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Neutrino Oscillations
Lecture I

Eligio Lisi  
(INFN, Bari, Italy)  
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This set of  lectures I-IV is intended for a broad audience of  PhD 
students and postdocs working in different areas (theo / pheno / 
expt) of  particle physics, astrophysics, cosmology.

The goal is to “get you (more) interested” in n oscillations, by moving
from basic neutrino properties and phenomena to more advanced
topics at the current frontier of  the field.

Several exercises are also proposed on n oscillation probabilities
(with solutions!).

People interested in further reading can usefully browse
the “Neutrino Unbound” website: www.nu.to.infn.it , or just 
email me for advice about specific topics: eligio.lisi@ba.infn.it
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Outline of  lectures:

Lecture I 
Pedagogical introduction + warm-up exercise

Lecture II
3n osc. in vacuum and matter: notation and basic math 

Lecture III
2n approximations of  phenomenological interest 

Lecture IV
Back to 3n oscillations: Status and Perspectives

Feel free to stop me and ask questions at any time!



4

Pedagogical introduction



A famous letter by Wolfgang Pauli: 

spin 1/2, tiny mass, zero electric harge

1930: n hypothesis and first kinematical properties      
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1930: mn < 0.01 GeV
Today: mn < 0.1 – 1 eV



n e

n p

GF = 1.166 x 10-5 GeV-2
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Three years later: n name and first dynamical properties      

A famous paper by Enrico Fermi: 

Sets the energy scale 
√(1/GF)~O(few 102) GeV
of weak interactions  

ß
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Many decades of research have revealed other n properties: There are  
3  different n “flavors”  e µ  t

and their Fermi interactions are mediated by a charged vector boson W, 
with a neutral counterpart, the Z boson

CC = Charged Current (Dq=1)

NC = Neutral Current (Dq=0)

UA1

Gargamelle
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Such interactions are chiral ( = not mirror-symmetric):

RIGHT

LEFTn

n

Neutrinos are created in 
a left-handed (LH) state

Anti-nus are created in 
a right-handed (RH) state

P parity symmetry (space coordinate reversal) is violated
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Such interactions are chiral ( = not mirror-symmetric):

RIGHT

LEFTn

n

Neutrinos are created in 
a left-handed (LH) state

Anti-nus are created in 
a right-handed (RH) state

We shall consider also other discrete symmetries:
C charge conjugation (particle-antiparticle exchange)
T  time reversal (change arrow of time)

Note: combined CPT symmetry always conserved in QFT

P parity symmetry (space coordinate reversal) is violated
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CC processes at production provide an operative definition of n flavor,
via the corresponding charged (anti)lepton. E.g., in leptonic decays:

W+

W-

e+

ne

µ-

nµ
_

Similarly at detection, e.g.:  

Creation of a muon antineutrino (RH)

Creation of an electron neutrino (LH)

W

nt
Absorption of a tau neutrino (LH)t-
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Source Detector

W W

But… what happens in between?

la+

na
propagation

???
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Source Detector

W W

But… what happens in between?

la+

na

If neutrinos are massless: v=c  à “clock” is frozen  à no change!

Flavor does not change.
neutrino-a remains neutrino-a

Handedness does not change:
(anti)neutrino remains (anti)neutrino

Source Detector

W W

la+

na na

la-

However, If n have mass, interesting things may happen to handedness and flavor…

propagation

???



13

RIGHT

LEFTn:

n:

Handedness: is a constant of motion for massless neutrinos
[You would see handedness reversal if you could travel faster… but you can’t (v=c)!]

This is a massless “Weyl” two-spinor with 2 independent d.o.f
[And this was also the theoretical prejudice in the construction of the Standard Model] 



14

RIGHT

LEFTn:

n:

RIGHT

LEFT

Å O(m/E)

Å O(m/E)

Massive ν can develop the “wrong” handedness at O(m/E)
E= neutrino energy; the Dirac equation couples RH and LH states for m ≠ 0

If these 4 d.o.f. are independent: massive “Dirac” four-spinor
Nu and anti-nu are different, as the charged fermions are. Can define a conserved “lepton number”  
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RIGHT

LEFTn:

n:

RIGHT

LEFT

Å O(m/E)

Å O(m/E)

But, for neutral fermions, two components might be identical !
[Cannot pair components between electron and positron is forbidden: violate electric charge.]   

Massive “Majorana” four-spinor with only 2 independent d.o.f.
No fundamental distinction between nu / antinu, up to a possible “Majorana phase”:
A *very* neutral particle with no electric charge, no leptonic number …
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Source Detector

W W

E.g., if neutrinos are Majorana, expect n à n transition:

e

ne ne
_

e
O(m/E)

_

But, we haven’t seen anything like that so far … 
E.g., reactions induced by neutrinos haven’t been observed with anti-neutrinos …

Paradox? No!
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Source Detector

W W

E.g., if neutrinos are Majorana, expect n à n transition:

e

ne ne
_

e

E.g., in the highest-statistics n experiments, using reactor sources of anti-ne with 
E ~ few MeV, we have seen O(107) events from inverse beta-decay (IBD) reaction:

O(m/E)

If neutrinos are Dirac, the same reaction with initial ne is strictly forbidden:  

✓ (IBD)
<latexit sha1_base64="74axIowtVKe6FiknZ6oEne6jVVs=">AAACBHicdZBLSwMxFIXv+La+qi7dBIsgFErGR213ghuXFuwDOrVk0lsNZjJDkhFKKejGv+LGhSJu/RHu/DemD0FFLwQ+zrkhOSdMpDCW0g9vanpmdm5+YTGztLyyupZd36iZONUcqzyWsW6EzKAUCqtWWImNRCOLQon18Ppk6NdvUBsRq3PbS7AVsUsluoIz66R2dosEIdMkUGkbSZ4kJLAxwYu8Y+fmaIEWD8u0TGjhkPqlEVBaLO3tE9/BcHIwmbN29j3oxDyNUFkumTFNnya21WfaCi5xkAlSgwnj1+wSmw4Vi9C0+qMQA7LjlA7pxtodZclI/X6jzyJjelHoNiNmr8xvbyj+5TVT2y21+kIlqUXFxw91U0lc0GEjpCM0cit7DhjXwv2V8CumGbeut4wr4Ssp+R9qewW/WDioHOSOK7fjOhZgC7ZhF3w4gmM4hTOoAoc7eIAnePbuvUfvxXsdr055kwo34cd4b5984ZaN</latexit>

⌫̄e + p ! e+ + n

<latexit sha1_base64="0Dw6zXuH/9+uilm4BvhUHk/sPq4=">AAAB/3icdVBdSwJBFJ3t0+zLCnrpZUiCQJB1NbU3oZceFfID1GR2vOrg7OwyMxvIJtRf6aWHInrtb/TWv2lWDSrqwIXDOfdy7z1uwJnStv1hLS2vrK6tJzaSm1vbO7upvf2G8kNJoU597suWSxRwJqCumebQCiQQz+XQdMcXsd+8AamYL670JICuR4aCDRgl2ki91CHuiLAHOIMD3NE+huuM4cZI29nzctE5c7Cdte2Sky/GxCkVnDzOGSVGGi1Q7aXeO32fhh4ITTlRqp2zA92NiNSMcpgmO6GCgNAxGULbUEE8UN1odv8Unxiljwe+NCU0nqnfJyLiKTXxXNPpET1Sv71Y/Mtrh3pQ7kZMBKEGQeeLBiHH5tE4DNxnEqjmE0MIlczciumISEK1iSxpQvj6FP9PGk42V8wWaoV0pXY3jyOBjtAxOkU5VEIVdImqqI4oukUP6Ak9W/fWo/Vivc5bl6xFhAfoB6y3TwaClKc=</latexit>

⌫e + p ! e+ + n ✗ (not seen)

If neutrinos are Majorana, it is allowed in principle, but in practice is suppressed  
by O(m/E) < 10-7 and becomes ~unobservable: <O(1) reactor event in 107 (if any)

_
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Source Detector

W W

E.g., if neutrinos are Majorana, expect n à n transition:

e

ne ne
_

e

E.g., in the highest-statistics n experiments, using reactor sources of anti-ne with 
E ~ few MeV, we have seen O(107) events from inverse beta-decay (IBD) reaction:

O(m/E)

If neutrinos are Dirac, the same reaction with initial ne is strictly forbidden:  

✓ (IBD)
<latexit sha1_base64="74axIowtVKe6FiknZ6oEne6jVVs=">AAACBHicdZBLSwMxFIXv+La+qi7dBIsgFErGR213ghuXFuwDOrVk0lsNZjJDkhFKKejGv+LGhSJu/RHu/DemD0FFLwQ+zrkhOSdMpDCW0g9vanpmdm5+YTGztLyyupZd36iZONUcqzyWsW6EzKAUCqtWWImNRCOLQon18Ppk6NdvUBsRq3PbS7AVsUsluoIz66R2dosEIdMkUGkbSZ4kJLAxwYu8Y+fmaIEWD8u0TGjhkPqlEVBaLO3tE9/BcHIwmbN29j3oxDyNUFkumTFNnya21WfaCi5xkAlSgwnj1+wSmw4Vi9C0+qMQA7LjlA7pxtodZclI/X6jzyJjelHoNiNmr8xvbyj+5TVT2y21+kIlqUXFxw91U0lc0GEjpCM0cit7DhjXwv2V8CumGbeut4wr4Ssp+R9qewW/WDioHOSOK7fjOhZgC7ZhF3w4gmM4hTOoAoc7eIAnePbuvUfvxXsdr055kwo34cd4b5984ZaN</latexit>

⌫̄e + p ! e+ + n

<latexit sha1_base64="0Dw6zXuH/9+uilm4BvhUHk/sPq4=">AAAB/3icdVBdSwJBFJ3t0+zLCnrpZUiCQJB1NbU3oZceFfID1GR2vOrg7OwyMxvIJtRf6aWHInrtb/TWv2lWDSrqwIXDOfdy7z1uwJnStv1hLS2vrK6tJzaSm1vbO7upvf2G8kNJoU597suWSxRwJqCumebQCiQQz+XQdMcXsd+8AamYL670JICuR4aCDRgl2ki91CHuiLAHOIMD3NE+huuM4cZI29nzctE5c7Cdte2Sky/GxCkVnDzOGSVGGi1Q7aXeO32fhh4ITTlRqp2zA92NiNSMcpgmO6GCgNAxGULbUEE8UN1odv8Unxiljwe+NCU0nqnfJyLiKTXxXNPpET1Sv71Y/Mtrh3pQ7kZMBKEGQeeLBiHH5tE4DNxnEqjmE0MIlczciumISEK1iSxpQvj6FP9PGk42V8wWaoV0pXY3jyOBjtAxOkU5VEIVdImqqI4oukUP6Ak9W/fWo/Vivc5bl6xFhAfoB6y3TwaClKc=</latexit>

⌫e + p ! e+ + n ✗ (not seen)

If neutrinos are Majorana, it is allowed in principle, but in practice is suppressed  
by O(m/E) < 10-7 and becomes ~unobservable: <O(1) reactor event in 107 (if any)

_

To observe nuàantinu transitions, better compare O(1) event to ~0, than to 10N !
à Search for neutrinoless bb decay: occurs if and only if neutrinos are Majorana 

(microscopic process with n production and absorption in the same nucleus)
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Proof that n are massive has been provided (1998+) by an alternative process, 
involving macroscopic distances x=L and observable when O(m2L/E)~O(1): 

Neutrino flavor oscillations (or transitions)

Let’s start from a celebrated equation, already handwritten in natural units:

Expand at small p/m or m/p à

… namely, for p¹0:
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Our ordinary experience takes
place in the limit:

mass kinetic
energy
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Our ordinary experience takes
place in the limit:

… while neutrinos experience
the opposite limit: 

Energy difference between two
neutrinos ni e nj with mass mi e mj
in the same beam :
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Our ordinary experience takes
place in the limit:

Energy difference between two
neutrinos ni e nj with mass mi e mj
in the same beam :

Tiny DE à Probed at large (macroscopic) L~Dt from uncertainty relation: 

… while neutrinos experience
the opposite limit: 
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Besides (different) neutrino masses, a second important ingredient of
neutrino oscillations is mixing. In the Standard Model, mixing matrices
arise, after SSB, in CC interaction vertices involving massive fermions:      

W

u

d

W

ni

la-

Vud Uai

● = CC strength 
∝ V element
with VV†=1

● = CC strength 
∝ U element
with UU†=1

Quarks: Leptons:

CKM = Cabibbo-Kobayashi-Maskawa PMNS = Pontecorvo-Maki-Nakagawa-Sakata

● ●



With both ingredients… flavor may change from a (production) to b (detection)!

Source Detector

W W

la+

na nb

lb-

Amplitude

Source Detector

W W

la+

ni

ni

lb-

Amplitude
UbiUai*Si=

Oscill. probability = |Amplitude|2

nb = Ubi

ni = Uai* na

U à U*
24

la± à la∓

ni

Note: for n
_

● ●
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Warm-up exercise:
The simplest oscillation probability
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Hereafter, some excellent approximations for neutrino oscillations with m≪E:

(1) Take                  and 
<latexit sha1_base64="tj4LPaaWD3QCF3zeETtr27bZTdE=">AAAB8XicdVBNSwMxEJ31s9avqkcvwSJ4KtlSansrePHYgv3AdinZNG1Ds9k1yYplKfgjvHhQxKv/xpv/xmxbQUUfDDzem2Fmnh8Jrg3GH87K6tr6xmZmK7u9s7u3nzs4bOkwVpQ1aShC1fGJZoJL1jTcCNaJFCOBL1jbn1ykfvuWKc1DeWWmEfMCMpJ8yCkxVrq+62kesBtksv1cHhewRbmMUuJWsGtJtVopFqvInVsY52GJej/33huENA6YNFQQrbsujoyXEGU4FWyW7cWaRYROyIh1LZUkYNpL5hfP0KlVBmgYKlvSoLn6fSIhgdbTwLedATFj/dtLxb+8bmyGFS/hMooNk3SxaBgLZEKUvo8GXDFqxNQSQhW3tyI6JopQY0NKQ/j6FP1PWsWCWy6UGqV8rXG/iCMDx3ACZ+DCOdTgEurQBAoSHuAJnh3tPDovzuuidcVZRngEP+C8fQJ795FE</latexit>

x ' t
<latexit sha1_base64="AABZZ67PZFFzSDCy19nOCas7Km4=">AAACBnicdVBLSwMxGMzWV62vVY8iBIvgqWRLqe2t4MVjC/YB3aVk07QNTXbXJCuWpSB48a948aCIV3+DN/+N2baKig4EhpkvXzLjR5wpjdC7lVlaXlldy67nNja3tnfs3b2WCmNJaJOEPJQdHyvKWUCbmmlOO5GkWPictv3xWeq3r6hULAwu9CSinsDDgA0YwdpIPfvQjbDUDHN4DV3FBL2EX4rO9ew8KiCDchmmxKkgx5BqtVIsVqEzsxDKgwXqPfvN7YckFjTQhGOlug6KtJekCwmn05wbKxphMsZD2jU0wIIqL5nFmMJjo/ThIJTmBBrO1O83EiyUmgjfTAqsR+q3l4p/ed1YDypewoIo1jQg84cGsQkYwrQT2GeSEs0nhmAimfkrJCMsMdGmubSEz6Twf9IqFpxyodQo5WuNm3kdWXAAjsAJcMApqIFzUAdNQMAtuAeP4Mm6sx6sZ+tlPpqxFhXugx+wXj8Aw0uZJQ==</latexit>

@x ' @t
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Hereafter, some excellent approximations for neutrino oscillations with m≪E:

na nb ni ni UbiUai*Si=

(2) Forget about initial and final interactions, isolate n propagation only:

(1) Take                  and 
<latexit sha1_base64="tj4LPaaWD3QCF3zeETtr27bZTdE=">AAAB8XicdVBNSwMxEJ31s9avqkcvwSJ4KtlSansrePHYgv3AdinZNG1Ds9k1yYplKfgjvHhQxKv/xpv/xmxbQUUfDDzem2Fmnh8Jrg3GH87K6tr6xmZmK7u9s7u3nzs4bOkwVpQ1aShC1fGJZoJL1jTcCNaJFCOBL1jbn1ykfvuWKc1DeWWmEfMCMpJ8yCkxVrq+62kesBtksv1cHhewRbmMUuJWsGtJtVopFqvInVsY52GJej/33huENA6YNFQQrbsujoyXEGU4FWyW7cWaRYROyIh1LZUkYNpL5hfP0KlVBmgYKlvSoLn6fSIhgdbTwLedATFj/dtLxb+8bmyGFS/hMooNk3SxaBgLZEKUvo8GXDFqxNQSQhW3tyI6JopQY0NKQ/j6FP1PWsWCWy6UGqV8rXG/iCMDx3ACZ+DCOdTgEurQBAoSHuAJnh3tPDovzuuidcVZRngEP+C8fQJ795FE</latexit>

x ' t
<latexit sha1_base64="AABZZ67PZFFzSDCy19nOCas7Km4=">AAACBnicdVBLSwMxGMzWV62vVY8iBIvgqWRLqe2t4MVjC/YB3aVk07QNTXbXJCuWpSB48a948aCIV3+DN/+N2baKig4EhpkvXzLjR5wpjdC7lVlaXlldy67nNja3tnfs3b2WCmNJaJOEPJQdHyvKWUCbmmlOO5GkWPictv3xWeq3r6hULAwu9CSinsDDgA0YwdpIPfvQjbDUDHN4DV3FBL2EX4rO9ew8KiCDchmmxKkgx5BqtVIsVqEzsxDKgwXqPfvN7YckFjTQhGOlug6KtJekCwmn05wbKxphMsZD2jU0wIIqL5nFmMJjo/ThIJTmBBrO1O83EiyUmgjfTAqsR+q3l4p/ed1YDypewoIo1jQg84cGsQkYwrQT2GeSEs0nhmAimfkrJCMsMdGmubSEz6Twf9IqFpxyodQo5WuNm3kdWXAAjsAJcMApqIFzUAdNQMAtuAeP4Mm6sx6sZ+tlPpqxFhXugx+wXj8Aw0uZJQ==</latexit>

@x ' @t
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Hereafter, some excellent approximations for neutrino oscillations with m≪E:

na nb ni ni UbiUai*Si=

(2) Forget about initial and final interactions, isolate n propagation only:

(3) Forget about spin, Majorana/Dirac… treat n as “scalar” wavefunctions

(1) Take                  and 
<latexit sha1_base64="tj4LPaaWD3QCF3zeETtr27bZTdE=">AAAB8XicdVBNSwMxEJ31s9avqkcvwSJ4KtlSansrePHYgv3AdinZNG1Ds9k1yYplKfgjvHhQxKv/xpv/xmxbQUUfDDzem2Fmnh8Jrg3GH87K6tr6xmZmK7u9s7u3nzs4bOkwVpQ1aShC1fGJZoJL1jTcCNaJFCOBL1jbn1ykfvuWKc1DeWWmEfMCMpJ8yCkxVrq+62kesBtksv1cHhewRbmMUuJWsGtJtVopFqvInVsY52GJej/33huENA6YNFQQrbsujoyXEGU4FWyW7cWaRYROyIh1LZUkYNpL5hfP0KlVBmgYKlvSoLn6fSIhgdbTwLedATFj/dtLxb+8bmyGFS/hMooNk3SxaBgLZEKUvo8GXDFqxNQSQhW3tyI6JopQY0NKQ/j6FP1PWsWCWy6UGqV8rXG/iCMDx3ACZ+DCOdTgEurQBAoSHuAJnh3tPDovzuuidcVZRngEP+C8fQJ795FE</latexit>

x ' t
<latexit sha1_base64="AABZZ67PZFFzSDCy19nOCas7Km4=">AAACBnicdVBLSwMxGMzWV62vVY8iBIvgqWRLqe2t4MVjC/YB3aVk07QNTXbXJCuWpSB48a948aCIV3+DN/+N2baKig4EhpkvXzLjR5wpjdC7lVlaXlldy67nNja3tnfs3b2WCmNJaJOEPJQdHyvKWUCbmmlOO5GkWPictv3xWeq3r6hULAwu9CSinsDDgA0YwdpIPfvQjbDUDHN4DV3FBL2EX4rO9ew8KiCDchmmxKkgx5BqtVIsVqEzsxDKgwXqPfvN7YckFjTQhGOlug6KtJekCwmn05wbKxphMsZD2jU0wIIqL5nFmMJjo/ThIJTmBBrO1O83EiyUmgjfTAqsR+q3l4p/ed1YDypewoIo1jQg84cGsQkYwrQT2GeSEs0nhmAimfkrJCMsMdGmubSEz6Twf9IqFpxyodQo5WuNm3kdWXAAjsAJcMApqIFzUAdNQMAtuAeP4Mm6sx6sZ+tlPpqxFhXugx+wXj8Aw0uZJQ==</latexit>

@x ' @t

<latexit sha1_base64="w+GfdyBpCeWVmmuo5EQOk+81uTw="></latexit>

⌫↵ =

2

4
⌫e
⌫µ
⌫⌧

3

5 ⌫i =

2

4
⌫1
⌫2
⌫3

3

5
<latexit sha1_base64="P6BslgkbphGgSl6U4dbNx1nUc/E=">AAACDXicdZBLSwMxFIUzPmt9VV26CVZBEEpmKLVdCAU3LluwD2jHkkkzbWgmMyQZobQF1278K25cKOLWvTv/jZm24gO9EPhyzr0k93gRZ0oj9G4tLC4tr6ym1tLrG5tb25md3boKY0lojYQ8lE0PK8qZoDXNNKfNSFIceJw2vMF54jeuqVQsFJd6GFE3wD3BfEawNlInczhui7hDx1fOyZTaQfzFGieXM7uTyaIcMlUowATsIrINlEpFxylBe2ohlAXzqnQyb+1uSOKACk04Vqplo0i7Iyw1I5xO0u1Y0QiTAe7RlkGBA6rc0XSbCTwyShf6oTRHaDhVv0+McKDUMPBMZ4B1X/32EvEvrxVrv+iOmIhiTQWZPeTHHOoQJtHALpOUaD40gIlk5q+Q9LHERJsA0yaEz03h/1B3cnYhl6/ms+XqzSyOFNgHB+AY2OAUlMEFqIAaIOAW3INH8GTdWQ/Ws/Uya12w5hHugR9lvX4AqVycZw==</latexit>

|⌫e|2 + |⌫µ|2 + |⌫⌧ |2 = 1
<latexit sha1_base64="Ylfx5QOOMWyll+LgItniFG7xCiQ=">AAACCHicdZDLSgMxGIUz9VbrbdSlC4NFEISSGUttF0LBjcsW7AXaWjJp2oZmMkOSEUpbcOPGV3HjQhG3PoI738Z0WkVFDwQ+zvlD8h8v5ExphN6txMLi0vJKcjW1tr6xuWVv71RVEElCKyTggax7WFHOBK1opjmth5Ji3+O05g3Op3ntmkrFAnGphyFt+bgnWJcRrI3VtvfHTRG1nfGVexyT+0Unhs6ctp1GGWSUy8EpOHnkGCgU8q5bgE4cIZQGc5Xa9luzE5DIp0ITjpVqOCjUrRGWmhFOJ6lmpGiIyQD3aMOgwD5VrVG8yAQeGqcDu4E0R2gYu99vjLCv1ND3zKSPdV/9zqbmX1kj0t18a8REGGkqyOyhbsShDuC0FdhhkhLNhwYwkcz8FZI+lpho013KlPC5Kfwfqm7GyWWy5Wy6WL6Z1ZEEe+AAHAEHnIIiuAAlUAEE3IJ78AierDvrwXq2XmajCWte4S74Iev1A40wmYI=</latexit>

|⌫1|2 + |⌫2|2 + |⌫3|2 = 1
with

e.g., a pure
ne state in 
flavor basis is 

<latexit sha1_base64="lbxO1n14fdd1iNNmtfiUTGejMgY="></latexit>2

4
1
0
0

3

5

flavor basis mass basis



29

Next steps: find the hamiltonian of n propagation à Schroedinger equation:

Solve, square amplitudes, get oscillation probabilities, discuss phenomenology! 

<latexit sha1_base64="BOHjqnkqEpnftUrQBP7jz358cSA="></latexit>

Hf

2

4
⌫e

⌫µ

⌫⌧

3

5 = i
d

dx

2

4
⌫e

⌫µ

⌫⌧

3

5
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Next steps: find the hamiltonian of n propagation à Schroedinger equation:

Solve, square amplitudes, get oscillation probabilities, discuss phenomenology! 

<latexit sha1_base64="BOHjqnkqEpnftUrQBP7jz358cSA="></latexit>

Hf

2

4
⌫e

⌫µ

⌫⌧

3

5 = i
d

dx

2

4
⌫e

⌫µ

⌫⌧

3

5

Hf = hamiltonian in flavor basis (3x3 matrix).  Relation with Hm in mass basis:  
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Hf = U Hm U†

U U†

[ nà n   :    U à U* ]   
_
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The simplest case: two neutrinos evolving in vacuum
(flavors a and b,  masses mi and mj)

U is real:
(tomorrow: back to 
complex vs real U)

<latexit sha1_base64="Wlr54dq5rkP68ZjWU7l/w8W3Arg="></latexit>
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⌫�

�
=


cos ✓ sin ✓
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� 
⌫i
⌫j

�
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The simplest case: two neutrinos evolving in vacuum
(flavors a and b,  masses mi and mj)

U is real:
(tomorrow: back to 
complex vs real U)

Hm is easy:
(diagonal energies)
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The simplest case: two neutrinos evolving in vacuum
(flavors a and b,  masses mi and mj)

U is real:
(tomorrow: back to 
complex vs real U)

Hm is easy:
(diagonal energies)
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Evolution op.:
(overall phases ∝ 1
are unobservable)
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In flavor basis:
(nondiagonal

à flavor change)
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34

<latexit sha1_base64="Nx6qlFswnFS53Leg50BNghZ3thc="></latexit>
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Swap of indices reflects opposite writing (from right to left) of algebraic operations:
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[Take care of correct indices; e.g., for three neutrinos, in general it is Pab ≠ Pba ]

Expect to be sensitive to phase differences, thus to Dm2 = mi
2-mj

2
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Exercise: Pontecorvo’s formula

Exercise: Change of units

<latexit sha1_base64="0Qof47/FkVkZAazQrascBbqqYwY="></latexit>
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In many textbooks: 1.267 ≃ 1.27, no longer adequate in subpercent precision expts!
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“Amplitude”
(vanishes for q=0 or p/2,
is maximal for q=p/4)

“Phase”
(vanishes for degenerate 
masses or small L/E)

This is the flavor “appearance” probability Pab. The “survival” probability
Paa for the flavor a is the complement to unity: Paa = 1 - Pab

The oscillation effect depends on the difference of (squared) masses, not on 
the absolute masses themselves.  

The oscillating term is squared, repeats at np. Oscillation length: Losc = 4pE/Dm2 

The above probability is octant-symmetric: amplitude does not change when
qàp/2-q, namely, cqàsq
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Analogy with a double-slit interference experiment in vacuum:



38

Analogy with a double-slit interference experiment in vacuum:

Fringes best 
observed when

Vanishing 
fringes when ≪ 1

≫ 1Unresolved 
fringes (gray 
screen) when



39

Short-baseline (SBL) reactor neutrinos:
CHOOZ, Double Chooz, RENO, Daya Bay…

Long-baseline reactor neutrinos:
KamLAND

Long-baseline (LBL) accelerator neutrinos: 
K2K, OPERA, T2K, NOvA… 

Atmospheric neutrinos:
MACRO, MINOS, (Super)-Kamiokande, IceCube…)

Solar neutrinos:
Chlorine, Gallium, Super-K, SNO, Borexino…

Initial
flavors

Typical
L

Typical
E

Orders of magnitude of L, E for some past/current oscillation experiments

ne
_

ne
_

nµ
_

(       )

mostly

nµ
_

(       ) ne
_

(       )

ne

few MeV

few MeV

O(1-10) MeV

O(1) GeV

> O(0.1) GeV

O(1) km

O(102) km

O(102-3) km

O(101-4) km

1 a.u.

In the latter case, L=1 a.u. actually plays a marginal role in oscillations, dominated by matter effects
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Governed by a tiny n “interaction energy” or “potential” V
Not necessarily periodic effects:  oscillations  à transitions

Analogy of matter effects with double-slit experiment: 
one “arm” (e-flavor) feels a different “refraction index”
through coherent forward scattering (not absorption!)

More in Lecture II and III:
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Note: 2ν Octant symmetry broken by 3ν and/or matter effects

Pαβ

Octant (a)symmetry:
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Octant (a)symmetric 2n contours from Particle Data Group review:

But... patching 2n approximations in different oscillation channels, 
in order to  get a full 3n picture, is no longer a useful approach:

Better to go the other way around, from the full 3n case to 2n limits



44

If neutrinos are massless:  “clock” is frozen, no change in propagation

Flavor does not change.
Handedness does not change.

na na

If neutrinos are massive, the other handedness develops at O(m/E)≪1 

n n
_

Iff neutrinos are Majorana:
(other lectures in this School)

If n are massive and mixed, other flavors develop at O(Dm2 L/E)

Flavor oscillations / transitions:
(these lectures)

na nb

RECAP



Papers with *neutrino* in the title, yearly trend from

SN 1987A,
MSW-theo

Ga solar
experim.

Dm2, q23
dm2, q12

q13

Oscill. patterns
(accel, react.) 
Cosmo bounds

UHE n
[CPV hints?]

(atmos.)

(solar,
MSW-exp)

(react., 
accel.)

[Steriles?]
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future à … ?

An active research field…
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End of Lecture I

Solutions to exercises: extra slides à
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