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Introduction  
 3D structure of  the nucleon 
• Mellin moments —> charges, form factors and spin  
• Direct computation of  GPDs 

Conclusions

Outline

. 2

Relevant for interpreting and providing input for on-going and future experiments

CERN



 Understanding the 3D-structure of  the nucleon from its fundamental 
constituents, the quarks and the gluons,  is major goal of  nuclear 
physics and a key aim of  on-going experiments and the future EIC 
                                                                           
Lattice QCD can contribute towards this goal - many recent 
developments to compute Mellin moments but also directly parton 
distributions

3D structure of  the nucleon

3
EIC white paper, arXiv:1212.1701  

Studies in lattice QCD since the 1980s 

1D

3D

both the form factors and 
the PDFs are fully 
encoded  within GPDs 



Light-cone matrix elements cannot be computed using a Euclidean lattice formulation of  QCD  

Expansion of  light-cone operator leads to a tower of  local twist-2 operators —> connected to moments that                                   
can be computed in lattice QCD

Computation of  Mellin moments of  GPDs

4
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q(x)f1(x,μ2)

g1(x,μ2)

h1(x,μ2)

Twist-2 PDFs

Forward matrix elements give moments of  PDFs
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unpolarized
! hxn

iq =

Z 1

0
dx xn [q(x)� (�1)nq̄(x)]

Õ
µ1...µn =  ̄�5�

{µ1iDµ2 . . . iDµn} 
helicity
! hxn

i�q =

Z 1

0
dx xn [�q(x) + (�1)n�q̄(x)]

O
⇢µ1...µn

T =  ̄�⇢{µ1iDµ2 . . . iDµn} 
transversity

! hxn
i�q =
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0
dx xn [�q(x)� (�1)n�q̄(x)]

q = q# + q", �q = q# � q", �q = q| + q?
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q(x)

Off-diagonal matrix elements yield moments of  GPDs or the generalised form factors (GFFs)
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Twist-2 PDFs
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hxiq = A20(0), hxi�q = Ã20(0), hxi�q = AT
20(0)
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and Jq = 1
2 [A20(0) +B20(0)] =

1
2�⌃q + Lq

Spin and momentum sums:
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q

⇥
1
2�⌃q + Lq

⇤
+ Jg = 1

2 ,
P

qhxiq + hxig = 1
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q(x)

Special cases: n=1,2 for the nucleon 
‣ n=1: τ=0 —> charges gV,   gA,  gT 
                        —> form factors:  
‣ n=2: generalised form factors: 
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A10(⌧) = F1(⌧), B10(⌧) = F2(⌧), Ã10(⌧) = GA(⌧), B̃10(⌧) = Gp(⌧)
<latexit sha1_base64="qaWC58JVGqbXYZedsiBLXhdkaNQ=">AAACUXicbVFJSwMxGP067q3LuNy8BItQQcpMEfXocvFYwWqhU0omk7HBzGLyjVCG/kUPevJ/ePGgmE57qK0PAo/3vpflxU+l0Og4HyVrYXFpeWV1rVxZ39jcsrd37nWSKcZbLJGJavtUcyli3kKBkrdTxWnkS/7gP12P/IcXrrRI4jscpLwb0cdYhIJRNFLP7l/28oYzrHlIs6Nj4j1nNCBX09pYup6TPBQy4OS//MSa3sbr2VWn7hQg88SdkOrFXlig2bPfvCBhWcRjZJJq3XGdFLs5VSiY5MOyl2meUvZEH3nH0JhGXHfzopEhOTRKQMJEmRUjKdTpRE4jrQeRbyYjin09643E/7xOhuF5NxdxmiGP2figMJMEEzKqlwRCcYZyYAhlSpi7EtanijI0n1A2JbizT54n9426e1o/uTVtnMAYq7APB1ADF87gAm6gCS1g8Aqf8A0/pffSlwWWNR61SpPMLvyBVfkFdWqzCg==</latexit>

A20(⌧), B20(⌧), C20(⌧), Ã20(⌧), B̃20(⌧)
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⌧ 6= 0

For off-diagonal matrix elements we obtain moments of  GPDs or the generalised form factors (GFFs)
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Simulations of  lattice QCD
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Simulation of  gauge ensembles {U}:

Wilson-type

Staggered
Domain wall

<latexit sha1_base64="qnRwmnUFqfAG3UhhnFpE9Vl0SPU="></latexit>

P [U ] =
1

Z

0

@
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f=u,d,s,c

Det(Df [U ])

1

A e�SQCD[U ]

Physical point ensembles 



Simulations of  lattice QCD
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Simulation of  gauge ensembles {U}:

Wilson-type

Staggered
Domain wall

• B-ensemble: 643 x 128, a~0.08 fm 
• C-ensemble: 803x160, a~0.07 fm 
• D-ensemble:963x192, a~0.06 fm

ETMC ensembles
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1
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Physical point ensembles 



Systematics & Challenges
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 Discretisation effect: Continuum limit    
 —> need simulations for at least 3 lattice spacings

 Finite volume effects: Infinite volume limit                                                     
—> need simulations for at least 3  volumes

 Simulations directly at the physical point   
  Systematic effects from chiral extrapolation are eliminated

Typically done using simulations for heavier 
than physical values of  the pion mass

 In what follows we assume isospin symmetry i.e. up and down quarks have equal mass, and 

neglect EM effects 



gV = h1iu�d

gA = h1i�u��d

gT = h1i�u��d

First Mellin moments

10

• gV= 1 
• gA= 1.2723     0.0023          reproduce 
• gT= 0.53    0.25   M. Radici and A. Bacchetta. PRL 120 (2018) 192001

± ☞
±

 Moments for n=1,2 are readily accessible in lattice QCD 

 Computation of the low Mellin moments has a long history     G. Martinelli and Ch. Sachradja Phys. Lett. B217 (1989) 319 

 Only recently we have results directly at the physical point (i.e. simulations with mπ ~ 135 +/-10 MeV)

Nucleon isovector charges

(1) Lattice QCD results on gA consistent with experimental value
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Mainz19
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Radici

Kang

Goldstein

Pitschmann

gu°d
T

Only connected contributions 
 Use three gauge ensembles generated using physical values of  the light, 
strange and charm quarks: 

• B-ensemble: 643 x 128, a~0.08 fm 
• C-ensemble: 803x160, a~0.07 fm 
• D-ensemble:963x192, a~0.06 fm 

Obtain the tensor charge for the first time in the continuum using only 
physical point ensembles 

Nucleon isovector (u-d) tensor charge

Continuum limit 
directly at physical 
pion mass

Precision results on the isovector tensor charge - input for phenomenology e.g. JAM3D-22 analysis 
Phys.Rev.D 106 (2022) 3, 034014, arXiv:2205.00999 
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https://arxiv.org/abs/2205.00999


Evaluate both connected and  disconnected contributions 
Obtain flavor diagonal  tensor charge for the first time in the continuum 
using only physical point ensembles - input for phenomenology

Flavor diagonal tensor charge

12
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Only calculation in the continuum limit directly at the physical point

(2)  Precision era of lattice QCD for first Mellin moments including flavor diagonal 



Perform a similar analysis for the scalar charge - important input for direct dark matter searches

Nucleon scalar charge and σ-terms (preliminary)
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Scalar charge is also directly related to the nucleon σ-terms or quark content
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Only calculation in the 
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Second Mellin moments
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Momentum fraction carried by quark - 
best measured 

<latexit sha1_base64="PVyjxm57x9lt4gU7hWT0vl99Cv0="></latexit>

hxiq = Aq
20(0)

<latexit sha1_base64="VDC/8GL0G0B3NDQcoy3gEz+OA80="></latexit>

Jq =
1

2
[Aq

20(0) +Bq
20(0)]

 Quark unpolarised moment 

Gluon unpolarised moment

 Equivalent expression for gluon 

Field strength tensor 

Nucleon momentum sum verified

<latexit sha1_base64="lxEM0wRiMGb1HKGeC7rY5NjT8ho="></latexit>P
qhxiq + hxig = 1.04(12)



Momentum and spin sums
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�⌃q+(µ
2) =

Z 1

0
dx

⇥
�q(x, µ2) +�q̄(x, µ2)

⇤
= gqA

 Axial charge determines intrinsic spin carried by each quark

C. A. et al. (ETMC) Phys. Rev. Lett. 119, 142002, 1909.00485  
C. A. et al. (ETMC) Phys.Rev.D 101 (2020) 9, 094513, 2003.08486 

(3)  Nucleon spin sum verified - lattice QCD 
solves a 30 year puzzle
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Lq = Jq � 1
2�⌃q
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Jq,g = 1
2 [A

q,g
20 (0) +Bq,g20(0)]
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q Jq + Jg = 0.48(7)

https://arxiv.org/abs/1909.00485
https://arxiv.org/abs/2003.08486
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xu+d = 0.601(28), xs = 0.059(13), xc = 0.019(05), and xg = 0.52(11)
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Lattice (this work)

Phenomenology [43]

(NLO+NLL double Mellin)

Phenomenology [44]
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MS scheme at 2 GeV

C. A. et al. (ETMC), Phys.Rev.Lett. 127 (2021) 25, 252001, arXiv: 2109.10692
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Nucleon transverse quark spin densities
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Compute twist-two matrix elements of  the chiral-even 
unpolarized and chiral-odd transversity generalized form 
factors and Fourier transform to impact parameter space 

For the first we extrapolate to the continuum limit using 3 
gauge ensembles directly at the physical pion mass



Moments of  transverse density distributions (isovector)
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Contours of  the first moment (n=1) of  the probability density, as a function of  bx and by
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Large effect due to 
B10 (Sivers effect)

M. Diehl and Ph. Hägler,  Eur. Phys. J. C44 (2005) 87, hep-ph/0504175



Transverse density distributions (isovector)
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Contours of  the second moment (n=2) of  the probability density, as a function of  bx and by
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Distortion is milder than for n=1 due to the milder dependence of  A20(t) compared to A10(t)

transversely polarized 
quarks in an unpolarized 
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unpolarized quarks in 
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polarized nucleon

transversely polarized 
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a transversely 
polarized nucleon

transversely polarized 
quarks in 
a perpendicularly 
polarized nucleon



New era of  direct computation of  x-dependencne of  parton 
distributions

21



High energy scattering processes: Factorization into a hard partonic subprocess, calculable in perturbation theory, and 
a universal non-perturbative parton distribution 

Generalised Parton Distributions (GPDs)

• D. Mueller et al., Fortschr. Phys. 42, 101 (1994)  
• A. V. Radyushkin, Phys. Lett. B380, 417 (1996), hep-ph/9604317 
• A. V. Radyushkin, Phys. Lett. B385, 333 (1996), hep-ph/9605431 
• A. V. Radyushkin, Phys. Rev. D56, 5524 (1997), hep-ph/9704207  
• X. Ji, Phys. Rev. Lett. 78, 610 (1997), hep-ph/9603249. 
• X. Ji, Phys. Rev. D55, 7114 (1997), hep-ph/9609381 
• X. Ji, J. Phys. G24, 1181 (1998), hep-ph/9807358

GPDs are light cone matrix elements 
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Direct computation of  GPDs

z0=tz- z+

z3

X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Define spatial correlators e.g. along z3 and boost nucleon state to large 
momentum 

z0=tz- z+

z3

matching 
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• Match to the infinite momentum frame using the matching kernel computed in 
perturbation theory (large momentum effective theory - LaMET)
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Overview of  results from different approaches
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K. Cichy, arXiv:2111.04552

Reviews 
‣ M. Constantinou et al., “Snowmass”, 2202.07193 

‣ X. Ji,  Y. Liu, J.-H. Zhang,  Rev. Mod. Phys. 93, 035005 (2021), 2004.03543 

‣ M. Constantinou et al. (2020) 2006.08636 

‣ K. Cichy and M. Constantinou, Adv.High Energy Phys. (2019) 3036904,1811.07248 

‣ H.-W. Lin et al. Prog. Part. Nucl. Phys. (2018) 100, 107, 1711.07916

https://arxiv.org/abs/1811.07248


Computation of  quasi-PDFs

25

X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Compute space-like matrix elements for boosted nucleon states and take the large boost limit 

Renormalise non-perturbatively, Z(z,μ) 
Need to eliminate both UV and exponential divergences 

• Match using LaMET Perturbative kernel
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Direct computation of  PDFs (and  GPDs)
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X. Ji, Phys. Rev. Lett. 110 (2013) 262002, arXiv:1305.1539

• Compute space-like matrix elements for boosted nucleon states and take the large boost limit 

Isovector (u-d)

<latexit sha1_base64="yJBeiFkpjGNkCYYlwSUliWJ/s5k="></latexit>

�0 unpolarised

� = �5�3 helicity

�3i, i = 1, 2 transversity

Renormalise non-perturbatively, Z(z,μ) 
Need to eliminate both UV and exponential divergences 

• Match using LaMET Perturbative kernel
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State-of-the-art results on helicity

JAM-17

C.A. et al. (ETMC) Phys. Rev. Lett. 121, 112001 (2018)  

(4) Parton distribution functions can be computed directly in lattice QCD

See talk by M. Constantinou



Computation of  quasi-PDFs
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X. Ji, Phys. Rev. Lett. 110 (2013) 262002 [arXiv:1305.1539]

• Compute space-like matrix elements for boosted nucleon states and take the large boost limit 

Isovector (u-d) and isoscalar (u+d) connected

Isoscalar (u+d) disconnected, s and c
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�0 unpolarised

� = �5�3 helicity

�3i, i = 1, 2 transversity

Gluon

Renormalise non-perturbatively, Z(z,μ) 
Need to eliminate both UV and exponential divergences 

• Match using LaMET Perturbative kernel
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Helicity distributions

C.A., G. Iannelli, K. Jansen, F. Manigrasso, Phys. Rev. D 102 (2020) 9, 094508, arXiv:2007.13800
C. A., M. Constantinou, K. Jansen, F. Manigrasso, Phys. Rev. Lett. 126 (2021) 10, 102003, arXiv:2009.13061 

• Computation at the physical point is currently on-going



Calculate the matrix elements of  a spin-averaged nucleon for two gluon fields connected by a Wilson line 

Use Wilson flow to reduce ultraviolet fluctuations  

Pseudo-PDF approach with pion mass 358 MeV

Unpolarized gluon PDF

29

T. Khan, et al.  (HadStruc Collaboration) Phys. Rev. D 101 (2021) 094516, 2107.08960

μ=2 GeV

- Preliminary



Compute space-like matrix element with different initial and final nucleon boosts in the Breit frame

Generalised parton distributions

30
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 Rest of  the steps are the same as for quasi-PDFs: i.e. renormalise, take the Fourier transform and match 
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MS� scale

First studies for pion and nucleon GPDs 
                               J.W. Chen, H.W. Lin, J.H. Zhang, Nucl. Phys. B 952, 114940 (2020), 1904.12376   

                                                                                       C. A. et al., Phys.Rev.Lett. 125 (2020) 26, 262001, 2008.10573          
                                                                                          H.-W. Lin, Phys. Rev. Lett. 127, 182001 (2021), 2008.12474 
                                                                                          H.-W. Lin, Phys. Lett. B 824, 136821 (2022), 2112.07519 
  
 

Reduces to the matching kernel for ξ=0 
Does not depend on Q2

X.Ji et al., Phys.Rev. D92 (2015) 014039 
X.Xiong, J-H. Zhang, Phys.Rev. D92 (2015) 054037  

Y-S. Liu et al., Phys.Rev. D100 (2019), 034006  



First results on helicity GPD
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323 ⇥ 64 a=0.0938(3)(2) fm mN = 1.050(8) GeV
L = 3.0 fm m⇡ ⇡ 260 MeV m⇡L ⇡ 4.0

(5) GDPs can be computed directly in lattice QCD

C. A. et al., Phys.Rev.Lett. 125 (2020) 26, 262001, 2008.10573  



(1) Lattice QCD yields precision results on e.g. nucleon axial charge, form factors, etc -  reproduces benchmark 
quantities  

—> Precision era of  lattice QCD: A number of  accurate results with controlled systematics on less known quantities provide valuable 
input for searches of  new physics, e.g nucleon scalar and tensor charges including flavor diagonal, strangeness, … 

(2) Lattice QCD provides insights on the distribution of  spin among the quarks and the gluons in hadrons using 
Mellin moments, computes accurately strangeness etc 

—> yields insights into the QCD dynamics 

(3)Theoretical developments are enabling direct computation of  GPDs and TMDs 

 —>Direct computation of  PDFs, GPDs and TMDs probing the 3D structure of  hadrons is a very active field Lattice QCD provides 
essential input to searchers beyond the standard model 

(4) Many other results are emerging, such as properties of  resonances and exotics,  phase diagram of  QCD and 
nuclear equation of  state, muon g-2, etc (see a number of  talks at this meeting)

Conclusions
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Backup slides



 Important to probe large ts values keeping error approximately the same to reliably eliminate contributions 
from excited states

Extraction of  isovector tensor charge 
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B-ensemble: 643 x 128, a~0.08 fm

C-ensemble: 803 x 160, a~0.07 fm

D-ensemble: 963 x 192, a~0.06 fm

on-going


