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• Lecture 1: Cosmological effects of neutrinos
in linear perturbation theory

• Lecture 2: Non-linear regime

• Lecture 3: Neutrinos in Intergalactic space

• Lecture 4: New ways of probing neutrino masses
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Regimes

Linear theory: use public codes like CAMB/CLASS or your own solver
analytical neutrino calculations also valid in some regimes

Perturbation theories: Standard Perturbation theory or other methods, Effective field theory of
the LSS, …..

Non-linear regime: A) analytical models for non-linear power like the halo model (or some
log-normal approximation for the density field)
B)N-body simulations

� ⌧ 1

<latexit sha1_base64="pq0N22KdY3FBhqgCJIiZw5zJTxg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOyS5id7U2GzD6cmQ2EkO/w4kERr36MN//G2WQPmljQUFR1093lp4IrbdvfVmltfWNzq7xd2dnd2z+oHh61VZJJhi2WiER2fapQ8BhbmmuB3VQijXyBHX90l/udMUrFk/hRT1L0IjqIecgZ1Uby3ACFpsQVgjiVfrVm1+05yCpxClKDAs1+9csNEpZFGGsmqFI9x061N6VScyZwVnEzhSllIzrAnqExjVB50/nRM3JmlICEiTQVazJXf09MaaTUJPJNZ0T1UC17ufif18t0eONNeZxmGmO2WBRmguiE5AmQgEtkWkwMoUxycythQyop0yanPARn+eVV0r6oO5f1q4fLWuO2iKMMJ3AK5+DANTTgHprQAgZP8Ayv8GaNrRfr3fpYtJasYuYY/sD6/AE7A5EZ</latexit>

�  1

<latexit sha1_base64="0ouIEQNnjyev+amAVGtZnhtvreU=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOyS5id7U2GzD6cmQ2EkO/w4kERr36MN//G2WQPmljQUFR1093lp4IrbdvfVmltfWNzq7xd2dnd2z+oHh61VZJJhi2WiER2fapQ8BhbmmuB3VQijXyBHX90l/udMUrFk/hRT1L0IjqIecgZ1Uby3ACFpsQVSJxKv1qz6/YcZJU4BalBgWa/+uUGCcsijDUTVKmeY6fam1KpORM4q7iZwpSyER1gz9CYRqi86fzoGTkzSkDCRJqKNZmrvyemNFJqEvmmM6J6qJa9XPzP62U6vPGmPE4zjTFbLAozQXRC8gRIwCUyLSaGUCa5uZWwIZWUaZNTHoKz/PIqaV/Uncv61cNlrXFbxFGGEziFc3DgGhpwD01oAYMneIZXeLPG1ov1bn0sWktWMXMMf2B9/gAwUpES</latexit>

any �

<latexit sha1_base64="uLlMrspsioG3miaUKX2zPl3YuXo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISqeiy6MZlBfuAJpTJZNIOnZmEmYlQQ/FX3LhQxK3/4c6/cdJmoa0HLhzOuZd77wkSRpV2nG+rtLK6tr5R3qxsbe/s7tn7Bx0VpxKTNo5ZLHsBUoRRQdqaakZ6iSSIB4x0g/FN7ncfiFQ0Fvd6khCfo6GgEcVIG2lgH3mSZ0hMpl7Nq0EvJEyjysCuOnVnBrhM3IJUQYHWwP7ywhinnAiNGVKq7zqJ9jMkNcWMTCteqkiC8BgNSd9QgThRfja7fgpPjRLCKJamhIYz9fdEhrhSEx6YTo70SC16ufif1091dOVnVCSpJgLPF0UpgzqGeRQwpJJgzSaGICypuRXiEZIIaxNYHoK7+PIy6ZzX3Ub94q5RbV4XcZTBMTgBZ8AFl6AJbkELtAEGj+AZvII368l6sd6tj3lrySpmDsEfWJ8/eB+Ulg==</latexit>



Matteo Viel
N-body sims in the context of neutrino cosmologies
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N-body sims in the context of neutrino cosmologies

Brodbeck+98
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Numerical methods for structure formations

Vogelsberger+20
Nature Review
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Physics implemented
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Setting Initial conditions

It is wise to start the simulations in the MD era, to set up initial conditions we will use the
Results of Lecutre 1: i.e. linear theory

Zel’dovich approximation is used

However: note that for neutrinos
the initial FD thermal velocities are large
Note also: Poissonian shot noise
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Setting ICs: Zel’dovich approximation
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N-body sims primer
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N-body sims: the Particle Mesh method

Direct summation is unfeasible
One can rely on approximations
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N-body sims: force calculation in the PM method
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N-body sims: method

PM methods are fast and simple they are good for species which do not cluster much (neutrinos?)
However, DM will cluster more, PM is not good (limited by force resolution on the mesh).

Tree algorithm: group distant particles together and use their multipole expansion only log(N) force
Terms per particle
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N-body sims: Tree-PM

DM small scale: Tree
DM large scale: PM
Neutrinos (all over): PM
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Key results of N-body simulations

1) Large/Medium/small scale distribution of matter

2) Halo mass function

3) Structure of dark matter haloes

4) Halo substructure

Till 2008 all the above points were tackled without considering neutrinos as a
Separate fluid but implementing the matter power spectrum of a massive neutrino
cosmology 
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Key results of N-body simulations

Monte Carlo method to sample (integrate geodesic equation)
the neutrino phase space-density from z=109 to z=0 First they use linear 
theory to z=13, then they switch to N-body
However, resolution rather poor

z=10,000 z=13.5
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Neutrino simulation with particles
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Neutrino simulations: role of thermal velocities
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N0n-linear matter power
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N0n-linear matter power
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N0n-linear matter power
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N0n-linear matter power
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First hydro sim
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Total matter power suppression
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Neutrino fluid clustering

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013
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Movie #1

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013
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Movie #1

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013
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Neutrino peculiar velocity evolution

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013
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Neutrino peculiar velocity evolution – II 

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013

This is by selecting neutrino particles around haloes
of a given mass

Neutrino slow down and cluster in a “selective” way
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The neutrino halo

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013
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The neutrino halo

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013



Matteo Viel
Mass functions - I
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Mass functions - II

The physical picture: 

the free streaming length is much larger than 
Lagrangian size of halos, neutrino perturbations do not 
play any role in the collapse. 

Ichiki&Takada(2012) studied the spherical collapse with 
massive neturinos, finding sub % effect on the collapse 
threshold. 

They can be treaded as a background cosmology effect, 
like a Cosmological Constant, and we can and should use 
the CDM power spectrum. 
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Mass functions - III

Castorina+14
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Halo bias?

Castorina+14
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Main conclusions (so far)

Villaescus-Navarro, Bird, Pena-Garay, Viel 2013

Ø N-body simulations recover linear growth at large scale

Ø Non-linear regime presents an overall suppression of power which is about 25% larger
than in linear theory

Ø There is a distinctive spoon-shape feature at small scales, however, this is not due to
neutrinos, but it is due to the different growth of small vs. large scales and their relative
coupling à it can be used to constrain neutrinos once amplitude at larger scales is fixed

Ø Neutrino halo is characterized and it is cored for haloes > 1013.5 Msun/h

Ø FD distribution of neutrinos is perturbed inside virialized haloes

Ø Momentum distribution is also perturbed over large cosmological volumes (the more 
massive they are the closer they are to CDM)
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Are numerical effects under control?
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Are numerical effects under control?
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Halo model

Mo, Van den Bosch & White
”Galaxy formation and evolution”
book
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Halo model
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A neutrino halo model
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Perturbation theory
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Summary of Lecture 2

Neutrino non-linear clustering is selective: depends on halo mass, redshift, scales

This is good: quantitative predictions in a variety of environments, 
mass functions, Bias of haloes/galaxis, neutrino haloes

All the effects are somewhat at the percent or sub-percent level

Precision post-Planck cosmology will address this


