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Delta resonance

° A(1232) v -

@ Lightest baryonic
resonance

@ Dominant in the p wave Nz
scattering savageasd

N N A

@ Simplest resonance: 3 ’ N
quark and Nx contribution

@ Resonances are not o They decay via strong
eigenstates of the QCD interactions
Hamiltonian

@ Finite volume influences
the two-hadron spectrum
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Lischer Method (Nucl.Phys.B 1991)

ool peo &\ RN @ Turn the finite volume to an
| L “\\ advantage
07 \‘\ S \f\\\‘&
Yo N T © det(F~'(Eem) —87iT(Ecm)) =0
0.5 ;qiemMY?AH—;%
- i;\{; . . .
e S @ F is a known function, T is
03 b scattering amplidute
L
] @ E., can be determined
B ;Ms*@';ww «H
‘ @ We have two Different L-s at two
b i different pion masses
;
0 o @ Physical point: threshold very low
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Scattering at the physical point

Data from http://gwdac.phys.gwu.edu

Challange: Nzr threshold is very low

At the physical point my + m; < ma — A is unstable
@ _
= Nrr threshold e
)] o
S < | o
| o ]
— ..
a ..
1‘.2 114 116 118 210 212
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Scattering at the physical point

Data from http://gwdac.phys.gwu.edu

Challange: Nzr threshold is very low

At the physical point my + m; < ma — A is unstable
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Simulation details

Nf =2+ 1 Clover,a= 0.1163fm =2+ 1-+1 Twisted-Clover
@ A11,A12:
My =200MeV, L = 2.8 —3.7fm @ M;=139MeV,L =5.12fm

Stability plot

@ A7,A8: M; =250MeV,L =2.8—3.7fm S ]
2
21
@ A15: M; =137MeV, L = 5.5fm <
f(x)=a+b*x.A11:a=0.353(10).b=0.79(11).A12:a=0.351(12).b=0.92(20 = ? B
2 e All &
(=] I~
° A12 £5]
g
‘_”,1 i S
2
= B | — N.= 140 aMy = 0.3848(10)
| = 5 10 15 20 % 30
=z tla)
S
2
S
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Diagrams:zN — N

@ Simplest case NN is already
expensive

a,,i’ Sk @(‘*\7
i dysu

@ Three point-to-all propagators
have to be multiplied. Each has
dimensions
NtN X Nsp/nNcolor X Nsp/nNcolor

u(ulsd)

dysu—==dysu

@ Per lattice site:

@ Tiy= @ u(ulsd) @ u(ulsd)
Sabcglmns1 o oo 325 rfﬁo B1 33

@ l|deal task for a GPU-kernel
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Code: Reductions on the GPU

B diagram:U(X¢1, Xj1 ) (' D(X¢1, Xp2) T 12 U(Xg2, Xio )T io D(Xi2, Xi1)Tj1) U(X¢1, Xi1)

Ti,(i,) T4, (77,) @ Two correlated spatial sum
(pion(f), nucleon(f;))

.- @ The problematic is the
-7 green line (sink-to-sink)

®
\i
B ——<—®
\
\

Ly ()™ > Ty, (77) o Estimate it stochastically
' ' D(xX1,Xr2) = Xr & (F1) 0/ (f2)

@ Cut the diagram into factors

@ Factors be combined to

codup

Sy
0 12 14 16 18 20

diagrams
| . @ Many different diagrams
o0 om share the same factors

Number of GPU — s
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Finite volume lattice: projections

@ We use single and two hadron interpolating operators with /=3/2,/3 =3/2

@ Finite volume we no longer have continuous rotational symmetry

@ Symmetry group in the centre-off-mass frame is the double cover of the
octahedral group 20y,

@ Finite number of irreducible representations

=P (0,0,0) (0,0,1) (0,1,1) (1,1,1)
Group LG o D P [
Axis and planes )
of symmetry 4
\
\
A
gLa 96 8 12
AJT):7(0” ) [A1 (0™ ,47,..) A2(0,1 A2(0,1,...)
AUD):N(5T)[Gra( 5757 ) G(3.5) | G(3.3.)
Py, A(3T 3t 5+ 13 G(3,5,-) ®Fi(3, 3, -
A7) :AGT) | Ho(57,37,) )| QG(3, 5, BF(3,5,.)
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Gramm-Schmidt irreducible representations

@ irrep, irrep row(ut), # occurances,# combinations of momenta
@ As an example we have a 12 x 12 correlation matrix for the delta

@ In the process of projection this matrix will be block diagonalized GS

transformations
@ Pion nucleon correlation B 0,0
matrix 6, (000

Dot irrep name  Ngim o B )
p=(0,0,0),Gl, 8x8 ' ’
p=(0,0,0),Hg 9x9 "
p=(0,0,1),G1 24x24 )
p=1(0,0,1),G2 18x18 B c.p [s] C,P
p=(1,1,0),(2)G 30x30 5 o E O
p=(1,1,1),(3)G 16x16 5 s
p=(1,1,1),F1 6x6 & €
p=(1,1,1),F2 6x6 & ¢
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Two-hadron spectrum
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Generalized eigenvalue problem (GEVP)

CiT(DuR(t 1) = A"(t,1) Cy(to)ul(t)
N'(t,ty) < e B (1)

@ Key point: Selecting a basis

@ Aim: Robostness, "good” signal quality, eigenvectors

! 2 3
A
4
Addiadan,ah Ax
Y LYV
o H‘"n. voy b
ot $res,ty
JRORRRAl A N R
2202228R8R84R84 4 f
d 2 8 0
Operator:
A
oTle, +
.. Hoopurs . TP =1). N =1),
JOTTIVN
‘““‘“‘“‘? - (p*=2),N(p*=2),
ad
025 A R A= =2 N2 =2),
2 A L L
Aunuun.uuon.o T (p?=3).N(p* =3),

11 0 2 § 20

t[a]
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Four different methods

Single state fits AMIAS (Finkenrath et.al. PoS

LATTICE2016)

@ For each principal correlators of

the GEVP A(t,1) = &~ (t— ) @ Statistically sampling the

space of fit parameters
according to the x?
value of the fit function

Hankel
(Fischer et.al. Eur.Phys.J.A(2020))

@ For each principal correlators of St e
the GEVP

@ We fit the energy shift
® HI(t)=Co(t+iA+jA) directly

Y 22;10 efEkfefEkI‘A efEijck
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Two-hadron spectrum
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Ratio method

@ Single hadron 2pt and two hadron 2pt functions are

correlated

@ Take the log of the ratio of Cn(t)/(

Cn(t)Cx(1))

@ We can measure the shift relative to different

non-interacting levels

,AE = —0.01136(85),
JAE = —0. 00124( 6), X
,AE = —0.10330(9

2 /dof =053 Tf
2 /dof = 0.52

1), x%/dof = 0.4

0 | @
T | o goo00eoosooe
=19 , : : : ,
0 5 10 15 20 25 30
t[a]
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Comparison of different methods

1.51 GEVP GEVP-Hankel AMIAS Ratio

g k#;it ;AAAAAH ”f“ L,._,_”HH“!?‘A
E_s ++++ ...+++++ o+$#i+ .........¢++++*
!¢-+-+ l..'._l_h#++ vy .IIIIIIIHI**H-.+

1213141516 156 78 91011 91011121314 12345678 91011121314151617
tmin[a]
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Spectrum summary

aa : ggﬁ,pm ---- N threshold  0.65
cd= Aths ) < Nmm threshold
- & Ratio B ---- Non-Interacting Energies | 0.60

—— Measured Energies

Irrep
1/2 3/2 1/2,3/2  3/2 1/2,3/2 1/2,3/2  3/2 3/2
J
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Spectrum summary Clover ensembles

My =250MeV, L = 2.8fm My = 250MeV, L = 3.7fm
20 - N threshold 20 == N threshold
""""""" N7 threshold Nrr threshold
~~Noncluteracting Energfes | | | - Non-Interacting Energies
— Measured Energies | | — Measured Energics
18
10
Z16
o 2
5
L4
08
12 or 12
[E I A ¢ @¢ ¢ kKB e H, G G @6 & KRB
lrrep rrep
Yrooa a3z 32 1232 1232 32 32 V232 1232 32 1232 1232 32 32
J )
M; = 200MeV, L = 2.8fm M =200MeV, L = 3.7fm
- N7 threshold 20 == N threshold
12

threshold

=== NowInteracting Energies

— Measured

Nz threshold
Non-Interacting Energies
Measured Energies

07
G. H, G ¢ @6 G B ) Gu  H G G 7 B
Trrep
22 1/23/2 /2 1/23/2 12372 32 32 1/23/2 1/2.3/2 =3/2
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Getting the phase shift

cher-method

@ Two particle energy levels in a
finite box with size L

@ Volume dependence of the
energy shift related to scattering
observables at L =

det ('/%-.ZMJW[.L’ — SJJ/ 5[{/ Su“/COIEJ[> =0

Le+00

- Fit
= Phys.
Laftice

0e+00;

-1e+00:

det(M — cotd)

1100 1200 1300 1400 1500
Gy
@ Determinant is taken in angular
momentum space

@ Important: For ¢ = 1 dominant
irreps there is a one-to-one
correspondence between
phase-shift and finite volume
energy levels (ignoring
contributions from higher partial 1o v o
waves)

et(M — cotd)
5
%7
=
=
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Parametrization of the resonance

Possible mixing of partial waves
Quantization conditions (QC)

@ Phase shift parametrization:

e /(=0— COtsg:o = 4o Qemf, {=1—tandy_1 = \/Er(z_,ss)

@ We restrict ourselves to £ = 0,1 and check for £ > 2

20 Spino nterpolatior

lQC|

le-02 le+00  le+02  let04

le-04
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LQC fit

sp — wave
o H, ’
v Gy
-m- G,
2)&
o (3G
"’ Fl
F
= /21
<
.
=
>
S
U v v a-Ce oo B v .-
T T T T T
0.44 0.46 0.48 0.50 0.52
Ecms [CL]
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Luescher fits on the physical point ensemble
Performing several fits:

@ p— waveonly

o —
sp — wave Fitrange dependence

0

N ]
@ below-Nrn g A . ] -
@ Different fitranges AA ®»

. . K2
@ Different extraction g -
S S

2 4
. | t '

@ Model averaging o )
S |
o

0.02 0.04 0.06 0.08
CLFR

@ Each fit is weighted

@ ~ efo~5(X272Ndata+2Nparam)
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Result at the physical point twisted clover

Mg = 1276(10)MeV T = 114(30)MeV

08

06

00
L
00
L

T T T T T
1240 1250 1260 1270 1280 1200 1300 1310 0 50 100 150 200
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Conclusion, outlook

Ensemble mz[MeV] L ma[MeV] IA—7N
Twisted-Clover 139 MeV  5.12fm 1276(10) MeV  21.5(2.5)
Nf2+1 Clover 200 MeV 3.7 fm 1320(10) MeV  17.6(2.7)
Nf2+1 Clover 250 MeV 2.8 fm 1380(7) MeV 13.6(5)
Nf2+1 Clover 250 MeV 3.7 fm 1373(6) MeV 10.3(1.6)

Collaboration mz[MeV]  Methodology mpa[MeV] IA_zN
Verduci(2014) 266 Distillation, Luscher 1396(19) 19.9(8)
Alexandrou et.al. (2013) 360 LO pert., Michael & McNeile  1535(25) 26.7(1.5)
Alexandrou et.al. (2015) 180 LO pert., Michael & McNeile  1350(50) 23.7(1.3)
Andersen et.al. (2017) 280 Stoch. distillation, Lischer 1344(20) 37.1(9.2)
Morningstar et.al.(2022) 200 Stoch. distillation, Lischer 1290(7) 14.41(53)pw
Silvi et.al. (2021) 255 Smeared sources, Llscher 1380(7)(9)sw  13.6(5)sw

@ Perform analysis on all the ensembles

@ Perform chiral extrapolations
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