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Goldstone theorem as an introduction
• a symmetry of the action is spontaneously broken if

Qa|0〉 6= 0

• Goldstone theorem: for every broken generator, there is a massless
particle in the spectrum of the theory

• chiral symmetry in massless QCD

SU(3)L × SU(3)R → SU(3)V =⇒ massless octet

• Ward identities: GMOR

m2
π = 2mB +O(m2) , B =

∣∣∣∣〈ψ̄ψ〉F 2
π

∣∣∣∣
m=0
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anomalous breaking

• an anomalous symmetry is a symmetry of the action that is broken by
quantum corrections

• =⇒ no massless Goldstone bosons

example: U(1)A and Witten-Veneziano formula for the η′

• Witten-Veneziano

∂µJ
µ
5 (x) = 2nfq(x)

Jµ5 (x) = ψ̄(x)γµγ5ψ(x) , q(x) =
g2

16π2
TrGµν(x)G̃µν(x)

=⇒ m2
η′ =

2nf
F 2
π

χ|YM ∼ 1/Nc
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the problem with scale invariance

• like the U(1)A symmetry of QCD, scale invariance is broken, in this
case by the trace anomaly

• what is a dilaton?

• in a QCD-like theory, no light degree of freedom associated to
spontaneously broken dilatations

• however the effect of the anomaly “vanishes” in a theory where there
is an IR fixed point
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phase diagram of gauge theories

β(g) = −b0g3 − b1g5 +O(g5)

Mass

0
Conformal

Window

Conformal 

Dilaton

QCD-  
like 
 Nc

Nf

Λ

0++0−+

D πa πa

No Asymptotic  
Freedom

QCD

Conformal  
Window 

Conformal Dilaton

L Del Debbio Dilaton WIs Pisa, January 2023 6 / 17



IR conformal scaling
two-point correlator

CHH(t; δg, m̂, µ) =

∫
dx 〈H(t,x)H(0)†〉

=
|〈0|H(0)|H〉|2

2mH
e−mH t + . . .

RG transformation

µ = bµ′, CHH(t; δg, m̂, µ) = b−2γHCHH(t; bygδg, bymm̂, µ′)

scale transformation

CHH(t; δg, m̂, µ) = b−2(dH+γH)CHH(b−1t; bygδg, bymm̂, µ)

= m̂2∆H/ym F (tm̂1/ym)

mH ∝ m̂1/ym
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conformal spectrum
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axial and scale invariance
• axial transformations (broken generators of chiral symmetry)

δa5q(x) = iγ5τ
aq(x)

Aaµ = q̄(x)γ5γµτ
aq(x)

∂µAaµ(x) = 2mP a(x) = 2m q̄(x)iγ5τ
aq(x)

• scale transformations (broken generator of scale invariance)

δsφ(x) = − [dφ + x · ∂]φ(x)

Dµ(x) = xνTµν

∂µDµ(x) = A(x) =
β(g)

2g
G(x)2 +m [1 + γ(g)] q̄(x)q(x)
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matrix elements in the IR

on-shell contribution of the anomaly

〈0|β(g)

2g
G2(0)|D(q)〉 ∝ lim

b→∞
eEqbt 〈0|β(g)

2g
G2(bt,q)ΦD(0)|0〉

∝ lim
b→∞

eEqbtCTΦ (bt,q; δg, m̂, µ)

∝ lim
b→∞

eEqbtCTΦ (t, bq; bygδg, bymm̂, µ)

if the theory has an IR fixed point, yg < 0

lim
b→∞

β (g∗ + bygδg)

g∗ + bygδg
=

= lim
b→∞

β′ (g∗) bygδg

g∗

(
1− bygδg

g∗

)
= 0

L Del Debbio Dilaton WIs Pisa, January 2023 10 / 17



conformal dilaton phase

matrix elements & decay constants

Γ
(ab)
5µ (q) = 〈0|Aaµ(0)|πb(q)〉 = iFπqµδ

ab ,

Γµ(q) = 〈0|Dµ(0)|D(q)〉 = iFDqµ ,

ward identities in the symmetric limit

i−1qµΓ
(ab)
5µ (0) = 2m 〈0|P a(0)|πb(q)〉 = Fπm

2
πδ
ab sym→ 0 ,

i−1qµΓµ(0) = 〈0|A(0)|D(q)〉+ . . . = FDm
2
D

sym→ 0 .

SSB: Fπ, FD finite, and mπ,mD → 0
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conformal dilaton phase - scaling

CHH

(
t,p; F̂π, δg, m̂, µ

)
=

∫
dx e−ip·x 〈0|H(t,x)H(0)†|0〉

CHH

(
t,0; F̂π, δg, m̂, µ

)
=

= m̂2∆H/ym CHH

(
m̂1/ymt,0; m̂−1/ymF̂π, 0, 1, µ

)

=⇒ mH ∝ m̂1/ym FH
(
m̂−1/ymF̂π

)
conjecture:

lim
x→∞

FH(x) =

{
κ ⇒ mH = O

(
m̂1/ym

)
κx ⇒ mH = O

(
F̂π

) ,

L Del Debbio Dilaton WIs Pisa, January 2023 12 / 17



spectrum in the conformal dilaton phase

JPC Goldstone

0−+ mπ = O(m
1

1+γ∗
q ) Fπ = O(Λ)

0++ mD = O(m
1

1+γ∗
q ) FD = O(Λ)

JPC non-Goldstone (
ηFD′,π′
1+γ∗

≥ 1)

0−+ mπ′ = O(Λ) Fπ′ = O(m

ηFπ′
1+γ∗
q )

0++ mD′ = O(Λ) FD′ = O(m

ηFD′
1+γ∗
q )

L Del Debbio Dilaton WIs Pisa, January 2023 13 / 17



conformal dilaton spectrum
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gravitational form factors

T (φ)
µν (p, p′) = 〈φ(p′)|Tµν(0)|φ(p)〉

= 2PµPνG1(q2) + (qµqν − q2ηµν)
m2
φ

q2
G2(q2) ,

in the presence of a fixed point

T
(φ)µ
µ (p, p′) = 〈φ(p′)|A(0)|φ(p)〉 = 0

hence

2m2
φ(1− q2

4m2
φ

)G1(q2)− (d− 1)m2
φG2(q2) = 0

conformal dilaton

G2(q2) =
2

d− 1
(1− q2

4m2
φ

)G1(q2) , m2
φ 6= 0

G2(0) =
2

d− 1
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possible tests by lattice simulations

• compute the matrix element of Tµν and look for the pole

G2(0)
m2
φ

q2

• scaling of the spectrum

mD ∼ m̂1/ym

mπ ∼ m̂1/ym

M = O(Λ)

• finite volume effects need to be under control
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conclusions

• characterized a conformal dilaton phase, where scale invariance is
spontaneously broken and a dilaton can exist

• importance of having an IR fixed point so that the anomalous
breaking vanishes

• implementation of Ward identities consistent with a massless pole

• conformal dilaton phase is already being used to build dilatonic Higgs
models
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