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HQCD = ∫ d3x [ψ† (−iα ⋅ ∇ + βm) ψ +
1
2 (𝒥−1/2Π𝒥 ⋅ Π𝒥−1/2 + B ⋅ B) − gψ†α ⋅ Aψ] + HC

HC =
1
2 ∫ d3x d3y 𝒥−1/2ρA(xx)𝒥1/2K̂AB(x, y; A)𝒥1/2ρB(y)𝒥−1/2

DAB ≡ δAB∇ − gfABCAC

𝒥 ≡ det(∇ ⋅ D)

ρA(x) = fABCAB(x) ⋅ ΠC(x) + ψ†(x)TAψ(x)

K̂AB(x, y; A) ≡ ⟨x, A |
g

∇ ⋅ D
( − ∇2)

g
∇ ⋅ D

|y, B⟩ .

the Hamiltonian



8

Glueballs
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c(Λ)

ΔE < Λ ΔE > Λ

Hggg K(1)V4g

Glueballs

|JM; η⟩ =
1

2
( |JM; λ, λ′ ⟩ + η |JM; − λ, − λ′ ⟩)

|JM; λ, λ′ ⟩ =
1

2(N2
c − 1)

2J + 1
4π ∫

d3k
(2π)3

ψ(k) DJ*
M,λ−λ′ (ϕ, θ, − ϕ) Π a†(k, λ, A)a†(−k, λ, A) |0⟩



E∫
k2dk
(2π)3

|ψi(k) |2 = ∫
k2dk
(2π)3

2ω(k) |ψi(k) |2 +
NC

2 ∑
i

∫
k2dk
(2π)3

q2dq
(2π)3

ω(k)
ω(q) [ 4

3
V0 +

2
3

V2] |ψi(k) |2 −
NC

4 ∫
k2dk
(2π)3

q2dq
(2π)3

(ω(k) + ω(q))2

ω(k)ω(q)
ψ*i (q)Kij(q, k)ψj(k)

E∫
k2dk
(2π)3

|ψi(k) |2 = ∫
k2dk
(2π)3

2ω(k) |ψi(k) |2 +
NC

2 ∑
i

∫
k2dk
(2π)3

q2dq
(2π)3

ω(k)
ω(q) [ 4

3
V0 +

2
3

V2] |ψi(k) |2 −
NC

4 ∫
k2dk
(2π)3

q2dq
(2π)3

(ω(k) + ω(q))2

ω(k)ω(q)
ψ*i (q)Kij(q, k)ψj(k)

Glueballs
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Glueballs



12

Hybrids
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Hybrids

+ ...
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Hybrids
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Ψjg;ℓmℓ
(k, q) = χjg(k) φℓ(q)Yℓ,mℓ

( ̂q) .

Kqφ + ∫ χ*Kg χ ⋅ φ + ∫ χ*Vχ ⋅ φ = Eφ

Kg χ + ∫ φ*Kqφ ⋅ χ + ∫ φ*Vφ ⋅ χ = Eχ

Hybrids

Hartree-Fock-type method
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Hybrids

Hartree-Fock-type method
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Hybrids

Hartree-Fock-type method
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MeV

H1 H2 H3 H4 αq βg

Hybrids
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MeV

H1 H2 H3 H4 αq βg

Hybrids

?
?

≈
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Hybrid Flavour Mixing
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Huds =

m + Ann Ann Ans 𝒜(0)
n

Ann m + Ann Ans 𝒜(0)
n

Ans Ass m + Δm + Ass 𝒜(0)
s

𝒜(0)
n 𝒜(0)

n 𝒜(0)
s Mgb

.

Hiso =

m 0 0 0
0 m + 2Ann 2Ans 2𝒜(0)

n

0 2Ans m + Δm + Ass 𝒜(0)
s

0 2𝒜(0)
n 𝒜(0)

s Mgb

.

☞

Mixing

|uū⟩ |dd̄⟩ |ss̄⟩ |gg⟩

truncate sums over glueballs
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Mixing

ℓ = 0; S = 1; H1 only

[gFf ] = ∫
d3q

(2π)3
4παV(q) ϕℓ=0(q)

Aff′ =
1

mf mf′ ∫
k2dk
(2π)3

d3q
(2π)3

d3q′ 

(2π)3
Ψf(k, q)Ψ*f′ (k, q′ )k2V(k) BJ

=
Ff Ff′ 

8mf mf′ ∫
k2dk
(2π)3

| χ1(k) |2 k2V(k) BJ .

"octet decay constant, F"

Ψ ψ
ΨΨ
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Mixing
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Mixing

LGT assumptions are validated
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Vector-Hybrid Vector Mixing
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ℋ1S = − ig

84 MeV2/mq, ρ

190 MeV2/mc, J/ψ
225 MeV2/mb, Υ

≈ − i
210 MeV, ρ
60 MeV, J/ψ
20 MeV, Υ

.

ℋn = − i
g
m

2 4π
3 ∫

d3q
(2π)3

k2dk
(2π)3

k
ω(k)

Ψ*(k, q)ψn(q + k /2) .

ℋ ≡ ⟨qq̄g | ig∫ ψ†α ⋅ Aψ |qq̄⟩

Vector-Hybrid Vector Mixing

ℋNRQCD ≈ 170 MeV (J/ψ)

ℋNRQCD ≈ 70 MeV (Υ) .

Hybrid configuration content of heavy S-wave mesons,  
[MILC] T. Burch & D. Toussaint, Phys. Rev. 68, 094504 (2003).
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Vector Hybrid Production/Decay Constant
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δH =

m1 ℋ1S

m2 ℋ2S

m3 ℋ3S

m4 ℋ4S

m5 ℋ5S

m6 ℋ6S

ℋ1S ℋ2S ℋ3S ℋ4S ℋ5S ℋ6S MH

.

Vector Hybrid Production/Decay Constant
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fH =
1
MH

∑
n≠H

Mn f (n)
V Cn Cn = ⟨nS |H1(1−−)⟩

fH1(1−−) ≈ 20 MeV .

f (n)
V =

3
Mn ∫

d3k
(2π)3

ψ (n)( ⃗k) 1 +
mq

Ek
1 +

mq̄

Ek̄ (1 +
k2

3(Ek + mq)(Ek̄ + mq̄) ) .

Vector Hybrid Production/Decay Constant
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Phenomenology
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Phenomenology

lattice hybrid masses vs quark mass
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Phenomenology

lattice hybrid masses vs quark mass
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Phenomenology

lattice hybrid masses vs quark mass
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Phenomenology

lattice hybrid masses vs quark mass



37

Phenomenology

lattice hybrid masses vs quark mass
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Phenomenology

lattice hybrid masses vs quark mass

 M. Ablikim et al. [BESIII], Phys. Rev. Lett. 129, no.19, 192002 (2022) 

η1(1855)
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Phenomenology

Phys.Rev. D76 (2007) 092005 [3]  
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Conclusions
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Conclusions

-a reasonable approximation to lattice glueball and hybrid spectra is obtained 
(clearly room for improvement)

-hybrid flavour mixing is roughly reproduced (except for 1--)

-hybrid-vector mixing is roughly reproduced

-the constituent picture looks to be a good starting point for detailed modelling;
it has the benefit of being a well-constrained, unified description of hadrons and 
their interactions
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Conclusions

- vector hybrid near 2100 w/ decay constant ~ 20 MeV

- partner states at 2100-2250 and 2220-2350.

- with a  expect partner states at 1750-1780 and ~1900 (near the ).π1(1600) η1(1855)



~thank you~
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