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The Generalized Eigenvalue Problem

Avi = λiBvi
• A = Real symmetric or non symmetric matrix


• B = Real symmetric matrix


• vi = Eigenvector


• λi = Eigenvalue (we look for the real one)
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Solve the GEVP with an annealer



The Homogeneous Bethe-Salpeter Equation
• Describe bound state in a Relativistic Quantum Field Theory (in Minkowski space) 

framework (k/m >1/4)


• Studies of momentum distribution of the constituents inside bound states at JLab and EIC


• Strongly non perturbative regime of Quantum Field Theory


• Can be rewritten as a Non Symmetric Generalized Eigenvalue problem [1]

[1] W. De Paula et. al., PRD 94 071901 
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Goals of the project
Outline of the talk

• The symmetric standard (and generalized) eigenvalue problem (Krakoff et al.)


• The non-symmetric standard eigenvalue problem 


• Some practical examples


• The generalized non-symmetric eigenvalue problem (working on)  
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Avoid matrix operation: minimize computational cost as N increase



The Symmetric Case
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<latexit sha1_base64="r6UP0X6h/G341Gp0xDLyg2hamE0=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyyCqzIjRd0IVTcuK9gHtMOQyWTa0ExmSDLFUvorblwo4tYfceffmLaz0NYDgZNz7iE3J0g5U9pxvq3C2vrG5lZxu7Szu7d/YB+WWyrJJKFNkvBEdgKsKGeCNjXTnHZSSXEccNoOhnczvz2iUrFEPOpxSr0Y9wWLGMHaSL5dvhn57LrHTSLEPkPm5tsVp+rMgVaJm5MK5Gj49lcvTEgWU6EJx0p1XSfV3gRLzQin01IvUzTFZIj7tGuowDFV3mS++xSdGiVEUSLNERrN1d+JCY6VGseBmYyxHqhlbyb+53UzHV15EybSTFNBFg9FGUc6QbMiUMgkJZqPDcFEMrMrIgMsMdGmrpIpwV3+8ippnVfdi2rtoVap3+Z1FOEYTuAMXLiEOtxDA5pA4Ame4RXerKn1Yr1bH4vRgpVnjuAPrM8fYTSUBw==</latexit>

Avi = �ivi
A = Real Symmetric Matrix

Finding the minimal eigenvalue with an annealer

• Minimization problem 

• QUBO form (Ising problem)

Rayleigh-Ritz quotient

Quadratic Unconstrained Binary Optimization

<latexit sha1_base64="mtUrAhqT2Pq6/zhytaMa2pRaoxs=">AAACJHicbZDLSgMxFIYzXmu9jboQcRMsgqsyI6IFEapuXFbpDTpjyaSZNjRzIckUyjAP48ZXceOiKi50oVsfw/SC1tYfAj/fOYeT8zsho0Iaxps2Mzs3v7CYWkovr6yuresbm2URRByTEg5YwKsOEoRRn5QklYxUQ06Q5zBScdqX/XqlQ7iggV+U3ZDYHmr61KUYSYXq+mlsYcTgTXJmuRzhOLacgDVgJ7ktnv/4ZBz/0rqeMbLGQHDamCOTyec+e9vvXzuFuv5sNQIcecSXmCEhaqYRSjtGXFLMSJK2IkFChNuoSWrK+sgjwo4HRyZwX5EGdAOuni/hgI5PxMgTous5qtNDsiUma334X60WSTdnx9QPI0l8PFzkRgzKAPYTgw3KCZasqwzCnKq/QtxCKiypck2rEMzJk6dN+TBrHmePrlUaF2CoFNgFe+AAmOAE5MEVKIASwOAOPIAeeNLutUftRXsdts5oo5kt8EfaxzfrPaoD</latexit>

R =
vTAv

vTv



The Non Symmetric Case
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<latexit sha1_base64="r6UP0X6h/G341Gp0xDLyg2hamE0=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyyCqzIjRd0IVTcuK9gHtMOQyWTa0ExmSDLFUvorblwo4tYfceffmLaz0NYDgZNz7iE3J0g5U9pxvq3C2vrG5lZxu7Szu7d/YB+WWyrJJKFNkvBEdgKsKGeCNjXTnHZSSXEccNoOhnczvz2iUrFEPOpxSr0Y9wWLGMHaSL5dvhn57LrHTSLEPkPm5tsVp+rMgVaJm5MK5Gj49lcvTEgWU6EJx0p1XSfV3gRLzQin01IvUzTFZIj7tGuowDFV3mS++xSdGiVEUSLNERrN1d+JCY6VGseBmYyxHqhlbyb+53UzHV15EybSTFNBFg9FGUc6QbMiUMgkJZqPDcFEMrMrIgMsMdGmrpIpwV3+8ippnVfdi2rtoVap3+Z1FOEYTuAMXLiEOtxDA5pA4Ame4RXerKn1Yr1bH4vRgpVnjuAPrM8fYTSUBw==</latexit>

Avi = �ivi
A = Real Non Symmetric Matrix  (We are looking for real solutions)

• Minimization problem 

• QUBO form (Ising problem)

Rayleigh-Ritz quotient

Quadratic Unconstrained Binary Optimization

<latexit sha1_base64="S+5sUEUpCz9Zv69jswMDV0GZgLQ="></latexit>

J(v,�) =
|(A� �I)v|2

vTv

S. Alliney et al. , Appl. Math. Modelling 16, 148 




Specific on the Non Symmetric Case
• We are looking for the real solutions (the largest for the BSE)


• R(v)>0. Real solution only for R(v)=0            Minimization


• Direct minimization of
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<latexit sha1_base64="26gYFxC6212bKZ3dNNrA4Oz3CEI="></latexit>

� =
1

2

vT (A+AT )v

|v|2 ± i
p
R(v) R(v) =

vTATQ(v)Av

|v|2 Q(v) =

✓
1� vvT

|v|2

◆

• All the real solution are equivalent for the annealer

• It is not a quadratic problem!  (Can be solved iteratively)

<latexit sha1_base64="h9Zd5/cpipGtUp1pjKu5Cr1zdNY=">AAACK3icbVBLTwIxGOziC/G16tFLIzGBRMmuIerFBPGinjDhlbAL6ZYuNHQfabskZMP/8eJf8aAHH/Hq/7DAHgScpMl05pu03zgho0IaxqeWWlldW99Ib2a2tnd29/T9g7oIIo5JDQcs4E0HCcKoT2qSSkaaISfIcxhpOIPbid8YEi5o4FflKCS2h3o+dSlGUkkdvfyQiy3HhcPxqcVUrIvy14nQrsLczVmiwvt8uzp3TaYymY6eNQrGFHCZmAnJggSVjv5qdQMcecSXmCEhWqYRSjtGXFLMyDhjRYKECA9Qj7QU9ZFHhB1Pdx3DE6V0oRtwdXwJp+rfRIw8IUaeoyY9JPti0ZuI/3mtSLpXdkz9MJLEx7OH3IhBGcBJcbBLOcGSjRRBmFP1V4j7iCMsVb2TEszFlZdJ/bxgXhSKj8VsqZzUkQZH4BjkgAkuQQncgQqoAQyewAt4Bx/as/amfWnfs9GUlmQOwRy0n18VoKSB</latexit>

J(v,�) = vT (A� �I)T (A� �I)v

• Need to select a starting 

• Purely quadratic

<latexit sha1_base64="3yANVO53+jzh3V+zKIq6Q5CUY1U=">AAAB8HicbVDLSgMxFL1TX3V8VV26CRbBVZmRoi6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nTDnTxvO+ndLa+sbmVnnb3dnd2z+oHB61dZIpQlsk4YnqhlhTziRtGWY47aaKYhFy2gnHtzO/80SVZol8MJOUBgIPJYsZwcZKj31uoxF23UGl6tW8OdAq8QtShQLNQeWrHyUkE1QawrHWPd9LTZBjZRjhdOr2M01TTMZ4SHuWSiyoDvL5wlN0ZpUIxYmyTxo0V39P5FhoPRGhTQpsRnrZm4n/eb3MxNdBzmSaGSrJ4qM448gkaHY9ipiixPCJJZgoZndFZIQVJsZ2NCvBXz55lbQvav5lrX5frzZuijrKcAKncA4+XEED7qAJLSAg4Ble4c1Rzovz7nwsoiWnmDmGP3A+fwCtaY+u</latexit>

�



The problem in a QUBO form
• Rewriting the numbers in binary basis


• The matrix that is used then is 
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<latexit sha1_base64="vJg27ePJdFBtlLHkAuvpdUtrnj8=">AAACB3icbVDLSsNAFJ34rPUVdamUwSK4KomIuhGKbly20Be0MUwmk3boJBNnJkIJ2enCX3HjQpFu/QV3foM/4fSx0NYDFw7n3Mu993gxo1JZ1pexsLi0vLKaW8uvb2xubZs7uw3JE4FJHXPGRctDkjAakbqiipFWLAgKPUaaXv965DfviZCURzU1iIkTom5EA4qR0pJrFtBl2vE482F8W8s62OcKToW7zPVcs2iVrDHgPLGnpFg+GFa/HwvDimt+dnyOk5BECjMkZdu2YuWkSCiKGcnynUSSGOE+6pK2phEKiXTS8R8ZPNKKDwMudEUKjtXfEykKpRyEnu4MkerJWW8k/ue1ExVcOCmN4kSRCE8WBQmDisNRKNCngmDFBpogLKi+FeIeEggrHV1eh2DPvjxPGicl+6x0WtVpXIEJcmAfHIJjYINzUAY3oALqAIMH8AxewZvxZLwY78Zw0rpgTGf2wB8YHz9+MJzJ</latexit>

a = pT · qb
<latexit sha1_base64="iDDawSLDykZYMrpB713ODfdCj6U="></latexit>

p = (�1, 2�1, 2�2, . . . , 2�b+1)

qb = (q0, q1, q2, . . . , qb�1)

qi = binary (0,1)

<latexit sha1_base64="YZnBFplveDfv46Gwgntdg6edNK4=">AAACKHicbVDLTgIxFO3gC8cX6tJNI5G4IjOGqBsi6MYlJLwSBkindKCh80jbISGT+Rw3/oobYzSGrV9igSEqeJIm55x7b27vsQNGhTSMqZba2Nza3knv6nv7B4dHmeOThvBDjkkd+8znLRsJwqhH6pJKRloBJ8i1GWnao4dZvTkmXFDfq8lJQDouGnjUoRhJZfUyd5Fl+6wPx91aDMtwqWKYKy5FK+7WYPVHWZZezRUryizDSi+TNfLGHHCdmAnJggSq/83q+zh0iScxQ0K0TSOQnQhxSTEjsW6FggQIj9CAtBX1kEtEJ5ofGsML5fSh43P1PAnn7u+JCLlCTFxbdbpIDsVqbWb+V2uH0rntRNQLQkk8vFjkhAxKH85Sg33KCZZsogjCnKq/QjxEHGGpstVVCObqyeukcZU3r/OFaiFbuk/iSIMzcA4ugQluQAk8ggqoAwyewAt4Bx/as/aqfWrTRWtKS2ZOwR9oX98VcaN8</latexit>

vTAv = XTQX

Q = PTAP

<latexit sha1_base64="11/1jhyaaoGqeu7cAaXNtOxlKtw="></latexit>

P =

0

BBB@

p 0 . . . 0
0 p . . . 0
...

...
. . . 0

0 0 . . . p

1

CCCA

The dimension of matrix Q is (Nxb) x (Nxb)



The Algorithm  
• (1) The algorithm is an approximation of the actual Rayleigh-Ritz quotient (or J)


• (2) Step descendent phase


• An iterative procedure is used to find the minimal value of  by increasing  

the precision when needed


• For the generalized case just substitute  with 

λ

I B
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*B. Krakoff, et al., arXiv:2104.11311, and Plos one 17, e0267954 (2022)

<latexit sha1_base64="/kVNYEf0Ce3JX1A6lUt8dqfsLJc="></latexit>

�0 = min
|v|=1

vTAv ⇠ min
X2Cn,b

XTQX discretized cube
<latexit sha1_base64="71C0TI+hsmB1XMw1VP09vcA0b+Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinos9uKxgrWFNpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHjyZONeMtFstYdwJquBSKt1Cg5J1EcxoFkreDcWPmt5+4NiJWDzhJuB/RoRKhYBSt1G70M3URTPvlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/Nz52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LHy6p3Va3d1yr12zyOIpzAKZyDB9dQhztoQgsYjOEZXuHNSZwX5935WLQWnHzmGP7A+fwBA72PXw==</latexit>

Cn,b

<latexit sha1_base64="9unOI2eli6HJoeOeMMYnmSN3jis="></latexit>

f(v) = f(v0) +rvf(v) · � + �
T H(f)

2
�

<latexit sha1_base64="R99kDohwz5AIskwzKw75/6AoF2k=">AAACE3icbZDLSgMxFIYz9VbrbdSlm9AitIplRkTdCFU3uqvQG3RqyaSZNjRzIckUhqHv4EJfxY0LRdy6cde3MdPOQq0/BD7+c06S89sBo0IaxkTLLCwuLa9kV3Nr6xubW/r2TkP4Icekjn3m85aNBGHUI3VJJSOtgBPk2ow07eF1Um+OCBfU92oyCkjHRX2POhQjqayufuAUY8t24Ghcukjhvla8PLKYuqOH4G0JpnauqxeMsjEVnAczhUIlbx0+TipRtat/WT0fhy7xJGZIiLZpBLITIy4pZmScs0JBAoSHqE/aCj3kEtGJpzuN4b5yetDxuTqehFP350SMXCEi11adLpID8beWmP/V2qF0zjsx9YJQEg/PHnJCBqUPk4Bgj3KCJYsUIMyp+ivEA8QRlirGJATz78rz0Dgum6flkzuVxhWYKQv2QB4UgQnOQAXcgCqoAwwewDN4BW/ak/aivWsfs9aMls7sgl/SPr8BxAifLg==</latexit>

f(v) = vT (A� �I)v



A visual realization
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Actual function

Annealer solution first step

Increasing the precision
<latexit sha1_base64="3owpIsVHBgXTkRrTucJkujEdF+Y=">AAACC3icbVA9SwNBEN2LXzF+nVraLAkBCwl3EtQymMYygvmAJIS9zSZZsrd77M4p4Uhv41+xsVDE1j9g579xk1yhiQ8GHu/NMDMviAQ34HnfTmZtfWNzK7ud29nd2z9wD48aRsWasjpVQulWQAwTXLI6cBCsFWlGwkCwZjCuzvzmPdOGK3kHk4h1QzKUfMApASv13Hy1l8izYIo7mg9HQLRWDxg6tK8Ap1bPLXglbw68SvyUFFCKWs/96vQVjUMmgQpiTNv3IugmRAOngk1zndiwiNAxGbK2pZKEzHST+S9TXLRKHw+UtiUBz9XfEwkJjZmE9uJiSGBklr2Z+J/XjmFw1U24jGJgki4WDWKBQeFZMLjPNaMgJpYQqrm9FdMR0YSCjS9nQ/CXX14ljfOSf1Eq35YLles0jiw6QXl0inx0iSroBtVQHVH0iJ7RK3pznpwX5935WLRmnHTmGP2B8/kDd/+asw==</latexit>

Cn,b ! t · Cn,b

Step descendent (through annealer)



First step of the algorithm
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Num of bits (b) Eigenvalue

2 -5.288

4 -5.250

8 -5.322

16 -5.290

32 -4.901

• 4 X 4 matrix


• Starting


• Actual result


• 20 number of reads for annealing       

<latexit sha1_base64="xNkx0R0ghIcrTHfp+rRhmrZwKFI=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6sKYlPrYFKpuXEkF+4A2lMlk2g6dTMLMRCihG3/FjQtF3PoZ7vwbJ20W2npg4HDOudy5x4sYlcq2v42FxaXlldXcWn59Y3Nr29zZbcgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG96kfvORCElD/qBGEXED1Oe0RzFSWuqa+x2mwz6qKFG8Oj69q5w41lm5lO+aBduyJ4DzxMlIAWSodc2vjh/iOCBcYYakbDt2pNwECUUxI+N8J5YkQniI+qStKUcBkW4yOWAMj7Tiw14o9OMKTtTfEwkKpBwFnk4GSA3krJeK/3ntWPUu3YTyKFaE4+miXsygCmHaBvSpIFixkSYIC6r/CvEACYSV7iwtwZk9eZ40SpZzbpXvy4XqdVZHDhyAQ1AEDrgAVXALaqAOMBiDZ/AK3own48V4Nz6m0QUjm9kDf2B8/gDSyJP3</latexit>

� = tr(A)/N = �1.542

<latexit sha1_base64="mzE5TpZulewwdM2fuTCgtAlqms0=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpBotboQim5cVrAPaEOZTCbt0MmDmYlQQ7/EjQtF3Pop7vwbJ20X2npg4HDOudw7x0s4k8q2v42l5ZXVtfXCRnFza3unZO7uNWWcCkIbJOaxaHtYUs4i2lBMcdpOBMWhx2nLG97mfuuRCsni6EGNEuqGuB+xgBGstNQzS12uwz6+Pjm3zqpXxZ5Zti17ArRInBkpwwz1nvnV9WOShjRShGMpO46dKDfDQjHC6bjYTSVNMBniPu1oGuGQSjebHD5GR1rxURAL/SKFJurviQyHUo5CTydDrAZy3svF/7xOqoJLN2NRkioakemiIOVIxShvAflMUKL4SBNMBNO3IjLAAhOlu8pLcOa/vEiap5ZzYVXuK+XazayOAhzAIRyDA1WowR3UoQEEUniGV3gznowX4934mEaXjNnMPvyB8fkDN+aRgQ==</latexit>

� = �5.379



What you get from the code (symmetric)
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• Dimension 8x8

• Annealing time 0.250 s

• λ=-11.95623 (-11.95623)

• Precision 0.001

• Dimension 32x32

• Annealing time 1.08 s

• λ= -19.8999 (-19.9000)

• Precision 0.001

Different behavior due to gap among first and second eigenvalue



An example for the non-symmetric
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• Matrix 12x12 (annealing time 0.49 s)


• λ=0.188213 (0.188224) p=0.0001


• We minimize J(v,λ)


• Limited by numerical precision on J 
(p(J)~10-16 p(λ)~10-8)


• In principle J can be used for all the real 
eigenvalue


• Hard when gaps among eigenvalues  
are small



The non symmetric case (issues)
• Direct minimization of 


• For the generalized case symmetric  we just need


• For the non symmetric case

15

<latexit sha1_base64="eIMczga3IHjR2mHbEYspYK0oF5M=">AAACEXicbVDLSgMxFM34rPU16tJNsAjdWGakqMu2bnRXwT6gM5RMmpmGZpIhySil9Bfc+CtuXCji1p07/8a0HURbDwQO55zLzT1BwqjSjvNlLS2vrK6t5zbym1vbO7v23n5TiVRi0sCCCdkOkCKMctLQVDPSTiRBccBIKxhcTvzWHZGKCn6rhwnxYxRxGlKMtJG6drF64jET7yF4DT0meCRp1NdISnEPq/DHrHXtglNypoCLxM1IAWSod+1PrydwGhOuMUNKdVwn0f4ISU0xI+O8lyqSIDxAEekYylFMlD+aXjSGx0bpwVBI87iGU/X3xAjFSg3jwCRjpPtq3puI/3mdVIcX/ojyJNWE49miMGVQCzipB/aoJFizoSEIS2r+CnEfSYS1KTFvSnDnT14kzdOSe1Yq35QLlVpWRw4cgiNQBC44BxVwBeqgATB4AE/gBbxaj9az9Wa9z6JLVjZzAP7A+vgGXG+cGg==</latexit>

A� �I �! A� �B

<latexit sha1_base64="9kqcjd8pfdxCsAel/U8wfN95GRI="></latexit>

J(v,�) =
|(A� �I)v|2

vTv
�! J(v,�) =

|(A� �B)v|2

vTv
• The algorithm is able to find the eigenvalue with a finite precision

• The eigenvector is poorly reproduced

<latexit sha1_base64="h9Zd5/cpipGtUp1pjKu5Cr1zdNY=">AAACK3icbVBLTwIxGOziC/G16tFLIzGBRMmuIerFBPGinjDhlbAL6ZYuNHQfabskZMP/8eJf8aAHH/Hq/7DAHgScpMl05pu03zgho0IaxqeWWlldW99Ib2a2tnd29/T9g7oIIo5JDQcs4E0HCcKoT2qSSkaaISfIcxhpOIPbid8YEi5o4FflKCS2h3o+dSlGUkkdvfyQiy3HhcPxqcVUrIvy14nQrsLczVmiwvt8uzp3TaYymY6eNQrGFHCZmAnJggSVjv5qdQMcecSXmCEhWqYRSjtGXFLMyDhjRYKECA9Qj7QU9ZFHhB1Pdx3DE6V0oRtwdXwJp+rfRIw8IUaeoyY9JPti0ZuI/3mtSLpXdkz9MJLEx7OH3IhBGcBJcbBLOcGSjRRBmFP1V4j7iCMsVb2TEszFlZdJ/bxgXhSKj8VsqZzUkQZH4BjkgAkuQQncgQqoAQyewAt4Bx/as/amfWnfs9GUlmQOwRy0n18VoKSB</latexit>

J(v,�) = vT (A� �I)T (A� �I)v

• Need to select a starting point 

• Purely quadratic



To do next (for non-symmetric matrix)
• Fix the generalized non symmetric algorithm 


• Improving the selection of the starting eigenvalue


• Study of scaling with the dimension of the matrix


• Extension to not max or min eigenvalues
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A realization of the algorithm for the symmetric case is available at

   https://github.com/agnech00/CESM_QUBO 

https://github.com/agnech00/CESM_QUBO

