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 Discovery of   and the prospects for other  statesT+
cc QQ′ qq′ 

• Doubly-heavy tetraquarks are promising candidates for long-lived exotic tetraquarks 
•   observed in 2021 by LHCb ccd̄ū

• Where should experiments look to find more such states? 
• What does theory tell us?

Other possible   states:  and  QQ′ qq′ bbūd̄ bcūd̄

Nat. Phys. 18, 751–754 (2022)

See June 5 plenary by E. Spadaro Norella 
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Lattice QCD

<latexit sha1_base64="dB3UG2CpEhkfd53bLJf/Rbohbcw="></latexit>Z
DAµD D f( , , Aµ)e

�SEuc.

• Currently the only known non-perturbative technique to study QCD systematically using  
high performance computing 

• Uses Monte-Carlo importance sampling to perform the integral in Euclidean space 
 
 

• Calculations done at a finite lattice spacing and finite volume. 
 
 

analytic  
continuation 

Lüscher’s 
Formalism

& extensions

<latexit sha1_base64="MIvv+D9MQ3qR+aEubDV/MrwMdWE=">AAACK3icbVDLSsNAFJ34rPVVdekmWIS6KYkUdVkU1I1QwT6gKWUyvW2HTiZhZlIsIR/gx4hb/Q5Xils/wD9wkmZhWw8MHM65987huAGjUlnWh7G0vLK6tp7byG9ube/sFvb2G9IPBYE68ZkvWi6WwCiHuqKKQSsQgD2XQdMdXSV+cwxCUp8/qEkAHQ8POO1TgpWWuoVi5KRHomtfgFQ3AoDHjofVkGAW3cUleRLrKatspTAXiZ2RIspQ6xZ+nJ5PQg+4IgxL2batQHUiLBQlDOK8E0oIMBnhAbQ15dgD2YnSHLF5rJWe2feFflyZqfp3I8KelBPP1ZNJTDnvJeJ/XjtU/YtORHkQKuBk+lE/ZKbyzaQZs0cFEMUmmmAiqM5qkiEWmCjd38yl3pgGMkv9OI2tO7LnG1kkjdOyfVau3FeK1cusrRw6REeohGx0jqroFtVQHRH0hF7QK3ozno1349P4mo4uGdnOAZqB8f0L+rep0A==</latexit>

M(s)

FV 
Spectrum

Scattering 
amplitudes 

The time dependence of two point 
correlation functions gives discrete 
energy levels that depend on the 

volume of the lattice

Map the discrete energy levels to 
the scattering amplitudes that can 

be compared with experiments
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What does LQCD tell us?

    bbūd̄ 0(1+)

States well below threshold

Surely bound and numerous 
calculations have been performed 
using LQCD - assuming not 
substantial finite volume effects - a 
reliable claim for deeply bound 
states with heavy quarks

These states may be discovered in future, but the energies might be too 
high for current experiments to reliably explore  

B* B*

B B

Leskovec et al. (2019)

Hudspith and Mohler (2023)
Mohanta and Basak (2020)

Ebinding (MeV)

Hudspith et al. (2023)

    bbūs̄ 0(1+)

B*s B*s

B B
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States near threshold

   ccūd̄ 0(1+)

 
 
Exploring tetraquarks with bottom and  
charm may be accessible to experiments  
Motivates the study of  
but significant finite volume effects possible - 
close to threshold

bcūd̄

Lattice had seen indications of a bound state 
- later discovered by LHCb! 

Junnarkar, et. al.

Junnarkar et al. (2019)

Need to find the poles in the scattering amplitude to extract 
(virtual) bound poles: Padmanath et al. Phys.Rev.Lett. 129 (2022) 

Other recent lattice studies confirm 
the presence the bound state:

D* D*

D D

Lyu et al. arXiv.2302.04505  
Chen et al. j.physletb.2022.137391

−9.9 MeV

MeV

Nat. Phys. 18, 751–754 (2022)
M

eV

What does LQCD tell us?
See June 7 plenary by S Prelovsek

https://doi.org/10.48550/arXiv.2302.04505
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States near threshold

   bcūd̄ 0(1+)

B* B*

D D

Infinite volume scattering 
amplitude was not 
extracted

Conclusive evidence 
of bound state not 

reached

Hudspith et al. Phys. Rev. D 102, 114506

Mienel et al. Phys. Rev. D 106, 034507 

 
 

 
Need more such studies  
of   bcūd̄

Tetraquarks with charm and 
bottom can be currently 
accessible to experiments - 
theoretical predictions can 
help in such searches!

What does LQCD tell us?
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• MILC ensembles NF=2+1+1 HISQ action. 
• valence quarks were implemented using an 

overlap action ( ). 
• the evolution of the bottom quark was studied 

within a non-relativistic QCD framework. 
•  at the physical point and light quark 

mass is varied

u, d, s, c

b, c, s

Lattice details

Exact isospin symmetry 

<latexit sha1_base64="bWP4Qz4uyIzRMy79Ik4kXSYUEWo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh5LvXisYD+gu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc3878zhNVmknxYCYJDWI8FCxiBBsrtf0GG/pZv1xxq+4caJV4OalAjma//OUPJEljKgzhWOue5yYmyLAyjHA6LfmppgkmYzykPUsFjqkOsvm1U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66UmugkyJpLUUEEWi6KUIyPR7HU0YIoSwyeWYKKYvRWREVaYGBtQyYbgLb+8StoXVe+qenlfq9QbeRxFOIFTOAcPrqEOd9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNhho8D</latexit>

n

<latexit sha1_base64="bWP4Qz4uyIzRMy79Ik4kXSYUEWo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh5LvXisYD+gu5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc3878zhNVmknxYCYJDWI8FCxiBBsrtf0GG/pZv1xxq+4caJV4OalAjma//OUPJEljKgzhWOue5yYmyLAyjHA6LfmppgkmYzykPUsFjqkOsvm1U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66UmugkyJpLUUEEWi6KUIyPR7HU0YIoSwyeWYKKYvRWREVaYGBtQyYbgLb+8StoXVe+qenlfq9QbeRxFOIFTOAcPrqEOd9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNhho8D</latexit>n<latexit sha1_base64="ftY/+YiEvbsIVkMM1fFsJ495Sqc=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scy0g3YjFN24cFHBPqCdlkyatqGZZEgyQhkKbvwVNy4UcetPuPNvTNtZaOuBJIdz7k1yTxAxqrTjfFtLyyura+uZjezm1vbOrr23X1MilphUsWBCNgKkCKOcVDXVjDQiSVAYMFIPhtcTv/5ApKKC3+tRRPwQ9TntUYy0kTr2YU2wOCTwEt62i2YveOY4g16pXezYOSfvTAEXiZuSHEhR6dhfra7A5jauMUNKNV0n0n6CpKaYkXG2FSsSITxEfdI0lKOQKD+ZzjCGJ0bpwp6QZnENp+rvjgSFSo3CwFSGSA/UvDcR//Oase6V/ITyKNaE49lDvZhBLeAkENilkmDNRoYgLKn5K8QDJBHWJrasCcGdH3mR1Ap59zzv3Xm58lUaRwYcgWNwClxwAcrgBlRAFWDwCJ7BK3iznqwX6936mJUuWWnPAfgD6/MHyz6UaA==</latexit>

V olume = L3 = 243 � 483

<latexit sha1_base64="WtWP+pBKJiUhO7YpcmPVNKSQvVo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4sSSlajdC0Y3LCvYBTSiT6aQdOjMJMxOhhG7c+CtuXCji1n9w5984abPQ1gMXDufcy733BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0U3mtx+IVDQS93ocE5+jgaAhxUgbqWcfoSun7JzX4Bl0ym4FehzpoeSpB0M+6dklY04BF4mbkxLI0ejZX14/wgknQmOGlOq6Tqz9FElNMSOTopcoEiM8QgPSNVQgTpSfTr+YwBOj9GEYSVNCw6n6eyJFXKkxD0xndqSa9zLxP6+b6LDmp1TEiSYCzxaFCYM6glkksE8lwZqNDUFYUnMrxEMkEdYmuKIJwZ1/eZG0KmX3oly9q5bq13kcBXAIjsEpcMElqINb0ABNgMEjeAav4M16sl6sd+tj1rpk5TMH4A+szx8sopXf</latexit>

a = 0.058� 0.12 fm
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 overlapstime-evolution

<latexit sha1_base64="kQXxaKPykCs/4rUZzHaQC8IWQ7U="></latexit>

C(t) =
X

n

e�EntZf
nZ

i
n

at large times they are dominated by 
the ground state

8

The time dependence of Euclidean two point correlation function gives the energy,

Adding a complete set of states,

<latexit sha1_base64="+nLe2H/4d/Jbumv8UBh4VmI2n6s="></latexit>

C(t) = h0|⌦f (t)⌦
†
i (0)|0i

Optimized 
Operators

<latexit sha1_base64="bxhCrR/yk5sYQwpjytgllYDOE2o=">AAACH3icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh6EXw0Ar2A5o2TLbbduluEnY3hRL6T7z4V7x4UES89d+4bXPQ1gcDj/dmmJnnR5wpbdtTK7O2vrG5ld3O7ezu7R/kD4/qKowloTUS8lA2fVCUs4DWNNOcNiNJQficNvzh3cxvjKhULAye9DiibQH9gPUYAW0kL19yK4L2oeMCjwbgJQ9uxCb4BrsqFh7DI29hdBh2BegBAZ5UJh7z8gW7aM+BV4mTkgJKUfXy3243JLGggSYclGo5dqTbCUjNCKeTnBsrGgEZQp+2DA1AUNVO5v9N8JlRurgXSlOBxnP190QCQqmx8E3n7Ei17M3E/7xWrHvX7YQFUaxpQBaLejHHOsSzsHCXSUo0HxsCRDJzKyYDkEC0iTRnQnCWX14l9YuiUypePl4WyrdpHFl0gk7ROXLQFSqje1RFNUTQM3pF7+jDerHerE/ra9GasdKZY/QH1vQHRoejJQ==</latexit>

⌦↵
K⇡ =

X

i

vi↵Oi

 best linear 
combination of the 

basis to 
interpolate a 
specific state

<latexit sha1_base64="YSmCyYO5eu3Xt7arWOMc2YaSCKU="></latexit>2

64
C(t)00 C(t)01 . . .

...
. . .

C(t)N0 C(t)NN

3

75 va = �a(t, t0)

2

64
C(t0)00 C(t0)01 . . .

...
. . .

C(t0)N0 C(t0)NN

3

75 va

<latexit sha1_base64="71H8rdUuBidPTXmCxJLjAAPpiDc=">AAACN3icbVDLSgMxFM34rO+qSzfBIijYOiNFXRZFcKlgtdCpw51MakMzD5I7xTL0M/wYcasf4cqduPUPTNtBfB0IHM45N7k5fiKFRtt+sSYmp6ZnZgtz8wuLS8srxdW1Kx2nivE6i2WsGj5oLkXE6yhQ8kaiOIS+5Nd+92ToX/e40iKOLrGf8FYIt5FoCwZoJK+450oTDsBzQSYd2MZd9Owd6moRUn6TlU+/jPLQGHjFkl2xR6B/iZOTEslx7hU/3CBmacgjZBK0bjp2gq0MFAom+WDeTTVPgHXhljcNjSDkupWNPjagW0YJaDtW5kRIR+r3iQxCrfuhb5IhYEf/9obif14zxfZRKxNRkiKP2PihdiopxnTYEg2E4gxl3xBgSphdKeuAAoamyx83BT2R6Hzru/HapiPndyN/ydV+xTmoVC+qpdpx3laBbJBNsk0cckhq5Iyckzph5J48kifybD1Yr9ab9T6OTlj5zDr5AevjE9SyrHQ=</latexit>

�↵(t, t0) ⇠ e�E↵(t�t0)

<latexit sha1_base64="/KlKez7SF6SlDyjOvXZsRMEUZLs="></latexit>

Zi
↵ = h0|⌦†

i |↵i
†

Extraction of the energy spectrum
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<latexit sha1_base64="+nLe2H/4d/Jbumv8UBh4VmI2n6s="></latexit>

C(t) = h0|⌦f (t)⌦
†
i (0)|0i

 overlaps
time-evolution

<latexit sha1_base64="kQXxaKPykCs/4rUZzHaQC8IWQ7U="></latexit>

C(t) =
X

n

e�EntZf
nZ

i
n

To get the energies we need operators 
 that can interpolate a state n and 
has less overlap with other states

Ω†
i

<latexit sha1_base64="/KlKez7SF6SlDyjOvXZsRMEUZLs="></latexit>

Zi
↵ = h0|⌦†

i |↵i

at large times they are dominated by the 
ground state

But we can do better!

†

Extraction of the energy spectrum
<latexit sha1_base64="7xSWlXORRJKyPATJeZ8GZZo8BCo="></latexit>

a�meff = ln
C(t)

C(t+ 1)
� ln

Cthr.(t)

Cthr.(t+ 1)

PREMILINARY
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 (x)

<latexit sha1_base64="hsL1kxPywtNBVNq5MHHQelPXWkg=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VIFUoiRV1J0Y3LKvYBTSiTyaQdMnkwMxFL2n9w46+4caGIWzfu/BsnbRdaPXDhcM693HuPmzAqpGl+aYWFxaXlleJqaW19Y3NL395piTjlmDRxzGLecZEgjEakKalkpJNwgkKXkbYbXOZ++45wQePoVg4T4oSoH1GfYiSV1NMP7URQY3Q/gufwBlagLWgIbRwLI8jFI2h7hElkBJVKTy+bVXMC+JdYM1IGMzR6+qftxTgNSSQxQ0J0LTORToa4pJiRcclOBUkQDlCfdBWNUEiEk01+GsMDpXjQj7mqSMKJ+nMiQ6EQw9BVnSGSAzHv5eJ/XjeV/pmT0ShJJYnwdJGfMihjmAcEPcoJlmyoCMKcqlshHiCOsFQxllQI1vzLf0nruGqdVGvXtXL9YhZHEeyBfWAAC5yCOrgCDdAEGDyAJ/ACXrVH7Vl7096nrQVtNrMLfkH7+AZVAJvw</latexit>

 (|x| > R) ⇠ cos(k|x|+ �(k))

<latexit sha1_base64="CiN/hsGTjFDeVIZS4QZlMd09+54="></latexit>

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R

Two particles in an infinite 
volume interacting through a 

finite potential

in finite 
volume with 

periodic 
boundary 
conditions

<latexit sha1_base64="+PgLnehfH2/1aiPQfvvjemQQh58="></latexit>

�L

2

<latexit sha1_base64="hMmi7+NXU3jY3YJ/cKL5eyAJYEE="></latexit>

L

2

Constrains for 
the wave-

function at the 
boundary  

<latexit sha1_base64="ygsArwPfGpTm+8k7GB4hIjn9BXs="></latexit>

 (L/2) =  (�L/2)
<latexit sha1_base64="4D2uTFOxzj+hZOt3XIXVtvv0lgM="></latexit>

 0(L/2) =  0(�L/2)

discrete 
momenta

phase shift 

phase shift 

<latexit sha1_base64="jdFxoYdfNzuiWzYiE2xCifRtWb4="></latexit>

k =
2n⇡

L
� 2�(k)

L

Finite volume “scattering”

<latexit sha1_base64="3x0Gn5kJgEzpzYmwGaNnTTmoSpo="></latexit>

det
⇥
F�1 +M

⇤
= 0

Lüscher’s condition
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 tetraquarks from LQCDb̄c̄ud 0(1+)

Preliminary Finding: 
A finite volume state below threshold is seen (indicates an attractive interaction) - have to 
do a finite volume analysis to examine the scattering amplitude that can be compared with 

experiments

Example of the finite volume spectra extracted in this calculation for the finest lattice 
we use where the discretization effects are minimal

PREMILINARY
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A state below threshold is seen 
consistently for all volumes in the five 
different pion masses — indicates an 

attractive interaction

mπ ∼ 500 MeV mπ ∼ 600 MeV mπ ∼ 700 MeV mπ ∼ 1000 MeV mπ ∼ 3000 MeV

[100][-100]
[100][-100]

Extract the scattering amplitudes

Finite Volume Spectra

PREMILINARY
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Extracted phase shift

PREMILINARY

•Non-trivial quark mass dependence and lattice spacing dependence is see that 
needs to investigated further. 

• Currently extracting the scattering amplitudes to find poles.  
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•Doubly-heavy tetraquarks are promising candidates for long lived exotic states 
in QCD. 

• Lattice QCD can play an important role in these searches by predicting their 
masses. 

• The   which was discovered in 2021 - is a good example of such searches. 

•Our preliminary findings suggest the possibility of an attractive 
interaction between a  and  meson. 

•Hope this will motivate experimental searches in the future! 

T+
CC

B * D B* B*

D D

Summary

mπ ∼ 500 MeV mπ ∼ 600 MeV mπ ∼ 700 MeV mπ ∼ 1000 MeV mπ ∼ 3000 MeV

[100][-100]
[100][-100]

<latexit sha1_base64="cLQivWeqZO4f7Lgkr8FxahHpZLU=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8co5gHJEmYnvcmQ2dllZlYIS/7AiwdFvPpH3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ66Ga9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07JhuAtvrxMmmdV77J6cX9eqd3kcRThCI7hFDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8teDkM4fwB87nD57EjW8=</latexit>

{State below 
threshold

PREMILINARY


