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This set of lectures I-1V is intended for a broad audience of PhD
students and postdocs working in different areas (theo / pheno /
expt) of particle physics, astrophysics, cosmology.

The goal is to “get you (more) interested” in v oscillations, by moving

from basic neutrino properties and phenomena to more advanced
topics at the current frontier of the field.

Several exercises are also proposed on v oscillation probabilities
(with solutions!).

People interested in further reading can usefully browse
the “Neutrino Unbound” website: www.nu.to.infn.it, or just
email me for advice about specific topics: eligio.lisi@ba.infn.it



http://www.nu.to.infn.it
mailto:eligio.lisi@ba.infn.it

Outline of lectures:

Lecture |
Pedagogical introduction + warm-up exercise

Lecture |l
3v osc. in vacuum and matter: notation and basic math

Lecture Il
2v approximations of phenomenological interest

Lecture IV
Back to 3v oscillations: Status and Perspectives

Feel free to stop me and ask questions at any time!




Pedagogical introduction



1930: v hypothesis and first kinematical properties

A famous letter by Wolfgang Pauli:
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1930: m, <0.01GeV
Today: m,<0.1-1eV



Three years later: v name and first dynamical properties

A famous paper by Enrico Fermi:

ANNO IV - VOL. 1 - N, 12 QUINDICINALE 31 DICEMBRE 1833. X1l

LA RICERCA SCIENTIFICA

ED Il PROGRES30 TECNICO NELL' ECONOMIA NAZIONALE

Tentativo di una teoria dell’ emissione
dei raggi “beta”

Nete dol prof. ENRICO FERMI

Risssunto: Teoriz della emissione dei raggi B delie sostanze radicattive, fondata sul-

Fipotesi che gli elertroni emessi dai nucle: non esistano prima della disintegrazione

ma vengance formati, insieme ad un newtring, in modo analogo alla formazione di

un quanio di luce che accompagna un salte quantico di un atomo. Confronto della
teoria con Vesperienza

\Y e

Sets the energy scale

Ge=1.166x 105 GeV2 > V(1/Gy)~O(few 10?) GeV

of weak interactions

n P



Many decades of research have revealed other n properties: There are
3 different v “flavors” e U T

o)) 2

and their Fermi interactions are mediated by a charged vector boson W,
with a neutral counterpart, the Z boson

Ve, i, €, b, T

CC = Charged Current (Aq=1)

0
=i

W

Ve,u,r Ve,u,r

NC = Neutral Current (Aqg=0)
|
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Such interactions are chiral ( = not mirror-symmetric):

Neutrinos are created in m

a left-handed (LH) state V LEFT

Anti-nus are created in —
a right-handed (RH) state V

P parity symmetry (space coordinate reversal) is violated




Such interactions are chiral ( = not mirror-symmetric):

Neutrinos are created in m

a left-handed (LH) state V LEFT

Anti-nus are created in —
a right-handed (RH) state V

P parity symmetry (space coordinate reversal) is violated

We shall consider also other discrete symmetries:
C charge conjugation (particle-antiparticle exchange)
T time reversal (change arrow of time)

Note: combined CPT symmetry always conserved in QFT




CC processes at production provide an operative definition of v flavor,

via the corresponding charged (anti)lepton. E.g., in leptonic decays:

Similarly at detection, e.g.:

\/ t <:| Absorption of a tau neutrino (LH)

JE
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Source

But

... what happens in between?

propagation

Detector
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But... what happens in between?

Z +
(04
W R propagation | W
Va

Source Detector

If neutrinos are massless: v=c =2 “clock” is frozen = no change!

Flavor does not change.
neutrino-a remains neutrino-o

Handedness does not change:

¢, ¢~
oL (anti)neutrino remains (anti)neutrino oL
l W ‘ ] W

RN R NN R R AR NN N RN R AR NN NN AEEENEARAENENEEEEEREAREEREEEEEEEREEEEE Pl ——

Source Detector

However, If v have mass, interesting things may happen to handedness and flavor...
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Handedness: is a constant of motion for massless neutrinos
[You would see handedness reversal if you could travel faster... but you can’t (v=c)!]

7a\
V. LEFT

\z

This is a massless “Weyl” two-spinor with 2 independent d.o.f
[And this was also the theoretical prejudice in the construction of the Standard Model]
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Massive v can develop the “wrong” handedness at O(m/E)
E= neutrino energy; the Dirac equation couples RH and LH states for m # 0

I7A\\

V: e ® O(m/E)

@» ® O(m/E) @

V:

If these 4 d.o.f. are independent: massive “Dirac” four-spinor
Nu and anti-nu are different, as the charged fermions are. Can define a conserved “lepton number’

)




But, for neutral fermions, two components might be identical !
[Cannot pair components between electron and positron is forbidden: violate electric charge.]

LEFT

V: w ® O(m/E)
>

V ® O(m/E) LEFT

Massive “Majorana” four-spinor with only 2 independent d.o.f.

No fundamental distinction between nu / antinu, up to a possible “Majorana phase”:
A *very* neutral particle with no electric charge, no leptonic number ...
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E.g., if neutrinos are Majorana, expect v > v transition:

e e
[l el

\_’e Ve
Source Detector

But, we haven’t seen anything like that so far ...

E.g., reactions induced by neutrinos haven’t been observed with anti-neutrinos ...

Paradox? No!
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E.g., if neutrinos are Majorana, expect vV > v transition:

e e
R

\—’e Ve
Source Detector

E.g., in the highest-statistics v experiments, using reactor sources of anti-v, with

E ~ few MeV, we have seen O(107) events from inverse beta-decay (IBD) reaction:

v.+p—et +n V(18D

If neutrinos are Dirac, the same reaction with initial v, is strictly forbidden:

Ve +p — et +n X (not seen)

If neutrinos are Majorana, it is allowed in principle, but in practice is suppressed
by O(m/E) < 107 and becomes ~unobservable: <O(1) reactor event in 107 (if any)
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E.g., if neutrinos are Majorana, expect v > v transition:

e e
R

\_’e Ve
Source Detector

E.g., in the highest-statistics v experiments, using reactor sources of anti-v, with
E ~ few MeV, we have seen O(107) events from inverse beta-decay (IBD) reaction:

v.+p—et +n V(18D

If neutrinos are Dirac, the same reaction with initial v, is strictly forbidden:

Ve +p — et +n X (not seen)

If neutrinos are Majorana, it is allowed in principle, but in practice is suppressed
by O(m/E) < 107 and becomes ~unobservable: <O(1) reactor event in 107 (if any)

To observe nu=>antinu transitions, better compare O(1) event to ~0, than to 10N !
—> Search for neutrinoless B decay: occurs if and only if neutrinos are Majorana
(microscopic process with v production and absorption in the same nucleus)
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Proof that v are massive has been provided (1998+) by an alternative process,
involving macroscopic distances x=L and observable when O(m?L/E)~O(1):

Neutrino flavor oscillations (or transitions)

Let’s start from a celebrated equation, already handwritten in natural units:

... namely, for p=£0: i = \/m2 -+ p2

Expand at small p/m or m/p >

19



Our ordinary experience takes D
placein the limit: p < m E ~m A
2m
mass kinetic

energy
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Our ordinary experience takes
placein the limit: p < m

... While neutrinos experience
the opposite limit: ~ p > m

Energy difference between two

neutrinos v, e v; with mass m; e m,
in the same beam (p;, =p; ~ E) :

E ~m - b
2m

2

E ~pH ik
2p
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Our ordinary experience takes p2

placein the limit: p < m E ~m A 9
T
... While neutrinos experience | m2
the opposite limit: ~ p > m F ~ P 2]?
Energy difference between two Amz
neutrinos v, e v; with mass m; e m, AE ~ Ly
in the same beam (p; = p; ~ E) :  92FK

Tiny AE = Probed at large (macroscopic) L~At from uncertainty relation:

m2 — m?

1N/\E/\tN ! ]L
2K
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Besides (different) neutrino masses, a second important ingredient of
neutrino oscillations is mixing. In the Standard Model, mixing matrices
arise, after SSB, in CC interaction vertices involving massive fermions:

Quarks:

® = CC strength
< V element
with VV'=1

CKM = Cabibbo-Kobayashi-Maskawa

Leptons:

® = CC strength
< U element
with UU'=1

PMNS = Pontecorvo-Maki-Nakagawa-Sakata

23



With both ingredients... flavor may change from Ol (production) to ﬁ (detection)!

r )
Za_l_ ZB_‘
Amplitude W b esssensse s W
Vo V
Source Detector
\. J
r B
le; by
= Zi Amplitude __V_V__ — __Vl/__
Usi v vi U
Source Detector
. S
Vg = UBiVi " Note:forv )
—11* _
V; = Uoci Vo Zai - ZOL+

° oo - ° 2 ¥
Oscill. probability = | Amplitude | _ U-Uu Y
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Warm-up exercise:
The simplest oscillation probability

25



Hereafter, some excellent approximations for neutrino oscillations with m<E:

(1) Take x ~ T and Ox ~ Ot
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Hereafter, some excellent approximations for neutrino oscillations with m<E:

(1) Take x ~ T and Ox ~ Ot

(2) Forget about initial and final interactions, isolate v propagation only:
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Hereafter, some excellent approximations for neutrino oscillations with m<E:

(1) Take x ~ T and Ox ~ Ot

(2) Forget about initial and final interactions, isolate v propagation only:

(3) Forget about spin, Majorana/Dirac... treat vas “scalar” wavefunctions

14 1%
_ ’ _ ' : |Ve|2+|’/u|2+|7/7|2:1
Vo = | Vyu Vi = | U2 with ) 5 5
2 2 1|+ |ve|” + us|” =1
flavor basis mass basis

e.g., a pure 1

Vv, state in 0

flavor basis is 0

28



Next steps: find the hamiltonian of v propagation = Schroedinger equation:

Ve d Ve
H % =71— | v
f 1 A 7

Solve, square amplitudes, get oscillation probabilities, discuss phenomenology!
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Next steps: find the hamiltonian of v propagation = Schroedinger equation:

Ve d Ve
H % =71— | v
f 1 A 7
- Ur | Ur

Solve, square amplitudes, get oscillation probabilities, discuss phenomenology!

H; = hamiltonian in flavor basis (3x3 matrix). Relation with H,, in mass basis:

Hfz UHm U-I_

141
1% =
V3

[voVv : U>U"]

Un Up U 12

Ut Ue2 Ues 1
U Uz Uss V3

Uékl U,j1 U;kl Ve
Uy Upa Ul Vi

* * *
Ue3 U,u3 U7'3
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The simplest case: two neutrinos evolving in vacuum
(flavors oo and 3, masses m;and m)

U is real: Voo | cos sin6 V;
(tomorrow: back to Vg — —sinf cosf v,

complex vs real U)
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The simplest case: two neutrinos evolving in vacuum
(flavors oo and 3, masses m;and m)

U is real: Voo | cos sin6 V;
(tomorrow: back to Vg — —sinf cosf v,

complex vs real U)

. E; 1 1 [ m?
H_ . is easy: Hm—[ Ej]—p[ 1]+ﬁ[

(diagonal energies)
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The simplest case: two neutrinos evolving in vacuum
(flavors oo and 3, masses m;and m)

U is real: Vo | | cosf sind v
(tomorrow: back to Vg _ —sinf cosf 1.
complex vs real U) ’

. E; 1 1 [ m2
H_, is easy: Hm—[ Ej]_ [ 1]+ﬁ[

(diagonal energies)

Evolutionop.: § — o= iHm® — .
(overall phases « 1 e ' 2E
are unobservable) =

In flavor basis:

(nondiagonal
- flavor change)

33



P(vo = vg) = Pag = |Ssal°

Swap of indices reflects opposite writing (from right to left) of algebraic operations:

_ o _
[ 0 1 ] Co So e '2E 0 Co —Sp 1
Sﬁo‘ — —5 C mFa S C 0
< @
.,.
VB U Sm U A
Final Back to Evolve in Go to Initial
flavor flavor basis mass basis mass basis flavor

[Take care of correct indices; e.g., for three neutrinos, in general it is Pyg # Pgy, |

Expect to be sensitive to phase differences, thus to Am? = m*>-m;?
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Pontecorvo’s formula

Am?x
2F

P, = sin*(20) sin”

Change of units

2 2
Am-x 1967 Am x MeV
4F eV2 m E

In many textbooks: 1.267 =~ 1.27, no longer adequate in subpercent precision expts!
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Am?; L
P(vy — vg) = 4sin”  cos® 0 sin” -

/ o

“Amplitude” “Phase”
(vanishes for =0 or 1/2, (vanishes for degenerate
is maximal for 0=n/4) masses or small L/E)

This is the flavor “appearance” probability P,g. The “survival” probability
P, for the flavor o is the complement to unity: P, =1 - P.g

The oscillation effect depends on the difference of (squared) masses, not on
the absolute masses themselves.

The oscillating term is squared, repeats at nm. Oscillation length: L., = 47E/Am?

The above probability is octant-symmetric: amplitude does not change when
0-2>71/2—0, namely, cy—=2sg
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Analogy with a double-slit interference experiment in vacuum:

o Ny
=) 7
e

1% o A(phase factor) = exp <—z
» O

%Vj




Analogy with a double-slit interference experiment in vacuum:

Vi AN
O &4
C/ &&
Am?jL

Va A(phase factor) = exp (—i Yo ) V/B

0& V] = QQ%

2 2
Fringes best my = mj
observed when 1 ~ AEAT =~ L
2F

Vanishing
fringes when <1
Unresolved

fringes (gray
screen) when




Orders of magnitude of L, E for some past/current oscillation experiments

Initial Typical Typical
flavors E L
Short-baseline (SBL) reactor neutrinos: Ve few MeV O(1) km
CHOOZ, Double Chooz, RENO, Daya Bay...
Long-baseline reactor neutrinos: Ve few MeV 0(102) km
KamLAND
Long-baseline (LBL) accelerator neutrinos: Y 53
K2K, OPERA, T2K, NOVA.. _ O(1) Gev  0(1072) km
y
Atmospheric neutrinos: — -
MACRO, MINOS, (Super)-Kamiokande, IceCube...) Vi Ve >0(0.1) GeV  0O(10'*) km

Solar neutrinos:
Chlorine, Gallium, Super-K, SNO, Borexino... Ve 0O(1-10) MeV 1 a.u.

In the latter case, L=1 a.u. actually plays a marginal role in oscillations, dominated by matter effects
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More in Lecture Il and ///:

Analogy of matter effects with double-slit experiment:
one “arm” (e-flavor) feels a different “refraction index”
through coherent forward scattering (not absorption!)

V;

7
AN

Ve —NC—-CC— V@

A(phase factor) = exp (—iV(z)Az)

VM’T_NC >VI’L7T

N

~

Vj

Governed by a tiny v “interaction energy” or “potential” V
Not necessarily periodic effects: oscillations = transitions

40



Geveric experimental cowstraints in 2v approxim.

. \ AYY\I 7
@ ExPemmwf‘s measure sovne “avemgeol Z Po((g A san2 20 <sm )>

® Curve o{-
\$0 — Po(tg : Am’;:]

= sin?20

® Possibe exph comstrawinfs:

7

Z.

No sfgvml 54‘3\/\,0«\

& ‘3_2/%-" >4, <--->~%_ ) {o\sl— osci U Movis

&
< L~ o)
— AW‘Z‘QZ‘ «< 4, \mAMs’?/m'Mﬁ osaullakoums
€

(T

L
'
Sy
%

.

L
N i g
I " \
A - ~
S R 2

Precise srgnal Precise sigwal
at small mixn‘yg at Louf‘ge Ym‘xhﬂ
(need 22 @xpfs or speckral data im 4 expt)
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Octant (a)symmetry:

Typical iso-{Pup> countours If 2nd octomt folded
. oufo the Ast one @
2-slit aualegy .
«— 9"&5 sCreewv.
«— -Eﬁ'vtges
2
A «— | voudshuug oM
| Hriuges
" ("
<1 Ther R
0 S /2 O sim2e A
Octant sywwmetry : e->L-6 in Pepe Basico\llﬁ obsolete

In swual, belter to use.  Log tou’e
(preserve. octont -sywmnelry)  or SiW’6

Note: 2v Octant symmetry broken by 3v and/or matter effects
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Octant (a)symmetric 2v contours from Particle Data Group review:

< CDHISW =
— T 2

ZZZZ S _gHoRus =g
NS NOMAD
5~ &

109

Cl 95% all solar 95%

10°°

I~ All limits are at 90%CL
unless otherwise noted

l 0—1 2 1 I 1
104 102 10° 102
tanZ0

But... patching 2v approximations in different oscillation channels,
in order to get a full 3v picture, is no longer a useful approach:

Better to go the other way around, from the full 3v case to 2v limits
43



RECAP

If neutrinos are massless: “clock” is frozen, no change in propagation

Flavor does not change.
Handedness does not change.

A 4

If neutrinos are massive, the other handedness develops at O(m/E)«<1

Iff neutrinos are Majorana:
(other lectures in this School)

y
\ 4

If v are massive and mixed, other flavors develop at O(Am? L/E)

Flavor oscillations / transitions:
(these lectures)

A 4
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UHE v
[CPV hints?]
[Steriles?]

043
(react.,

DIV 2
(solar,

An active research field...
Papers with *neutrino* in the title, yearly trend from iNSP IR E

Illlllll
Illllllll
————_————
Ve s e e e e
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End of Lecture |

Solutions to exercises: extra slides =2
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Exercise : Pontecorvo's {brmula,

Sga = [0 11[C 3o

(=56 Co

= See (- €

fw\z X

% + e

He:i%e:‘

-.’(m;%)

To get ls@qr‘, use. He idemhhes : ,{

> Py

- lSpa]Q

= 2sheh (4_ o COS(AV""\

= s\ 29 s\u\‘(

\ 4€
AW'X

—

A€

- 459(.9 Slﬂ‘l/AYn X)

)

27210

la+b]?= [al% /b % 2Re (o*b)
2'5%{, = 1—-005@({»)
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Exercise :  Chauge of units

(—fmw wakural  bo eV, W))

e Remewber Hral A = %c= 497327 MeV-fm < 4 fm=10"m
(4 =~ 02 GV fwm ) < Rule of Hhumb”
Thus A MN-4 w = 50677x 10"

e Rowrife Hhe osallahou .1>ham an -
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