520888

= |[inear dependence of productions vields and w(2s)-to-J/y ratio compatible with unity
= production at forward rapidity independent of charmonium state and collision energy
2z Comparison with models:
= production yields in agreement with PYTHIAS at low multiplicity, tension at high multiplicity

= tension between y(2s)-to-J/y ratio and PYTHIAGS at low multiplicity
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Role of regeneration in quarkonia: Y (nS)
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Role of regeneration in quarkonia: Y (nS)

& ATLAS, PRC 107 (2023) 054912
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Role of regeneration in quarkonia: Y (nS)
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LUM

LARGE HADRON COLLIDER

| LHC HL-LHC
Run 1

Run 2 | | Run 3

LS1 13TV LS2 13.6 TeV 13.6 - 14 TeV
e e ———————————— — ————————————————

Diodes Consolidation
8 TeV splice consolidation cryolimit LIU Installation

energy

e : . . . . HL-LHC
7 TeV button collimators interaction _ inner triplet ) )
s R2E project regions Civil Eng. P1-P5 pilot beam radiation limit installation

2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022 2023 2024 2025 2026 2027 2028 2029 2040

5 to 7.5 x nominal Lumi
ATLAS - CMS -
experiment upgrade phase 1 ATLAS - CMS —
beam pipes : : : : HL upgrade
nominal Lumi 2 x nominal Lumi ALICE - LHCb : 2 x nominal Lumi

. _ _ upgrade '
75% nominal Lumi | /
/m 190 fbo! 450 ! B 000 1o
luminosity JELJIR] %

HL-LHC TECHNICAL EQUIPMENT:

DESIGN STUDY PROTOTYPES CONSTRUCTION ‘ INSTALLATION & COMM. HH PHYSICS

HL-LHC CIVIL ENGINEERING:

DEFINITION EXCAVATION BUILDINGS
S. Trogolo - HADRON 2023



Multi-charm hadrons | 58

¥ ALICE 3 Lol, arXiv:2211.02491 € A Andronio et al., JHEP 07 (2021) 035

—~~ 2 >‘ """""""""""""""""" —_.

i T Pb-Pb |(8,5=5.02 TeV 0-10% o 0F = [5..=5.02 TeV, 0-10% SHMc, T, =156.5 MeV

N yi<0.5 % 1 -do,; /dy=0.532 + 0.096 mb =

=~ 10—1 -1 :_ _:

>, 1 0—2 10 § %

S 10° 1072 E

< 107 N : -

107° Qe 10° & =

10°° aF .

1 0‘7 — u,d,s only particles 10 = E

1 0_8 — c¢ =1 particles % 1 0_5 i_ ) _i

1 0—9 —— ¢ =2 particles ; B = A AC =

1079 F  —— c=3 particles sHe 10 mES ~

1 0—11 @ E > Q++ §

10712  SHMe, T,,=156.5 MeV T 107 W05 y(as)

10718 | do,_ /dy=0.532 + 0.096 mb of b4 -

Y AT 108E. 00, AcAr__ Krkr XeXe, PbPb
1045 2 25 3 35 4 45 5 55 6 2 25 3 35 4 45 5 55 6 65

Mass (GeV) A3

S. Trogolo - HADRON 2023


https://arxiv.org/abs/2211.02491
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.89.034906
https://arxiv.org/abs/2104.12754

