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Introduction

= Sketch of the problem of the analytic continuation for hadronic

amplitudes above kinematical thresholds.

= Spectral density methods as a way-out to the problem.

~

The HLT method to reconstruct smeared hadronic amplitudes
= Brief description of the method.

= The reconstruction at work in a simple toy model.

s
g

Smeared amplitudes for DF — I't1'" 1%y, decays

= Proof-of-principle calculation at a ~ 0.08 fm.

Off-topic(?): The real photon case, i.e. D, — lv7.

= Full calculation of the axial and vector form factors F'4 and Fy, .




Introduction



General statement of the problem (1)

An hadronic amplitude H(E) can be safely extracted on the lattice only

for energy E smaller than the energies of all the intermediate states
contributing to H(FE).

E.g. consider an hadronic amplitude of the form

H(E) = /OocdteiEtC(t), C(t) = (0|T{Ja(t)J5(0)}|P) 'Z° iCn o—iEnt
n=0

with J4, Jp arbitrary currents and ‘P> an hadronic state.

If E < E, safe analytic continuation from Minkowskian to Euclidean space

—Imt 4
H(E) = / dt Bt C(t) "= r 2T)
0 Jim [ oy dtePiC(t) =0
[T E : if £ < Ep
:—7,/ dre”" C(—iT) .
0



General statement of the problem (I1)

On a finite lattice, where non-analiticities are absent, we can access
Ce(t)=C(—it) for 0 <t <T.

. . o0 1—e (En—E)T
H'(E) :—z/ dte™ Cglt :—ZZC — 5 5
if £ < E,: if Ep < E:
= @ © ¢, En<F  (B-B.T
77 B n T 3
() Tjoo Z;EH—E H™(E) Tjoo ZZOE _E+Z iCn E-E,

v X

= For Ey < E dominant T'—divergent part of H” (E) must be subtracted
— difficult in presence of statistical errors, problem worsens when many
states F,, below energy E.

= Above threshold hadronic amplitudes become complex (for E = E,,).

How do we get imaginary parts?



Hadronic amplitudes via the spectral representation (1)

The spectral density p(E’) of the correlator C'(t > 0) is defined as

p(E") = (0]Ja(0) 6(H — E) Jp(0)| P)

= H is the QCD Hamiltonian. One has
c(t) 'z’ / dE' p(E'Y e 'F't,  Cp(t) 'Z / dE' p(E')e B
Jo Jo
= The hadronic amplitude H(E) can be computed as

H(E):limfi/ dE’p(E’)/ dte =B (e 1)
0 0

e—0

= f(e,t) is any regulator for the time integral, with f(0,t) = 1.

= E.g f(et) = exp(—et), exp(—e*t?/2). Using standard e—prescription:

. e [T p(E)
iH(E) = lim Aoy




Hadronic amplitudes via the spectral representation (1)

From the knowledge of p(E’), the real and imaginary part of iH (E) can
be computed:

e ’ R /
Re [iH(E)] = lim dE p(B) —F —F  _py. i LE)
0 J, (E—FE"?2+¢€2 o E'—FE

Im [{H(E)] = giir%)/o dE' p(E") m =7mp(FE)

For E < Ey, since p(E) =0, Im [iH(E)] = 0 and the P.V. can be dropped:

Re [z‘H(E)]:/Oo dE'p(E') /oodte*E'*E” :/Oo dt et Cp(t) V4

Eq
=(E'—E)~! if E'<E

For E > Ep, lime — 0 can be taken only after evaluating the energy integral.

We propose to employ the previous representation to evaluate the smeared
amplitudes Re [iH(E,€)],Im [¢H(E, €)] at finite ¢, and then take lime — 0.




The HLT method to reconstruct
smeared hadronic amplitudes



The problem of numerically-inverting the Laplace transform

The spectral density p(E’) is related to our lattice input C'g(t) through
an inverse Laplace transform:

Ci(t) ‘2 / 4 " o) = p(E') = LHCp}(E)

= Evaluating £7' is an ill-posed problem if C'z(t) known only on a finite
set of points and with a finite accuracy [typical situation in a lattice calculation].

= Evaluating the convolution of p(E’) with the e—kernels [what QFT dictates]:

€
Hmlsd = s

is instead a well-posed problem at non-zero € [G. Backus & F. Gilbert 1968].

x
2 + €2’

KR,e(x, 6) =

= The HLT method: find for fixed F and e the best approximation to
Kre/im(E" — E,€) in terms of by(E') = exp(—E't)":

tmax tmax
Kre(E' = E,€) =Y gre(t, B,€) - b(E'), Kim(E' —E,€)> Y gun(t, B, ¢) - bi(E')
t=tmin t=tmin

in such a way to optimize the balance between systematic and statistical errors

[M. Hansen, A. Lupo, N. Tantalo 2019]. (*E’, E,e and t € N intended now in lattice units!) 6



The HLT method

tmax tmax
Re [{H(E,€)] ZCE )gre(t, E,€), Im [iH(F,¢)] ZCE gim(t, E, €)
t=tmin t=tmin

In the HLT, best coefficients g, (¢, E, €), r = {Re, Im}, obtained minimizing

Wilg = (1-3)

0 Blg], X€][0,1]

covariance matrix of Cg

Jo'e) tmax 2 tmax A
Arlgl = / dE’\KAE'fE,e)f > 9WeE)| . Blgl= > gt) Covey(t,t) g(t)

Ein t=tmin B =i

syst. error on kernel reconstruction stat. error on Re[iH (E,e)], Im[iH (E,e)]

= )\ is the trade-off parameter, when A ~ 1 very poor kernel reconstruction.
= For X\ ~ 0 accurate kernel reconstruction, g(t) typically large in
magnitude and oscillating = large stat. errors induced on iH (FE,€).

= = find the optimal value \* where stat. and syst. are balanced and
results stable under variations of A ~ \™. v



The reconstruction at work in a to

Two-resonances model:

1 Iy =8
E)=— —_ FE1=0.10, 't =5-10
B =7 ) momperyr =010 Ti=5iu
b2 E2 = 0157 FQ =10
= We computed C'g(t) with extended machine precision for ¢t = 1,.. ., 200.
= H(E, ¢€) reconstructed from Cg(t) using the HLT method with Blg] = 0.
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reconstruction at work in a to

Two-resonances model:

1 s =8
E)== E % E;y=0.10,T1=5-1
PE) =T 2 B-Bprry =010 Ti=5010

=% Ey =0.15, Ty = 1072

= We computed C'g(t) with extended machine precision for ¢t = 1,.. ., 200.
= H(E, ¢€) reconstructed from Cg(t) using the HLT method with Blg] = 0.

3. 10%!
E = 145
2-101! |g(t)] grow exponentially as e — 0
In presence of stat. errors Blg] essential to reduce the growth
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Smeared amplitudes for
D — I'"I""I*v; decays




Relevant Feynman diagrams for the process

The P* = Dy°U — I'MI'"1T vy, decays

0)

Diagram (b) is perturbative, only QCD input is decay constant fp.

Diagram (a) is non-perturbative. Virtual photon 7" emitted from either a
U—type or a D—type quark line. For PT = Df: U =¢, D =s.

Non-perturbative QCD contribution encoded in the hadronic tensor
HE (k,p) = /d4x e (0| T [Jha(x) Tty (0)] | P(R)), W =V,A

= k= (E,, k) is photon 4-momentum, p is P-meson 3-momentum.

= We neglect SU(3)-vanishing quark-line disconnected diagrams. 9



Threshold problem at large virtualities %>

HEY (K, 0) h dt !Bt (0| Tk (t, k) J4, (0)] | P(0)) =
w

o

0 [e%s)
:/ dteiE“/’t<O|J“/’V(0)J§m(t,k)’P(0)>+/ dt e (0 Jg‘m(t,k)J‘zV(o)]P(o)>

—o0 0

)
Hy, (k) Hyy o (k)

Inserting a complete set of states between the two currents:

1) = —i3 " QO (L (0IP(0)

, = —k, |r) = D~'U, Dy*~°U
Bt B, — Mp —ic pr |7) ol o'

T

(01T (k) [n) (n] I3, (0)|P(0)) = -
ry = — E = = Dy*D, H
HW,2(k) i Fn— By —ic ) +k, |n) lo% U~*U
« 1st TO: B, > /M2 + k]2 = E,+E, - Mp >0 V.

= 2nd TO: E, — E, <0 if Vk? > M, [mass of the vector state |n)] X.

Threshold at: ‘/k?h =min(Mv,,, My,) = Eyn = 4 /thh + |k|2.

va is the mass of the lightest f* f state. For PT = DY, My, = My, My, = Mj/y. 10



The hadronic tensor from Euclidean lattice correlators

H{;/ can be extracted from the following Euclidean three-point function
evaluated on a L? x T lattice:

MEY (t,tw, k) = T(JE (t + tw, k) Jiy (tw) P(O))rr

= Pis an interpolator for the P*(0) meson, inserted at Euclidean time 0.
= Weak current placed at a fixed Euclidean time tyy .
= To ensure ground-state dominance, ¢ty must be chosen sufficiently large.

= We employ local weak current Jw and local/conserved e.m. current Jem.

Up to a normalization factor A/ (tw) and finite-ty corrections:

Clr (8, k) = (0] T3 (0) T (2, B)| P(0)) ‘= N(i M (1, )
w
o — m t>0 1 v

11



Proof-of-principle calculation for P = D,

We evaluated M/ (¢, tw, k) on a single Ny = 2+ 1 + 1 Wilson-clover
twisted-mass ETMC gauge ensemble at the physical point

Ensemble al[fm] L/a T/a tw/a  Neonts Nsources
cB211.072.64 | 0.079 64 128 22 [25%] 302 4

*Analyzed with limited statistics, only used to check ground-state isolation (Backup).

= k along z—axis, simulated z, = 2|k|/Mp, : 0.2,0.5,0.7.

= Implemented k , —k average — effective noise reduction at small z-.
= Analyzed separately the s- and c-quark contrib. to Ciy; and Cy/,.

= Threshold problems only in s-quark contrib. Cyy5 for VE2 > M.

From C‘*/‘V”; we evaluate the smeared amplitudes employing the HLT method

oo
Re/Im [’LH‘LX/V;(E"/vkvé)} = / dE' p%éé(E/vk) KRe/Im(E/ - Eﬁ’vé)
0

o0
Clys (t.k) = / dE ply3 (B k) ™'t .
0 1



Vector part of the hadronic tensor [Hy given in lattice units]
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Vector part of the hadronic tensor [Hy given in lattice units]

20K
MD = (.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Vector part of the hadronic tensor [Hy given in lattice units]

_ 2]

Ty = M. = 0.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Vector part of the hadronic tensor [Hy given in lattice units]

Ty = ]%/;) = (.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Vector part of the hadronic tensor [Hy given in lattice units]
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Vector part of the hadronic tensor [Hy given in lattice units]

Ty = ]%/;) = (.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Axial part of the hadronic tensor [H. given in lattice units]

Ty = ]%[;; = (.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Axial part of the hadronic tensor [H. given in lattice units]
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Axial part of the hadronic tensor [H. given in lattice units]

Ty = ]%[;; = (.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Axial part of the hadronic tensor [H. given in lattice units]

Ty = ]%[;; = (.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Axial part of the hadronic tensor [H. given in lattice units]

_ 2k - , .
Ty = M. = 0.2, semi-transparent bands are predictions from ¢-meson pole dominance
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Axial part of the hadronic tensor [H. given in lattice units]

Ty = ]%/;) = (.2, semi-transparent bands are predictions from ¢-meson pole dominance
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From H{ (z), k) at different k (coverin% the physical interval =, € [0, 1]) one
can obtain the total decay rate I'[Ds — I'l'ly)] [G.G. et al, arXiv:2202.03833].
We plan to evaluate the decay rates I'(¢) using the smeared H“jvl' (zk, k,€), and

then extrapolate to vanishing e.
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€/Mp, = 0.25 , semi-transparent bands are predictions from ¢-meson pole dominance
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From H{ (z), k) at different k (coverin% the physical interval =, € [0, 1]) one

can obtain the total decay rate I'[Ds — I'l'ly)] [G.G. et al, arXiv:2202.03833].

We plan to evaluate the decay rates I'(¢) using the smeared H“jvl' (zk, k,€), and

then extrapolate to vanishing e. 15
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From H{ (z), k) at different k (coverin% the physical interval =, € [0, 1]) one
can obtain the total decay rate I'[Ds — I'l'ly)] [G.G. et al, arXiv:2202.03833].
We plan to evaluate the decay rates I'(¢) using the smeared H“jvl' (zk, k,€), and

then extrapolate to vanishing e. 15



Dependence

€/Mp, = 0.15 , semi-transparent bands are predictions from ¢-meson pole dominance
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= From HY(zy, k) at different k (coverin% the physical interval =, € [0, 1]) one
can obtain the total decay rate I'[Ds — I'l'ly)] [G.G. et al, arXiv:2202.03833].

= We plan to evaluate the decay rates I'(¢) using the smeared H“jvl' (zk, k,€), and
then extrapolate to vanishing e. 15



Dependence

€/Mp, = 0.10 , semi-transparent bands are predictions from ¢-meson pole dominance
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= From HY(zy, k) at different k (coverin% the physical interval =, € [0, 1]) one
can obtain the total decay rate I'[Ds — I'l'ly)] [G.G. et al, arXiv:2202.03833].

= We plan to evaluate the decay rates I'(¢) using the smeared H“jvl' (zk, k,€), and
then extrapolate to vanishing e. 15



Dependence = 2|k|/Mp,

€/Mp, = 0.05, semi-transparent bands are predictions from ¢-meson pole dominance
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= From HY(zy, k) at different k (coverin% the physical interval =, € [0, 1]) one
can obtain the total decay rate I'[Ds — I'l'ly)] [G.G. et al, arXiv:2202.03833].

= We plan to evaluate the decay rates I'(¢) using the smeared H“jvl' (zk, k,€), and
then extrapolate to vanishing e. 15
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Form factors decomposition of H.

The hadronic tensor H{j/ can be decomposed in term of scalar form factors as

HY (k,p) = HEE (k,p) + HE (K, p)

R (o et A P
= —= [Kg" — kK] + — I o—F)
Mp Mp (p— k)2 — M2

. Fy Fa
— uryB e L2\ MY _ I R% iz
ia1 " haps + o [ k= kg™ = (p— B)*R*] + HEY (k,p)

(2p —Kk)*(p — k)”}

T
pt( p) fP g + 2p~k—k2

» Mp, fp are mass and decay constant of the meson P.

. Hgg is the structure-dependent contribution written in terms of three axial
form factors Hi, Ho, F'4, and the vector form factor Fy .

= Only F4 and Fy are relevant for P — lv;7y. No threshold problems (k? = 0).

= In the P—meson rest frame and with k along z—axis:

FV(I’Y)OCH\l/2(k7O)7 FA(x’Y)OCH}ll(hO)* H}Al(O?O)

point-like subtraction 16



Simulation details

ensemble B V/a* a (fm) M (MeV) L (fm)
CA211.12.48 1.726 18%.96 | 0.09075 (54) | 174.5 (1.1) 1.36
cB211.072.64 1.778 643128 | 0.07957 (13) | 140.2 (0.2) 5.09
cC211.060.80 1.836 80% - 160 0.06821 (13) 136.7 (0.2) 5.46
D211.054.96 1.900 96%.192 | 0.05692 (12) | 140.8 (0.2) 5.46

= Analyzed O(100) gauge configurations per ensemble (four 3 considered).

= Spanned the entire kinematical range of z., € [0, 1].
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Continuum extrapolated results |
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= Sensibly improved the accuracy w.r.t. our previous work.

= Results are still preliminary, very good control on systematics due to
continuum extrapolation, but other sources of systematic errors under
study.

= Currently we are performing simulations on a L® x T' lattice with
L ~7fm and T' = 2L, to study both finite—7" and finite-volume effects.

= Recently Giusti et al [arXiv:2302.01298] performed a calculation of Fy/
and F4 on a single RBC/UKQCD ensemble over whole kinematical
range. When continuum extrapolated results will be available, interesting

. 18
comparisons can be made.



Conclusions

= We propose a new method to extract hadronic amplitudes above
kinematical thresholds, based on spectral density techniques.

= In our approach, the problem of analytic continuation is bypassed by
evaluating, via spectral reconstruction, hadronic amplitudes H(E, ¢)
smeared over a finite-energy interval ¢, and then taking lime — 0.

= We performed a pilot-study on a single ETMC ensemble, computing the
hadronic tensor Hy (E, ¢) relative to P — I'l'ly; decays (below and
above threshold(s)) for e € [100 — 600] MeV, using the HLT method.

To-do list
= Evaluate differential decay rate dT'[Ds — I'l'l;]/d|k| using smeared

hadronic tensor and study e-dependence of dI'/d|k|.

= Try to use model calculations as a preconditioner to milden
e-dependence: H(E) = Hmodcl(E, 0) SIS limgﬁo[H(E, 6) = Hmodcl(E7 6)]

= Increase number of simulated photon momenta k, extend calculation to
finer lattice spacings. Try P = K, in the future P = D, B? 19



A thank you slide

Thank you for your attention!
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Stability analysis to find the optimal value of the trade-off parameter A = \*

Below threshold z < Tk, th > 0.52 [No loss of precision at small A[g]]
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= Rightmost vertical line corresponds to A = A\*. Difference w.r.t. value
corresponding to leftmost line added as a systematic when significant.

= Reconstruction becomes poorer increasing z; above threshold and/or
decreasing ¢, as expected.



Controlling systematic errors

Stability analysis to find the optimal value of the trade-off parameter A = \*

Slightly above threshold =), 2 @y ¢, ~ 0.52
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= Rightmost vertical line corresponds to A = \*. Difference w.r.t. value
corresponding to leftmost line added as a systematic when significant.

= Reconstruction becomes poorer increasing ) above threshold and/or
decreasing ¢, as expected.



Controlling systematic errors

Stability analysis to find the optimal value of the trade-off parameter A = \*

Above threshold z > x ¢t >~ 0.52
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= Rightmost vertical line corresponds to A = \*. Difference w.r.t. value
corresponding to leftmost line added as a systematic when significant.

= Reconstruction becomes poorer increasing ) above threshold and/or
decreasing ¢, as expected.



Local vs conserved electromagnetic current

Hy is given in lattice units
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Local vs conserved electromagnetic current

Hy is given in lattice units
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Local vs conserved electromagnetic current

Hy is given in lattice units
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Checking ground-state isolation
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Checking ground-state isolation

Hy is given in lattice units
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Checking ground-state isolation

Hy is given in lattice units

Ty = gr,,- =02, Local em. current
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Dependence on Fy,

Hy is given in lattice units

Ty = qr- = 0.2, Local e.m. current
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Dependence on Fy,

Hy is given in lattice units
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Dependence on Fy,

Hy is given in lattice units

oo Ty = gr,,- =02, Local em. current
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Pole model fits to F)4 and Fy, for real photon emission

= If single-pole model employed to describe Fy, W = {V, A}:
Cw

FW(J;’Y) = W ’ Epole - (A[;)/gle) + k2
2Epole (Epole + E’Y - N[Ds)
with Cy, M, pole fit parameters, we get:

M pote = 2840 (74) MeV, expected: Mp, , = 2460 MeV
MY pole = 2197 (28) MeV, expected: Mpx = 2112 MeV

= Pole position closer to physical nearest resonance in vector channel.
Coupling C'y related to gp: . p,~ coupling.

= From single-pole fit, we get gp- ,p, ., = 0.13(1).

= Can be compared with direct lattice calculation
(9p:—D.y = 0.11(2)) [HPQCD Coll, 2014], and prediction from
light-cone sum rule (gp:—p,y = 0.60(19)) [Puliin and Zwicky, 2021].
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