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Black hole thermodynamics

• Hawking radiation: Thermal emission of particles from a BH at  T =
~H

2⇡kB

[Bekenstein 72; Bardeen, Carter, Hawking 73; Hawking 74]

Black holes in their stationary phase behaves as 
thermodynamical systems:

0th law: the surface gravity κ is constant on the 
horizon.
1st law:                                                          

2nd law:               
3rd law: the surface gravity value κ = 0 (extremal 
BH) cannot be reached by any physical process.

�M =
H

8⇡G
�A+ �H �Q+ ⌦H �J

<latexit sha1_base64="zpHh4B73hM2sFdlzOgP+FfaxJxw="></latexit>

�A � 0

<latexit sha1_base64="U1AivJjYyA/i8AbT7z35HiWeyAI="></latexit>
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Semiclassical 
result 

Bekenstein-Hawking 
entropy formula: SBH =

AkB

4G~
➥

But, in classical GR: T = 0S $ A

8⇡G~↵ , T $ ~↵H

<latexit sha1_base64="VF2jjHbaFRToR4GLqS3sISigBnc="></latexit>



The entropy puzzle

Statistical physics: entropy of any system is given by S = ln N

N = number of states of the system for the given macroscopic parameters

Where do all these DOF live?   Natural guess: On the horizon

I. Classically forbidden: no-hair th. (the horizon cannot hold any information in its vicinity)

Unique geometry of the horizon      ➥     S = ln 1 = 0

for a solar mass black holeN = eS ∼ 101077
<latexit sha1_base64="pYOo5vMGzXqdCV5LbDEDHKRHHO8="></latexit><latexit sha1_base64="pYOo5vMGzXqdCV5LbDEDHKRHHO8="></latexit><latexit sha1_base64="pYOo5vMGzXqdCV5LbDEDHKRHHO8="></latexit><latexit sha1_base64="pYOo5vMGzXqdCV5LbDEDHKRHHO8="></latexit>

II.Classically over-enhanced: plenty of soft hair = residual diffeos at boundary 
(gauge vs physical symmetry)

Infinite-dim symmetry algebra      ➥     S = 1

<latexit sha1_base64="zCgxCUjHVtTPBb8ZXX8neFwMTBM="></latexit>
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☞  Call for a quantum treatment of the gravitational DOF

Weak holographic principle:

The entropy in the 1st law is the log of the number of states of the black hole 
that can affect the exterior

➥  The horizon carries some kind of information with a density of 
      approximately 1 bit per unit area

What these bits of information represent depends on the 
deep structure of space-time

[Bekenstein; Jacobson; Perez; Rovelli; Sorkin; Smolin]

✧ The finiteness of the BH entropy hints at discreteness of space-time at the Planck scale

“It from Bits”
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Black hole singularity

I −
<latexit sha1_base64="6iDwYJxVD8ZGkiJdyP6rOssRw2o="></latexit>

I +
<latexit sha1_base64="AvPMv6WNVs+12MJ0dbd2OiSwkBo="></latexit>

r
= 2m

<latexit sha1_base64="qf0Yc2e3Rei49YVUQQQQcFcOLCM="></latexit>

i+
<latexit sha1_base64="F6YtmeNzLXonhmE/j0uxlg5qBYs="></latexit>

i0

<latexit sha1_base64="pQvJigyJ3DLLggRjBABIdfacf6E="></latexit>

r = 0

<latexit sha1_base64="6PsO8vJCSBHDwZI3pSGmWMViFxA="></latexit>

[Schwarzschild 1916] first black hole solution: 

<latexit sha1_base64="ipZAdhFTyMY3eDNxVYLIi90V8G8="></latexit>

ds2 = −�1 − 2Gm

r
�

�������������������������������������������������������
dt2 + �1 − 2Gm

r
�−1 dr2 + r2d⌦2

<latexit sha1_base64="TM0y9MVw5cW/brEaDSwz8GELfAk="></latexit>�→∞
<latexit sha1_base64="cut5vyWBJpEgKTCwl/gL2UptywY="></latexit>

r → 0

— A mathematical artifact due to the spherical symmetry —
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[Penrose PRL 1965] singularity theorem: 


Some sort of geodesic incompleteness occurs inside any black hole
whenever matter satisfies reasonable energy conditions (                            ). 

Deviations from spherical symmetry are not able to prevent the formation of singularities.

— Singularities are generic predictions of general relativity! —

Rµ⌫k
µk⌫ � 0

<latexit sha1_base64="69XJBlWv35YaY7lTaqfq4IQo7+0="></latexit>



Part I
 BH entropy

• Covariant phase space

• Canonical GR: metric variables & connections variables

• Isolated horizons: classical

• Quantum geometry: Discrete area spectrum

• Isolated horizons: quantum

• Entropy counting
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Covariant phase space

Target spacetime = Lorentzian manifold M 
with set of coordinates {xµ}

<latexit sha1_base64="T1FNv/GiyT2faywCDsLLD6qJY3A="></latexit>

Tangent space             with coordinate basisTPM

<latexit sha1_base64="AZq16n45GeIq/HSMuePK+nOoPhY="></latexit>

{@µ}

<latexit sha1_base64="mr/agUZYg0a+ooXut103dkT7Qx4="></latexit>

{dxµ}

<latexit sha1_base64="UrjdLgcwKDrylQrAv60ssYALAo0="></latexit>

Cotangent space             with natural basisT ⇤
PM

<latexit sha1_base64="R0WzhzsEH/a296G8GRDq8+A65YU="></latexit>

1. Inner product

◆ : TPM ! Linear functions on T ⇤
PM ;

⇠ 7! [◆⇠ : T ⇤
PM ! R : w 7! ◆⇠w := ⇠µ@µw]

<latexit sha1_base64="8o8xt3Fg6cLK9425EflHTunJm+c="></latexit>

◆⇠ : ⌦k(M) ! ⌦k�1(M)

<latexit sha1_base64="dVZUDvMyktRka7FxOg8225njheo="></latexit>

2. Exterior derivative d = dxµ@µ

<latexit sha1_base64="hT07sXzSfYcQS3kqY9RJfwzhrwU="></latexit>

d : ⌦k(M) ! ⌦k+1(M)

<latexit sha1_base64="2oNqmOrdPc3n3safoFSKX4sHE7s="></latexit>

Lie derivative: L⇠ = d◆⇠ + ◆⇠d

<latexit sha1_base64="6uO+npE5skkGFmFhrb4ioC3IKPk="></latexit>

Figure credit: [Compere, Fiorucci hep-th/1801.07064]
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Covariant phase space

Figure credit: [Compere, Fiorucci hep-th/1801.07064]

Collection of fields � = (�i
I)i2I

<latexit sha1_base64="I2hbDEwR1fwIMexHQo+SbyyXAkE="></latexit>

Field space (or jet space) = set {�i,�i
µ,�

i
µ⌫ , . . . }

<latexit sha1_base64="olYY61axrfrX/KOY6MX5AUZ5OXs="></latexit>

symmetrized derivatives of fields 

Cotangent space = {��i, ��i
µ, ��

i
µ⌫ , . . . }

<latexit sha1_base64="feZlFYRHG+P6gv5+wAk7OndoanQ="></latexit>

1. Variational operator

� = ��i @

@�i
+ ��i

µ
@

@�i
µ

+ ��i
µ⌫

@

@�i
µ⌫

+ . . .

<latexit sha1_base64="cQE8huCdRsODgeZpBjuaJckesQ4="></latexit>

exterior derivative on the field space� =

<latexit sha1_base64="cX5G30PHlchx9tnAZSwvSKb2pww="></latexit>

(�2 = 0)

<latexit sha1_base64="U7xhQssQ9T8VyuEnQdI1SNOnZa0="></latexit>

��i, ��i
µ, ��

i
µ⌫ , . . .

<latexit sha1_base64="Q5WSCgEeAmGcBzX+LHvD5QT9OaA="></latexit>

1-forms in field space

2. Inner product

Field space Lie derivative: �⇠ = �I⇠ + I⇠�

<latexit sha1_base64="Pyw6X+3dsEp0ktcUEFhbusgR4XU="></latexit>

field space contraction on field space forms I⇠ := IL⇠

<latexit sha1_base64="V9ydi1Ep0HwGLWUwRzK4AT4UQaI="></latexit>

X⇠ :=

Z
ddxL⇠�

i(x)
�

��i
: I⇠��

i(x) = �⇠�
i(x) = X⇠y��i(x) = L⇠�

i(x)

<latexit sha1_base64="H9t+x8Z7pIwETcqkH3hx7YyTm6c="></latexit>

Vector field on field space
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Covariant phase space

Bi-graded Cartan calculus:

[d, �] = 0, [◆⇠, I�] = 0

<latexit sha1_base64="H8QptMR+RJbScrTnc8UFpsD1f1E="></latexit>

Bigraded space of forms on field-space  

Variational bicomplex:

⌦p,q(M,J)

<latexit sha1_base64="qHIsgraEtE28LjJeKgJ9i4wx92I="></latexit>

(p, q)

<latexit sha1_base64="YOcvBCTPLwoEcHnazNzNuq9mAR4="></latexit>

-forms,= Set of

q =

<latexit sha1_base64="oWstwm/OAh6VLs1jd1O90e+2bdU="></latexit>

�

<latexit sha1_base64="vB4cwtVtrQFzsbSQ8tzchM4iZv0="></latexit>

number ofp =

<latexit sha1_base64="lqrVaBOGzKFp+Lbbuef0KuyrFfM="></latexit>

number of d,

<latexit sha1_base64="6eub865cGSmtejVrEkpUPHPakkA="></latexit>

with

Figure credit: [Compere, Fiorucci hep-th/1801.07064]
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Jet bundle = manifold with local coordinates (xµ,�i
(µ))

<latexit sha1_base64="pgjnZGkb9vkQYeZga9Fd3fzSKak="></latexit>

Section of the fiber = {�i(xµ), @µ�
i(xµ), @µ@⌫�

i(xµ), . . . }

<latexit sha1_base64="jTvF+t2cF9ZeoaF26okXImC95Pg="></latexit>

Fields = All fibers above the target manifold

� : UM ! UJ , xµ ! �i
(µ)(x

µ)

<latexit sha1_base64="LewEdVk+2FZBQz4lCr1XiAcP/A0="></latexit>

Map



• Lagrangian top-form L 2 ⌦d,0(M,J)

<latexit sha1_base64="NoN0H0Ii5zfuRRElRKsIC+3yzyk="></latexit>

EL 2 ⌦d,1(M,J),

<latexit sha1_base64="DX7pTSpqvRyiRgc3mxXagmtdOhY="></latexit>

✓L 2 ⌦d�1,1(M,J)

<latexit sha1_base64="joDZAPE2FssyWAegwDrLYHz6KjI="></latexit>

equations of motion symplectic potential 

⌦ :=

Z

⌃
�✓

<latexit sha1_base64="Qfi4gOG/+DD59HG8A5RbcW1Nsc0="></latexit>

• Symplectic form  codimension-1 hypersurface with boundary  ⌃ =

<latexit sha1_base64="FmV715y60jRK9xA8+lKcCWu9780="></latexit>

where S := @⌃

<latexit sha1_base64="akwk+jEgU37T6MrHf43i6kYLwvA="></latexit>

⌦d,0(M,J) ! ⌦d,1(M,J)� ⌦d�1,1(M,J)

L ! (EL, ✓L)

<latexit sha1_base64="oRF/tGH2zFG172nB71tE3A2ZZuo="></latexit>

[Lee, Wald 1990]; 

[Freidel, Geiller, DP 2020]

�L = d✓ � E

<latexit sha1_base64="y0PS1xz4phoqF0uD6xTreRT7Ewk="></latexit>

Unique                 s.t. : ✓ = ✓L

<latexit sha1_base64="LRJlbpuoEck9/gupJOaiiw4N3RU="></latexit>

[Anderson 1992] 

Anderson homotopy operator

(✲)

d! = �E

<latexit sha1_base64="BRRfWVWWxL/w+Id13SAsXkyDEaY="></latexit>

!

<latexit sha1_base64="ZqNQMEL7VHfeWjUWLoYSZLcK8Y0="></latexit>

(✲) ➥
 symplectic current conserved on-shell 


 symplectic current independent of ⌃

<latexit sha1_base64="CPEtgBonJ0SJoCvisb7mkcStTtI="></latexit>

For first order Lagrangians: E = ��i

✓
@L

@�i
� @µ

✓
@L

@µ�i

◆◆
✏, ✓ := ��i

✓
@L

@@µ�i

◆
✏µ

<latexit sha1_base64="Lz/MLukMneOicfwZ0nNizBwDAog="></latexit>

Volume form ✏µ = ◆@µ✏

<latexit sha1_base64="AER6ELYO8z1ewE33ZL70Y2g98Sc="></latexit>

On-shell

where symplectic flux associated with @t⌦t =̂ �F⇠ $ ⌦t � ⌦0 =̂⌦�t

<latexit sha1_base64="BpR/pT/khiBjQEcnVr0o/4arG/0="></latexit>

F⇠ :=

Z

S
◆⇠✓

<latexit sha1_base64="ZInN2QncGwn8cUOqYZRGyu6HUQg="></latexit>

⇠ = @t

<latexit sha1_base64="QIJj7xgV+Z9tPd4SQyTxC3oauvs="></latexit>
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Uniquely determined for a given Lagrangian and a choice of field coordinates

j⇠ := I⇠✓ � ◆⇠L = C⇠ + dq⇠

<latexit sha1_base64="Z6K8ZT4X2p88QE3jbbuKHMxfIys="></latexit>

2. Noether current conserved on-shell:

Q⇠ =

Z

S
q⇠, dq⇠ =̂ I⇠✓ � ◆⇠L

<latexit sha1_base64="T3CvHs+DXdR5p11G51C+mGnglo4="></latexit>

Noether charges for local gauge symmetries = corner charges on-shell ➥

Noether theorems 

�I⇠⌦ = �

✓Z

⌃
C⇠

◆
+ �Q⇠ � F⇠

<latexit sha1_base64="+HDXU/yP6oD6zror37yHKPre1n0="></latexit>

• Fundamental canonical relation:

➥ When F⇠ = 0

<latexit sha1_base64="7FUHsXR36mefOixYP4DrU88B3hs="></latexit>

the Noether charge is the Hamiltonian charge 

Canonical generator of symmetry:Q⇠ =

<latexit sha1_base64="YHr2jI8du4vJtU1beyCiWNXj8p0="></latexit>

⌦(�⇠, ��) := I�I⇠⌦ =̂ �⇠Q� = {Q⇠, Q�} = �Q[⇠,�]

<latexit sha1_base64="eJQjxvRsVGX3tyhr8/x3ChgCqDo="></latexit>

I⇠E = dC⇠

<latexit sha1_base64="Bnax3rFIB/BBLMCEqxQ3ru9r4O0="></latexit>

1. For each gauge symmetry there exists a constraint which vanishes on-shell: C⇠ = ⇠µGµ
⌫✏⌫

<latexit sha1_base64="zRSGcHhDCg/mC6Z+LYvwAYQaTtQ="></latexit>

with

• Canonical boundary condition BL : ✓
�
= 0 $ F⇠ = 0 , 8 ⇠ k �

<latexit sha1_base64="5zYOVkDM6Fe+BiPlH3QHO410HlY="></latexit>
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[Freidel, Oliveri, DP, Speziale 2021]

Q0
⇠ �Q⇠ =

Z

S
(◆⇠`� I⇠#), F 0

⇠ � F⇠ =

Z

S
(�◆⇠`� �⇠#)

<latexit sha1_base64="0bBokJTMzemiiWdSkex/kD3hcEw="></latexit>

• Shifted charge and flux:

Changing the Noetherian split  

` =

<latexit sha1_base64="Tjws0Psg8uD4rWfRRrElOhRBe7w="></latexit>

Boundary Lagrangian # =

<latexit sha1_base64="VYi3brb4l5zkOGe87oPcBuT/9pI="></latexit>

Corner symplectic potential

L

<latexit sha1_base64="GXFlq1015Zg6awe202l8GEy/rJE="></latexit>

L0 = L+ d`

<latexit sha1_base64="on+dmz8Nj7hEyvC61ucEUKo7hJ0="></latexit>

andLet us consider !

<latexit sha1_base64="5LngarDArblPcKk3a/gEYG8PR2k="></latexit>

Boundary EOM

✓0 � ✓ = �`� d#| {z }

<latexit sha1_base64="DojghzPMQyKZ6FdxwLZ72+rZhHA="></latexit>

[Freidel, Geiller, DP 2020]

⌦0 = ⌦�
Z

S
�#

<latexit sha1_base64="EwVEXX71X5mjt6riUyZw8WBGaQE="></latexit>

!

<latexit sha1_base64="5LngarDArblPcKk3a/gEYG8PR2k="></latexit>

Choice of Lagrangian related to a choice of canonical boundary conditions 

Choice of Lagrangian related to different representations of the corner symmetry algebra

In general, for a given     , stationarity of the action requires the boundary condition:L

<latexit sha1_base64="GXFlq1015Zg6awe202l8GEy/rJE="></latexit>

[Iyer, Wald  1994]; [Harlow, Wu 2019]

✓
�
= dC � �`

<latexit sha1_base64="5/s9K3rOFCmfl0p5TyviJHW6p+8="></latexit>

Local codim-2 form on �

<latexit sha1_base64="VvYNY+esj9ao2Q/woZRtkJQLBLI="></latexit>

A general boundary condition is canonical when ➥ !

<latexit sha1_base64="5LngarDArblPcKk3a/gEYG8PR2k="></latexit>

C = #

<latexit sha1_base64="66Hbg2/hzl1hMbYQfqCTSJgQsIo="></latexit>

BL0
: ✓0

�
= 0

<latexit sha1_base64="GXEI1ul6OD5kFq87GtP7ijvgUGE="></latexit>
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Canonical GR
Metric variables

 = 16⇡G

<latexit sha1_base64="an97Jc0MnkpAWEOpQLziNnX386U="></latexit>

✏ :=
p
|g| d4x

<latexit sha1_base64="rTcTbolN0LWjeVG7S0qiVdCStGs="></latexit>

GR Lagrangian:

extrinsic curvature of ΣRicci scalar of Σ

LGR[g̃, n] :=
1


✏
⇣
R̃� (K̃2 � K̃µ⌫K̃µ⌫)

⌘

<latexit sha1_base64="Zxf4u6CsSgEwIcGOl8rGiXjry0A="></latexit>

⌃t
<latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit><latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit><latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit><latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit>

Spatial diffeomorphism constraint = Conservation eq. : r̃µP̃
µ⌫ = 0

<latexit sha1_base64="bEEQ0geJl8mUrtXEXztcwqe6h2g="></latexit>

Upon foliation of spacetime   in terms of 
space-like three dimensional surfaces      , the 
phase space of GR is parametrized by the 
canonical coordinates 

⌃t
<latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit><latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit><latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit><latexit sha1_base64="pDLyBx1LX/4YBxPDOxn7c70OJB4="></latexit>

M
<latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="39h5TOSTbJVfBZ94/778Z4rQXhw="></latexit><latexit sha1_base64="M9I/yOmnRMxvi8Iq+YuXt6VsKYo="></latexit><latexit sha1_base64="M9I/yOmnRMxvi8Iq+YuXt6VsKYo="></latexit><latexit sha1_base64="J05/OhbZpSaxQifvPHDDnxu0m98="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit><latexit sha1_base64="zM5kYF9S//W5IDCQl4YGyNDhIeY="></latexit>

⇥GR =
1



Z

⌃
✏̃(K̃g̃µ⌫ � K̃µ⌫)| {z }

:=P̃µ⌫

�g̃µ⌫

<latexit sha1_base64="7FRGflngIU/pEnFnsnIRbfKkJdE="></latexit>

⌃

<latexit sha1_base64="YSabqSZr2qgOACOi8ndzW1eH9Yo="></latexit>

S

<latexit sha1_base64="jHfBLDU3+m5GGVPfQZS7YJjGGiQ="></latexit>

n

<latexit sha1_base64="tKxOt0Kqc95qCtouuF0nwUqAEME="></latexit>

s̃

<latexit sha1_base64="UMSzSD7OzOp4j45aMlBQjjmYNyE="></latexit>

�

<latexit sha1_base64="rXjBbTw3n+9ayZf1DnxLLuT/xuc="></latexit>

⇠µs̃µ
S
= 0

<latexit sha1_base64="I1FLoNAVxX3lItlrvk78zS9x9xc="></latexit>

Nnµ

<latexit sha1_base64="x53LONoW5E3E6nx9Hph82jw8opA="></latexit>

tµ

<latexit sha1_base64="sls0pHmpO1GxN3KZ9d8RckoAMD8="></latexit>

Nµ

<latexit sha1_base64="5Pp2cSpB9q/2TRBL8OnnMJRbq2I="></latexit>
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• Hamiltonian charges:  Diffeomorphisms within Σ and tangent to the boundary sphere S  

smeared vector constraint of canonical gravityH
⌃
GR[⇠] := �

Z

⌃
⇠µr̃⌫ P̃

µ⌫ =̂ 0

<latexit sha1_base64="+f1HQwMR8YKJ8USc1RupJyuiMWs="></latexit>

H
S
GR[⇠] :=

Z

S

p
q s̃µ⇠⌫ P̃

µ⌫

<latexit sha1_base64="bj1ieQGPggaea950q1YmblxExjI="></latexit>

Brown–York charge

HGR[⇠] =H
⌃
GR[⇠] +H

S
GR[⇠] ,

<latexit sha1_base64="MBOFpYpD+k1ftr0JQLd9nhzyhnE="></latexit>

�I⇠⌦GR = �HGR[⇠] ,

<latexit sha1_base64="DITPeXzbqd0bfLs+97zzWrgJXhQ="></latexit>



“Fundamental” potential capturing the bulk canonical DOF which are common to any formulation of GR:⇥GR =

<latexit sha1_base64="Aq2illk+pOUvi2gvZDsHhO8iyTo="></latexit>

�LF/GR + d✓F/GR = ✓F − ✓GR , ⇥F/GR = �
S
✓F/GR

<latexit sha1_base64="MVG0ECZD5LT/vRtZNKphlqacYD0="></latexit>

⇥F/GR =

<latexit sha1_base64="npSBU0zPLE7RrHq29clZK1DCtNY="></latexit>

corner symplectic potential →

<latexit sha1_base64="v0DoPt9LDqF8IBtNwtKUWMHtHKk="></latexit>

Different set of corner charges and non-trivial 
representation for different components of  gS

<latexit sha1_base64="tg0jjeVpczFwi87IVm/ownZTY7I="></latexit>

F

<latexit sha1_base64="IQP/DzezLj7NqS4pQ6ER3fKVgg0="></latexit>

Any other formulation     can be understood as ⇥F = ⇥GR +⇥F/GR − �(�)

<latexit sha1_base64="Tyh76Rhd3jdlZv2Z7yaRqurI+5A="></latexit>

Corner algebra non-trivially represented in all formulations of gravitygSGR = di↵(S)

<latexit sha1_base64="bXKavc8FAph79hzF+ulK7F3S+x4="></latexit>

⇥GR !

<latexit sha1_base64="QckATkmZ+zPqpV3s27ZLjM99Rl4="></latexit>
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Canonical GR
Connection variables

Ei := ✏ijke
j ^ ek

<latexit sha1_base64="YA0G2qkym2Or6R0epmumfxHEnTs="></latexit>

densitized triad Ai := �i + �Ki

<latexit sha1_base64="MZPkxjcrpK41wzCZ7aV4q0L9bKU="></latexit>

Ashtekar-Barbero connection

Ki := !0i

<latexit sha1_base64="Q57r4LgTP89XwiFgSWg6oda7XXU="></latexit>

= extrinsic curvature of Σ , and �i = �1

2
✏ijk!jk

<latexit sha1_base64="qMXwVpnDAnR2MKQcNNkkACtaICQ="></latexit>

= spin connection: d�ei = 0

<latexit sha1_base64="Tl8c5O5X/ZppyEXS7XJPsaroWyI="></latexit>

where

•  Time gauge: e0 = n

<latexit sha1_base64="/GF2n1icLt3FAAVDux7VcFeO/MY="></latexit>

set of three 1-forms defining a frame at each point in Σ : g̃ab = eiae
j
b�ij

<latexit sha1_base64="/n4dhvmP/9YAt/Er9SVXLZoyyi0="></latexit>

Triad indices ei, i = su(2)

<latexit sha1_base64="Sn+PuP0jLGDyE0NVN/QkYGctfUw="></latexit>

solution of Cartan’s structure equations 

F IJ = d!IJ + !I
K ^ !KJ

<latexit sha1_base64="Y4PMbdwOmHSoHfFwPMB04q+lWic="></latexit>

Lorentz connection !IJ = �!JI

<latexit sha1_base64="lXfXjlPWUoGn21jPPy6X5dUNBJw="></latexit>

I = 0, i

<latexit sha1_base64="2T2kmNtgwFdHFw+z14fLGqUu2gY="></latexit>

i = 1, 2, 3

<latexit sha1_base64="/P+J8A4MKj1DU4SH37FfSm+j8Xc="></latexit>

and internal Lorentz indices 

R4

<latexit sha1_base64="LWZIElFBVqIOgb+6XsWr3xFbxco="></latexit>

-valued  1-formseI =

<latexit sha1_base64="DIRBPgAkckCtB10Lw73ew6a2+wg="></latexit>

Tetrad coframe field 

(⇤M)IJ = 1
2✏IJ

KLMKL

<latexit sha1_base64="ryEk25WUWXp1jaKZcScQNOPWnzM="></latexit>

duality operation: 

� =

<latexit sha1_base64="mk+bQtXXByohIHDY3KWLunCo12c="></latexit>

Immirzi parameter

EIJ [e] := (⇤+ 1

�
)(eI ^ eJ)

<latexit sha1_base64="n3oK7ifqMy4HZKrsCtZgPZfkzF8="></latexit>

• Einstein–Cartan–Holst Lagrangian: LECH[e,!] =
1


EIJ [e] ^ F IJ [!]

<latexit sha1_base64="3q/SPAR2tcUZkmHPdv/qhuPSsqc="></latexit>
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GR = background independent SU(2) gauge theory (partly analogous to SU(2) Yang-Mills theory)

⇥ECH =
1

�

Z

⌃

Ei ^ �Ai

<latexit sha1_base64="KFH1QDKZgpjaguz71wpoFzHDgjc="></latexit>

{Ea
j (x), A

i
b(y)} = ��ab �

i
j�(x, y)➥

{eia(x), e
j
b(y)} =

�

2
�ij✏ab�

2(x, y)

<latexit sha1_base64="GwtLFnqGll1jJEvR0ab1TIYa+VQ="></latexit>

Corner symplectic structure

Important implications for 
entropy DOF interpretation 

Palatini variable: Imply the Poisson 
brackets of the ADM phase space 

Bulk symplectic structure

{Ea
i (x),K

j
b (y)} = �ab �

j
i �

3(x, y)

<latexit sha1_base64="zAELAlJVD+eJW5wmF8hvDHHrQpY="></latexit>

⇥ECH =

Z

⌃

Ei ^ �Ki+
1

�

Z

@⌃
ei ^ �ei

<latexit sha1_base64="g/SxqJxZOttcorHfvHciBAgR0BE="></latexit>

H = NaV
a(Ea

j , A
j
a) +NS(Ea

j , A
j
a) +N

i
Gi(E

a
j , A

j
a)

Hamiltonian
System of 7 first class constraints 
for the 18 phase space variables 

2 physical DOF☞internal rotations with parameterG(↵) = ↵idAE
i = 0 ,

<latexit sha1_base64="ahJh2HoUCpPJpEVYLFb3iQtxHVY="></latexit>

↵i 2 su(2)

<latexit sha1_base64="HE5fFX7TlNL287+hDPLaKeBhNUE="></latexit>

spatial diffeomorphisms generated byV (⇠) = (◆⇠F
i(A)) ^ Ei = 0

<latexit sha1_base64="pjPQFxLs1uLHoE//WpdP05M/tNY="></latexit>

⇠ 2 T (⌃)

<latexit sha1_base64="kSmCLtjbY952msusUg+7Gkrf/Po="></latexit>
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P I := �✏IJKLn
LKJ ^ eK ! EI ^ �KI = PI ^ �eI � 1

2
�(eI ^ PI)

<latexit sha1_base64="lZJ1CgEpJNVZf3CmnvPQ+7vgrWc="></latexit>

Using

⇥ECH = ⇥GR +⇥ECH/GR � 1


�

✓Z

⌃

✏̃K̃

◆

<latexit sha1_base64="O4v2jW2mkbGTgLwTGlxtUHRHYgU="></latexit>

,

<latexit sha1_base64="qv9U0/Ei5uUhn7CCgI1a+mUXlxQ="></latexit>

⇥ECH/GR =
1

�

Z

S
ei ^ �ei

<latexit sha1_base64="XK9T86loVsNcHFqgZzr+VP0vDkY="></latexit>

⇥GR =

Z

⌃
Pi ^ �ei

<latexit sha1_base64="CavOyb3fQLDWpktstm0SXd1iyJQ="></latexit>

,

<latexit sha1_base64="qv9U0/Ei5uUhn7CCgI1a+mUXlxQ="></latexit>

⇥ECH ! gS
ECH

= di↵(S) i su(2)S

<latexit sha1_base64="MsW/O1HMs1GwMc0ie3D2VDPTcOo="></latexit>

LECH = LGR + dLECH/GR ,

<latexit sha1_base64="umYJ/QCd0TVTILQ3omHb3lzMPRk="></latexit>

LECH/GR = � 1



⇣
⇤ (e ^ e)IJ ^ d!n

InJ +
1

�
eI ^ d!e

I
⌘

<latexit sha1_base64="AkSupLVwQFEraxErXqiyrQnCq7I="></latexit>

H
S
ECH

[⇠] =
1

2

Z

S
◆⇠!IJE

IJ =

Z

S
⇠i P

i +
2

�

Z

S
⇠i de

i

<latexit sha1_base64="U+PNHzNjHcJHTh/D8VYSXxj3Rw4="></latexit>

⇠i = ◆⇠ei

<latexit sha1_base64="PCDOURtVH9V4VIfuCFDQGmfgsD4="></latexit>

with
,

<latexit sha1_base64="qv9U0/Ei5uUhn7CCgI1a+mUXlxQ="></latexit>

H
⌃

ECH
[⇠] = �

Z

⌃

⇠id�P
i

| {z }
=V (⇠)

=̂ 0

<latexit sha1_base64="nqloZQ4BwNuGg7lG55kWYEhDj8w="></latexit>
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HECH[⇠] = H
⌃

ECH
[⇠] +H

S
ECH

[⇠]

<latexit sha1_base64="EMcsyExRs6DA+plrMSCpqrwcz24="></latexit>

• Spatial diffeo charges: �I⇠⌦ECH = �HECH[⇠] ,

<latexit sha1_base64="x97v9C6ul751AW3oXBfui3U/enk="></latexit>

H
S
ECH

[↵] =

Z

S
↵iEi

<latexit sha1_base64="FXcfcbkYZpeAjBjOFltt+GuWW48="></latexit>

H
⌃

ECH
[↵] = �

Z

⌃

↵idAEi =̂ 0 ,

<latexit sha1_base64="PVV8oHy1Z8JZvRQEUY4r/bqLlOk="></latexit>

�↵E
i = [E,↵]i

<latexit sha1_base64="F9G/LeiqlA4ey7TAIfC5I6qnH7c="></latexit>

with

• Internal SU(2) charges: HECH[↵] = H
⌃

ECH
[↵] +H

S
ECH

[↵]

<latexit sha1_base64="b5C60jxKU1sbiDZppdAoIbagJqQ="></latexit>

�I↵⌦ECH = �HECH[↵] ,

<latexit sha1_base64="p5lFkEYgKW0Bg/nk6D6/PFT7Y/M="></latexit>

= G(↵)

<latexit sha1_base64="KrXf4Cn5wd9OlauTFVwGP0b3gAY="></latexit>

|{z}

<latexit sha1_base64="dh+hSeHi+EWnWILZE0QbfIFWx1Q="></latexit>



Quasi local definition of BH
Isolated Horizons

3) !

<latexit sha1_base64="VhJUPXQt8AsucGAxw1onu7V4IGU="></latexit>

I. 2-sphere cross-section As is constant in time 

II. L`qµ⌫ = 0

<latexit sha1_base64="a1gzlSpOhkoACnSGBlsRduPn1lo="></latexit>

4) !

<latexit sha1_base64="VhJUPXQt8AsucGAxw1onu7V4IGU="></latexit>

`

<latexit sha1_base64="b1fc+B8suIkAvbddlnXbcVw1Et8="></latexit>

Surface gravity      constant along ∆ for each ` 2 [`] :

<latexit sha1_base64="T5XTbNCeU+ASeWGhIDBWRaK1CSk="></latexit>

`0 = c` ! (`0) = c(`), c > 0

<latexit sha1_base64="twzRlP4FsuEFSDrBdSKTenRCKZE="></latexit>

0th law of BH mechanics

IH b.c.      ➥     Certain geometric structures intrinsic to ∆ are time independent: (qµ⌫ , D) :=

<latexit sha1_base64="oIcuPCCOGphGH8crRcKnhdSV0sU="></latexit>

Horizon geometry

normal future pointing null vector field`µ =

<latexit sha1_base64="ZFxj0TKoEEgvskusd/V5Ng7/UXk="></latexit>

degenerate intrinsic metric of ∆ qµ⌫ =

<latexit sha1_base64="bXKe+46io/9FtEVOP/jonPol2LU="></latexit>

unique intrinsic connection compatible with qµ⌫

<latexit sha1_base64="dUhTPlOL7XIqeFTtWX5lGxQMTgM="></latexit>

Dµ =

<latexit sha1_base64="OfMRgv47IPk0xJb+VfeGF7bWnGo="></latexit>

(`) = !µ`
µ ,

<latexit sha1_base64="gw/6UgL2o9dQCQzZ4OgD8FpydBc="></latexit>

Dµ`
⌫ = !µ`

⌫

<latexit sha1_base64="rt8N/SyU6TVVB1LkuqGSTiQnKOE="></latexit>

where

5

o

Free data

M1

2

!

IH
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M

I
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−

FIG. 1: The characteristic data for a (vacuum) spherically symmetric isolated horizon corresponds to Reissner-Nordstrom data
on ∆, and free radiation data on the transversal null surface with suitable fall-off conditions. For each mass, charge, and
radiation data in the transverse null surface there is a unique solution of Einstein-Maxwell equations locally in a portion of the
past domain of dependence of the null surfaces. This defines the phase space of Type I isolated horizons in Einstein-Maxwell
theory. The picture shows two Cauchy surfaces M1 and M2 “meeting” at space-like infinity i0. A portion of I

+ and I
− are

shown; however, no reference to future time-like infinity i
+ is made as the isolated horizon need not to coincide with the black

hole event horizon.

III. SOME EXTRA DETAILS FOR TYPE I ISOLATED HORIZONS

In this section we first list the main equations satisfied by fields at an isolated horizon of Type I. The equations
presented here can be directly derived from the IH boundary conditions implied by the definition of Type I isolated
horizons given above. Most of the equations presented here can be found in [14]. For completeness we prove these
equations at the end of this section. As we shall see in Subsection III B, some of the coefficients entering the form of
these equations depend on the representative chosen among the equivalence class of null generators [!]. Throughout
this paper we shall fix an null generator ! ∈ [!] by the requirement that the surface gravity !!ω = κ matches the
one corresponding to the stationary black hole with the same macroscopic parameters as the Type I isolated horizon
under consideration. This choice makes the first law of IH take the form of the usual first law of stationary black
holes (see Section VI).

A. The main equations

When written in connection variables, the isolated horizon boundary condition implies the following relationship
between the curvature of the Ashtekar connection Ai

+ = Γi + iKi at the horizon and the 2-form Σi = εijke
j ∧ ek (in

the time gauge)

⇐Fab
i(A+) = −

2π

aH ⇐Σab
i, (3)

where aH is the area of the IH, the double arrows denote the pull-back to H = ∆∩M with M a Cauchy surface with
normal τa = (!a + na)/

√
2 at H , and na null and normalized according to n · ! = −1. Notice that the imaginary part

of the previous equation implies that

⇐dΓK
i = 0 (4)

Another important equation is

εijk⇐K
j ∧⇐K

k =
2π

aH ⇐Σ
i. (5)

The previous equations follow from equations (3.12) and (B.7) of reference [14]. Nevertheless, they also follow from the
abstract definition given in the introduction. From the previous equations, only equation (5) is not explicitly proven
from the definition of IH in the literature. Therefore, we give here an explicit prove at the end of this section. For
concreteness, as we think it is helpful for some readers to have a concrete less abstract treatment, another derivation
using directly the Schwarzschild geometry is given in Appendix A. The previous equations imply in turn that

⇐Fab
i(Aβ) = −

π(1− β2)

aH ⇐Σab
i, (6)

IH boundary conditions
� = S2 ⇥ R1) Null hypersurface ∆ of (M, gμν, ∇μ) with topology

2) Einstein’s equations and the stronger dominant energy condition hold at ∆

3)∆ is equipped with an equivalence class      of null normals (related by a positive 
constant rescaling) such that the expansion of any              has to vanish within ∆

[`]

<latexit sha1_base64="kpfzhgZY0mIas5fMZPGcXxrn3rg="></latexit>

` 2 [`]

<latexit sha1_base64="TV/5WsGGajn51IuC1yh7SW+7r2k="></latexit>

4) Intrinsic connection is conserved along ∆ : [L`, Dµ]v
⌫ = 0, 8 vµ 2 T (�)

<latexit sha1_base64="3t+nxkhY3owjtbomvGFfP006HVM="></latexit>

⌃1

<latexit sha1_base64="T5RCfM9lnMWQsaVfHMROtL0MOro="></latexit>

⌃2

<latexit sha1_base64="9/9ig0vG8Dh8cpTVBjBW6rCeVlI="></latexit>
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2✏ := im ^ m̄

<latexit sha1_base64="1xzaJy1XKbRQUfB7fB/xPP/Wis4="></latexit>

area 2-form on ∆ (`, n,m, m̄) :

<latexit sha1_base64="cNPgMeQhWQq6yuUIbpGrtxgZnNQ="></latexit>

Introducing the null-tetrad n · ` = �1 , m · m̄ = 1 ,

<latexit sha1_base64="u6b8C+xezUqxg4gDSIbk7T4gN30="></latexit>

Im( 2) = 0 ,  2 = Cabcd`
ambm̄cnd

<latexit sha1_base64="CXTyDqnA9SpJXMp+wsOOhNuApl4="></latexit>

Static (non-rotating) IH:

The symplectic structure:

Corner term given by an SU(2) Chern-Simons symplectic structure

• IH phase space:

for the pull back of fields on the horizon δ = linear combinations 
of SU(2) gauge transformations and diffeos preserving the 

horizon geometry (q, D)

➥ F i(A)
H
= �⇡(1� �2)

AH

Ei

<latexit sha1_base64="IDDeCOqLHoIoawEL+OSH6X3s4jY="></latexit>

✏
i

jk
K

j ^K
k H
=

2⇡

AH

E
i ! ⇠iP

i H
= 0 , 8⇠ 2 T (H)

<latexit sha1_base64="lZf837I3leTQfcGnv+xup6oXy5M="></latexit>

and(✲)

(✲)

⌦GR =

Z

⌃
�Ei ^ �Ki

=
1

�

Z

⌃
�Ei ^ �Ai +

1

�

Z

H

�ei ^ �ei

=
1

�

Z

⌃
�Ei ^ �Ai� AH

⇡�(1� �2)

Z

H

�Ai ^ �Ai

<latexit sha1_base64="Rysy6faSSakia0byGQl+YlvryT8="></latexit>

p = (ei, Ai) 2 � , � = (�ei, �Ai) 2 T ⇤
p (�)

<latexit sha1_base64="wx0JJtS4fRzMkh4djqwMtKbohW8="></latexit>

M

<latexit sha1_base64="yKQJRkARedbSeAx7eP9JWatAkwM="></latexit>

i0

<latexit sha1_base64="Rjs74XLz9VuKi7EP1xzKM7HlmCY="></latexit>

⌃1

<latexit sha1_base64="kWNM4ZhgjEQrgdnKymnFNKQju74="></latexit>

⌃2

<latexit sha1_base64="xMlge7Ah9C2Q4ttXUd++BpJYaB8="></latexit>

H2

<latexit sha1_base64="//+JfkrJNL0S4jf/boY4nnbW/Dc="></latexit>

H1

<latexit sha1_base64="VqyBNJm8aHalvKw3kDyMOI8hh0o="></latexit>

(�, [`])

<latexit sha1_base64="GL/T3plzH5AHdHdE3tDJF9E7Br0="></latexit>
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↵ : � ! su(2) , ⇠ : � ! T(H)

<latexit sha1_base64="PC6W4hQzRRr28nrc5nrF1ISYdbI="></latexit>

�⇠e
i = L⇠e

i = ◆⇠de
i + d◆⇠e

i ,

<latexit sha1_base64="lpowzRVPMl1WJREUk86UB6Unubg="></latexit>

�⇠A
i = L⇠A

i = ◆⇠F
i + dA◆⇠A

i

<latexit sha1_base64="IX/PUC/vD5HUQWGP2Exww3tEZqo="></latexit>

�↵e
i = [e,↵]i , �↵A

i = dA↵
i ,

<latexit sha1_base64="Kz2EzKQ4ckDU0bWgns04BtS8pE8="></latexit>



• 1st law of BH mechanics for spherical IH:

Require the time evolution along vector fields       which are time translations at infinity and 
proportional to the null generators     at the horizon to correspond to a Hamiltonian time evolution `

<latexit sha1_base64="t3HWipSkzvpM3qu06WTJLEynapM="></latexit>

tµ

<latexit sha1_base64="XOxAhRqP/9pki1EIV7jZ1VXAxWY="></latexit>

�Et
H
=

t
H


�AH

<latexit sha1_base64="VoHD/EF4Dt/T3+Ct7RPxvR7bVgs="></latexit>

such that➥�It⌦GR(�, �) = �Ht

<latexit sha1_base64="E2TqtblPtvlIurZsizL0VXvwgT4="></latexit>

8 � 2 T ⇤
p (�)

<latexit sha1_base64="UiEtMzDqGJYZ63wVDBj3YhICF3k="></latexit>

,

<latexit sha1_base64="HR+knMPYWrcCvNwTU5WEseagWec="></latexit>

Ht = E
t
ADM � E

t
H

<latexit sha1_base64="d/3TXXBVCdZEMV0LcPRIu9nMNkY="></latexit>

The transformation      on Γ defined by the spacetime evolution field       is Hamiltonian 
if and only if the first law holds:

�t

<latexit sha1_base64="7pLZe55Sn+M4B46rgl3Z/hL/FMA="></latexit>

tµ

<latexit sha1_base64="XOxAhRqP/9pki1EIV7jZ1VXAxWY="></latexit>

Infinite family of first laws, one associated with each permissible tµ

<latexit sha1_base64="XOxAhRqP/9pki1EIV7jZ1VXAxWY="></latexit>

t
H

<latexit sha1_base64="Ycqwz5jBY4/f4iEyxNnd95y/E5Q="></latexit>

can only depend on the horizon areawhere

 ‘Canonical’ choice : agrees with the static Killing field on the horizon which is unit at infinitytµ

<latexit sha1_base64="XOxAhRqP/9pki1EIV7jZ1VXAxWY="></latexit>

analog of the ADM mass 
in the rest frame at infinity➥ t0

H
=

1

2RH

<latexit sha1_base64="WjcSo4dIk+HxyA8+eyC830Bod8c="></latexit>

!

<latexit sha1_base64="mk3/TlAbb1NiqB7WOSc8Eb917IE="></latexit>

Et0
H

= MH

<latexit sha1_base64="0Wh4qPoRlQBIXCQkrqR/PNzDuBg="></latexit>

�MH =
H


�AH

<latexit sha1_base64="qXpVfNLeaPo9O0wzKpmyi8mJARM="></latexit>

,

<latexit sha1_base64="HR+knMPYWrcCvNwTU5WEseagWec="></latexit>

GH = Di↵(H)n SU(2)H

<latexit sha1_base64="rxngje7MXgixgBJyPgltM/ADPZQ="></latexit>

• Symmetry group for spherical IH:

Trivially represented in the GR (Palatini) formulation, but not in the ECH formulation

20



The Dirac program
The non perturbative quantization of GR 

• (i) Find a representation of the phase space variables of the theory as operators in an auxiliary or 
kinematical Hilbert space Hkin satisfying the standard commutation relations, i.e., { , } → −i/ℏ[ , ].  

• (ii)  Promote the constraints to (self-adjoint) operators in Hkin. In the case of gravity we must quantize the 
seven constraints Gi(A, E), Va(A, E), and S(A, E).  

• (iii)  Characterize the space of solutions of the constraints and define the corresponding inner product 
that defines a notion of physical probability. This defines the so-called physical Hilbert space Hphys.  

• (iv)  Find a (complete) set of gauge invariant observables, i.e., operators commuting with the constraints. 
They represent the questions that can be addressed in the generally covariant quantum theory. 

{Ea
j (x), A

i
b(y)} = ��ab �

i
j�(x, y)

The phase space of gravity in the bulk can be parametrized by connection-flux variables:
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• Kinematical structure (connection polarization) :

The kinematical Hilbert space consists of a suitable set of functionals of the connection which are square 
integrable with respect to a suitable (gauge invariant and diffeomorphism invariant) measure 

Algebra of kinematical observables =  Algebra of Cylindrical functionals of of generalized connections  Cyl = ∪�Cyl�
<latexit sha1_base64="aFuKciXYRxUGt7wscpz+QO/EZbA="></latexit><latexit sha1_base64="aFuKciXYRxUGt7wscpz+QO/EZbA="></latexit><latexit sha1_base64="aFuKciXYRxUGt7wscpz+QO/EZbA="></latexit><latexit sha1_base64="aFuKciXYRxUGt7wscpz+QO/EZbA="></latexit>

union of CylΓ for all graphs in Σ 

Holonomy along a path γ: h� [A] = P exp�
Z

�
A Generalized connection!
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Measure in the space of generalized connections in order to give a definition of the kinematical inner product:

Inner product on Cyl

SU(2) Haar measure:
Z

SU(2)
dh = 1 , dh = d(↵h) = d(h↵) = dh�1 , 8 ↵ 2 SU(2)
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µAL(1) = 1
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and positive!
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h �1,f , �2,f i := µAL( �1,f �2,f ) =

Z N �̃

Ỳ

i=1

dhi f̃(h�1 , · · · , h�
N�̃

`

)g̃(h�1 , · · · , h�
N�̃

`

)
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➥

Positive normalized state on Cyl µAL( �,f ) =

Z N�

Ỳ

i=1

dhi f(h�1 , · · · , h�
N�

`

)
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 �,f [A] = f(h�1 [A], . . . , h�
N�

`

[A])f : SU(2)N
�

! C ,
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➥
The product of components of irreducible representations of SU(2) associated with the edges 

of a graph, for all values of j, m and for any graph is a complete orthonormal basis of Hkin

 �,f [A] = f(h�1[A]�h�
N� [A])

= �
j1�jN�

f
m1�mN� ,n1�nN�

j1�jN�
⇧j1

m1n1
(h�1[A])�⇧j

N�

m
N�n

N� (h�
N� [A])
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Z

SU(2)
dg⇧j

mn(g)⇧
j0

m0n0(g) =
1

2j + 1
�jj0�mm0�nn0
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Peter-Weyl th. :   given f 2 L2[SU(2)] ,
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f(g) =
X

j

fmn
j ⇧j

mn(g)
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SU(2) unitary irreducible representation matrices of spin ⇧j
mn(g) =
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j , � j  m,n  j
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orthogonality relation for unitary representations of SU(2) : 

Given an arbitrary cylindrical function  �,f [A] 2 Cyl :
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h0
� [A] = g(x(0))h� [A]g�1(x(1))
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• Under finite gauge transformations: !
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UG [g]⇧
j
mn[h� ] = ⇧j

mn[gsh�g
�1
t ]
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Implementing gauge invariance: PG �,f =

Z
D[g]UG [g] �,f =

Y

n⇢�

Pn
G �,f
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They form a complete basis of the Hilbert space of solutions of the quantum Gauss law 

Pn ∶ Vj1...ji → Inv [Vj1...ji]
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Intertwiners   =  Orthogonal set of invariant vectors 
(product of Clebsch–Gordan coefficients) 

,
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Pn =
X

↵

◆↵◆↵⇤
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|�, j� , ◆ni
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for  2 Cyl?
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Implementing diffeo invariance: No self-adjoint infinitesimal generator, instead

• Under the action of diffeomorphisms � 2 Di↵(⌃) :

<latexit sha1_base64="MnAPf9gd8HMQ6rRxoJDQVC8d6ew="></latexit>

h� [�
⇤A] = h��1(�)[A]
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!
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UD[�] �,f [A] =  ��1(�),f [A]
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Finite diffeo invariant action

([ �,f ]| =
X

�2Di↵(⌃)

h �,f |UD[�] =
X

�2Di↵(⌃)

h �(�),f |
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h[ �,f ]|[ �0,g]idi↵ = ([ �,f ]| �0,gi = ([ �,f ]|UD[�] �0,gi
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➥ H
D
kin
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of abstract spin network states  =  equivalence classes of spin networks under smooth deformations 

➥ of spin network states  =  Products of SU(2) representation matrices contracted with intertwinersH
G
kin
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They represent a quantum state of the geometry of space in a fully combinatorial manner
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na = @xb

@�1

@xc

@�2
✏abc
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Ê[S,↵] = �
S
↵iÊa

i nad�1d�2 = −i�h� �
S
↵i �

�Ai
a

nad�1d�2
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where

• Fluxes: The densitized triad naturally induces a 2-form with values in the Lie algebra of SU(2).

In the quantum theory,         becomes an operator valued distribution.
Integrals of the triad field on 2D surfaces with suitable test functions become well 

defined self adjoint operators in Hkin:

Ea
i
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➥

SU(2) algebra generators

Ê[S,↵]h� [A] = �i~�↵ih�1 [A]⌧ih�2 [A]

<latexit sha1_base64="U8gqULJH2k1hZC+s+c1ahnJ1mok="></latexit>

�1

<latexit sha1_base64="Nc7HBHWnt8pIo/oMW5KwIK2e2mE="></latexit>

�2

<latexit sha1_base64="TR7qA+UjQ6tvmqfW+MFzpmEoCxk="></latexit>

�

�Ai
a(x)

h� [A] =
�

�Ai
a(x)

✓
P exp

Z
ds ẋd(s)Ak

d⌧k

◆
=

Z
ds ẋa(s)�(3)(x(s)� x)h�1 [A]⌧ih�2 [A]
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using:

The operators                for all surfaces S and all smearing functions α contain 
all the information of the quantum Riemannian geometry of Σ

Ê[S,↵]
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Spectral analysis of geometrical operators Planck scale discreteness ➥

“Atoms” of quantum space   =   Polymer-like excitations of the gravitational field

In terms of the operators                  we can construct any geometric operatorÊ[S,↵]
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• Area operator: AS =

Z

S

p
h d�1d�2 =

Z

S

q
Ea

i E
b
j�

ijnanb d�1d�2 , hab = qab � n�2nanb
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2-cells decomposition of S

AS = lim
N→∞AN

S , AN
S = N�

I=1
�
Ei(SI)Ei(SI)
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Êi(SI)Ê
i(SI)⇧

j
mn(h� [A]) = (8⇡`2P�)

2j(j + 1)⇧j
mn(h� [A])
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description of quantized geometries

ÂS ��, jp� = 8⇡`2P� �
p∈�∩S

�
jp(jp + 1)��, jp�
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Spin network states are the eigenstates 
of the quantum area operator 

The spectrum depends on the value of the Immirzi parameter
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• Bulk theory:  LQG Hilbert space associated to a fixed graph Γ ⊂ M with end points p’s on H

• Boundary theory:  SU(2) Chern-Simons with punctures

Quantum isolated horizon

spin network states

ÂH |{jp,mp}n

1 ; ···i = 8⇡�`2p

nX

p=1

q
jp(jp + 1)|{jp,mp}n

1 ; ···i
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⇤ 2 SU(2) particle d.o.f.
momentum conjugate to ΛSi 2 su(2)
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⇥
⌧3(⇤

�1
p d⇤p + ⇤�1

p A⇤p)
⇤
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Poisson brackets:

{Ai
a(x), A

j
b(y)} = �ij✏ab

2⇡

k
�2(x� y), a, b = 1, 2; x0 = y0

{Si,⇤} = �⌧ i⇤ , {Si, Sj} = i✏ijkS
k

EOM:
✏abFab(A(x)) = �2⇡

k

X

p

Si
p�(x, xp)
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Sp · Sp � �2
p = 0
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Boundary 
condition:

� AH

⇡(1� �2)
✏abF̂ i

ab
= 16⇡G�

X

p2�\H

�(x, xp)Ĵ
i(p)
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Densitized triad quantum operator 



Quantum IH DOF described by a Chern-Simons  theory on a punctured 2-sphere H

 Combinatorial quantization: an ordering of the distinguishable punctures needs to be introduced.
 A subset of diffeomorphism charges at the horizon needs to be activated in the quantum theory

H
n
IH

=
M

{j}n

H
{j}n

⌃ ⌦H
CS

H
(j1, . . . , jn)
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�(1� �2)

, Si = J i
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✶  Area constraint: AH � �  8⇡�`2P

nX

i=1

p
ji(ji + 1)  AH + �
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✶  Global constraint (due to  b.c.): H
CS
H
(j1 · · · jn) ⇢ Inv(j1 ⌦ · · ·⌦ jn)
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with Dim of the IH corner Hilbert space

S = �Tr(⇢H ln ⇢H) = ln(NIH)
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• Weak holographic principle:

We can model the IH by a single SU(2) intertwiner➥

dim[HCS
H
(j1 · · · jn)] = dim[Inv(j1 ⌦ · · ·⌦ jn)]
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Due to area constraint:
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Bekenstein-Hawking formula for � = �0 , with �0 = 0.274067 . . .➥

BH entropy DOF   =   Polymer-like excitations of the gravitational field

S = ln
X

n; j1,...,jn

dim[HCS
H
(j1 · · · jn)] =

AH

4`2
P

�0

�
� 3

2
ln

AH

`2
P
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For AH / k ! 1 :
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- Advanced combinatorial methods; [Agullo, Barbero, Borja, Diaz-Polo, Villasenor 2009] 

- CFT and quantum group representation th. methods; [Engle, Noui, Perez, DP 2010]

‣ GR (Palatini) formulation: 
All IH corner charges vanish classically, only at the quantum level a finite set of these local charges are activated 

• Entropy DOF and Immirzi parameter: 

GH = Di↵(H)n SU(2)H
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All the DOF accounting for the BH entropy have a purely quantum origin
(counterintuitive from statistical mechanics of ordinary systems)

!
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‣ ECH formulation: 
Non-vanishing SU(2) and translational charges: H

H

ECH
[↵] =

Z

H

✏ijk↵
iej ^ ek
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Local holography program:

-  Decompose the bulk of spacetime into a collection of subregions and attach a symmetry algebra to the 
corner of each subregion;

- The corner Hilbert space forms an irreducible representation of the local corner symmetry algebra, and 
choices of states in this corner Hilbert space then encode quantum geometries; 

Corner symmetry charges = Coarse-grained information of geometrical DOF inside each region it encloses 

Bulk constraints = Conservation laws for the local corner charges

Fock space representation of the corner algebra: Area discreteness from the continuum and semi-classical theory

Discrete measure density on S µ⇢(x) =
p
q(x) , µ⇢(x) =

NX

i=1

µi�
(2)(x� xi) , µi = �`2P

p
ji(ji � 1), ji 2 N
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• String vibration modes of the punctures generating a U(1)3 Kac-Moody algebra.

• New momentum observable defining the boundary charge induced by the bulk 
invariance under 3D diffeomorphism.

New observables:
[Freidel, Livine, DP, 2019]
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In summary
• The thermodynamical BH entropy can be accounted for by considering the quantum microstates of 

the horizon which are distinguishable from the exterior of the hole.

• The entropy counting yields the Bekenstein-Hawking area law at leading order. Extensions in the 
literature: Inclusion of distortion for static IH, progress towards the inclusion of rotation, 
generalization to higher dimensional horizons and supersymmetry, addition of gauge fields, 
extension to different topologies.

31

In the end, the correctedness of the value of the Immirzi parameter predicted by the standard LQG BH 
entropy calculation can be addressed in a conclusive manner only through observational tests sensitive 
to the area gap (promising steps in this direction within a cosmological setting [Ashtekar, Gupt 2017]). 

Alternatively, one can hope to have at least another independent theoretical model descending as close 
as possible from the full LQG framework, where the same numerical value is predicted by demanding 
a given outcome or value for an observable of physical relevance.



One of the main open issues
➣ Continuum/classical limit: The LQG Hilbert space is of a new (background-independent) 
kind, operators are regulated in a non-standard (background-independent) way. Does the 
theory that has been constructed so far indeed have General Relativity as its classical limit?

If space–time is fundamentally discrete, how does the continuum space–time we 
experience at low energies and macroscopic scales emerge from its fundamentally 
discrete building blocks, and end up being described by general relativity? 

Coherent states constructed out of Quantum Reduced Loop Gravity spin network states, which 
allow to implement symmetry reduction within the full theory: Expectation value of 
geometrical operators easier to compute, while retaining the information on the full graph 
structure. They allow to extract an effective dynamics that reproduce GR plus quantum 
corrections. [see second half of the course]

☞  

New perspective based on the hypothesis that space–time is a sort of condensate of microscopic 
building blocks. Space, time and geometry would be emergent concepts, valid at macroscopic 
scales, whose emergence is the result of a collective dynamical process (a phase transition) of 
the fundamental DOF: Construction of quantum gravity condensates using the Group Field 
Theory formalism (second quantization of LQG) whose wave function is peaked on a few 
global observables. [see Oriti course]

☞  
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Part II
 BH singularity

• Quantum Reduced Loop Gravity program

• Semiclassical coherent states: spherical symmetry

• Effective Hamiltonian

• BH interior effective dynamics

• BH cosmology?

33

• Emanuele Alesci, Sina Bahrami and DP, Quantum evolution of black hole initial data sets: Foundations, 
Phys. Rev. D98 (2018) 4, 046014, [gr-qc/1807.07602]; 

• Emanuele Alesci, Sina Bahrami and DP, Quantum gravity predictions for black hole interior geometry, Phys. 
Lett. B797 (2019) 134828, [gr-qc/1904.12412]; 

• Emanuele Alesci, Sina Bahrami and DP, Asymptotically de Sitter universe inside a Schwarzschild black hole, 
Phys. Rev. D102 (2020) 6, 066010, [gr-qc/2007.06664];



The information paradox

Hawking radiation: QFT on a curved (BH) background  ➥ BH radiate as thermal bodies 

i.e. the spectrum does not depend on the structure of the body that collapsed to form the BH

The emitted quanta are in a mixed (thermal) state with 
excitations which stay inside the hole:


Correlations between d.o.f. accessible outside the horizon and 

d.o.f. unaccessible behind the horizon

♨  But what happens when the hole evaporates completely??

There is nothing left to be entangled with anymore!

➥ An initial pure state has evolved into a mixed state

Contradiction: GR + QM lead to a non-unitary evolution of a BH!!

50 years old paradox!
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The global space-time causal structure according to the [Ashtekar, Bojowald, CQG 2006] paradigm. The black 
hole evaporation takes place according to semiclassical expectations until the horizon approaches Planck’s 
area. The classical would-be-singularity is represented by the shaded region where quantum geometry 
fluctuations are large and no space-time picture is available. The space-time becomes classical to the 
future of this region: it emerges into a classical (essentially) flat background as required by energy-

momentum conservation. Observers at the instant Σ2 are in causal contact with the would-be-singularity 
which (in classical terms) appears to them as a naked singularity. 
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Despite their robustness, singularity theorems are reliable 
only in the regime where spacetime geometry is classical:


Quantum gravitational effects are expected to smooth out 
spacetime singularities

Conservative solutions to restore unitary evolution rely on 
elimination of singularities [Hossenfelder, Smolin, PRD 2010]



[Frolov, Markov, Mukhanov, PLB 1988];

Closed de Sitter Universe inside
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Black hole / White hole bounce

[Hajicek, Kiefer, IJMPD 2001]; 
[Barcelo, Carballo-Rubio Garay, IJMPD 2014]; 

[Haggard, Rovelli, PRD 2015];
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Examples of a wider category: “regular black holes”

[Ansoldi, 2008]; [Carballo-Rubio, Di Filippo, Liberati, Visser, PRD 2020] 

Problems related to the presence of an inner horizon 

[Poisson, Israel, PRL 1989]; [Brown, Mann, Modesto, PRD 2011]; [Carballo-Rubio, Di Filippo, Liberati, Pacilio, Visser, JHEP 2018] 



At the end of the day, only a full quantum gravity calculation can 
discriminate between different scenarios.


Loop Quantum Gravity (LQG) provides a non-perturbative framework 
to investigate BH singularity resolution. 


However, the issue of symmetry presents itself again (in reverse):

What replaces the singularity can depend on an important choice: 

Reduction or Quantization first?

The two in general do NOT commute!
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‘LQG 
inspired’ 

quantization

Polymer BH

Use of point holonomies: 

Some graph DOF lost


& Hamiltonian postulated

[Ashtekar, Ben Achour, Boehmer, Bojowald, Brahma, Campiglia, 
Corichi, Gambini, Kastrup, Modesto, Olmedo, Pullin, Singh, 

Swiderski, Vandersloot, Wilson-Ewing, …]

LQG Coherent states

expectation value

Quantum Reduced

Loop Gravity BH

All holonomies treated equally:

Graph DOF preserved

& Hamiltonian derived

[Alesci, Bahrami, DP] ≠
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Classical symmetry 
reduction

LQG 
quantization

See also the GFT condensates 
approach [Oriti et al.]

General Relativity in 
Ashtekar variables
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Quantum Reduced Loop Gravity program
• Symmetry reduced models have “smart” frames: systems of coordinates adapted to the symmetries 

• In these coordinate systems the imposition of the symmetries allows to further simplify the form 
of the metric and Einstein Equations

Symmetry reduction in two steps:

1) Partial Gauge fixing of the metric (without symmetry reduction) 

Study the second class constraint system: Reduced Phase Space

A. Solve the second class constraints

B.  Dirac Brackets 

C. Gauge Unfixing [Mitra, Rajaraman, Anishetty, Vytheeswaran]: 


 • Ordinary Poisson Brackets for the non gauge fixed variables 

 • Modified Constraints to preserve the gauge fixing during the evolution

2) Implement the symmetry reduction in the reduced phase space
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Quantization

A. Quantize the classically Reduced Phase Space (with or without symmetry) 

B.  Quantize Dirac Brackets

C. QRLG: 4 steps

1.  Impose the second class constraints weakly in the Full Hilbert Space: 

 Selects the reduced states i.e. the quantum reduced phase space 


2. Project the constraints defined in the full theory to represent the classical gauge  
unfixed constraints (preserving the gauge fixing) 


3. Impose the symmetry reduction on the reduced states using coherent states 


4. Define the effective constraints by taking the expectation value of the quantum reduced   
constraints on the symmetry reduced states

Find quantum symmetry reduction compatible with given metrics 

• Black Holes: Orthogonal gauge fixing☞

40



Quantum Reduced Loop Gravity: Black holes
The intrinsic metric on the spacelike hypersurfaces is: 
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Radial diffeomorphism constraint: 

Symmetric subspace of the reduced phase space:
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 This procedure allows one to work with the complete structure of the full theory, 
consisting of quantum states of polymeric nature labelled by graphs and SU(2) representations 


 At the same time, the reduced flux operators are diagonal on the reduced quantum states!

• Reduced flux operators:
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<latexit sha1_base64="8m+ihslDXtYPwfy6YysuVk+uDRY="></latexit><latexit sha1_base64="8m+ihslDXtYPwfy6YysuVk+uDRY="></latexit><latexit sha1_base64="8m+ihslDXtYPwfy6YysuVk+uDRY="></latexit>

Dj
mn(g) =

<latexit sha1_base64="ohf2Q0DfQTWcrwkMgIO6D8tTWvA="></latexit>

g
j

<latexit sha1_base64="ImAIMMcXTJ5s8cU//dbRz/N13BY="></latexit><latexit sha1_base64="ImAIMMcXTJ5s8cU//dbRz/N13BY="></latexit><latexit sha1_base64="ImAIMMcXTJ5s8cU//dbRz/N13BY="></latexit>

jy

jz
jx

u�1
x

g✓

gr

ux

ux

u�1
y

uy

g'

uy

u�1
yu�1

x

jz

jx jy

�vR

3 (j)� = � 2⇡

0
d↵

<latexit sha1_base64="BXuswwbqPrRe5e3mVrMqhM0bfuA="></latexit><latexit sha1_base64="BXuswwbqPrRe5e3mVrMqhM0bfuA="></latexit><latexit sha1_base64="BXuswwbqPrRe5e3mVrMqhM0bfuA="></latexit><latexit sha1_base64="BXuswwbqPrRe5e3mVrMqhM0bfuA="></latexit>

• Reduced 3-valent vertex state: projection on the highest 
or lowest magnetic number

jI
<latexit sha1_base64="D1NgaEO5hKLCOrLXzUNnv0qKjz0="></latexit><latexit sha1_base64="D1NgaEO5hKLCOrLXzUNnv0qKjz0="></latexit><latexit sha1_base64="D1NgaEO5hKLCOrLXzUNnv0qKjz0="></latexit> =

<latexit sha1_base64="mx1SbjRvXqyb6SeCNY2PRgkmJyU="></latexit>

RV̂ (v)|vR
3 (j)i = (�)

3
2

q
|jxjyjz||vR

3 (j)i

<latexit sha1_base64="rn70MFDCapkR2PSEr54/n0CRztM="></latexit>

Reduced volume operator:

RĜ3

<latexit sha1_base64="orlHjGhwrjfhav8Dge2QyezIEj0="></latexit>

In the kernel of
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• Step 2: Extended Hamiltonian constraint (preserving the gauge fixing)

By means of the ``reduced'' recoupling rule:

=

j1
<latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit>

j1
<latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit>

j1
<latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit>

j1
<latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit>

j1
<latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit><latexit sha1_base64="WjPyTUo9Y4Xv7Rl1rxF5yUaFyh8="></latexit>

j2
<latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit>

j2
<latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit>

j2
<latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit>

j2
<latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit>

j2
<latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit><latexit sha1_base64="w4qfiqfCDQ4w6B/4HDE4eO9/nt4="></latexit>

n̄1
<latexit sha1_base64="yOnxIphpMIjJ3FSPtsGa7lnuBII="></latexit><latexit sha1_base64="yOnxIphpMIjJ3FSPtsGa7lnuBII="></latexit><latexit sha1_base64="yOnxIphpMIjJ3FSPtsGa7lnuBII="></latexit>

n̄2
<latexit sha1_base64="rGDledTP5DACvpxokDeQu8kncmM="></latexit><latexit sha1_base64="rGDledTP5DACvpxokDeQu8kncmM="></latexit><latexit sha1_base64="rGDledTP5DACvpxokDeQu8kncmM="></latexit>

m̄2
<latexit sha1_base64="6JXO4p2+m0YDqPdl68ZSyGnBiCw="></latexit><latexit sha1_base64="6JXO4p2+m0YDqPdl68ZSyGnBiCw="></latexit><latexit sha1_base64="6JXO4p2+m0YDqPdl68ZSyGnBiCw="></latexit>

m̄1
<latexit sha1_base64="lAGjnF8iQth5moQODKQH7+cmdX4="></latexit><latexit sha1_base64="lAGjnF8iQth5moQODKQH7+cmdX4="></latexit><latexit sha1_base64="lAGjnF8iQth5moQODKQH7+cmdX4="></latexit>

�m̄1 + m̄2�
<latexit sha1_base64="mywCrzPeV5CEXHTNjAYq+K3EjC4="></latexit><latexit sha1_base64="mywCrzPeV5CEXHTNjAYq+K3EjC4="></latexit><latexit sha1_base64="mywCrzPeV5CEXHTNjAYq+K3EjC4="></latexit>

�n̄1 + n̄2�
<latexit sha1_base64="Lcl1883N6V8M7uknKf52yxKQTr8="></latexit><latexit sha1_base64="Lcl1883N6V8M7uknKf52yxKQTr8="></latexit><latexit sha1_base64="Lcl1883N6V8M7uknKf52yxKQTr8="></latexit>

n̄1 + n̄2
<latexit sha1_base64="77CLpLMUp4qigXmmqLyCOlwk2jo="></latexit><latexit sha1_base64="77CLpLMUp4qigXmmqLyCOlwk2jo="></latexit><latexit sha1_base64="77CLpLMUp4qigXmmqLyCOlwk2jo="></latexit>

m̄1 + m̄2
<latexit sha1_base64="1jLHU0m2Nv0Lb9MwHXKBWW8BOQw="></latexit><latexit sha1_base64="1jLHU0m2Nv0Lb9MwHXKBWW8BOQw="></latexit><latexit sha1_base64="1jLHU0m2Nv0Lb9MwHXKBWW8BOQw="></latexit>

m̄1
<latexit sha1_base64="lAGjnF8iQth5moQODKQH7+cmdX4="></latexit><latexit sha1_base64="lAGjnF8iQth5moQODKQH7+cmdX4="></latexit><latexit sha1_base64="lAGjnF8iQth5moQODKQH7+cmdX4="></latexit>

m̄2
<latexit sha1_base64="6JXO4p2+m0YDqPdl68ZSyGnBiCw="></latexit><latexit sha1_base64="6JXO4p2+m0YDqPdl68ZSyGnBiCw="></latexit><latexit sha1_base64="6JXO4p2+m0YDqPdl68ZSyGnBiCw="></latexit>

n̄1
<latexit sha1_base64="yOnxIphpMIjJ3FSPtsGa7lnuBII="></latexit><latexit sha1_base64="yOnxIphpMIjJ3FSPtsGa7lnuBII="></latexit><latexit sha1_base64="yOnxIphpMIjJ3FSPtsGa7lnuBII="></latexit>

n̄2
<latexit sha1_base64="rGDledTP5DACvpxokDeQu8kncmM="></latexit><latexit sha1_base64="rGDledTP5DACvpxokDeQu8kncmM="></latexit><latexit sha1_base64="rGDledTP5DACvpxokDeQu8kncmM="></latexit>

its action can be computed in 
a straightforward way

R
Ĥ

E� [N] = − 2

2�
N(v)✏ijktr ��Rĝ↵ij − R

ĝ
−1
↵ij
�R

ĝ
−1
sk [Rĝsk ,RV̂ (v)]�

<latexit sha1_base64="T80zzIaSuf1CGfAsal1DAypEWTI="></latexit><latexit sha1_base64="T80zzIaSuf1CGfAsal1DAypEWTI="></latexit><latexit sha1_base64="T80zzIaSuf1CGfAsal1DAypEWTI="></latexit><latexit sha1_base64="T80zzIaSuf1CGfAsal1DAypEWTI="></latexit>

➥

Using Thiemann’s 
techniques

Orthogonal now!

Let us focus on the reduced Euclidean Hamiltonian: ��
2
H̃E[N ] = 2

Z

⌃
d3x

Np
det(E)

(RHE + R
H

ext
E )

<latexit sha1_base64="+SKoMhx5bHD2XkGFcyIaiZmCaMc="></latexit>

i, j, k = z, x, y

<latexit sha1_base64="mcQqLZ/ZCOMdXmH2b0K7WQ1TgWs="></latexit>

sk = `z, `x, `y

<latexit sha1_base64="GCmPkmi2gETJNxJHhfMiITc6Kkc="></latexit>

↵ij = `i � `j � `�1
i � `�1

j

<latexit sha1_base64="igV2XDrV4L1PMuAUqzwjC2gUYXA="></latexit>

loop in the plane (ij) 

v

<latexit sha1_base64="4Nxfu/A3nBYOwb993Xm7/MKikc8="></latexit>

sz

<latexit sha1_base64="3FN1RNpuW6bct2+X4rg72/v1Lsg="></latexit>

↵xy

<latexit sha1_base64="yFxTKz6BqGpKXyvNW/jyvdRHfGo="></latexit>
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uy

jz

gr

jy

ux

jx

ux

uy1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

1
<latexit sha1_base64="8fEX9ngg6paq6/s2DygtAziTpcY="></latexit><latexit sha1_base64="8fEX9ngg6paq6/s2DygtAziTpcY="></latexit><latexit sha1_base64="8fEX9ngg6paq6/s2DygtAziTpcY="></latexit><latexit sha1_base64="8fEX9ngg6paq6/s2DygtAziTpcY="></latexit>

0
<latexit sha1_base64="n7GLx4M6dqTvGEUgTHniZT0XY30="></latexit><latexit sha1_base64="n7GLx4M6dqTvGEUgTHniZT0XY30="></latexit><latexit sha1_base64="n7GLx4M6dqTvGEUgTHniZT0XY30="></latexit><latexit sha1_base64="n7GLx4M6dqTvGEUgTHniZT0XY30="></latexit>

jz

u�1
y

1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

jy

u�1
y

g'

uy

u�1
x

g✓

ux

m̄x + µm

x
<latexit sha1_base64="rR9YBhu9yKekYxUnIrUXgFuyQF0="></latexit><latexit sha1_base64="rR9YBhu9yKekYxUnIrUXgFuyQF0="></latexit><latexit sha1_base64="rR9YBhu9yKekYxUnIrUXgFuyQF0="></latexit><latexit sha1_base64="rR9YBhu9yKekYxUnIrUXgFuyQF0="></latexit>

n̄x + µn

x
<latexit sha1_base64="IXkqos2bDlc2X01TSXx20om6xZ8="></latexit><latexit sha1_base64="IXkqos2bDlc2X01TSXx20om6xZ8="></latexit><latexit sha1_base64="IXkqos2bDlc2X01TSXx20om6xZ8="></latexit><latexit sha1_base64="IXkqos2bDlc2X01TSXx20om6xZ8="></latexit>

n̄y + µn

y
<latexit sha1_base64="u98t7/7nxZxqPkB4ckZ943lj1tE="></latexit><latexit sha1_base64="u98t7/7nxZxqPkB4ckZ943lj1tE="></latexit><latexit sha1_base64="u98t7/7nxZxqPkB4ckZ943lj1tE="></latexit><latexit sha1_base64="u98t7/7nxZxqPkB4ckZ943lj1tE="></latexit>

m̄y + µm

y
<latexit sha1_base64="QsK6ReY96pbq77WmCLGMiDaZslI="></latexit><latexit sha1_base64="QsK6ReY96pbq77WmCLGMiDaZslI="></latexit><latexit sha1_base64="QsK6ReY96pbq77WmCLGMiDaZslI="></latexit><latexit sha1_base64="QsK6ReY96pbq77WmCLGMiDaZslI="></latexit>

u�1
x

u�1
x

1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

jx

uy

uy

u�1
y

uy

u�1
y

u�1
y

1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

ux

u�1
x

1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

1

2<latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit><latexit sha1_base64="/SS8MixbD/V/pMDzUj1mafb84xI="></latexit>

m̄′y + µm′
y

<latexit sha1_base64="6b92OImawZseDmQxHPCXq7oDs4E="></latexit><latexit sha1_base64="6b92OImawZseDmQxHPCXq7oDs4E="></latexit><latexit sha1_base64="6b92OImawZseDmQxHPCXq7oDs4E="></latexit><latexit sha1_base64="6b92OImawZseDmQxHPCXq7oDs4E="></latexit>

n̄′y + µn′
y

<latexit sha1_base64="ZzQLu0lMdjP2yXh7WDSfWJ06H9A="></latexit><latexit sha1_base64="ZzQLu0lMdjP2yXh7WDSfWJ06H9A="></latexit><latexit sha1_base64="ZzQLu0lMdjP2yXh7WDSfWJ06H9A="></latexit><latexit sha1_base64="ZzQLu0lMdjP2yXh7WDSfWJ06H9A="></latexit>

n̄′x + µn′
x<latexit sha1_base64="UOtZyqOnkKo36Jeyf6l+132Ecy0="></latexit><latexit sha1_base64="UOtZyqOnkKo36Jeyf6l+132Ecy0="></latexit><latexit sha1_base64="UOtZyqOnkKo36Jeyf6l+132Ecy0="></latexit><latexit sha1_base64="UOtZyqOnkKo36Jeyf6l+132Ecy0="></latexit>

m̄′x + µm′
x<latexit sha1_base64="XFdXJz/zA/XmU8kCgSR754j1QBU="></latexit><latexit sha1_base64="XFdXJz/zA/XmU8kCgSR754j1QBU="></latexit><latexit sha1_base64="XFdXJz/zA/XmU8kCgSR754j1QBU="></latexit><latexit sha1_base64="XFdXJz/zA/XmU8kCgSR754j1QBU="></latexit>

j′x
<latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit><latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit><latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit><latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit>j′y

<latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit><latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit><latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit><latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit>

j′y
<latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit><latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit><latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit><latexit sha1_base64="vtqdDUgCDA2ncqBi04gh9DpKU/c="></latexit>

j′x
<latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit><latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit><latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit><latexit sha1_base64="w2i5+uZg63eMTjvFwA2LNthvFTE="></latexit>

ux

ux

u�1
x

u�1
x

uy

g′'
<latexit sha1_base64="It6YpYenwBoE/iKiP0+vKOgxSJk="></latexit><latexit sha1_base64="It6YpYenwBoE/iKiP0+vKOgxSJk="></latexit><latexit sha1_base64="It6YpYenwBoE/iKiP0+vKOgxSJk="></latexit><latexit sha1_base64="It6YpYenwBoE/iKiP0+vKOgxSJk="></latexit> g′✓

<latexit sha1_base64="Wj0r4MUcpWFlXI+G/FwaX4gomek="></latexit><latexit sha1_base64="Wj0r4MUcpWFlXI+G/FwaX4gomek="></latexit><latexit sha1_base64="Wj0r4MUcpWFlXI+G/FwaX4gomek="></latexit><latexit sha1_base64="Wj0r4MUcpWFlXI+G/FwaX4gomek="></latexit>

R
Ĥ

E
⇤xy

[N ]|vR
⇤i = �8⇡

r
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N(v)

X

µ,µm
x ,µn

x ,µ
m
y ,µn

y ,µ
m0
x ,µn0

x ,µm0
y ,µn0

y =±1/2

s(µ)
q
jxjy(jz + µ)

<latexit sha1_base64="ewlpHXjSsBMTgPzf1VQohlQ/VTA="></latexit>

,

<latexit sha1_base64="dS82mwCUnn1ZPS/k3dVXZuUlAUo="></latexit>

@a
RÊi(S

b(v)) ⌘ RÊi(S
b(v + ✏a))� RÊi(S

b(v)) ,

@2
a

RÊi(S
b(v)) ⌘ RÊi(S

b(v + 2✏a))� 2RÊi(S
b(v + ✏a)) +

RÊi(S
b(v))

<latexit sha1_base64="vGUAMNt6bs/YcfeFBN2WDKhLlhM="></latexit>

R
Ĥ

L
⇤[N ]

<latexit sha1_base64="x+pvtOG+DVS4hiJKtQLyTaXmNSQ="></latexit>

In only the reduced fluxes and their derivatives appear:  R
Ĥ

ext
⇤ [N ]

<latexit sha1_base64="svsvJzmWO8qdgDAcYq+WwmVoqjs="></latexit>
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• Step 3: Coherent semiclassical states

[Hall, Thiemann, Winkler, Sahlmann, Bahr] 
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If we open up the character, we can write the quantum reduced coherent states in the compact notation: 
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Semiclassical limit:
49



In summary

• Applying the QRLG framework, we implemented a quantization program that is aimed at identifying 
a symmetric sector at the quantum level, thus reverting the process of symmetry reduction and 
quantization that is frequently adopted in other existing treatments of quantum black holes. 

• The main result of this paper is the construction of an effective Hamiltonian that can now be used 
to evolve black hole initial data sets while incorporating quantum corrections. The classical data 
entering the coherent states—that, if sharply peaked, are the best candidates to describe classical 
geometries—can now be seen as the initial data set to be evolved with the effective Hamiltonian. 

• The importance of this construction lies in the fact that it is not tied to a particular choice of 
foliation, allowing one to treat on equal footing various sets of coordinate systems such as horizon 
penetrating coordinates or coordinates restricted to the interior or exterior of the event horizon 
of a black hole. 
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We are interested in the effective description for the interior geometry of a spherically symmetric black 
hole, namely we restrict our search for quantum geometries to metrics in the minisuperspace of the form 

Nc = − R2

2G2mP⇤
, −∞ < ⌧ < 0
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 Struve function of order 0:
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main departure from the minisuperspace quantization models: encodes the 
DOF associated with the 2-sphere graph structure which are frozen in all 

the treatments relying on the use of point holonomies. 

➥ No inner horizon in the effective interior geometry

• Quantum parameters:
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• Effective Hamilton evolution eq.s:

Initial data on        event horizon (the classical solution satisfies the effective EOM with vanishingly small error)     
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The solutions to the evolution equations above present three 
different regimes labelled uniquely by:

⌘ < 1, ⌘ = 1,⌘ > 1
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In all cases, the classical black hole singularity is replaced by a homogeneous expanding Universe. 

However, various aspects of the post-bounce effective geometry depend on the choice of 
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All curvature invariants have a mass-independent bound ☞ Singularity resolution
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• The effective metric function        has a qualitatively similar behavior in all three regimes: R(⌧)
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 Kretschmann scalar

It follows the classical trajectory Rc till 
the quantum region            is reached, 
at which point a bounce occurs and it 

starts increasing exponentially 

⌧ ∼ ⌧�
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• The effective metric function        has a has a different asymptotic behavior in each sector: ⇤(⌧)

<latexit sha1_base64="uIkMYaVLdguhb3l20IdPFLJr4zE="></latexit>

- It vanishes exponentially for η < 1;

- It approaches a constant value for η = 1; 

- It grows exponentially for η > 1 
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They impose a number of algebraic relations to be satisfied by the parameters of the theory 

Is there a numerical value of the Immirzi parameter such that a de Sitter Universe 
is recovered in the post-bounce asymptotic region?
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to-be-determined 
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Same numerical value as from the 

SU(2) black hole entropy calculation!
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Emergent CC purely of 
quantum gravitational origin

★ The strategy

Start with the following 
asymptotic expansion:

<latexit sha1_base64="HuEsVNUGAy1j2FW+KzlL58+l6XA="></latexit>

z ∶= exp (−⌧�`)
with

<latexit sha1_base64="ogNTsq8JLSCOjuTaP5M4p5IjNs8="></latexit>

` some length scale 

56



�������

-3.9×1013 -3.8×1013 -3.7×1013 -3.6×1013 -3.5×1013
0

100000

200000

300000

400000

500000

600000

700000

�
�������

-7×1013 -6×1013 -5×1013 -4×1013 -3×1013 -2×1013 -1×1013 0

0

5.0×1012

1.0×1013

1.5×1013

2.0×1013

2.5×1013

3.0×1013

�

�
�c

�������

-7×1013 -6×1013 -5×1013 -4×1013 -3×1013 -2×1013 -1×1013 0

0

1×1012

2×1012

3×1012

4×1012

5×1012

6×1012

�

R
Rc

�������

-4.0×1013-3.9×1013-3.8×1013-3.7×1013-3.6×1013-3.5×1013-3.4×1013
0

50000

100000

150000

200000

�

Numerical Solution:Kc ∼ 1�`4p ,
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(same Penrose diagram as “regular phantom black holes” [Bronnikov, Fabris, 2006], [Bronnikov, Melnikov, Dehnen, 2007]  
but with no need for exotic matter)
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[Ashtekar, Bonga, Kesavan, 2015]The interior spacetime is asymptotically Schwarzschild-de Sitter➥
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Are we living inside a huge black hole?
Quantum gravitational effects give birth to an expanding Universe that is both 
homogeneous and locally isotropic asymptotically, away from the cosmic bounce:

<latexit sha1_base64="h+JuY1puhggddjckgMhuZ42GnBE="></latexit>

� ≈ 0.06

`2P j

<latexit sha1_base64="GgVq5iZw+Di5JoqWpmas7LNTFgA="></latexit>

j

<latexit sha1_base64="wgx0Cqaj/PyFNbSsLVxKA+8GuN4="></latexit>(2m)2 � `2pjN 2

On the initial Cauchy surface 
near the event horizon

We expect     to be renormalized by the microscopic dynamics, particularly in the deep Planckian regime: 
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A prescription for evolving    is not accessible within our effective dynamics approach
<latexit sha1_base64="GgVq5iZw+Di5JoqWpmas7LNTFgA="></latexit>

j

However, coarse graining operation derived from application of LQG techniques in the cosmological sector 
suggest a renormalization flow of the spin [Bodendorfer, 2017]; [Ben Achour, Livine, 2019]:
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In a wild stretch of imagination, it is tempting to entertain the idea that 
our own Universe is couched within a Schwarzschild black hole:

New equation among the density parameters of ΛCDM model 
and a quantum geometry renormalization parameter: 
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Planck collaborations by combinig TT, TE, EE+lowE+lensing+BAO data [N. Aghanim et al. (Planck), A&A 2020] 
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Summary & Outlook
By performing the symmetry reduction at the quantum level all relevant DOF are 
encoded in the effective dynamics and the Hamiltonian can be derived for the first time:


-> Crucial modifications w.r.t. minisuperspace quantization models: Baby Universe inside 


Geometric considerations to fix the most relevant dynamics ambiguities:


-> Asymptotically de Sitter effective metric for the same Immirzi parameter value as in 
SU(2) BH entropy calculation.


Emerging cosmological constant due to quantum gravity effects.


Construct a graph changing Hamiltonian: Study renormalization of CC in terms of


     -> Precise prediction for the Hubble constant? 


Inclusion of matter: Does the gravitational collapse encode the history of the Universe??


 Horizon penetrating foliation (exterior and interior dynamics together for the first time):


  - Algebra of effective constraints. 

  - Study the shear operator in the near horizon region and compare its modes to the

    QNM of the (luminosity of the) outgoing radiation of a GW flux.
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