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Why we care about neutrinos

Core-collapse supernovae

Neutrinos are messengers of 
informa-on of physics under 

extreme condi6ons

Massive star mergers

Neutrinos can influence the 
supernovae explosion

Spectral splits can 
happen at some 

distance from the 
emission sphere

Nucleosynthesis and 
in general weak 

interac6on is flavor-
dependent


νe + n ⟷ p + e−

n ⟷ p + e− + νe

νe + p ⟷ n + e+

3
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Massive stars  explode releasing a huge 
amount of energy and neutrinos 

M ≥ 8 M⊙
∼ 1058

Interesting quantum 
many-body problem 
governed by weak 

interaction

H = Hvac + Hνe + Hνν

Vacuum:

Mass eigenstates  
flavor eigenstates  

≠ MSW:

ScaHering 

with maHer

-interac-on:

Forward 

scaHering

νν

Flavor Hamiltonian of many-neutrino system

Neutrinos from Core-collapse Supernovae
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Neutrinos from Core-collapse Supernovae

H = Hvac + Hνν

Two-flavor Hamiltonian (SU(2) model) 

In the two-flavor approxima6on the flavor state of a neutrino is a flavor isospin.

The Hamiltonian can be wriHen using the SU(2) algebra thanks to Pauli matrices:
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Two-flavor Hamiltonian (SU(2) model) 

In the two-flavor approxima6on the flavor state of a neutrino is a flavor isospin.

The Hamiltonian can be wriHen using the SU(2) algebra thanks to Pauli matrices:

1-body term
Hvac =

N

∑
i=1

b⃗ ⋅ ⃗σi =
δm2

4E

N

∑
i=1

(sin(2θν)Xi − cos(2θν)Zi)
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Neutrinos from Core-collapse Supernovae

H = Hvac + Hνν

Two-flavor Hamiltonian (SU(2) model) 

In the two-flavor approxima6on the flavor state of a neutrino is a flavor isospin.

The Hamiltonian can be wriHen using the SU(2) algebra thanks to Pauli matrices:

2-body term

!
Simula-ng the full dynamics is 
impossible using classical resource

1-body term
Hvac =

N

∑
i=1

b⃗ ⋅ ⃗σi =
δm2

4E

N

∑
i=1

(sin(2θν)Xi − cos(2θν)Zi)

Hνν =
μ
N

N

∑
i<j

Jij ⃗σi ⋅ ⃗σj =
μ
N

N

∑
i<j

Jij(Xi ⊗ Xj + Yi ⊗ Yj + Zi ⊗ Zj)
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Ingredients for Hamiltonian simulation

1° ingredient:

Encoding map

2° ingredient:

Implementation of the 

unitary U = e−iHt
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Implementation of the 

unitary U = e−iHt
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|νx⟩ = |1⟩

Two-flavor approxima6on 


 neutrinos encoded into  qubits

|ν⟩ = α |νe⟩ + β |νx⟩
N N
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Ingredients for Hamiltonian simulation

1° ingredient:

Encoding map

2° ingredient:

Implementation of the 

unitary U = e−iHt

|νe⟩ = |0⟩

|νx⟩ = |1⟩

Two-flavor approxima6on 


 neutrinos encoded into  qubits

|ν⟩ = α |νe⟩ + β |νx⟩
N N

Flavor evolu6on of  neutrinos generated by the 

Hamiltonian 


Implement the propagator 

N
H = ∑

i

b⃗ ⋅ ⃗σi + ∑
i<j

Jij ⃗σi ⋅ ⃗σj

U(t) = e−iHt

νe

νe

νμ

νμ
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The theoretical evolution

We want to simulate the flavor evolu6on


Ini6al state 


 ini6al state 


 ini6al state 


Evolved state 

Measure the probability to be in the inverted flavor as a 
func6on of 6me 

Note the symmetry under par6cle exchange

|Ψ0⟩
N = 4 |Ψ0⟩ = |0011⟩
N = 8 |Ψ0⟩ = |00001111⟩

|Ψ(t)⟩ = e−iHt |Ψ0⟩

Pinv(t)

N = 4

N = 8
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The Unitary Implementation: gate decomposition

8

U(dt) = e−i(Hvac+Hνν)dt

U(dt) = U2(dt)U1(dt)



Bologna, 14-15 November 2022 Quantum Computing @INFN workshopValentina Amitrano

The Unitary Implementation: gate decomposition
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U(dt) = e−i(Hvac+Hνν)dt

U(dt) = U2(dt)U1(dt)

1-body part: simple 


2-body part: tricky 


Different terms don’t commute  


Approxima6on  


It introduces an error 


Simple implementa6on of 

U1(t) = e−iHvact = e−i∑i hit = ∏
i

e−ihit

U2(t) = e−iHννt = e−i∑i<j hijt

[hij, hik] ≠ 0

U2(t) ≈ ∏
i<j

e−ihijt

∼ 𝒪(t2)
e−ihijt = e−iJij(Xi⊗Xj+Yi⊗Yj+Zi⊗Zj)t

α = − dtJijF. Vatan and C. Williams (2004)
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The Unitary Implementation: Machine aware compilation
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Different qubit


Superconduc6ve circuit


Trapped ions


Different qubit connec6vity


Linear


All - to - all


Etc…


Different universal gate set


Circuit op6miza6on


More control on what we are running

Honeywell Quantum

LLNL testbedIBM Quantum

Rigetti Quantum
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The Unitary Implementation: Qubit topology
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Long evolution of  neutrinos using N = 4 dt = 4N μ−1

The -term is an all-to-all interac-on:

 all qubits need to interact with all the 
others one 6me


The qubit connec6vity introduces constraints 
in the quantum gate decomposi6on


Swap network algorithm for linear 
connec6vity (B. Hall, A. Roggero et. al 
(2021))

Advantage of full connec-vity of trapped 
ions


Less complexity

Error minimiza6on

νν

SN OO
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The Unitary Implementation: Machine aware compilation
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Machine aware implementa6on of the unitary 
propagator :


Qubit topology

Quantum gate set

Complexity scaling analysis

U(t) = e−iHt

Quantinuum System Model (QSM) H1-2 

Trapped-ion device

Full-connected qubits

High fidelity 



εq ∼ 10−4

εqq ∼ 10−3

ZZ-based CNOT gate

Quantinuum System Model
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RESULTS: single Trotter step
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η = Nμ

M. Illa and M. J. 
Savage (2022)


arXiv:2210.08656

V. Amitrano et. al. 
(2022)

arXiv:2207.03189

N = 4

N = 8

N = 4

B. Hall, A. Roggero 
et. al (2021)


arXiv:2102.12556

https://arxiv.org/abs/2210.08656
https://arxiv.org/abs/2102.12556
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RESULTS: Multiple Trotter steps
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Short 6me-step : small error decomposi6on 

Ideal  troHerized evolu6on

Very long quantum circuits (noise)

dt = 4μ−1 ∼ 𝒪(kdt2)
≈

Steps 1 2 3 4 5 6 7 8 9 10
# ZZ 18 36 54 72 90 108 126 144 162 180

# SU(2) 36 68 100 132 164 196 228 260 292 324
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Complexity scaling of the algorithm
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We are interested in systems in which we fix  
and we look at the scaling with 


Complexity as the number of 2-qubit gates to evolve the 
system up to  keeping the error  


First order Trotter 


Second order Trotter 


Higher order Trotter 

nν = N/V
N

T < ϵ

𝒞1 = 𝒪( T2μ2N3

ϵ )
𝒞2 ≤ 𝒪 ( (Tμ)3/2

ϵ
N5/2)

∼ N2+δ
Real cost es6mated by calcula6ng the number 
of steps such that we evolve up to  
with an error

T = 40μ−1

≤ 0.15

ε(dt) = ∥Uapprox(dt) − Uexact(dt)∥∞
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Conclusions
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Results are very promising


We can increase the number of 
simulated neutrinos


The algorithm scales 
polynomially

QC necessary for full dynamics 
simula6on


The gate decomposi6on must be 
machine aware and circuit 
op6miza6on is crucial


Full qubit connec6vity allows for 
more freedom in gate 
decomposi6on

Flavor dynamics is crucial to 
describe many effects in core-
collapse supernovae


Collec6ve neutrino oscilla6ons 
make the problem non linear and 
interes6ng to test quantum 
compu6ng
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Two-flavor Hamiltonian Model

The model:


 mixing angle


Monochroma6c flux 








 


Energy scale 


 





 is a  Hermi6an matrix

θν = 0.195

E ≠ Ei

b⃗ =
δm2

4E
(sin(2θν),0, − cos(2θν))

Jij = 1 − cos(θij)

θij = arccos(0.9)
| i − j |
N − 1

μ = 2GFnν

X2 = I ⊗ I ⊗ X ⊗ I

X0 ⊗ X2 = X ⊗ I ⊗ X ⊗ I

H 2N × 2N

18

Vacuum mixing (1-body term)

 - interac6on (2-body term)νν

Hvac =
N

∑
i=1

b⃗ ⋅ ⃗σi =
δm2

4E

N

∑
i=1

(sin(2θν)Xi − cos(2θν)Zi)

!
 is an all-to-all 

interac-on that makes 
the problem non-linear

Hνν

Hνν =
μ
N

N

∑
i<j

Jij ⃗σi ⋅ ⃗σj =
μ
N

N

∑
i<j

Jij(Xi ⊗ Xj + Yi ⊗ Yj + Zi ⊗ Zj)
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The Unitary Implementation
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U(dt) = e−iHdt

H = Hvac + Hνν

U(T ) =
r

∏
k=1

U2( T
r )U1( T

r )

Single Trotter 
step

Evolution 
using 

multiple 
Trotter steps

U(dt) = U2(dt)U1(dt)

U(T ) =
r

∏
k=1

U2( T
r )

r

∏
k=1

U1( T
r )
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The Unitary Implementation: Qubit topology
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B. Hall, A. 
Roggero et. al 

(2021)

Possible with linear connec-vity 

Add swaps to each itera-on that 
increases the circuit complexity

Encoding freedom

Fixed pair ordering

We save a layer

Need all-to-all connec-vity

Higher fidelity for propagator 
(lower TroSer error)

No SWAP gates needed

U2(t) ≈
N

∏
i<j

e−ihijt N(N − 1)
2

 terms 
All-to-all interac-on means that 
each qubit interacts with all the 

others

Optimal orderingBest swap network

!
Less 
rota-ons and 
easier angles
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Machine aware compilation

ZZ-based uij

21

ZZ-based CNOT gateNative gate








Rz(λ) = (e−iλ/2 0
0 eiλ/2)

Uq(θ, φ) = ( cos θ/2 −ie−iφ sin θ/2
−ieiφ sin θ/2 cos θ/2 )

ZZ = e−i π
4 Z⊗Z =

1 0 0 0
0 i 0 0
0 0 i 0
0 0 0 1

CNOT-based uij
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Trotter error scaling for the approximation of U(dt) = e−iHdt
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First order TroSer decomposi-on U(dt) ≈ ℒ1(dt) =
Γ

∏
K=1

e−ihijdt

ε(dt) ≤
dt2

2

Γ

∑
K=1

Γ

∑
L=K+1

[hK, hL]

ε(T) ≤ rε(dt) T = rdt

ε(dt) ≤ 12dt2μ2 Θ2

N2 (N
3 ) = 𝒪 (dt2μ2N)

𝒞 ≤ (N
2 ) r

r ≤ 12
T2μ2Θ2

ϵN2 (N
3 ) = 𝒪( T2μ2N

ϵ )

𝒞1 = 𝒪( T2μ2N3

ϵ )
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Trotter error scaling for the approximation of U(dt) = e−iHdt
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Second order TroSer decomposi-on U(dt) ≈ ℒ2(dt) = ℒ1( dt
2 )ℒ†

1( −
dt
2 )


ε(dt) ≤
dt3

12

Γ

∑
K

∥
Γ

∑
L>K

Γ

∑
M>K

[hL, [hM, hK]] |+

+
dt3

24

Γ

∑
K

∥
Γ

∑
L>K

[hK, [hK, hL]]∥

ε(T) ≤ rε(dt) T = rdt

𝒞 ≤ (2 (N
2 ) −

N
2 )r

ε(dt) ≤ dt3 μ3Θ3

N3 [20 (N
3 ) + 56 (N

4 )] = 𝒪(dt3μ3N)

r ≤
(TμΘ)3/2

ϵN3/2
20 (N

3 ) + 56 (N
4 ) = 𝒪( T3/2μ3/2 N

ϵ )

𝒞2 ≤ (2 (N
2 ) −

N
2 )r = 𝒪 ( (Tμ)3/2

ϵ
N5/2)
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Statistical error analysis
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Number of repe66ons 

Bayesian approach


Probability distribu6on of obtaining  6mes : 


Bayes theorem: 


Prior conjugate  where  and 


 and . We used  as posterior distribu6on and look for:


 

M = 200

m |q⟩ 𝒫b(m |p) = (M
m) pm(1 − p)M−m

𝒫(p |m) =
𝒫(m |p)𝒫(p)

𝒫(m)

ℬ(α′￼, β′￼) = =
𝒫b(m |p)ℬ(α, β)

∫ dq𝒫b(m |p)ℬ(α, β)
α′￼ = α + m β′￼ = β + M − m

α = 1 β = 1 ℬ(α′￼, β′￼)
𝒫(pmin < p < pmax) = 0.68

A priori distribu6on: Beta distribu6on 

ℬ(α, β) =
Γ(α + β)
Γ(α)Γ(β)

pα−1(1 − p)β−1

Likelihood distribu6on: Binomial distribu6on 

Posterior distribu6on


