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Outline

Jordan and Einstein frame (JF and EF)

3

Hamiltonian analysis of Brans-Dicke theory with GHY-boundary term (case w # ——2 and w = —2).

Hamiltonian transformations from Jordan to the Einstein Frame. “Vexata Questio™: are these transformations
canonical? “Anti-Newtonian”transformations as Hamiltonian canonical transformations.

Confronting and contrasting e.o.m. of Brans- Dicke FLRW flat, k=0, case in JF and EF Study of the
Hamiltonian canonicity on the extended phase space and gauge fixed (N=0) phase space.

Hamiltonian analysis of JF and EF in spherical symmetric case. Two inequivalent solutions, Janis and BBMB,
mapped one into the other upon gauge fixing lapse and radial shift. Physical considerations

Conclusions.



Jordan-FEinstein Frames

* Old paper: Dicke (Phys. Rev. (1962) 125, 6 2163-2167)

Suppose the proton mass is my in mass units 17,, and, in “natural
units”’, we scale the unit of measurement by a factor AL (length)-!

~ \—1 : ~ _ y—1
My = A~ "My - In the new unit the proton mass my = A My

* Confronting the measurement of the proton mass in the two mass units

(Faraoni and Nadeau 2000)
mp A 'm,  my

~

My, A" 1lm,  my



Jordan—Einstein Frames

* Since dS = AdS and ds = (g,m dxzdxj) then the covariant metric
functions scales as

Juv = )‘QQLW

* Invariance under rescaling of unit of measurement implies Weyl (conformal
invariance) of the metric tensor

* The starting frame is called “Jordan” frame and the conformal transformed
the “Einstein Frame. One observable can be computed in both frames. Its
measure, obviously different in the two frames, is related by conformal
rescahng accordmg to the observable’s dimensions. (eg mp = A~ mp ).



Scalar-Tensor Theory

* In general, one starts from a scalar-tensor theory, with GHY-like
boundary term, in the Jordan Frame

s= [ ova (fOR- 2O 0000~ V@) +2 [ @ WVRHOK

M

* and passes to the Einstein Frame with the transformation

2

n—2

Guv = (167TGf(¢)) Juv

e therefore the action becomes

s [ aav=g (161 SR A" 0,60,6 - V(¢)) [ Wik
M T

87TG OM



Scalar-Tensor Theory

where

T 167G \2f(¢)  n—2 f2(¢) 167G f (o))

* One 1s looking for solutions of the equation of motions such that if
g S|

(Guv (), 9(T))

is solution 1n the Jordan Frame,

(G (2, 9), #(z))

1s solution in the Einstein frame



Brans-Dicke Theory

* Brans-Dicke, with GHY boundary term, 1s a particular case of Scalar
Tensor theory

S = / d*z\/—g ((/5 ‘R-— ggwaﬂcpaﬂp — U(¢)) + 2 / BzvVhoK
M oM

* We studied the 3+1 ADM (Hamiltonian) decomposition
g=—(N? - N;N")dt ® dt + N;(dz" ® dt + dt ® dz*) + h;;dz* @ dz’ |

* The ADM Lagrangian L ADM 1S

w

Lapy = Vh [Nqb (<3>R + KiK' — K2) - Na (NzhijDiqujgb —(¢— NiDiqS)z)

+ 2K(¢— N'Dig) — NU(¢) + 2h”DiNDj¢]



Brans-Dicke Theory

* Therefore H o pps is the sum of the Hamiltonian constraint 7 and the

momentum constraint Hz

Hapy = N’H—l-Ni'Hi

ool (o) o= 2D + D,

. . 1 1
4 %D@Dl(b +2D'D;b + oo <3 - 2w> (mh — ¢me)? + V(cb)}

* The constraint algebra 1s like Einstein’s Geometrodynamics
{Hi(z), H;(&)} = Hi(2')0;0(z, &) — Hi(2)9;'0(z,2")  {H(z), Hi(a")} = —H(a)0;d(x, ')

{H(z), H(z")} = H'(2)0:0(z, z") — H'(2")O6(x, 2")



Brans-Dicke Theory-Finstein Frame

* Implementing the Weyl (conformal) transtormation, we get the following
ADM metric g in the Einstein Frame

§=—(N? — N;NY)dt ® dt + N;(dz® ® dt + dt ® dz*) + hy;dz’ @ da’
N = (161G f($))™ N; N; = (161G f($)) " N;;
hij = (167G ()™ hi

* Now we recall that in the Brans-Dicke case flo) =¢

3
_)~ 5
= t6rc [, %V~ [4R— 28" 0,00,6 —V(9)



Brans-Dicke Theory-Finstein Frame

* Canonical momenta ( LADM is ADM-Lagrangian density in the E-F)

~ij _ 9Labm _ Vh <~ - f(ﬁ"j) i

_ _ i _
8;%3 167G 167G¢
P L apm _ \/Z(w—l-%) (qb—N’ -gb)
T 0¢ 8GN 2 ‘
1
= g(@f ¢ — Th)

* The ADM Hamiltonian density Haprr in the E-F is

VEN| = (16762 (.. w2\ W+, . 6402, -

Hapy =

—2N'D;7l + N9ty .



Canonical Transformations

* Here, for simplicity, we repeat the transformations from the Jordan to the Einstein
Frame in Hamiltonian formalism

™

(167Go)= ;

N = N(167G¢)? ; N; = N;(167G¢) ; hi; = (167G) hy; ; 7 =

i ij
~i T D 1

(167TG¢)”7T " 167G =@y = 5(9757% — Th)

* One can check they are not Hamiltonian Canonical Transformations

TGN
V16mGo

* Therefore it is meaningless to perform the Dirac’s constraint analysis in the Einstein
Frame and show that the constraint algebra, for Brans-Dicke, closes in this frame

(N, 74} = #0,and {N;, 74} = 161GN; # 0



Hamiltonian Analysis of BD for w # —%

in Jordan Frame

in Einstein Frame

constraints

T 0 ~0;H~0;H; ~O0;

constraints

T 0m~0;H~0;H; =0;

constraint algebra
{m,mi} = 0;{m, H} = 0;{m, Hi} = 0;{mi, H} = 0;
{mi, H;} = 0; {H(z), Hi(a")} = —H(a")j6(x, 2');
{Hi(z), H;(2)} = Hi(2")9;0(w, 2") — H,;(2)9;'6(x, 2');
{H(z), H(z")} = H'(2)0id (x, 2") — H'(2")0;0 (x, 2');

constraint algebra
{7, 7} = 0; {7, H} = 0; {7, H} = 0; {7i, H} = 0;
(i 1y} = 05 {H(@), Hilw') | = —H(2)}o(w,2");
{Hi(x), Hj (@)} = Hi(2')0;6(w, ') — Hi()0;6(x, 2');
{H(z), H(z')} = Hi(2)0:0(z, ') — H ()0l (x, 2');




Main criticism to this non-canonicity argument

* In litterature, people object N, N! are mere Lagrangian multipliers and
canonicity should be checked on the true physical degrees of freedom.

* This could be misleading. Lapse and Shifts cannot be eliminated *ad hoc”,
they are still canonical variables

* The only way we can ®safely” treat them is by making a gauge fixing (ex.
~c,;, N'=c' sothatm =~ 0 , m; = 0 becomes second class constraints).

* N, N!, m,m; are then eliminated defining Dirac’s brackets.



Canonical Transformations

* There exist Hamiltonian Canonical Transformations (Anti-Gravity transformations)
' i 2 ' ' 2 _ _ 132 | 3272,
N N, Nt s N, hy; > A2, (ntwo dim.ds? = —dt? + X2da* A > 1)

N*=N;N*, =N;;7° =m;7""'=x"

* In this case the ADM Hamiltonian H 4 pys 9[

_ Carrolian Gravity, L
. VAN* ()3 35, (167C)’ (J frg) G- ,c =0 L
— — = T 7-(-1: A Minkowskian
ApM (167G)2 h 72
(w+3) . 64(7G)3%¢% _, - U R
+—81 (97’ + T + V — 2N* D 7'("7 + N* a’l, Th . Anti-Newtonian
¢? s hw+3) (@) 7 P M. Niedermaier 2019

* Since this theory is canonically equivalent to B-D, the constraint algebra of secondary first
class constraints (7, H.,) is like B-D’s one.



BRANS-DICKE

PARTICULAR CASE

3
W= —-
2

. 3 . : :
* The B-D action for w = — s (for consistency reasons here U(p)=ap? a is a

constant)

S(=3/2) — /d4x\/_ (¢R+

3 g
2 ¢

e [t is invariant under this conformal transformations

z_ 9

~ 2
guV:ng/ (/5:@

* The ADM Hamiltonian in this particular case 1s

oh

_ 1
- ey (o)

3N

— 2 D,¢D'¢+ N2D'D

2¢

GO, b — ¢2) +2 / BrvVhoK .
oM

D;¢ + NU(qb)} — 2NiDj7rg + NiDiqbw(ﬁ



BRANS-DICKE PARTICULAR CASI

* Clearly the Hamiltonian and momenta constraints are

s

&
|
|

N w

2
24(=3/2) _ \/ﬁ{ [ ¢ 3R+ # <7r"jmj - %)] _ %D D'+ 2D D;p + U(qb)}

3/2
HT32) = _oD.x? + Dy
* We also have a further primary constraint due to conformal invariance
C 6 = Th — ¢7T b ~

* All the constraints (shown through lengthy and technically complicated calculations) are
first class .



BD PARTICULAR CASE EINSTEIN FRAM]

(L]

* The B-D action for w = —, in the Einstein Frame is nothing else but (the potential is now V'(¢)
a constant function)

1 = (15 1 ~ ~
(—=3/2) _ 4 /~(4p vV LT 3

+ Notice that the theory is just Einstein GR and is not (Weyl)-Conformal invariant

* The relative ADM Hamiltonian

(s VAN _spn (167G)* (e T L | _oniT
Hupry = e R+ > TG~ +V(¢)| —2N'DjT;
— NH32 Niﬁ§_3/2)7 (1)

* The Dirac primary constraint C¢ ~ () becomes —¢]~Z' ¢%O. The other Dirac’s constraints are
the same as Einstein’s GR.



Hamiltonian Analysis of BD for w = —%

in Jordan Frame in Einstein Frame

constraints constraints

7= 0yt & 0;Cp = 0; H32) O;HE_?’/Z) ~0; (Tr0;7i~0;Cy=7g~0;H 32 x O;ﬁ§_3/2) ~ 0;

constraint algebra constraint algebra
{m,m;} = {m, H(=3/2} = {W,H§_3/2)} — 0; (7.7} = {%7}7(_3/2)} —0: {%’ﬁ§—3/2)} —0:
{mi, DY = {m, 1Y = 0 7, H32) = (7, ﬁ(—3/2)} _o.
{C¢($)a7'l§‘3/2)(x’)} = —9i0(z, ') Cy(2'); {@)(x) 3/2)( )}
{Cy(2), H 3D (2"} = LH (3D (2)6(x, 2'); {5¢( ), 732 (g )}

{HE3D (@), 1D (2)} = —HCID ()08, 2');| {HED (@), ATV (2!) | = —H<-3/2><x'>6;6<x,a:'>;
{H7P @), 12 @) | = 1 @0i0(,0) | {HTD (@), 1D @)y = HEYD (0)058(w, )

(=3/2) () ./ . 7312 (115, .
—H; 7 (2)9;'0(x, )5 —H T (2)05 (2, )
{HED(@), HD ()} = {HE3D(@), HE3D (')} =

12 (@)d6(z, 2') — 1D (@) s (x, 2!)+ HD (2)06 (2, 2') — HT? (2016 (x, ')

((D'log ¢)Cy) (2)0;6(z,2)
- ((DZ log ¢)C¢) (2")0L(z, x);

R . - - - - - - - 9




Finite Dimensional Example

* We can apply these considerations on a finite dimensional example: FLRW case

with k=0

ds® = —N?(t)dt* + a*(t) (dr® + r*d6? + sen®0d¢?)

* If we put this metric in the B-D action, we obtain the following finite dimensional

Lagrangian

6aa>

N{(t)

L=—=¢(t) -

Transformations from the Jordan to Einstein frame

N = N(167G¢)? ; 7 T

(167G)z
~ a . 1 1
Tg = 1677:'G(b ; ¢:¢;7T¢: E(gbﬂqﬁ_iaﬂ'a)

. a = (16rG¢)%a ;

3

+ (6(t))? — Na®U(¢(t))
No(t)
Canonical momenta from Lagrangian to Hamiltonian formalism
oL oL 12aa 6a3a -
T = B—NNO’WG_%__WQb(t)_WQb(t)’

% B _6a2d N 2wa? qb(t)
¢  N(t)  No(t)

T =



Non-Equivalence and Equivalence of the Equations of Motion

E yrewnwned BHASE §pAcE ému atc Fixivg ov N omd Co»t.Tw[...,z_
Wr < ToTalL HAMILTONMI AN |V THE JF HT: ToTaL HAmiLiomaAV v THE JF
’H"T_. To TAL RANILTONI AN v The EF ":\': - ToTal HAWLIOMAWV /VTRE EF
3¢ -EF %
S¥- EF g HT > H

HT’ % T l :

}/ IF- N % N JF-EF 5

A.0. mh, /, / L0, m Lom. 2.0, .,

LG u vada m& o{u,. 2,0 m,
Mom - Lquiaralime of the L.0.m., '



CONFRONTING AND CONTRASTING THE E.O.M

Nw~Ay, (1) N MW N (E_ﬁ)
iy =—-H~=0, (2) (167G¢)z 2022w +3) \a 29/’
, N WTg T P Nry (7r¢ ﬂ'a)
~— ~é ~-—H4+——~ (22
a 2@(2&) + 3) ( 3¢ + a > ’ (3) N 2a2(2w + 3) a 2¢
N wT T,
N wr?  2mamy  3¢ms 2 arm— ( -+ —¢) ;
o R — 2 = ® —3Na?U(9), 4 2a(2w +3) \ 3
m 2a2(2w + 3) ( 6¢ a a? a"U(¢) (4) a(2w+3) \ 3¢ a )
oo N wr? 2w,y B 3gmy B 3Na2U((;5)
q'g ~ N —7, + 2¢m (5) *7 2a2(2w+3) \ 6¢ a a? ’
2a2 (2w + 3) a ’
: bt (s 29)
7'('¢ ~ — N (AJ’]Tg 7T_¢ _ N(],3d—U (6) 2&2(2(,0 —+ 3) e a !
2 9) (6 *at ) g N femm\
TN T oaw + 3) \ 662 a2 “ds T og

* Gauge fixing of the lapse N implemented as secondary constraints.

p1=N—-1=0; ¢ =mny ~0 become second class constraints in the JF
~ 1 ~ . .
X1 =N —(16mrG¢)2 =0 ; xo =7y ~ 0 are also second class constraints in EF

e We can define Dirac’s Brackets



E.O.M IN J.FE. AND E.FE. WITH DIRAC’S BRACKETS

) 1 WTg | Tg - ~ ATGT
= {a, H N — — ~— =
a={a,Hr}pDB 242w + 3) ( 30 + a) ) a N =
: ~ 72 3(87G)7?
P {7[' I } - 1 wﬂ'g + 277(177(15 _ 3(}57’(’3 B 3a2U(¢) T, ~N| - (27;92)71'@ I ( 7:4)7'('90
a a TsyDB ~ 2a2(2w+3) 6¢ a a2 9 , 1 a 2(’0 a (p
—3a - U
b= {¢, Hr} 1 20Ty * (16nG)? Pl \/2w+3] (eXp[\/2w+3 )]’
¢ =16 Hrips ~ 22w +3) \ T ) o~ 7 L6TO)T,
—,
, 1 wr2 7w\ LdU _° 0
T = {W¢,HT}DB ~ — ( ; + —2> —a”— L Na? _ 2¢ 2 %) _ dU(eXp[m])
2a(2w +3) \ 6% a d¢ o™ GerGr P V13 | v 130 Pl a3 dp
Here @Y=V 2w+ 3 loggb and the Lapses and their conjugate momenta do not evolve
Vo~ ~ N ~ {N H } ~ 0
N =~ {N,NH}DB~O T pg
in =~ {mn,NH},5=~0 v o~ {FvHrp w0

We can pass, on the e.o.m, form the EF to the J.F. and we get the same e.o.m as in the ].F. The Hamiltonian canonical
transformations from the J.F. to the E.F. are Hamiltonian canonical transformations.



AN EXAMPLE IN SPHERICAL SYMMETRY
JORDAN FRAME

* ADM metric in spherical symmetry
ds®* = — (N? — A*(N")?) dt* + 2A*N"dtdr + A*dr® + R*dQ?
* E-H action in the JF
1 [y "\ (1) v 3 _ ¢
SJF_16 dx\/_K 6) R— “8¢3V¢] /adef<1 6>K
* ADM decomposition of E-H action in spherical symmetry and Lagrangian density

S[h7N7NTa¢] = 167T dt/ N\/_d3

( ¢6) (OR+ KK - K?) £, (1_ %2) [_% (% (~&+RN) 4 R(~A+@ANTY) (—R-I-R’Nr))

RR' RR'N R? A 1 NR?¢? AR?
_90080¢60¢ - 2gor60¢ar¢ - hrTaT¢8r¢ +N <_ A + T - ﬂ _):| Z (_ A¢ (¢ N d) ) )
1 R A r\/ - ! ATT
L] (=) (oo L) o s )] )

1 5 ¢/2 ¢¢// A/ ¢¢/ 2¢R/¢/
+i PavViK . TgNVAR (A2 T A2 T A8 T RA?

8T Jamxrx)




AN EXAMPLE IN SPHERICAL SYMMETRY
'ORDAN FRAME

e~

* Momenta in the Jordan frame

6N
SAR

A = aEJF:_l <1_¢_2)R(R_R/NT)+@(_Nr¢/+¢),
! [ 3N

R (—A + (AN")’) +A (—R + R’NT)] + (cz} _ N"qb’)

TR = =

7T¢ = < = —

* Hamiltonian density function

Hip = NTHT—I—NH

_ r / _ PR (L ¢2>_1 A} ¢? 2\ ™ ¢
TRTA @2 @2 -1 PTRTG  PTAT
"R (‘“E)(‘“F) T 3ea T am2

N - ¢_2 _A+R—12 B RRIA/ N RRII R2¢I2 R2¢AI¢I B R2¢¢H B R¢RI¢{I)
6 2 2A A2 A 12A 6A2 6A 3A Y



AN EXAMPLE IN SPHERICAL SYMMETRY
EINSTEIN FRAME

* ADM metric in spherical symmetry in EF
d? = — ([\7‘2 - K2(f\?r)2) dt? + 2A2N"dtdr + A2dr? + R2dQ?
* Action 1n spherical symmetry in the Einstein Frame

Ser = < d*z\/—g ((4)E — 5“”%53115)

167
]. 3 il
+— d’zV h
87'(' OM . .
_ A(R-R'N") + R(A— (AN")")
. . . o= — -
* Hamiltonian density N
~ ~ P~ K~2 ﬁﬁ” Eﬁ/]{/ §/2 K 72 E2~/2 1 ~/Nr
H= N(—WRZTA+ A IS Sy ?) %Az—R(R RN)
R 2R2 A A2 2A 2 AR 4A N
+N" (7R — Ky + 749 N
AR~ - -,
o= —=(6—N"¢)



CANONICAL TRANSFORMATIONS

* Relations among the canonical variables in the JFF and EF

- 2\ 2 _ _ 2\ 3 _ 2\ 3  _
N:<1—¢—) N;NT:NT;A:(1—¢—> A;Rz(l—%) R;¢=\/6tamh_1i

6 6 V6
¢2 ) 2\ 72 ¢2 )
an=(1—— TN TN =TNr A = (1 — — A TR=[(1— = TR
6 6 6
- 2 1 1
7T¢:(1—%)7T¢+6R¢7TR+6A¢7TA

* Poisson Brackets

{N,%N} — 1,{7\,@} - 1,{&,@ } —1 {5,7%} —1

{Ta,Tp} =0,{7R, Ty} =0

* The transformations from JF to EF result to be not Hamiltonian canonical

(ve}=-5(-5)



PHYSICAL IN-EQUIVALENT SOLUTIONS IN JF ANF EF

* BBMB is solution of e.o.m in JF upon gauge fixing the lapse and shift N = (1 — %) ;N =
m 2 m -2
ds? = — (1 — —) dt? + (1 — —) dp?® + p2d0?
p p
b = Vom
p—m
_ !0
T

* The corresponding solution of the e.o.m. in the EF is the Janis solution

1 ) B B
b b 2 d32 = 1 — ¢2/6d§2 d’gz = — (1 _ g) dt2 + <1 _ g) d7"2 +T2 (1 B 2) dQQ
1——-= (1 _ _)
r 2 " - . .
P ¢:\/6tanh% o = \/glog (1_;)

* As before, gauge fixing the lapse and radial shift make the Hamiltonian transformations from JF to EF
canonical transformations.



Conclusions

. . . . 3 3
* Hamiltonian analysis of Brans-Dicke theory for w # — and w = - shows that the

Weyl(conformal) transformation from Jordan to Einstein frame are not Hamiltonian canonical
transformations on the “extended phase space”.

* We have confronted and contrasted the e.o.m. of EL.R.W. flat metric on Brans-Dicke theory in
the Jordan and Einstein frame. Gauge fixing the lapse function N and introducing Dirac’s
Brackets, the transformation from the Jordan to the Einstein frame are Hamiltonian canonical
transformations. (Does it imply JF and EF are physically equivalent?)

* We have studied an example of ADM Hamiltonian analysis in spherical symmetry. The
Hamiltonian transformation from JF to EF are still Hamiltonian non-canonical on the extended
phase space. Gauge fixing the lapse and the radial shift, we show that we can map the BBMB
solution in JF to the Janis solution in EF. The transformations are Hamiltonian canonical upon
gauge fixing, but the two solutions are physically inequivalent.



