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Motivations The Inverse Problem Multi-Level Outlooks

• Hadronic spectral densities play a
pivotal role in particle physics

– R-ratio
(4.2σ discrepancy in gµ − 2)

– Inclusive semileptonic B-decay
(2.7σ discrepancy in Vcb)

[PDG 2022]

• Lattice QCD: model-independent non-perturbative theoretical prediction
→ numerically ill-posed inverse problem

• Here: vector isovector spectral density with multi-level [Dalla Brida et al. 2021]
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tmax∑
t=1

gt(E∗)

C (t) =

∫ ∞

E0

dE ρ(E )

tmax∑
t=1

bt(E)︷︸︸︷

e−tE

gt(E∗)︸ ︷︷ ︸
∼ δσ(E ,E∗)

≡ ρ̄σ(E∗)

1 Euclidean time lattice correlation functions C (t)

2 Hadronic spectral densities ρ(E )

3 Combine basis functions bt(E ) with proper coefficients gt(E∗) to approximate
a given kernel δσ(E ,E∗)

δA[g ]

δg
= 0, A[g ] =

∫ ∞

E0

dE

∣∣∣∣∣δσ(E ,E∗)−
tmax∑
t=1

gt(E∗)bt(E )

∣∣∣∣∣
2

4 Combine correlators C (t) with the same coefficients gt(E∗) to approximate
smeared spectral densities

ρσ(E∗) =

∫ ∞

E0

dE δσ(E ,E∗)ρ(E )
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δA[g ]

δg
= 0, A[g ] =

∫ ∞

E0

dE

∣∣∣∣∣δσ(E ,E∗)−
tmax∑
t=1

gt(E∗)bt(E )

∣∣∣∣∣
2

→ g = A−1f

Atr =

∫ ∞

E0

dE bt(E )br (E ), ft(E∗) =

∫ ∞

E0

dE bt(E )δσ(E ,E∗)
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Well-known mathematical problem: Fredholm
integral equation, Hilbert and Cauchy matrices
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ρ̄σ(E∗) =
∑

t C (t)gt(E∗), but C (t) are affected
by statistical errors → regularization
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δW[g ]

δg
= 0, W[g ] = A[g ] + gTBg → g = W−1f , W = A+ B

• B = λCov
C2

0
[M. T. Hansen, Meyer, and

Robaina 2017; M. Hansen, Lupo, and
Tantalo 2019]

• B = λ1 (Tikhonov)
• Btr = λe−Mtδtr
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• σ2
stat(λ) = gTCov g

• σsyst(λ) = ρσ − ρ̄σ (work in progress)
• Tune λ to λ∗ such that e.g. σstat(λ∗) = 3σsyst(λ∗)

• Other strategies [M. Hansen, Lupo, and Tantalo 2019; Bulava et al. 2022]
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Signal-to-Noise ratio problem
[Parisi 1984; Lepage 1989], e.g. with
n0 (global) updates of the
lattice

C (t) = ⟨Vk(t)Vk(0)⟩
C (t)2

σ2
C (t)

∼ n0 e
−2(Mρ−Mπ)t

Vk zero-momentum isovector
vector current

Signal-to-Noise ratio problem
[Parisi 1984; Lepage 1989], e.g. with
n0 · n1 (global and local)
updates of the lattice

C (t) = ⟨Vk(t)Vk(0)⟩
C (t)2

σ2
C (t)

∼ n0 · n1
2 e−2(Mρ−Mπ)t

Vk zero-momentum isovector
vector current

Need to factorize the fermion determinant and observables for local updates
• Straightforward in pure gauge theory [Lüscher and Weisz 2001]
• Recent developments for theories with dynamical fermions

[Cè, Giusti, and Schaefer 2016; Cè, Giusti, and Schaefer 2017]
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• C (t) = 1
3

∑3
k=1⟨Vk(t)Vk(0)⟩, δσ(E ,E∗) =

1√
2πσ2 e

− (E−E∗)2

2σ2

• Nf = 2, a ≃ 0.065 fm, Mπ ≃ 270 MeV, MπL ≃ 4.3 [Dalla Brida et al. 2021]

• σsyst ≤ σMAX
syst = ρmax

∫∞
E0

dE |δσ(E ,E∗)−
∑

t gt(E∗)bt(E )|

• λ : σMAX
syst (E ) constant ∀E

• Costn1=10 = 10 · Costn1=1

• σ2
n1=10 = (25 ÷ 50) · σ2

n1=1

• Improving the precision on C (t) at large t (Multi-Level) is beneficial for
ρ̄σ(E ) at different energy scales
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PRELIMINARY PLOT
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Conclusions
• Multi-level effective to reconstruct ρ̄σ both at low and high energies
• Preliminary result with a conservative estimate of the systematic error
• Finite-Volume errors σFinite V of order e−σL [M. Bruno’s talk]

• The general strategy is to achieve σsyst ≪ σstat ≃ σFinite V to then increase V

Outlooks
• Working on accurate spectral reconstruction for zero-momentum isovector

vector spectral density at σ = Mπ = 270 MeV
• Systematic errors need to be studied more in depth
• Isovector axial and isoscalar vector channels will be studied
• Compare ρ̄σ with data by smearing experimental ρ [Alexandrou et al. 2022]

Thank you for your attention!
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Systematic Errors (Theoretical Aspects)
• We can estimate the systematic error [MS et al. in prep]

σ
(1)
syst(E∗) = ρσ(E∗)− ρ̄σ(E∗) =

∫ ∞

E0

dE

δ(1)σ︷ ︸︸ ︷[
δσ(E ,E∗)−

∑
t

gt(E∗)C (t)

]
ρ(E )

by means of a new reconstruction with the smearing kernel δ(1)σ

• We can reconstruct σ(1)
syst as σ̄

(1)
syst and define an improved estimator

ρ̄(1)σ (E∗) = ρ̄σ(E∗) + σ̄
(1)
syst(E∗)

• We can iterate this procedure; if we use the same regulator, we obtain

σ̄
(n)
syst = CTW−1 (1 − AW−1)n f ,

ρ̄(n)σ = CTW−1
[
1 −

(
1 − AW−1)n+1

]
WA−1f

where
∣∣∣σ̄(n)

syst

∣∣∣ < ∣∣∣σ̄(m)
syst

∣∣∣, n < m, but σstat(σ̄
(n)
syst) increase with n

• We recover the non-regulated, numerically ill-defined result ρ̄(∞)
σ = CTA−1f



Systematic Errors (Numerical Aspects)

Tune λ such that e.g. σstat = 3σ(1)
syst at λ = λ∗



Systematic Errors (Other Strategies)

Tune λ such that [M. Hansen, Lupo, and Tantalo 2019]

W[λ, g ] = (1 − λ)A[g ] + λB[g ]
max
λ

W[λ, g(λ,E∗)] = W[λ∗, g(λ∗,E∗)] ≡ W[λ∗,E∗]



Systematic Errors (Upper Bound)

σsyst(E∗) =

∣∣∣∣∣
∫

dE ρ(E )

[
δσ(E ,E∗)−

∑
t

gt(E∗)bt(E )

]∣∣∣∣∣ [ρ(E ) ≥ 0]

≤ ρmax︸︷︷︸
≃ 1 in our units

∫
dE

∣∣∣∣∣δσ(E ,E∗)−
∑
t

gt(E∗)bt(E )

∣∣∣∣∣ ≡ σMAX
syst (E∗)



Vector Correlator: Multi-Level

• C (t) = 1
3

∑3
k=1⟨Vk(t)Vk(0)⟩

• Nf = 2, a ≃ 0.065 fm, Mπ ≃ 270 MeV, MπL ≃ 4.3 [Dalla Brida et al. 2021]

• δσ(E ,E∗) =
1√

2πσ2 e
− (E−E∗)2

2σ2

• At fixed regulator (and σsyst), smaller σstat for larger n1
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