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Muon Anomalous magnetic
moment



The anomalous magnetic moment of the muon

- The magnetic moment (for charged leptons)

p . " Radiative
=i Dirac Theory correction of QFT

U = gl% - S g; Is gyromagnetic ratio . - g = 2 > 8 ?é 2
] Spin =1/2

« The mag netic anomaly (deviation from Dirac value)

.
a, = (g, —2)/2

This observable can be both precisely measured experimentally and
predicted in the Standard Model, providing a stringent test of the SM.

“These quantum
fluctuations modify g”

» The first order correction (by J. schwinger)

ED,L — _
aeQ LO — a/zﬂ ~ 116 X 10 . a is fine structure constant



The anomalous magnetic moment of the muon

- E821 @BNL measurement with an error of 0.54 ppm

a;® = 116592089(63) x 107" BNL
Bennet et al, PRD73,072003 (2006) 2006
Merge with FNAL measurement .=
Fermilab
asP = | 16592089(63) x 10~ 1 10.35 ppm] ezrcr)nz|1a
,u
B. Abi et al, Phys. Rev. Lett.126,141801(2021) ®
. The theoretical calculation with SM (approved consensus) < 4.2 >
Standard Model Experimental
T Aoyama et al, Phys. Rep., 887 (2020) * 3
| | | | | | | | |

-50 0 50 100 150 200 250 300 350
] o a, x 10" - 116591810
Current discrepancy limited by:

- Experimental uncertainty: last run at FNAL and J-PARC x4 accuracy ex
— exp _ th _ ~11
» In the theoretical frame: How to calibrate Hadronic Contributions uncertainties. Aa, = a, a, =251(59) x 10




The anomalous magnetic moment of the muon

. QED corrections known up to 5 loops with related precision ~ 7 x 1071

SM _ ,QED aﬂEW n a//EIVP 4 gHLbL

d d

H H H a"P = 116584718.931(104) X 107" Acyama, Hayakawa, Kinoshita,Nio (2012)

!

« EW corrections up to 2 loops with precision ~ 107 rel. uncertainty < 1%

¢ Y.
% é Cl/]; W — 1536(1 O) X 10_11 Gnendiger, D. Stéckinger, H. Stéckinger-Kim (2013)
v
ar

. Hadronic contribution ~ 7 X 107%; the dominant theoretical uncertainty

aVP = 6845(40) x 10~ T Aoyama et al, Phys. Rep., 887 (2020)

Y.
/&
i § f f >> not calculable by pQCD <<

(b) NLO.

Data-Driven approach Lattice QCD
Main contribution: LO Vacuum Polarization estimated (Timelike domain)
rel. uncertainty 0.35% - 0.6%
y o o aILIl{VP _ aPI;O,HVP n a/l;ILO,HVP n albll\INLO,HVP +

Experiment MUonE
(Spacelike domain)



How to calculate the HVP contribution ?

Using the dispersive relation integral:

Using the optical theorem nio @ ro0 | | B L x2(1 —x) 1
Involving the total hadronic a, = — K(s) ImlIly4(s + 7€) ) K(s) = 2+ (1 — x> dx ~ o
cross section measured T Jdo 0 0 m;
experimentally at e +e -

S I ImlI, ,4(s) Is the hadronic contribution to Kernel has the lepton information !

the photon vacuum polarisation function

Alternative representation usually use in:

Data-Driven Lattice

(had. Vacuum Polarization\

0’ — QQCD

g “”Gluon

= O(1) :meqj

stjdx o [dx[ds In terms of the Euclidean space
(0% ; 0*=-¢*<0

2
4m2 S \aoco

1
a;EWP’LO = gj dx (x — DHIIHVP (Qz) o

T )y This representation would
be useful for MUonE
experiment since it is in the
space-like domain

optical theorem

s
hadrons
+ .
had. cross section

J ds K(S ) O-e+e——>hadrons(s )

2
4m:

_ “d S
fTHVP (QZ) — J SS - SQz) ﬂImHhad(S)

S0

C. Aubin, T. Blum, Phys. Rev. D, 75 (2007)
P. Boyle, L. Del Debbio, E. Kerrane, J. Zanotti, Phys. Rev. D, 85 (2012)
X. Feng, K. Jansen, M. Petschlies, D.B. Renner, Phys. Rev. Lett., 107 (2011)



Tension between Data-driven Vs Lattice QCD

I ; I ' I : I ' I : I ' I : I . I : I ]
LM20 — = |
BMW20 O
ETM18/19 | o) |
Mainz/CLS19 | o |
FHM19 | @ |
PACS19 ; @ i
RBC/UKQCD18 | ® i
BMW17 @ —'
RBC/UKQCD e E
data/lattice §]
BDJ19 HH £
J17 1 '[ 5
D — €| |.._notusedinWP20
DHMZ19 — s
KNT19 - §
WP20 —
I \ I \ I \ I | I \ I | | | I \ I | I |
-60 -50 -40 -30 -20 -10 0 10 20 30
SM 10
(@ -a_7)x10
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MUonE Experiment



MUonE Experiment (1e — ue) @CERN

It is a new experimental proposal @ CERN:

Scattering y’'s on €’s in a low Z target looks like an ideal process (fixed target
experiment) q2=t<0

It is a pure t-channel process at tree level

The M2 muon beam-line (Eﬂ ~ 150 GeV) is available at CERN - l s
Useful C.M. energy to test dominant region of a;O’HVP s~04GeV - ¢°<0.11GeV?
, . o 1LO.HVP do doy | a(t)
With ~ 3 years of data taking, a statistical accuracy of 0.35% on a,™ can dr - dr | o
be achieved
Easy selection based on the correlation of the electron and muon scattering 2unning of i *vaw]|
angles. / [—Aa(n)| @
H l’l A — A A Since it is related with
i o = I L ettty O((f) T alep(t) + ahad(t) HVP contribution of aﬂ
. e
Known from QED  To be measured
1 50 Gev 0, < 32mrad (E,> 1GeV)

0, <5 mrad

target

10



MUonE experiment - event selection

x=0.928, E = 130.7 GeV Muon beam momentum =150 GeV

@ S mnad (B Geive)
0, <5 mrad

Muon scattering angle (mrad)
N

III|IIII|IIII|IIII|I

2
A
X = 0.932|
[ E, =139)5 GeV N
1 A D O 666\‘
S o, 0.
e A2
T */
O _I | | | | I—tl | | |
0 40 50

Electron scattering angle (mrad)

i



Aa(g®) = — ReTl(g?)

MUonE experiment - measurement in the space-like momentum

Recovering the Master Formula

/
2 1
o
4HVP,LO _ _j

ImI1(g2 < 0)=0 \\’“‘ T

x> m? & X { ( 4m2\
H(x) = — 0L —1< 0 ¢—py x()=— 1—\/1——” 0<x<l

1 — x Zml%

< —0143GeV? <<. Real Experimental Range. >  0.2<x<0.93

LO,HVP

a Is given by the integral of the curve (smooth behaviour)

H

Requires a measurement of Aa;, 4 in the space-like region (t = g* < 0)

It enhances the contribution from low q2 region (below 0.11 GeV?2)

They expect to cover 87% of the alO-HVP

” with the space-like integral

lts precision is determined by the uncertainty on A4 in this region

12

taken from F. Jegerlehner. Nucl Phy proc suppl (2008)

Xpear = 0.914

Lear = — 0.108 GeV?

£ (1073 GeV?)
0 0.99 2.98 10.5 35.7 00

7 [ | I I : |




Here is our motivation !

£ (1073 GeV?)
0 0.95 2.98 10.5 30.7 00
7 | | | | l_

Finding a reliable method to fit the
) data + good extrapolation outside
data region

A very precise fitting

A fast convergence method to the
original function

It must have the same analytical
1 properties as the original function

13



Padé Approximants




Pade Approximants

Function to fit

N I / =7/ .
N OV gt gzt tgyz 5 R »+ ;
PM(Z) - - M S SRR LT :
Ryz) l4+rz+-+ryz Bl
Z ERTE—
Advantages | ° -
B = B |
— P — P -
Systematic and model-independent method SN S S —
Partial reconstruction of analytical (physical) This type of approximants are already applied successfully
properties In the context of g-2 and HVP:
Efficient approxim ation « Masjuan, Peris (2009) arXiv:0903.0294 [hep-ph]
. . « Masjuan (2012) arXiv:1206.2549v2 [hep-ph]
Possible to provide a convergence error . Golterman, Maltman, Peris (2014) arxiv:1405.2389 [hep-lat]

« Aubin, Blum, Chau, Golterman, Peris, Tu (2017) arXiv:1701.05829 [hep-ph]
« Masjuan, Sanchez-Puertas (2017) arXiv:1601.03071 [hep-lat]

15



Padé Approximants

To construct the PAs
(matching with Taylor coetf.)

Stieltjes function QStieltjeS
(0) = P(0), -0
]{(O) — P,(O) ﬁ f(Z) — d¢(l/l) ﬁ f(Z) = AO(had(l‘)
. . ’ Convergency is Jo 1 + zu Useful for us o <t<0
f (0) = P"(0), guaranteed
: To ensure that poles are

N
L

g

f(m+n)(()) — p(n”l+n)(()) . real and t-positive axis

Coefticients “g;” and “r;” of the

| Padé's approximant can be obtained - We can use the convergence theorem to bound the function

from the Taylor's coefficients (;) | PI®) < PAD < ... < Aayyy < ... < PXD) < P
using the above relationships

16



Method & simulations




Using a toy model|

l Pseudo Data

A phenomenological and ChPT. model proposed by
Greynat and de Rafael was used (JHEP 05 (2022) 084 - arXiv:2202.10810 [hep-ph])

Fitting strategy - overview

8 —m @ ——17—-—r-—r-—-r-—r—rrrr—rr—rr—rr

Worke 0

(0))
. T

SN

(1 — CU) AOnag (ZE) X 105

HVP,LO _

a2 ~ 1

dx (1 —x) Aoy 4[1(x)]

X - variable limits are [0.2,0.93] divided in 30 bins

data points are the mid-value of each bin

Fitting:)(2 minimisation
Conditions in the Padé approximants:
Only real positive poles

No poles between [0,1]

No cancelations between zeros and poles

Other constraints come from the Taylor series
reproduction and change of variable from “¢” to “x”

18


https://arxiv.org/pdf/2202.10810.pdf

An example of Padé's approximant (dataset without errors)

First we can consider a data point set without uncertainties just to see the behaviour of the Padé approximant

Example: Padé Approximant (2 dofs) 7050 - 'l S ' !
| | a,™ = 6991 x 107", (0.02%)
aP = 6933 x 10711 (0.9%) 7020} ., fhalvalue -
S e R We compute a weighted
a,t 4 =-912GeV2  (0.7%) X S = average for the final value
o 6990F e - HLO (1 /ni s frte
l —a,t 0= 1489GeV-  (15%) :ﬁ _ S o of a, " (weights N)
> ok /
= X T 3 l /
Y ]t .
6960} y . - :
2 — -3 1 1
b, mp% 2 22, Jdof = 1.18 x 10 . // . o - H
> . | pvalue=1 S [' Py ® Py Aamodel]_ q-O-HVP computed using
L—x+bymyx ¢ N ! L
6930 — 3 4 5 6 7 8 o the parametrisation used

No. parameters

« The fitting functions for the two sequences proposed (P% and P]]\,\”rl )
can be obtained in the same way (results in the right plot)

19

by the MUonE team
1 M

2 = t

5 4aM AM?* M 1
log >

Aa/@ad(t)=k<__—_+(—2+———>
9 3t 3t 3t 6 /1_4TM 1+ /1=

t

G. Abbiendi, 2022, (arXiv:2201.13177 [physics.ins-det])



Results with realistic errors



Fitting with realistic errors - Data generation

- 1000 toy data sets were generated

8 1 1 1 1
- 30 data points equally spaced in the interval [0.2,0.93] in x-variable .
- Central value for each data point come from gaussian distribution "
with error ranging: (0.7% - 6.7%) =
. aEartial _ a/znodel X 6
- Selecting data sets: 7, < 1 %; e = preoee 3 :
. c'le;ILO = 69913(2) x 107! using the partial evaluations, as we E .
expected for our final prediction. <C]S 4
£
| L
- Monte Carlo analysis of the fits for each Padé = 2
approximant S |
- fits with y*/dof < 0.5 or y*/dof > 1.5 and -
p — value < 10~ are not considered (()).O

- PAs obtained were used to extrapolate the whole region L

21



PAs with realistic errors - Results

aﬁIVP,LO % 1011 XQ/dOf p-value Theoretical uncertainty : aEVP’LO x 1011 x? /dof p-value
‘ : P 6937 + 3 1.237018 973
P} 6938713 1.00551  0.485 PN ph) ; - -0.19
P2 -095+23 | OQid 16 0.445 E Nlmax TIN lmax P; 702718 1.00+0.16  0.475
L "’J—rg% ' ' ' i = > P2 6979117 1.031016  0.450
By 698075 1.05+0.16  0.394 P} 70004+15  1.06+0.17 0.356
They could be reduced by:
7PAS I — +23) 4+ ’ . ' —PAs 11 +17
a,” x 10 6991 (—21>Stat + (23 . Increasing the number of a,” x 10" = 6990 (_15)Stat T (15)y, <
data sets
S L e - lowering the uncertainties frenEEeE
—e— Pl 1
! of each data set
o+ P2
® P12
o —o— P;
than the ones awaited in the MUonE
o P .
—eo— ¥ 2y
o—+— Final value :.:""Considering a gaussian distribution with"‘:_: S T L
errors between 0.14% and 1.3% in the
e Ao R data set generation =~ el | Acmoa
L | L | L |
6900 5950 2000 =050 6900 6950 7000 7050
gHVPLO o o1l aEVP’LO x 101
1)
—model 1 _ —model 1 _
amdel x 10 = 6980 + (13),, + (17)y amdel x 10" = 6978 + (3),, = (17),,

22



D-Log Pade approximants



D-Log Pade approximants

Consider the following function:

Advantages respect to Padés |
f(z) = A®®) FB(z) y€R

. |t is useful to reproduces not only ( —2)
poles but also cuts or branch points o | |
o . et a new function applying
of the original function logarithm and derivative
- Faster convergence d y
. . F(z) = —Inf(z) »
- Also model independent to find the dz (u — 2)
smgularlty pOSItIOn value and Its Get a Padé approximant P[N,N] to this new
multiplicity function and go back to original function

Dlog%(z) = f(0) exp { dzP]{‘f [F (Z)] }

Is not longer a rational approximant

24



D-Logs Padé approximants - construction

Make a Taylor series Construct a sequence Get the D-log Padé Analysing the structure of
from the toy model in =% of PAs in the D-log —  gpproximants to the =P gpproximants and propose

t-variable space original function in t a general function to fit

M
J(?) F(2) Dy (?)
Making change z{‘ﬁf\’“ a;t’
f variabl ~ MM — "~
[ — X ofvarable _ f(s) = DM(r) = f(0)

(1 = DNy — DN

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
Py
P L 4

0 ZM_NHai(mz x%/x — 1)

DY) =

* o*
--------------------------------------------------------------------------------------------------------

Fitting function

25



D-Log Padé approximants - Preliminary Results

- Results and Convergence without error

7050 ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! ! ! ! | ! !

» Simulations with error (working in progress) _ _

L S L - .

HVP,LO 11 2 :O 6950 _ ’.— ) _

au X 10 nen‘ x /dOf ‘>_< [ /// ]

D! 683831  (2.20%) 4.0x 107 S e |

D 00962 o« (005%) 188 <10 > 09007 o )
D5  6966.63  (0.37%) 8.66x 10~ ; | » -

D5  6994.49 (0.03%) 1.21 x 10712 6850 * it (i
D;  6993.16  (0.011%) 9.18 x 101 _ Di.1

D}  6993.50  (0.016%) 1.56 x 10~1¢ 800 e e e e,
2 3 4 9 6 /

N° parameters

26



D-Log Padé approximants - Preliminary Results

090 r—7FT——F——T 717
' N 7050 | e o |
B \, D%H -

7020} L _

— .

— : . i
= _ TR . _
< r TS~ 9 gosol 0 T 1

- -

8 6990 //,/ ””‘ —

I

m 2 L /// I‘/

6960 // II -
. , I
/
_ /// III)[ ® PJ]VV " P]]\T\H_1 * AOﬂmodel J 1
-/ i
6930 @ .
2 3 4 S § { 3 9

No. parameters
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Conclusions



Outlook & Conclusions

a/fIVP discrepancy between E821+FNAL results and SM predictions reached the 4o level

Hadron vacuum polarisation contribution is the dominant source of theoretical uncertainty
different methods required to allow independent cross-checks

 time-like dispersive approach: the most precise up to now

» a growing tension between data-driven and lattice is emerging

- space-like dispersive approach and MUonE experiment proposal: promising, provided

theoretical and experimental systematics are kept under control at the level of 107>

Different fitting methods also could provide a better accuracy and precision

Padé approximants or even the Dlogs approximants can be a good alternative to fit the
MUonE experiment data in the future.
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Time-like
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Model parametrisation used by MUonE team

Physics-inspired from the calculable contribution of lepton-pairs and top quarks at t<0

4M
2 1—\/1—7

log

3t 6) 4M AM
\/ e 1+\/ s

5 4M|(4M2 M 1

2 = A(X.,a [ :k ey | = oy
i ey 0~ 3 '\ 372

M with dimension of mass squared, related to the mass of the fermion in the vacuum polarization loop
k depending on the coupling a(0), the electric charge and the colour charge of the fermion

Ref: Giovanni Abbiendi arXiv:2201.13177v1 [physics.ins-det]



https://arxiv.org/abs/2201.13177v1

Model Greynat and De Rafael

4
m
[F(s)|” = > 2p 2T(5)2
Aay.4[g°] = T1(g?) [~ d Im () o = mp T
a = = s
had q q q )i S(S—q2+i€)
) 3/2 3/2 |
res) = —2" | [ 1 Ay ocs — 4m?) +— 1 M\ s — am?
V= 06712 Ry § = amy) 2 0y (s = dm;)
I, s) = —— (1 2" (1rwr 2 @(s,5,,A) | 65 — 4m? _' 0\ |
m (s) = —( 1-— 5 +Z,qi (5,5, A) | O(s — 4m2) arctan(S_ASC)—arctan<4m”A_Sc>

O(s, 5., A) =

SRS

T t 4m7%_sc
— — ar n
> darcta A




